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Measuring Fundamental Constants 
Ed Copeland     University of Nottingham

1. What do we mean by fundamental ? 

2. Some dimensionless favourites 

3. Constraints on their temporal variability from cosmology. 

4. Constraints on their temporal variability using atomic clocks 

5. Examples of models which lead to temporal variability 

6. What use we can make of them ?

First Aion Workshop – Imperial College - Mar 26th 2019
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Take your pick ! [Particle Data Group 2018]
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A few specifics !

Speed of light in vacuum:  

Planck constant: 

electron charge magnitude 

electron mass 

proton mass 

fine structure constant 

gravitational constant 

Fermi Coupling constant 

strong coupling constant

c 299792458 ms�1 exact

h 6.626070040(81)⇥ 10�34 J s 12

e 1.6021766208(98)⇥ 10�19 C 6.1

me 0.5109989461(31) MeV/c2 = 9.10938356(11)⇥ 10�31 kg 6.2, 12

mp 938.2720813(58) MeV/c2 = 1.672621898(21)⇥ 10�27 kg 6.2, 12

↵ = e2/4⇡✏0~c 1/137.035999139(31) 0.23

GN 6.67408(31)⇥10�11 m3 kg�1 s�2 = 6.70861(31)⇥10�39 ~c (GeV/c2)�2 4.7x104

GF /(~c)3 1.1663787(6)⇥ 10�5GeV�2 510

↵S(mZ) 0.1181(11) 9.3⇥ 106

Uncertainty 
(ppb)

[Particle Data Group 2018]
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I am going to interpret my brief today to consider constraints on the 
variation of fundamental constants as opposed to measuring their precise 

values as accurately as possible. 

In particular I will concentrate on the temporal variation. But it raises a 
number of interesting questions. What constants should we think about 

and how should we interpret the results we obtain?  

For example we often see constraints on Ġ/G, and there are papers 
considering ċ/c in the early universe and ė/e. Should we only consider 

variations of dimensionless quantities like 𝛼 ?
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Time is special !

[credit: Chris Oates, NIST, 2019]
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Dirac 1937 - Large Number Hypothesis 

“very large and very small dimensionless universal constants can not be 
pure mathematical numbers and should rather be considered as variable 

parameters characterising the state of the Universe’’

He considered dimensionless couplings like  

↵ ⌘ e2

~c ' 1

137.036
strength of emg int

↵G ⌘
Gm2

p

~c =
m2

p

M2
Pl

' 5.9⇥ 10�39 strength of grav int

↵W ⌘
GFm2

pc

~3 ' 1.03⇥ 10�5 strength of weak int
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as well as:  

� ⌘ H0~
mpc

2
' 10

�42
, where H0 ⇠ 70 km s

�1
Mpc

�1
Hubble parameter today

Considering which of these parameters could vary in time he noticed the 
relative magnitude of the emg and grav interaction between a proton and 
electron is basically the same as the inverse number of times an electron 

has orbited around a proton during the age of the Universe:  

↵G

µ↵
=

Gmpme

e2
⇠ 3.7⇥ 10�40

H0e
2

mec
3
= 4⇡↵µ� ⇠ 2.4⇥ 10�40

where µ ⌘ mp

me
⇠ 1836

As a result of this coincidence he speculated that   

� / H0 and ↵G both vary / 1/t
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How many fundamental dimensionful constants are there ?   
G

ℏ

c-1

NG GR

QM QFT

SR
QG

NRM

The Grand Cube of Theoretical Physics  

[Gamov, Ivanenko & Landau 1928]

But see for example:    [Duff, Okun & Veneziano, JHEP 2002]

Okun argues for 3 - G, ℏ and c  

Veneziano argues for 2 (within superstring theory) - c and λs where λs is a length 
satisfying λs -2 =cT/ℏ where T is the string tension. 

Duff argues for zero - saying the number of fundamental dimensionless quantities is 
important to know but the number of dimensionful quantities is arbitrary depending 

on the units. Hence why not choose zero.
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Is this just semantics ? Maybe not when considering time variation of 
fundamental constants.    [Duff 2002]

Davies et al argued that a BH can discriminate between two contending 
theories of varying 𝛼, one with varying c and the other with varying e    

[Davies et al, Nature 2002]

Duff argued against this, saying using dimensional parameters is 
meaningless, they simply act to convert from one unit to another.  

Given  𝛼= e2/(ℏc), and the claim of Webb et al (99) that it evolves 
with redshift, then which of these constants is const? 

Davies et al claim that given BH thermodynamics, theories with 
decreasing c are different from (and preferred over) those with 

increasing e. 
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S =
k⇡G

~c (M +
p

M2 �Q2/G)2

Entropy S of a non-rotating BH, mass M, charge Q   

 Decreasing c increases S, but increasing e, hence Q decreases S 

Hence Davies et al argue, BH can discriminate between two contending 
theories of varying 𝛼.     

Duff: define dimensionless parameters s, µ and q  

S = sk⇡, M2 = µ2~c/G and Q2 = q2~c
the entropy becomes: 

s = (µ+
p
µ2 � q2)2

Looks like the BH could in principle discriminate between contending 
theories with different variations of µ and q  
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s = (µ+
p
µ2 � q2)2

Now lets look how this appears in different units:   

Planck units : ~ = c = G = 1, e2 = ↵, M2 = µ2

Stoney units : c = e = G = 1, ~ = 1/↵, M2 = µ2/↵

Schrödinger units : ~ = e = G = 1, c = 1/↵, M2 = µ2/↵

In all three units s is the same meaning assigning a change in 𝛼 to a 
change in e (Planck), or a change in ℏ (Stoney) or a change in c 

(Schrödinger) is a matter of units, not physics. 

No experiment can claim changing c is better than changing e.   
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Observational constraints on Fundamental varying constants. 

Experimental tests of the matter-gravity coupling.  

The universality of the coupling between the metric gµν and standard 
model fields - Equivalence principle - predicts that the outcome of a 
local non-grav expt, referred to local standards does not depend on 

where, when and in which locally inertial frame the expt is performed.  

It implies that local expts shouldn’t feel the cosmological evolution of 
the universe (“constants” should be constant), nor exhibit preferred 
directions in spacetime (isotropy of space, local Lorentz invariance)
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Observational constraints on Fundamental varying constants

1. Nuclear fission reactor phenomena at Okla, Gabon 1.8 billion years 
ago.

|↵Oklo � ↵0|
↵0

< 1.1⇥ 10�8 [Davis & Hamdan 2015]

2. Looking at: Xq = mq/⇤QCD

determine strongest bound from shift of the 150Sm resonance derived 
from Okla 

|�Xq|
Xq

< 4⇥ 10�9 1.8 billion yrs ago or
|Ẋq|
Xq

< 2.2⇥ 10�18 yr�1

[Flambaum & Wiringa 2008]



23/03/2019 !14

3. Absorption lines in astronomical spectra give strong constraints on 
variability of 𝛼 and µ=mp/me.

�↵

↵
= (1.2± 1.7stat ± 0.9sys)⇥ 10�6 at z = 1.0� 2.4

and

|�µ|
|µ| < 4⇥ 10�7 (95% CL) at z = 0.88582

and

�↵

↵
= (3.6± 3.7)⇥ 10�3 at z = 1000

[Murphy et al 2016]

[Kanekar et al 2015]

[Ade et al, Planck 2015]
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Lots of attempts to constrain the variation

[Review - Martins 2017]
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Spatial variation in Δ𝛼/𝛼?

[Webb et al 2011]
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Optical clocks offer hope of greater stability !

[credit: Chris Oates, NIST, 2019]
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4. Optical atomic clocks may transform the field. Constrain the present 
time variation of 𝛼, µ=mp/me and Xq.

They measure energy difference between two atomic energy levels by 
relating it to the frequency of light. Create very stable frequency 

references, current best has δν/ν < 9.5 x10-19.[Brewer et al 2019]. Combining 
many clock systems:

↵̇

↵
= (�0.7± 2.1)⇥ 10�17/yr

and

µ̇

µ
= (0.2± 1.1)⇥ 10�16/yr

and

Ẋq

Xq
= (7.1± 4.4)⇥ 10�15/yr

[Godun et al 2014]

µ̇

µ
= (5.3± 6.5)⇥ 10�17/yr

[McGrew et al 2018]



23/03/2019 !19

5. Tests for isotropy of space - via quadrupolar shifts of nuclear energy 
levels. Null results interpreted as testing the fact that matter coupled to 

one and the same external metric to the 10-29 level [Smiciklas et al 2011] 

Universal coupling to metric implies 2 (electrically neutral) test 
bodies dropped at same location and with same velocity in an ext grav 

field fall in the same way, indep of their masses and compositions

(�a/a)BeTi = (0.3± 1.8)⇥ 10�13

(�a/a)EarthMoon = (�0.8± 1.3)⇥ 10�13

[Wagner et al 2012]

[Williams et al 2012]
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6. Tests for variation of G. Most bounds come from local measurements 
(Sun, solar system) or early times (Nucleosynthesis). Also, G is very 

poorly determined in contrast to 𝛼 and µ. 

↵ = e2/4⇡✏0~c 1/137.035999139(31) 0.23

Uncertainty (ppb)

GN 6.67408(31)⇥10�11 m3 kg�1 s�2 = 6.70861(31)⇥10�39 ~c (GeV/c2)�2 4.7x104

Fascinating history of investigation: 

(i) Paleontology : T☉∝G, L☉∝T7☉, flux received on Earth has strong 
dependence on G. Under certain conditions some bacteria and organisms 
would not have developed 4.0 x 108 yrs ago. Temp on Earth in acceptable 

range only if 

|�G|
G

< 0.1 [Teller 1948, Gamow 1967]

Similar bound to how varying G effects Earth Radius: [Dicke 1962]
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(ii) Laser ranging and radar: separation of either moon, other planets or 
interplanetary probes. Important point, all analysis assumes only G 
variation affects clocks on Earth.  First approach used Venus and 

Mercury as targets and compared time delay between the two planets 
with Cesium atomic clock. 

|Ġ|
G

< 4⇥ 10�10 yr�1 [Shapiro 1972]

Measurement of freq shift or radio signal sent and received from Cassini

|Ġ|
G

 10�14 yr�1 [Bertotti 2003]

Lunar laser ranging using mirrors left by Apollo and Lunakod missions

|Ġ|
G

= (4± 9)⇥ 10�13 yr�1 [Williams et al 2004]
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(iii) Pulsar constraints: observations of the period leads to strong 
constraints, but model depedent. For pulsar PSR 1913+16 

|Ġ|
G

= (4± 5)⇥ 10�12 yr�1 [Kaspi et al 1994]

(iv) Nucleosynthesis: abundances depend on freeze out temperature, 
which in turn depend on fundamental constants. For example the 

expansion rate depends on G.  

|Ġ|
G

= (1.5± 0.7)⇥ 10�12 yr�1 [Barrow 1978]

�G

G
= 0.01+0.2

�0.16
[Copi et al 2004]

Nearly all bounds are the same up to a factor ! 
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Modelling varying fundamental constants.  

Promote the Lagrangian parameters to functions of a dynamical scalar 
field, hence have 𝛼(ϕ), G(ϕ) etc.. 

↵0 ⌘ ↵(�)|�=<�>, where < � > is vev

Common to have such moduli fields in string theory where they represent 
the size and shape of the extra compact dimensions in 4D eff description. 

Close to vev we have

↵(�) = ↵0 + �'/MPl, where ' = �� < � >

Leads to: �↵

↵
⌘ ↵(�)� ↵0

↵0
=

�

↵0

��

MPl

Typically mɸ~H0~10-33eV, :

�↵

↵
< 10�5

, hence
���

MPl
⇠ 10�7 within �t ⇠ H

�1
0
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Basic idea - consider Jordan-Brans-Dicke 

wBD ! 1 recovers GR

All fundamental constants related to Dilaton and its evolution 

Weak field limit: 

in terms of string coupling  g2S = e� ! 0

Low energy string action including loops 

[García-Berro et al 2007]
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Extra dimensions: 

If consider constants in higher dimension as fundamental then they 
develop time dependence through R(t) coupling on compactification.  

(i) Kaluza Klein: 

compactly - identify 
components of metric 

with fields 

gives eff 4D G and 
coupling consts 

where  
Note: variation of G and say 𝛼 are linked 

through d and R(t)  

[For a recent review see- Martins 2017]
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Ex: Evolution of Fine Structure Constant

Non-trivial coupling to emg:

Olive and Pospelov; Barrow et al; Avelino et al; Sandvik et al

Expand about current value 
of field:

Eff fine structure const depends on value of field 

Claim from analysing 
quasar absorption 

spectra: 
Webb et al

Bekenstein 82
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A way of one day constraining the eqn of state?

EC, Nunes & 
Pospelov
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Use the evolution to constrain models given the bounds: 

EC, Nunes & Pospelov

[For a recent review see- Martins 2017]
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Constraining varying constants from Planck 2018 - 
(+BAO+lensing+lowE)

(Expansion rate) -- H0=67.66 ± 0.42 km/s/Mpc 

(radiation) -- Ωr = (8.5 ± 0.3) x 10-5 - (WMAP) 

(baryons) -- Ωb h2= 0.02242 ± 0.00014        

(dark matter) --  Ωch2= 0.11933 ± 0.00091 —-(matter) - Ωm = 0.3111 ± 0.0056 

(curvature) -- Ωk =0.0007 ± 0.0019 

(dark energy) -- Ωde = 0.6889 ± 0.0056 -- Implying univ accelerating  today 

(de eqn of state) -- 1+w = 0.028 ± 0.032 -- looks like a cosm const. 

If allow variation of form : w(z) = w0+ w’ z/(1+z) then 
w0=-0.961 ±0.077 and w’=-0.28 ± 0.31 (68% CL) 

H2(z) = H2
0

�
�r(1 + z)4 + �m(1 + z)3 + �k(1 + z)2 + �de exp

�
3

⇤ z

0

1 + w(z�)
1 + z� dz�

⇥⇥
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What else is out there to find or constrain ?  
Domain walls?  - ultralight fields forming macroscopic objects. Use 

global positioning system as a -50,000km aperture `dark matter’ detector 
to search for Domain Walls.   [Roberts et al 2017]

Earth moves through galactic dark matter halo, interactions with 
domain walls cause a sequence of atomic clock perturbations that 

propagate through the satellite constellations at v~300km/s. Mining 16 
yrs of data, the DW are hiding, but it improves the limits on certain 

quadratic scalar coupling of DW to standard model particles by many 
orders of mag.    

Could be any ultra light field though 
seems to me! 

Chameleon, dilaton, axion, symmetry 
coupled to matter - rapidly changing 

density.  

Any condensate field, such as 
oscillon, QBall, axion stars, string !  
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The impact of the simultaneous detection of GWs and GRBs on Modified 
Gravity models ! 

Credit: LIGO-VIRGO Collaboration.

GW 170817 and GRB 170817A

speed of GW waves

c2T = 1 + ↵T

�t ' 1.7s

! |↵T |  10�15
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Implication for scalar-tensor theories - [Horndeski (1974), Deffayet et al 2011]

L2 = K L3 = �G3⇤�

L4 = G4R+G4,X [(⇤�)2 �rµr⌫�rµr⌫�]

L5 = G5Gµ⌫rµr⌫�� 1

6
G5,X [(r�)3 � 3rµr⌫�rµr⌫�⇤�+ 2r⌫rµ�r↵r⌫�rµr↵�]

where Gi = Gi(�, X) and X = �rµ�rµ�/2

L =
5X

i=2

LiLagrangian couples field and curvature terms: 
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Linearise theory and map to alpha parameter :

Why did he tell me it didn’t work?

January 12, 2018

We will follow [1] (who in turn follow [2]), who write the Lagrangian action as

L =
5X

n=2

Ln (1)

where

L2 = K(�, X) (2)

L3 = �G3(�, X) (3)

L4 = G4(�, X)R+ 2G4,Xr[µ1
rµ1�rµ2]r

µ2� (4)

L5 = G5(�, X)Gµ⌫rµr⌫
��G5,Xr[µ1

rµ1�rµ2rµ2�rµ3]r
µ3� (5)

Remember, the antisymmetry includes the factors of 1/n! and that X = �1
2(@�)

2

Let us take a spatially flat cosmology, with a homogeneous scalar. This means X = �̇
2
/2, and fur-

ther assuming that matter is minimally coupled to the metric (with no direct coupling to the scalar), the
generlalised Friedmann equation yields

E =
5X

n=2

En = �⇢ (6)

where

E2 ⌘ 2XK,X �K, (7)

E3 ⌘ 6X�̇HG3,X � 2XG3,�, (8)

E4 ⌘ �6H2
G4 + 24H2

X(G4,X +XG4,XX)� 12HX�̇G4,�X � 6H�̇G4,� , (9)

E5 ⌘ 2H3
X�̇ (5G5,X + 2XG5,XX)� 6H2

X (3G5,� + 2XG5,�X) , (10)

The scalar equation of motion reads
E� ⌘ J̇ + 3HJ � P� = 0 (11)

where

J ⌘ �̇K,X + 6HXG3,X � 2�̇G3,� + 6H2
�̇ (G4,X + 2XG4,XX)� 12HXG4,�X

+2H3
X (3G5,X + 2XG5,XX)� 6H2

�̇ (G5,� +XG5,�X) , (12)

P� ⌘ K,� � 2X
⇣
G3,�� + �̈G3,�X

⌘
+ 6

⇣
2H2 + Ḣ

⌘
G4,� + 6H

⇣
Ẋ + 2HX

⌘
G4,�X

�6H2
XG5,�� + 2H3

X�̇G5,�X . (13)

Now according to Tessa (which anyone comes from [2]), tensor modes propagate as c2T = 1 + ↵T , where

M
2
⇤↵T = 2X

h
2G4,X � 2G5,� � (�̈�H�̇)G5,X

i
(14)

and
M

2
⇤ = 2(G4 � 2XG4,X +XG5,� �H�̇XG5,X) (15)

1
Many authors assumed the following saying they held barring fine-tuned 

cancellation:

G4,X = G5,� = G5,X = 0

This of course satisfies the bound meaning any model that satisfies those 
conditions (such as GR, f(R), Quintessence) is perfectly viable. 

|↵T |  10�15

Recall:

Creminelli & Vernizzi (2017), Baker et al (2017), Wang et el (2017), Sakstein & Jain (2017), Ezquiaga 
&Zumalacárregui (2017) — all same edition of PRL (2018)

Crucially though it does not imply that models that do not satisfy the 
assumptions are ruled out !

Copeland et al, PRL (2019)
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Not had time to mention 

Quantum corrections in compactified theories lead to corrections to Λ 
and G - Swampland effects.  

CPT and EDM  

Lorentz violation expts  

Variation of more structure constants, linked say to QCD.  

Links to Swampland and small field evolution ? 
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Conclusions 

Exciting opportunity 

How should we consider parameterising the fundamental constants 
we wish to examine ? 

How many are there?  

Which are the best ones to consider? 

How to interpret the results ? 

Impact from higher dimensions.  

Can it influence recent discussions on the swampland.  

Can we use it to actually rule out models.  

The bounds are just getting tighter and tighter. 


