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0 Introduction: Collinear vs TMD factorization
@ Definitions of TMDPDFs

© (Quasi-) TMDPDFs from lattice LCD

© summary
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Collinear vs TMD factorization

. " _ +
@ Example process: Drell-Yan production pp — Z/v* — 171 P Qe™Y
’ EC!]]
@ Collinear factorization:
d . A P
a07ay = ;Uij(Qz,u) X fi(was 1) fi (w0, ) + O(ZH2)

» Nonperturbative physics absorbed in PDF f;(z, 1)
» Short-distance physics absorbed in 644
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Collinear vs TMD factorization

@ Example process: Drell-Yan production pp — Z/~* — 171~ Tap = -

@ Collinear factorization:

=361 (Q% ) X fi(as ) (0 1) + o(%) S
(2

dQ2dy

» Nonperturbative physics absorbed in PDF f;(z, 1)
» Short-distance physics absorbed in 644

p P

@ Collinear factorization for gr ~ Q

O =3 61(Q% @ ) X filar ) f3 (1) + O
i3

ST Aqcp m>
dQ2dY d2q, ’

qr

> gr ~ Q is perturbative scale — captured in 644
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Collinear vs TMD factorization

@ Example process: Drell-Yan production pp — Z/~* — 171~ Tap = -

@ Collinear factorization:

e = Y 0u(Q ) X fu(er ) fs (o0 ) + 0252 S
%]

dQ2dy

» Nonperturbative physics absorbed in PDF f;(z, 1)
» Short-distance physics absorbed in 644

p P

@ Collinear factorization for gr ~ Q

do N . A A

m = ;Uij(sz qrs 1) X fi(@a, 1) f5(@o, 1) + O<ﬂ» %)

> gr ~ Q is perturbative scale — captured in 644
@ TMD factorization for gr < Q ° ?

dopp 2 / 27 . -~ -

s = ) Haa(Q7, dk as @ — kT, 1y C) fa(xn, k) 11y

dQ2dY d2q, Xq: (@ li). 7 Jule dr 7ot s o s €) Y —term

Aqcp ar — see Ted'’s talk
+o(=5%)+o(%)

» gr is nonperturbative scale — captured in TMDPDF f;(x, ¢'r, 1, €)
» Vectorial nature of g, — convolution structure
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Collinear vs TMD factorization

@ Example process: Drell-Yan production pp — Z/~* — 171~ Tap = -

@ Collinear factorization:

e = Y 0u(Q ) X fu(er ) fs (o0 ) + 0252 S
%]

dQ2dy

» Nonperturbative physics absorbed in PDF f;(z, 1)
» Short-distance physics absorbed in 644

p P

@ Collinear factorization for gr ~ Q

do N . A A

m = ;Uij(sz qrs 1) X fi(@a, 1) f5(@o, 1) + O<ﬂ» %)

> gr ~ Q is perturbative scale — captured in 644
@ TMD factorization for gr < Q ° ?

dopp 2 / 27 ibp-q =~ N

Y5~ S — Hgg ) d*b T a7b " q 7b bRkl

dQ2dy d2q, Xq: 2a(Q IJ'). T € fa(a, br, 1, €) fa(xn, br, 1, ¢) Y —term

Aqcp ar — see Ted'’s talk
+o(=5%)+o(%)

» Convolution avoided in impact parameter space
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Evolution of PDFs and TMDPDFs

Collinear PDFs:

: . dfz(:t,[l,) — * dz . s .
@ PDF obey DGLAP evolution: “ding = ZJ:/:C — Pis (Z’ u) Fi(z, 1)

@ Scale evolution is perturbative as long as ¢t > Aqcp
TMDPDFs:

@ 1 evolution: dfi(z, br, p, §)

ding = Tal OFi(@ br, p, 0)

Markus Ebert (MIT) TMDPDFs and quasi-TMDPDFs 09/26/2019 2/15



Evolution of PDFs and TMDPDFs

Collinear PDFs:

: . d.fl(w’ H) _ ! dz
@ PDF obey DGLAP evolution: “ding = ZJ:/:C 7P”< )_f](z,y.)

@ Scale evolution is perturbative as long as ¢t > Aqcp
TMDPDFs:

) df; T, I; ) i g
® 4 evolution: “TTH“’O = i (1 €) fil@, Bry 1, €)
@ Collins-Soper evolution: (115 €) = 2% v (1) ]luf Fylea(w)]
df,,,(m bT, Iy C) 1 K(br,p) = 1 Ye (bry 1)
~dm¢ 7<(bT 1) fi (@, bry 1, ) 2
d~¢(br, u) i Vi (1) = 2T cusplas (1))
_— —2r s
d ln m cusp [Ot (H)]

@ Closed solution for Collins-Soper kernel:

i(bryp) = —2 / ‘; d: T e lots (1)] + 7é[s (1/b7)]

» CS evolution is nonperturbative if br 2, A<5<13D !

Markus Ebert (MIT) TMDPDFs and quasi-TMDPDFs 09/26/2019 2/15



Determining PDFs and TMDPDFs

Collinear PDFs:

: . dfz(w’p') — * dz . s .
@ PDF obey DGLAP evolution: “ding = zjz/m — Pis (Z’ u) Fi(z, 1)

@ Solve DGLAP evolution to evolve PDF f;(x, wo),
extracted at reference scale po (e.g. from lattice: po = O(2 GeV),
to PDF f;(x, ) at desired scale p —

TMDPDFs:
@ Extract TMDPDFs at reference scales (o, ¢o)
@ Evolve to desired scales (u, €):

’

R - Iz ) )
Fi(@,Bry 1C) = Fi(@y B, 1o, Co) exp [ [ v,a(u’,co)} exp Eve(u,m I
o

» Requires nonperturbative knowledge of f;(z, ET, 1o, Co)
» and nonperturbative knowledge of v/ (1, br) |
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Determining PDFs and TMDPDFs

Collinear PDFs:

: . dfz(:t,[l,) — * dz . s .
@ PDF obey DGLAP evolution: “ding = zj:/m — Pis (Z’ u) Fi(z, 1)

@ Solve DGLAP evolution to evolve PDF f;(x, wo),
extracted at reference scale po (e.g. from lattice: po = O(2 GeV),
to PDF f;(x, ) at desired scale p —

TMDPDFs:
@ Extract TMDPDFs at reference scales (o, ¢o)
@ Evolve to desired scales (u, €):

’

R - Iz ) )
Fi(@,Bry 1C) = Fi(@y B, 1o, Co) exp [ [ v,a(u’,co)} exp Eve(u,m I
o

» Requires nonperturbative knowledge of f;(z, ET, 1o, Co)
» and nonperturbative knowledge of v/ (1, br) |
@ Remark: For Aqcp K b;l < Q, TMDPDF are perturbatively calculable in terms of PDF
— evolution then serves to resum large logarithms In(brp) ~ In(Q/qr)
@ |In this regime, nonperturbative Wé(lt, br) is a major source of theory uncertainty
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Definitions of TMDPDFs
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TMD factorization revisited

@ TMD factorization in more detail for pp — Z/v* — 171~ (suppressing scales):

dopp

Qv = Haa(@) [ P gy (@a, Br) faten, Br)
T

= Hq3(Q?) /d2B‘T e*TIr B (a1, by)Bg(w2, br) S (br)

@ Beam functions Byg: collinear radiation
> Correspond to unsubtracted TMDPDF f"5"" ‘

Beam

@ Soft function S“: soft radiation — =
> Sensitive to both proton directions P— T~ ——— P
> Universal: same soft function for DIS g
@ TMDPDF defined by absorbing soft function:
fo(@,b7) = By(x, br)\/S(br)
@ Note: CSS and SCET (Soft-Collinear Effective Theory) yield equivalent TMDPDFs,

but there are many ways to define beam and soft functions individually
[Collins ’11; Becher, Neubert '10; Echevarria, Idilbi, Scimemi '11; Chiu et al '12; Li, Neill, Zhu ’16]

@ Note: [Collins, Soper, Sterman '85; Ji, Ma, Yuan '05] use a different scheme, but are
perturbatively relatable [Collins, Rogers '17]
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TMDs and rapidity regulators

n-p

@ Rapidity divergences arise from expanding in regions:

/QEZIim/ Ll SLASTSS )+/ dl"R(l* )

Jar ®E TR0,
—m9
qar -
@ TMDPDF defined s. t. rapidity divergences cancel: e dr Q
fa(@,br, p,¢) = lim Z, (€, 1, ) f3"" (2, br, €,7) /5% (b1, €, 7)

T—0

» e: UV regulator — renormalization scale u
> r: rapidity regulator — Collins-Soper scale ¢

@ Many definitions / schemes in the literature:
> Wilson lines off light cone [Collins *11]
> A regulator [Echevarria, Idilbi, Scimemi '11]
> Analytic regulator [Becher, Bell '12]
» 7 regulator [Chiu, Jain, Neill, Rothstein '12]
» Exponential regulator [Li, Neill, Zhu '16]

@ TMDPDF is scheme independent up to definition ¢ = Qe "
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Definitions of TMDPDFs

bt =° F b*
@ Definition of unsubtracted TMDPDF: n = (1,0,0,1)

unsu g db+ ibt (z P, _ Y ,0- '7_
1 e, Br) =[G D (PP a6 B W ST 2 a(0) [ P(P)
»> Proton matrix element (similar to collinear PDF)

@ Definition of

1, - 8 - 8
= - (0[[SLSn)(Br) ST, [8],.97)(0r) S %) 1 [0)

1l,—con
» Vacuum matrix element (no analog in collinear factorization)

@ Wilson line paths (prior to rapidity regularization):

Unsubtracted TMD

Markus Ebert (MIT) TMDPDFs and quasi-TMDPDFs 09/26/2019 6/15



Examples of TMD definitions

@ TMDPDF defined such that rapidity divergences cancel:

£ G Bry e, 7)

Sa(br, €,
SO(br, €, T) (brs e, 7)

.fCI(wv 5T7 My C) = y_{% ng(e’ My C)

T—0

> 5 removes overlap between collinear and soft matrix elements
@ For more details / explicit one-loop examples, see [ME, Stewart, Zhao '19]
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Examples of TMD definitions

@ TMDPDF defined such that rapidity divergences cancel:

£ G Bry e, 7)

— T q
fq($7 bT7 122} C) - 61% ZuV(e’ K C) S‘”(bl €, T)

T—0

Sa(br,e, 1)

> 5 removes overlap between collinear and soft matrix elements

@ For more details / explicit one-loop examples, see [ME, Stewart, Zhao ’19]
@ Example 1: Wilson lines off the light cone [Collins *11]

. f{unsub z, l_; Yp — Y
fa(@,br,p,¢) = lim  Zi(c,1,¢) " (2, b7, €, 4p — yB)

yB—> oo 5'1((11 €, )l/,, — 71/p)
(compact form due to [Buffing, Diehl, Kasemets '17])

> Collins-Soper scale: ¢ = (zm,e?? ¥")? = (p~e ¥")?

» Collins-Soper kernel:

dinf, dlnfi="®  gqins9

dIn¢ dyp dyn

» CS kernel can be obtained from both collinear and soft matrix element

¥ (s br) = 2
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Examples of TMD definitions

@ TMDPDF defined such that rapidity divergences cancel:

£ G Bry e, 7)

Sa(br, €,
SO(br, €, T) (brs e, 7)

fa(a,br,p, Q) = lim Z, (¢, 1, €)
T—0
> 5 removes overlap between collinear and soft matrix elements
@ For more details / explicit one-loop examples, see [ME, Stewart, Zhao ’19]
@ Example 2: A regulator [Echevarria, Idilbi, Scimemi '11]
fumsub (g br,e, 6 /p7)

b = lim Z fo (@, br &0 /P
Ja(z, br,y 1, €) 31:1’:% (e p, €) /S(br, €, 0-e—vn)

1 1

> ify ei i i ines:
Modify eikonal vertices from Wilson lines: P = 5= T

> Collins-Soper scale: ¢ = (p~ e ¥™)?
» Collins-Soper kernel:
d ].Il f d 11’1 funsub dIn ,S"’
I, b =2 a _ q —
o) =2 e T ap dy.

» CS kernel can be obtained from both collinear and soft matrix element
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Examples of TMD definitions

@ TMDPDF defined such that rapidity divergences cancel:

£ G Bry e, 7)

Sa(br, €,
SO(br, €, T) (br, €, 7)

fa(a,br,p, Q) = lim Z, (¢, 1, €)
T—0
> 5 removes overlap between collinear and soft matrix elements
@ For more details / explicit one-loop examples, see [ME, Stewart, Zhao ’19]
@ Example 3: n regulator [Chiu, Jain, Neill, Rothstein '12]
fa(@, b1, 1,¢) = Bo(@, br, p, v /Q)V/54(br, 1, v)
» Separately renormalize collinear and soft matrix elements

1 |k=/v|"

> ify ei i i ines:
Modify eikonal vertices from Wilson lines: T P

> Collins-Soper scale: ¢ = (p~)?

» Collins-Soper kernel:

dinfy, _ _din fForsub 1 dIn 87
dln¢ — = dlnv T 2 dnv

» CS kernel can be obtained from both collinear and soft matrix element

vé(p,br) =2
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(Quasi-)TMDPDFs from lattice LCD

Based on [ME, Stewart, Zhao, PRD99 (2019); JHEP09 (2019) 037]
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Reminder: Quasi PDFs

bt =1 Fb*
@ PDF: n = (1,0,0,1)

dbt

— et @P) (P(Pn)| @b )W, (b, 0)7 ™ q(0) |P(Pr))

fa(z, 1) =

@ Quasi-PDF: Equal-time correlator [Ji 13, '14]
r db* ib® (x P, 1z
Fola, Pzypr) = / Te T (P (Pa)|a(b?) W (2, 0)75q(0)|[P(Pn))
> Related: pseudo PDF P (x, 22, ) [Radyushkin '17]

@ Operators can be related through a Lorentz boost - ¢

@ Time-dependent PDF operator
< Boosted equal-time operator
< Equal-time operator in boosted proton state

@ PDF and quasi-PDF describe same IR physics

@ Difference in UV accounted for by perturbative matching
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Reminder: Quasi PDFs

@ Quasi-PDF can be perturbatively matched onto PDFs
[Xiong, Ji, Zhang, Zhao '13; Ma, Qiu 14 ’17; lzubuchu, Ji, Jin, Stewart, Zhao ’18]
» Rigorous proof using operator product expansion

@ Matching relation:

dy
Pza - ?, ’ 9
(:13 [ / C] " P yP (?J )+ O<P2 22 P2

Simulation/renormalization Perturbatlve matching PDF Higher-twist correction
on lattice coefficient

@ Significant progress in recent years:

> Calculation at large P* and physical pion mass [ETMC, LP3]

» Nonperturbative renormalization of quasi-PDF on lattice /
Calculation of matching coefficient
[Ji, Zhang *15; Constantinou, Panagopoulos *17; Li, Ma, Qiu '18; ...]

> Subtraction of higher-twist corrections
[Chen et al '16; Radyushkin ’17; Braun, Vladimirov, Zhang ’18]

» Inclusion in global PDF fits [Cichy, Debbio, Giani '19]
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Towards Quasi TMDPDFs

Roadmap:

@ Construct quasi beam function B, (z, br, a, L, P*)
and quasi soft function  S?(bs, a, L)
> Must be computable on lattice
> Regulate UV divergence by lattice spacing a

> Regulate rapidity divergence by finite lattice size L
(see also [Ji, Jin, Yuan, Zhang, Zhao '18])

@ Combine into quasi TMDPDF

(a), ET, a, L, Pz)

rs _’ z . > z B,
fa(@, by py, P7) = lim ng(/-"aP 7a) 2
a—0 =
L—0 \ ‘5‘1(1)1‘.(1.11)

> Note: in practice needs nonperturbative lattice renormalization
— see talk by [M. Wagman]

© Derive perturbative matching
fQ(mv I_;Ta 122} Pz) = (Cq ® fq)(w’ BTv 122) C)

@ Determine Collins-Soper kernel to relate TMDs at different energies
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Constructing the quasi beam function

. . bt =1 Fb*
@ Beam function: (light-cone correlator) n = (1,0,0,1)

- db _L,‘F , T
By(w.br) = [ e 3D (p(P) et B W ) v a(0)|p(P))
@ Quasi beam function: (equal-time correlator)
D r "db® ib* (z P* —1z T T
By(abr) = [ e™ O (p(P) v, By w ) 1) |p(P))
@ Wilson line path:

> Finite lattice size requires to truncate at length L
» Bare operators related by Lorentz boost

Beam function Quasi beam function
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Constructing the quasi soft function

n = (1,0,0,1)
@ Soft function: (light-cone correlator) 7 = (1,0,0,—1)

= NiTr (0[[S].82](br) St (—noo) [S]S,.](0r) St(—noo)|0)
@ Quasi soft function: (equal-time correlator)
= Niﬁ (0|[S15_:](br) Sr(—2L) [ST.8:](0r) S%(2L)|0)

@ Wilson line path:

> Finite lattice size requires to truncate at length L
» Bare operators not related by Lorentz boost (more on this later)
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Constructing the quasi soft function

n=(1,0,0,1)
@ Soft function: (light-cone correlator) 7 = (1,0,0,—1)

= T (0[81,851(Br) Sr(~7100) [S18,.)(0r) Sk (—no0) 0)
@ Quasi soft function: (equal-time correlator)
= NLCTF (0[[S1S_:](br) Sr(—2L) [T .S:](0r) Sk(2L)|0)
@ Alternative: bent soft function (equal-time correlator)
= N Tr (0|[S!8,](Br) Sr(~2L) [S]S:)(Fr) SL(D)|0)
> Agrees with the soft function in [Ji,Sun,Xiong,Yuan *14]
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Relating quasi TMDPDF and TMDPDF

@ Goal: perturbative matching between TMDPDF and quasi TMDPDF
@ Due to soft mismatch: expect nonperturbative relation

Quasi-TMD from lattice  Perturbative kernel TMDPDF

fQ(m’gTaN’Pz) = CQ(HWTPZ) 'fQ(wng’ﬂ’C)|

5 1. (2xP?)?
x R
| T
) Collins-Soper evolution
Soft mismaich  ongyres ¢ independence)

@ Not proven, but validated explicitly at one loop, finding

asC
£ In(b3p?/b3)

> Quasi soft function: ¢ =1+ o

> Bent soft function: ¢ =1
@ Perturbative matching requires g, — 1 and ¢ = (22P~)?
> Not feasible on lattice, where P* ~ O(1 GeV), but ¢ ~ m%
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Collins-Soper kernel from Lattice QCD

@ Reminder: quark (quasi) TMDPDFs related by (at NLO)

(2, b z 1 22 P?)?
M = Cq(p, zP?) exp{f—yg(u,bT) In (22P7) }
fq(a:,bTa M C) 2
@ Nonperturbative factor cancels in ratios with same b and p

» Can similarly study other ratios of TMDPDFs, e.g. spin structures
(ratios of moments studied in [Musch et al 10 '12; Engelhardt et al '15; Yoon et al '17])
> See talk by [M. Engelhardt]

@ Factor out Collins-Soper kernel by varying proton momenta P;” # Py :

_ 1 In Cq(p,,a:P;) fq(ngTzﬂvplz)
ln(Plz/P‘Zz) Cll(iu’mPf) fq(wabTHu?Pzz)

¢ (15 br)

@ Independent of hadron state: Can use pion state for simplicity
> Yield much better signal-to-noise ratios than protons

@ Formally independent of =, P7, Py, L
» Many handles to study systematic uncertainties

@ First exploratory studies: see talk by [M. wagman]
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Summary
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TMDPDFs:
@ Definition of TMDPDFs more complicated than for collinear PDFs
> Collinear proton matrix element f"”*"" (, br, €, T)

» Soft vacuum matrix element
» Requires a rapidity regulator
@ Rapidity divergences give rise to Collins-Soper evolution
> Collins-Soper kernel ~/ (b, 1) is nonperturbative for b." < Aqcp
»> Nonperturbative knowledge of wé(bT, w) crucial to evolve TMDPDFs /
resummation of large logs In(Q/qr)

@ Variety of equivalent definitions available in literature

(Quasi-)TMDPDFs from lattice:
@ No straightforward definition of quasi-TMDPDF due to soft sector
@ Perturbative matching using bent soft function only verified at NLO
> Still requires to fix ¢ = (xP*)?
@ Ratios of (quasi) TMDPDFs are feasible

> Can study e.g. spin and flavor dependence [see talk by M. Engelhardt]
» Calculation of v¢ (b, ) from lattice [see talk by M. Wagman]
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Backup slides
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Impact of nonperturbative Collins-Soper kernel

@ Recall: TMD factorization for pp — Z/~* — 1t

do . = iB.d - —
szd}fgzq' = 046(Q27 M) /dsz T 9T fq(a, br,y 1, €) fa(26, b5 1, €)
T .

@ Recall TMDPDF evolution equations:

u%fq(w, Bry 115 ) = Y2 (115 ) Fa (@ By 115 C)
d - q z
CTqu(w’bT’ 1, C) = %7( (1, b1) fo(x, br, ps €)

@ All-order form of CS kernel:

i # d#' i ’ i
i bro) = =2 [ STl ()] + il (1/b0)]
1/br M

@ Applications of CS evolution:

» Evolve TMD measured from data / extracted from lattice )

> For Aqcp < qr < Q: resum large logarithms In(Q?b%) ~ In ?—2
T

@ Key ingredient: nowledge of ~,
> Perturbatively known at N3LO in QCD [Li, Zhu '16; Viadimirov '16]
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Impact of nonperturbative Collins-Soper kernel

-0.5
P Jpert roody /
_iof . ] et = =2 [ SErlan] + clon(1/br)
N E : 1/br K
£ t
) -15 P A% E
S NLL
& -20 ---NNLL E T 1 TATIAST TsheTev, 2031
S N g - 66 GeV <m, <116 GeV, |y | <2.4
= — N°LL o ~ e deg v
=25 — NOLL (b") 3 1072
A =0.5GeV 2 10°
-3.0—~ 1 L L S o ee-channel
1] 1 2 3 4 5 g _ F —t— uuchannel
1/br [GeV] 10" E" 4 Combined
25 Statistical uncertainty
“z s I Total uncertainty &
£ pp = 1 ) ) =
% 20 Q=mgz ] | W u|
£ = 5[3 1.01=" A bl —
<] o Een = 13 TeV E §§ ::J::.* Ll “,W_ Tt
2 aee ] HE oty JHH' 3
, ] G 0.99 ] —
—§ 10 A2 =1 GeV? ] X?INDF=43/43 +“w -
B 1 ORI ]
< 5 5 I ]
| | | | 1 10 10°
0
0 10 20 30 10 p} [GeV]

qr [GeV]

@ Nonperturbative correction to Vg(u, br) is a key uncertainty
for predicting the g+ spectrum at the LHC

@ So far: fitted from data or “neglected”
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Verification of matching at NLO

@ Test matching relation perturbatively at NLO
»> Work in MS scheme, not lattice renormalization
»> On-shell external quark state
» Ignore mixing with gluons

@ Quasi-TMDPDF becomes simple product:

q(wa I;Ta €, Lv Pz)

_ L . B
fq(ili,bT,[L,PZ) = !1_15(1) ng(p’ﬂ Pzae) -
L0 \/S(br,€, L)

> Precise form fixed by cancellation of divergences L/br

@ Example diagrams:

L2 br+Lz L2 br+L2

(0r,0) (b, b?) (0p,0) (b, b?)
P p p p L2 Br-Lz L2 Br-Lz
Quasi beam function Quasi soft function
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Verification of matching at NLO

@ Result at one loop:
£ B z z\2 z\2
fq(ili,b_’]:,ﬂ,P ) =14 a;Cr |:71 11’12 (2112 ) +1n (21:1: )
fQ(mv bT7 122 C) 27 2 K H

P2
+ 111(1):‘;41,2) — ln(b%uz) In % + .- ]

@ Compare to matching formula:
fQ(wa ET» w, P*)
.fQ(wv bT? 1223 C)
@ Comparison:
» Perturbative kernel C,
> Nonperturbative Collins-Soper kernel

(2xP*)?
¢

. s 1 ,
= Cq(p, P%) g4 (br, 1) exp{i In 'Yé’(l’fyb’l}

> Leftover nonperturbative logarithm 1n (b7 11%)

@ Interpretation: remnant of failure of relating soft factors S and S

@ Possible solution: can modify soft function to remove In(b7,.”) at NLO
> Valid to all orders?
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More details on rapidity regulators

Collinear/soft Wilson lines

W, = Pexp {ig/_oco dsn - A(ﬁs)} = 3 exp {—gw]

perms n-k
0 n - A(k)
Sn =P i d A = —qg——X "7
exp {19 /_oo sn (ns)} pegn:ns exp { 9k ]
n regulator [Chiu, Jain, Neill, Rothstein '12]
2P| R A(k,)
W,
- P;ns P |: . n-
s |2’Pz| /2 p . A(k)
n P;ns P v K n-k
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More details on rapidity regulators

Collinear/soft Wilson lines

0 _
W, = PeXp {ig/ dsn - A(ﬁ,s):l = Z exp l:_g%’(ck)]
—00 n .
perms
-0
Sn = PeXp {ig/ dsn - A(ns)} = Z exp {_g%’(‘:k)]
e perms

) regulator [Echevarria, Idilbi, Scimemi '11; Echevarria, Scimemi, Vladimirov '16]

0
W, — Pexp [ig dsn - A(ﬁs)e_‘ﬁs}

.
/

0 -
dsn - A(ns)e™® S}

— oo

Sn — Pexp [ig
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More details on rapidity regulators

Collinear/soft Wilson lines

W, = Pexp {ig/_oco dsn - A(ﬁs)} = 3 exp {—gw]

n-k
perms
0
Sn, = Pexp {ig/ dsn - A(ns)} = Z exp {—g%’(f)]
—oo perms

Exponential regulator [Li, Neill, Zhu '16]
@ Does not modify Wilson lines, but phase space integrals (bo = 2e™ "F):

/ddkz — lim [ d%ke —kO7 bo
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More details on rapidity regulators

Collinear/soft Wilson lines

0 _

W, = Pexp {ig/ dsn - A(ﬁs)} = Z exp {—g%ﬁ’c)]
- perms :
0

Srn = Pexp {ig/ dsn - A(ns)} = Z exp {—g%;k)]
—oe perms

Analytic regulator [Becher, Neubert '10]
@ Replace eikonal propagator (p = momentum along Wilson line)
1 2=
— — AL
n-k—i0 [(n-k)(n-p)—i0]'*e

2B
1 - vy m-p
Ak—10  [(A-k)(n-p)—i0]'+P

@ S% = 1in this regulator

@ Asymmetric: take first 3 — 0, then o — 0 (or vice versa)
— S“ = 1 absorbed into one TMDPDF
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Rapidity divergences at finite L

@ Recall: Rapidity divergences arise from integrals of type

Lo [tk fetRT)  d(st/RT) fd(kED) S R)
d“_./ (ktk—)e k+k— _(/ 2k+/k— ) (k¥k—)e Ktk

» Integrand depends only on product kT k~

@ Eikonal propagator for L < oc:
1 1 — kL

—
k* +i0 k*

@ With finite L:

. + oy —
_f(k—"_k_)l—elk Ly _ e k7L
Iy, — [ dktdk
d / (kTk—)e Kkt k-

> Finite L fully regulates k* — 0
» No rapidity divergences for finite L
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Comparison to Ji et al

@ Quasi TMDPDF was previously studied in [Ji, Jin, Yuan, Zhang, Zhao '18]
> do not separately consider B, and 5¢

- B
> i =2
but directly absorb f, Jor
@ Matching relation at NLO: ¢ = (22:P%)2, u = /¢

{1 _ ascp}

fal@,Br; () = e™SHEPD) fal@,Br;)

@ Matching kernel involves nonperturbative component for by ~ Aa(ljD

q b ¢ d s / C
e=SL(GPr) — exp [/ dp as () F]

o/br M ™

@ Matching requires nonperturbative knowledge of S,
in agreement with our interpretation
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