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¥ There are eight TMD 
distributions in leading twist 

¥ TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

¥ Interplay with the transverse 
momentum
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TMD evolution
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Nonperturbative contributions to rapidity anomalous dimension    
limit QCD theory predictions to much lower precision 

TMDPDFs encode 3D structure of 
hadrons,       dependence of 
hadronic cross-sections 
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Drell-Yan        dependence 
measured at LHC, <1% precision
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Motivation

Precision TMD measurements

Drell-Yan process:

Measured to . 1% accuracy
I Crucial input for PDF determination

Standard candle of Standard Model:
I Important test of QCD

Can we disentangle possible BSM physics
from PDF fitting?

I Can easily absorb small BSM
signals into PDFs ...

W -mass measurement:
Dominant uncertainty from PDFs:

I Particularly important:
correlations between quark flavors

Direct calculation of PDFs could alleviate such uncertainties
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TMD evolution from LQCD

Ebert, Stewart, Zhao, PRD 99 (2019)

TMDPDFs inaccessible to LQCD with LaMET  
— soft factor includes two light-light directions

Ratios of TMDPDFs free from soft factors, can be calculated with LQCD

Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)
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Quasi soft function: (equal-time correlator)
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Wilson line path:
I Finite lattice size requires to truncate at length L
I Bare operators not related by Lorentz boost (more on this later)
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TMDPDF rapidity anomalous dimensions (Collins-Soper kernel) 
calculable from ratios of quasi-TMDPDFs

Ebert, Stewart, Zhao,   JHEP 1909 (2019) 

Yoon et al, PRD 96 (2017)Musch et al, PRD 85 (2012) Engelhardt et al, PRD 93 (2016)

LQCD-friendly quasi- 
beam function 
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LQCD Setup

Independent of hadron state, choice of momenta, choice of 

…up to power corrections:             ,                       ,          

bz
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Exploit independence, 
calculate for valence pion 
with 

bT /!
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Not  independent of sea quark mass, 
quenched gauge fields used for 
exploratory calculation 
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Vary    ,       to study power 
corrections
⌘
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Exploratory ensembles

Lüscher, JHEP 1008 (2010)

Quenched Wilson gauge configurations

— generated by Michael Endres

Lattice spacing determined from gradient flow scale-setting

a = 0.06(1) fm
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Gradient flow also used as link 
smearing to reduce noise

! = 6 .30168
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t f low = 1
<latexit sha1_base64="PY+29poHDtZrgQIOEakVjqyqw+M=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKXjxWsB/YhrLZbtqlm03YnSgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zUeujYjVPY4S7ke0r0QoGEUrPWA3C2X8NL7yuqWyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuruHfn5ep1HkcBDuEITsCDC6jCLdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP4o9kNE=</latexit>

t f low = 0
<latexit sha1_base64="hKhUYjw0fJQLn3ArJl6bKXWg6hs=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKXjxWsB/YhrLZbtqlm03YnSgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJn4zUeujYjVPY4S7ke0r0QoGEUrPWA3C2X8NL5yu6WyW3GnIIvEy0kZctS6pa9OL2ZpxBUySY1pe26CfkY1Cib5uNhJDU8oG9I+b1uqaMSNn00vHpNjq/RIGGtbCslU/T2R0ciYURTYzojiwMx7E/E/r51ieOlnQiUpcsVmi8JUEozJ5H3SE5ozlCNLKNPC3krYgGrK0IZUtCF48y8vksZpxTuruHfn5ep1HkcBDuEITsCDC6jCLdSgDgwUPMMrvDnGeXHenY9Z65KTzxzAHzifP4i5kNA=</latexit>

Borsanyi et al, JHEP 1209 (2012)

Wilson-Clover valence fermions

a ⇠ 0.04, 0.06, 0.08 fm
<latexit sha1_base64="yhFaWghkOGIjWyPSALE9EacLkwY=">AAACDXicbVC7TsMwFHXKq5RXgZHFoiAxoCqBCjpWsDAWiT6kJqoc12mt2klk3yCqqD/Awq+wMIAQKzsbf4PTdoCWI1n36Jx7dX2PHwuuwba/rdzS8srqWn69sLG5tb1T3N1r6ihRlDVoJCLV9olmgoesARwEa8eKEekL1vKH15nfumdK8yi8g1HMPEn6IQ84JWCkbvGIYFdzie2yXTl1s3IxLVUXu8AeIA3kuFssGWUCvEicGSmhGerd4pfbi2giWQhUEK07jh2DlxIFnAo2LriJZjGhQ9JnHUNDIpn20sk1Y3xslB4OImVeCHii/p5IidR6JH3TKQkM9LyXif95nQSCqpfyME6AhXS6KEgEhghn0eAeV4yCGBlCqOLmr5gOiCIUTIAFE4Izf/IiaZ6VnfOyfVsp1a5mceTRATpEJ8hBl6iGblAdNRBFj+gZvaI368l6sd6tj2lrzprN7KM/sD5/APeImF8=</latexit>

Plots in this talk:

— Bare quark mass tuned after 
smearing, additive mass 
renormalization reduced
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Staple renormalization

Correlation function for 
nonlocal operator in 
gauge-fixed quark state 

Vertex function accessible 
to LQCD and 
perturbation theory

Z ! 1
q ZO Tr [ P! ! (p)] = Tr

!
P! ! tree (p)

"
= 6eip áb

<latexit sha1_base64="fFQEqVrPJ2h7C5jETwQHt7CrcYI="></latexit>

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

!
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

Non-perturbative renormalization performed using RI/MOM scheme
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One-loop matching

Asymmetric staple: Ebert, Stewart, Zhao in preparation

Residual      dependence 
reduced by 1-loop 
matching, comparable 
to statistical errors

One-loop matching from RI/MOM              to                          known µ = pz
<latexit sha1_base64="OsNCh1p2wViR0/DaX4SbqSgIwf0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9CIEvXiMYB6SLGF2MpsMmZld5iHEJV/hxYMiXv0cb/6Nk2QPmljQUFR1090VpZxp4/vf3tLyyuraemGjuLm1vbNb2ttv6MQqQusk4YlqRVhTziStG2Y4baWKYhFx2oyGNxO/+UiVZom8N6OUhgL3JYsZwcZJDx1h0RVKu0/dUtmv+FOgRRLkpAw5at3SV6eXECuoNIRjrduBn5oww8owwum42LGappgMcZ+2HZVYUB1m04PH6NgpPRQnypU0aKr+nsiw0HokItcpsBnoeW8i/ue1rYkvw4zJ1BoqyWxRbDkyCZp8j3pMUWL4yBFMFHO3IjLAChPjMiq6EIL5lxdJ47QSnFX8u/Ny9TqPowCHcAQnEMAFVOEWalAHAgKe4RXePOW9eO/ex6x1yctnDuAPvM8f9oKP2g==</latexit>

µ = 2 GeV
<latexit sha1_base64="C55KP2Ltmp8gmj8/uvsXHXvxeT4=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBb0IQQ96jGAekIQwO+kkQ2YfzPRKwrK/4sWDIl79EW/+jZNkD5pY0FBUddPd5UVSaHScbyu3tr6xuZXfLuzs7u0f2IfFhg5jxaHOQxmqlsc0SBFAHQVKaEUKmO9JaHrj25nffAKlRRg84jSCrs+GgRgIztBIPbvY8WN6TSsdhAkm9A4aac8uOWVnDrpK3IyUSIZaz/7q9EMe+xAgl0zrtutE2E2YQsElpIVOrCFifMyG0DY0YD7objK/PaWnRunTQahMBUjn6u+JhPlaT33PdPoMR3rZm4n/ee0YB1fdRARRjBDwxaJBLCmGdBYE7QsFHOXUEMaVMLdSPmKKcTRxFUwI7vLLq6RRKbvnZefholS9yeLIk2NyQs6ISy5JldyTGqkTTibkmbySNyu1Xqx362PRmrOymSPyB9bnD6STk4k=</latexit>

MS
<latexit sha1_base64="RgJWWFoulnHNooXqDXZTTeAPPMI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KooMuiGzdCRfuAJpTJdNIOnTyYuRFrCP6KGxeKuPU/3Pk3TtostPXAwOGce7h3jhcLrsCyvo3SwuLS8kp5tbK2vrG5ZW7vtFSUSMqaNBKR7HhEMcFD1gQOgnViyUjgCdb2Rpe5375nUvEovINxzNyADELuc0pASz1zz4m0nadTB9gDpNe3WdYzq1bNmgDPE7sgVVSg0TO/nH5Ek4CFQAVRqmtbMbgpkcCpYFnFSRSLCR2RAetqGpKAKTedXJ/hQ630sR9J/ULAE/V3IiWBUuPA05MBgaGa9XLxP6+bgH/upjyME2AhnS7yE4EhwnkVuM8loyDGmhAqub4V0yGRhIIurKJLsGe/PE9axzX7pGbdnFbrF0UdZbSPDtARstEZqqMr1EBNRNEjekav6M14Ml6Md+NjOloyiswu+gPj8weDcpXm</latexit>

Residual dependence on      arises from 2-loop RG and lattice artifactspz
<latexit sha1_base64="P9XYtALZVo21YiUmEpyuCDL8oPY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6T3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFuzo3j</latexit>

10 15 20
2.05

2.10

2.15

2.20

2.25

2.30

2.35
bT = 3a, bz = 4a, ⌘ = 10a

<latexit sha1_base64="7S10vx7saetbdMrV31KJ6+xHns8=">AAACCXicbZC7SgNBFIZn4y3G26qlzWAQLCTsmoA2QtDGMkJukF2Ws5NJMmT2wsysEJe0Nr6KjYUitr6BnW/jbLKFJv4w8PGfczhzfj/mTCrL+jYKK6tr6xvFzdLW9s7unrl/0JZRIghtkYhHouuDpJyFtKWY4rQbCwqBz2nHH99k9c49FZJFYVNNYuoGMAzZgBFQ2vJM7HtNfIWrcOZofNBYy9ChCjTbFnhm2apYM+FlsHMoo1wNz/xy+hFJAhoqwkHKnm3Fyk1BKEY4nZacRNIYyBiGtKcxhIBKN51dMsUn2unjQST0CxWeub8nUgiknAS+7gxAjeRiLTP/q/USNbh0UxbGiaIhmS8aJByrCGex4D4TlCg+0QBEMP1XTEYggCgdXkmHYC+evAzt84pdrVh3tXL9Oo+jiI7QMTpFNrpAdXSLGqiFCHpEz+gVvRlPxovxbnzMWwtGPnOI/sj4/AG0M5aF</latexit>

Symmetric staple: Constantinou, Panagopoulos and Spanoudes, PRD 99 (2019)

Weighted average of 
(correlated!) results at 
different      used to 
obtain final result

pz
<latexit sha1_base64="P9XYtALZVo21YiUmEpyuCDL8oPY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6T3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFuzo3j</latexit>

pz
<latexit sha1_base64="P9XYtALZVo21YiUmEpyuCDL8oPY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G6GG/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6T3pPvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+86t5dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFuzo3j</latexit>
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Renormalization results
Renormalization factors grow exponentially with increasing staple size

! !"# !"! !"#
$

#

$!

#!

$!!

#!!

$!!!

-!"# !"! !"#
$

#

$!

#!

$!!

#!!

$!!!

Signal-to-noise ratio degrades exponentially with increasing staple size

Wilson line self-energy divergence: Z ! e1/a (bT + ! + |! ! bz |)
<latexit sha1_base64="o6y8kqcpQtfM+R2iBpWwD9RvKbY=">AAACE3icbVC5TgMxEPWGK4QrQEljESEFEGEXkKCMoKEMUi6RXVZeZ5JY8R6yvUhhk3+g4VdoKECIloaOv8E5Ckh4kjVP781oPM+LOJPKNL+N1Nz8wuJSejmzsrq2vpHd3KrKMBYUKjTkoah7RAJnAVQUUxzqkQDiexxqXvdq6NfuQUgWBmXVi8DxSTtgLUaJ0pKbPbjFtmQ+hrvEOiY477llfIhtUESX/qgeYc996O8P3GzOLJgj4FliTUgOTVBys192M6SxD4GinEjZsMxIOQkRilEOg4wdS4gI7ZI2NDQNiA/SSUY3DfCeVpq4FQr9AoVH6u+JhPhS9nxPd/pEdeS0NxT/8xqxal04CQuiWEFAx4taMccqxMOAcJMJoIr3NCFUMP1XTDtEEKp0jBkdgjV98iypnhSs04J5c5YrXk7iSKMdtIvyyELnqIiuUQlVEEWP6Bm9ojfjyXgx3o2PcWvKmMxsoz8wPn8AKKebNA==</latexit>
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Operator Mixing
Local operators show percent-level 

mixing among       q! q
<latexit sha1_base64="+jkP0vl3zzpYLmEs/X72jMwGnmo=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzKjgi6LLnRZwT6gM5RMmraheUyTjFCH4q+4caGIW//DnX9jpp2Fth4IHM65h3tzophRbTzv2yksLa+srhXXSxubW9s77u5eQ8tEYVLHkknVipAmjApSN9Qw0ooVQTxipBkNrzO/+UCUplLcm3FMQo76gvYoRsZKHfcgkNbO0uloEtwgzhEcddyyV/GmgIvEz0kZ5Kh13K+gK3HCiTCYIa3bvhebMEXKUMzIpBQkmsQID1GftC0ViBMdptPrJ/DYKl3Yk8o+YeBU/Z1IEdd6zCM7yZEZ6HkvE//z2onpXYYpFXFiiMCzRb2EQSNhVgXsUkWwYWNLEFbU3grxACmEjS2sZEvw57+8SBqnFf+s4t2dl6tXeR1FcAiOwAnwwQWogltQA3WAwSN4Bq/gzXlyXpx352M2WnDyzD74A+fzB8yrlW4=</latexit>

1-loop PT predicts largest mixings
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Operator Mixing
Local operators show percent-level 

mixing among       q! q
<latexit sha1_base64="+jkP0vl3zzpYLmEs/X72jMwGnmo=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzKjgi6LLnRZwT6gM5RMmraheUyTjFCH4q+4caGIW//DnX9jpp2Fth4IHM65h3tzophRbTzv2yksLa+srhXXSxubW9s77u5eQ8tEYVLHkknVipAmjApSN9Qw0ooVQTxipBkNrzO/+UCUplLcm3FMQo76gvYoRsZKHfcgkNbO0uloEtwgzhEcddyyV/GmgIvEz0kZ5Kh13K+gK3HCiTCYIa3bvhebMEXKUMzIpBQkmsQID1GftC0ViBMdptPrJ/DYKl3Yk8o+YeBU/Z1IEdd6zCM7yZEZ6HkvE//z2onpXYYpFXFiiMCzRb2EQSNhVgXsUkWwYWNLEFbU3grxACmEjS2sZEvw57+8SBqnFf+s4t2dl6tXeR1FcAiOwAnwwQWogltQA3WAwSN4Bq/gzXlyXpx352M2WnDyzD74A+fzB8yrlW4=</latexit>

1-loop PT predicts largest mixings

Nonlocal straight line operators show 
increasing mixing with increasing 
line length reaching O(10%)

Mixings predicted by 1-loop PT or not 
can be comparable size

bz = 6
<latexit sha1_base64="uBxOVRcErp3RtG68rcBomee135k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxgv2ANpTNdtIu3WzC7kaooT/CiwdFvPp7vPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6wGV5rG8N+ME/YgOJA85o8ZKraD3SK7Iea9ccavuDOQv8XJSgRz1Xvmz249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns3Ak5skqfhLGyJQ2ZqT8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfR30ucKmRFjSyhT3N5K2JAqyoxNqGRD8BZf/kuaJ1XvtOrenVVq13kcRTiAQzgGDy6gBrdQhwYwGMETvMCrkzjPzpvzPm8tOPnMPvyC8/ENAnaOsA==</latexit>

bz = 12
<latexit sha1_base64="rSqO1W4rcmuNMv2jPM81UaqZxf8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHCOYByRJmJ5NkyOzsOtMrxCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0c3Ubz5ybUSk7nEccz+kAyX6glG0UivoPpEr4lW6xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzu6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNCpl76zs3p2XqtdZHHk4gmM4BQ8uoAq3UIM6MJDwDK/w5jw4L8678zFvzTnZzCH8gfP5A22Djuc=</latexit>
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Staple Operator Mixing
Staple-shaped operators show even larger mixings

Mixings predicted by 1-loop PT or not can be comparable

bT = 12, bz = 12
<latexit sha1_base64="e1mneiJemIi31XhTrsE5U5BXLVI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILqQkVVAQoejGZYW+oA1hMp20QycPZiZCDQV/xY0LRdz6He78G6dpFtp64MKZc+5l7j1ezJlUlvVtFJaWV1bXiuuljc2t7R1zd68lo0QQ2iQRj0THw5JyFtKmYorTTiwoDjxO297oduq3H6iQLAobahxTJ8CDkPmMYKUl1zzw3Aa6Rnb1FPWukOc+Zg/XLFsVKwNaJHZOypCj7ppfvX5EkoCGinAsZde2YuWkWChGOJ2UeomkMSYjPKBdTUMcUOmk2foTdKyVPvIjoStUKFN/T6Q4kHIceLozwGoo572p+J/XTZR/6aQsjBNFQzL7yE84UhGaZoH6TFCi+FgTTATTuyIyxAITpRMr6RDs+ZMXSatasc8q1v15uXaTx1GEQziCE7DhAmpwB3VoAoEUnuEV3own48V4Nz5mrQUjn9mHPzA+fwBy4ZKS</latexit>

bT = 12, bz = ! 12
<latexit sha1_base64="9vjDjYrBtCNjIPmC6UTiqOng+R8=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFcKFlpgoKIhTduKzQF7TDkEkzbWjmQZIR6tiFv+LGhSJu/Q13/o1pOwttPXDh5Jx7yb3HizmTyrK+jdzC4tLySn61sLa+sbllbu80ZJQIQusk4pFoeVhSzkJaV0xx2ooFxYHHadMb3Iz95j0VkkVhTQ1j6gS4FzKfEay05Jp7nltDV8guH6POJfLcB/04scuuWbRK1gRontgZKUKGqmt+dboRSQIaKsKxlG3bipWTYqEY4XRU6CSSxpgMcI+2NQ1xQKWTTvYfoUOtdJEfCV2hQhP190SKAymHgac7A6z6ctYbi/957UT5F07KwjhRNCTTj/yEIxWhcRioywQlig81wUQwvSsifSwwUTqygg7Bnj15njTKJfu0ZN2dFSvXWRx52IcDOAIbzqECt1CFOhB4hGd4hTfjyXgx3o2PaWvOyGZ24Q+Mzx/hSpLJ</latexit>
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MS operator mixing
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Bare matrix elements vary significantly

Largest effect arises from mixing with

1, �z
<latexit sha1_base64="++xiecq/wi6NjzlKZ4zbZgIBGSo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvXisYD+gCWWy3bZLd5OwuxFq6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRVmDxiJW7RA1EzxiDcONYO1EMZShYK1wdDv1W49MaR5HD2acsEDiIOJ9TtFYyffOfOIPUErsPnXLFbfqzkCWiZeTCuSod8tffi+mqWSRoQK17nhuYoIMleFUsEnJTzVLkI5wwDqWRiiZDrLZzRNyYpUe6cfKVmTITP09kaHUeixD2ynRDPWiNxX/8zqp6V8HGY+S1LCIzhf1U0FMTKYBkB5XjBoxtgSp4vZWQoeokBobU8mG4C2+vEya51XvoureX1ZqN3kcRTiCYzgFD66gBndQhwZQSOAZXuHNSZ0X5935mLcWnHzmEP7A+fwBBHeRBQ==</latexit>

Mixings depend smoothly on staple 
shape
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Pion correlation functions

Bali, Lang, Musch, Schäfer, PRD 93 (2016)

Momentum smearing increases 
overlap and reduces noise

Pion energy fit from 2pt function

=
X

n

Zn(p)e�E! (p)t

<latexit sha1_base64="Y6Z8g78RuPnxMuP3GR41YOLr6uI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahLiyJCroRiiK4rGAf2MQwmU7aoZNJmJkIJXTpxl9x40IRt36CO//GSZuFth64cOace5l7jx8zKpVlfRuFufmFxaXicmlldW19w9zcasooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH1xmfuuBCEkjfquGMXFD1OM0oBgpLXnm7jl0ZBJ6HN55vBIfQHKfHl55Tkyzhxp5ZtmqWmPAWWLnpAxy1D3zy+lGOAkJV5ghKTu2FSs3RUJRzMio5CSSxAgPUI90NOUoJNJNx4eM4L5WujCIhC6u4Fj9PZGiUMph6OvOEKm+nPYy8T+vk6jgzE0pjxNFOJ58FCQMqghmqcAuFQQrNtQEYUH1rhD3kUBY6exKOgR7+uRZ0jyq2sdV6+akXLvI4yiCHbAHKsAGp6AGrkEdNAAGj+AZvII348l4Md6Nj0lrwchntsEfGJ8/5quX/A==</latexit>

G! (p, t) =
X

x

eipáx ⌦
⇡(x, t )⇡(0)  ↵

<latexit sha1_base64="VcSRs8sTpGCWG5LiufzjRRCdHBA="></latexit>

Wall sources with momentum-
smeared sinks found to have most 
precise energy extractions
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Boosted pion energies
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Results described well by 
continuum dispersion relation

a�1 ! 3.3 GeV
<latexit sha1_base64="lTR/nGUh5q4WK4BjZJ8DWe1vV5E=">AAACA3icbVDJSgNBEO2JW4xb1JteGoPgxTBjBD0GPegxglkgE0NPp5I06VnorhHDMODFX/HiQRGv/oQ3/8bOctDEBwWP96qoqudFUmi07W8rs7C4tLySXc2trW9sbuW3d2o6jBWHKg9lqBoe0yBFAFUUKKERKWC+J6HuDS5Hfv0elBZhcIvDCFo+6wWiKzhDI7Xze+wuOXZS6mrh01Kx5CI8YEKvoJa28wW7aI9B54kzJQUyRaWd/3I7IY99CJBLpnXTsSNsJUyh4BLSnBtriBgfsB40DQ2YD7qVjH9I6aFROrQbKlMB0rH6eyJhvtZD3zOdPsO+nvVG4n9eM8bueSsRQRQjBHyyqBtLiiEdBUI7QgFHOTSEcSXMrZT3mWIcTWw5E4Iz+/I8qZ0UnVLRvjktlC+mcWTJPjkgR8QhZ6RMrkmFVAknj+SZvJI368l6sd6tj0lrxprO7JI/sD5/AAMmlno=</latexit>

pmax
z ! 2.6 GeV

<latexit sha1_base64="uw5ujm/uumS7Q38pydReSYgY/QU=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwFHZV1KPoQY8RzAOSNcxOOmbIzO4y0yvGJTcv/ooXD4p49Re8+TdOHgc1FjQUVd10d4WJFAY978uZmp6ZnZvPLeQXl5ZXVt219YqJU82hzGMZ61rIDEgRQRkFSqglGpgKJVTD7tnAr96CNiKOrrCXQKDYTSTagjO0UtPdSpr315lid33aMELRveIhbSDcYUbPodJvugWv6A1BJ4k/JgUyRqnpfjZaMU8VRMglM6buewkGGdMouIR+vpEaSBjvshuoWxoxBSbIhn/06Y5VWrQda1sR0qH6cyJjypieCm2nYtgxf72B+J9XT7F9HGQiSlKEiI8WtVNJMaaDUGhLaOAoe5YwroW9lfIO04yjjS5vQ/D/vjxJKntFf7/oXR4UTk7HceTIJtkmu8QnR+SEXJASKRNOHsgTeSGvzqPz7Lw576PWKWc8s0F+wfn4BsDumJQ=</latexit>

Boosted pions highly relativistic

vmax ! 0.93
<latexit sha1_base64="Bg0dfPRxF36rOfIUzfYEHYWRtiY=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcTEU9OKiXojevGIiXwkUMl2WWDDbtvsblFS+SlePGiMV3+JN/+NC/Sg4EsmeXlvJjPzgpgzpV3328qtrK6tb+Q3C1vbO7t7dnG/rqJEElojEY9kM8CKchbSmmaa02YsKRYBp41geD31GyMqFYvCOz2OqS9wP2Q9RrA2Uscuju5TgR8nqK2YQK5zWe7YJddxZ0DLxMtICTJUO/ZXuxuRRNBQE46VanlurP0US80Ip5NCO1E0xmSI+7RlaIgFVX46O32Cjo3SRb1Imgo1mqm/J1IslBqLwHQKrAdq0ZuK/3mtRPcu/JSFcaJpSOaLeglHOkLTHFCXSUo0HxuCiWTmVkQGWGKiTVoFE4K3+PIyqZ86Xtlxb89KlassjjwcwhGcgAfnUIEbqEINCDzAM7zCm/VkvVjv1se8NWdlMwfwB9bnD+Zrkxg=</latexit>
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Three-point function fits
310,848 matrix elements extracted

— fits performed for all available operator separations

— information criteria used to fix number of exponentials for each fit range

— optimal shrinkage used to reliably estimate covariance matrix

— weighted average of all acceptable fits determines final result
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Bare beam functions
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MS beam functions
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Fourier transforms are hard
Minkowski-space lattice QCD “just” requires a Fourier transform

Z =
!

DUe! SE (U )+ iS M (U )

<latexit sha1_base64="tP/MxEYVIpNELaU69LnPJ3xVrdw=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUpGVGBd0IxQe4ESp12mJnHDJppg3NZIYkI5ShX+HGX3HjQhG34s6/MX0stHogcDjnXnLu8WNGpTLNLyMzMzs3v5BdzC0tr6yu5dc36jJKBCY2jlgkmj6ShFFObEUVI81YEBT6jDT83tnQb9wTIWnEb1Q/Jm6IOpwGFCOlJS9fuoUn0KFcQSdEqosRS88HNiR3aanmXRTtXbgHKax5V5oOoJcvmGVzBPiXWBNSABNUvfyn045wEhKuMENStiwzVm6KhKKYkUHOSSSJEe6hDmlpylFIpJuOzhrAHa20YRAJ/XTAkfpzI0WhlP3Q15PD7HLaG4r/ea1EBcduSnmcKMLx+KMgYVBFcNgRbFNBsGJ9TRAWVGeFuIsEwko3mdMlWNMn/yX1/bJ1UDavDwuV00kdWbAFtkERWOAIVMAlqAIbYPAAnsALeDUejWfjzXgfj2aMyc4m+AXj4xsosZwy</latexit>

=
Z

dSM

Z
DU �(SM � SM (U )) e�SE(U)+iSM (U)

<latexit sha1_base64="FESMrSmH/OLUJVxNTILUM6PurpE="></latexit>

⌘
Z

dSM ⇢(SM ) eiSM

<latexit sha1_base64="FuhrNOdalcuRi6mZ08D6dWXF1ss=">AAACEHicbZC7SgNBFIZn4y3G26qlzWAQYxN2VdAyaGMjRDQXyK5hdvZsMmT24sxsICx5BBtfxcZCEVtLO9/GyaXQxB8GPv5zDnPO7yWcSWVZ30ZuYXFpeSW/Wlhb39jcMrd36jJOBYUajXksmh6RwFkENcUUh2YigIQeh4bXuxzVG30QksXRnRok4IakE7GAUaK01TYPHXhIWR87LFLYv21fYwc7ohuXNB45GO4zhjUO22bRKltj4Xmwp1BEU1Xb5pfjxzQNIVKUEylbtpUoNyNCMcphWHBSCQmhPdKBlsaIhCDdbHzQEB9ox8dBLPTTe43d3xMZCaUchJ7uDInqytnayPyv1kpVcO5mLEpSBRGdfBSkHKsYj9LBPhNAFR9oIFQwvSumXSIIVTrDgg7Bnj15HurHZfukbN2cFisX0zjyaA/toxKy0RmqoCtURTVE0SN6Rq/ozXgyXox342PSmjOmM7voj4zPHxDam1M=</latexit>

Langfeld Lucini Rago, PRL 109 (2012) Density-of-states in the style of

With discrete Fourier transform, absolute error of result bounded by 
largest absolute error of terms in sum (conservation of evil)

Var( Z ) =
!

bins b

Var
"

Re eiS b
M ! (Sb

M )
#
� 1

2
Max Var( ! )

<latexit sha1_base64="QQWKdfeBp3TLo+SrrAljt8OZhTA="></latexit>

Truncated FT range leads to ringing artifacts

Smooth interpolations can have more accurate FTs (if correct functional 
form of interpolating function known…)
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Fourier transforming
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Naively applying discrete Fourier transform:

Smallest relative error near peak at 
x ⇠ 0.5

<latexit sha1_base64="qC+Xtvo2Qolt23WrpLXNXgGhK4g=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbB07KrFT0WvXisYD+wXUo2zbahSXZJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4upn6rUeqNIvlvRknNBB4IFnECDZWenhCXc0E8tyLXrniud4MaJn4OalAjnqv/NXtxyQVVBrCsdYd30tMkGFlGOF0UuqmmiaYjPCAdiyVWFAdZLOLJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQUZk0lqqCTzRVHKkYnR9H3UZ4oSw8eWYKKYvRWRIVaYGBtSyYbgL768TJpnrn/uenfVSu06j6MIR3AMp+DDJdTgFurQAAISnuEV3hztvDjvzse8teDkM4fwB87nDwCGj9A=</latexit>

Study of systematic uncertainties in Fourier transform in progress
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1 loop

2 loop

3 loop

x=0.5
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Ratio of Fourier transforms determines Collins-Soper kernel 

! q,MS
! (bT , µ) = "

d
d"

f MS
q (x, bT , µ, " )

<latexit sha1_base64="M9gvajAV7iY5gt+jyO9rdH1OzBs="></latexit>

=
1

ln(pz1/p
z

2)
ln

C

MS
TMD(µ, xP

z

2 )
!
db

z

e

ib

z
xp

z
1 "
B

MS
q

(bz, b
T

, ⌘, µ, p

z

1)

C

MS
TMD(µ, xp

z

1)
!
db

z

e

ib

z
xp

z
2 "
B

MS
q

(bz, b
T

, ⌘, µ, p

z

2)
<latexit sha1_base64="e0HGklh56r/I2LFYqjmmD75JDt0="></latexit>

Preliminary results, still many checks on systematics left to be done:

PRELIMINARY

PRELIMINARY

Towards TMD evolution from LQCD


