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the 18 measurements are shown in Table 1 and
minimize the final uncertainty (combined statis-
tical and systematic), subject to the condition that
the total weight for each separation is 25%. The
last row of Table 1 shows our finalmeasured result

f avg0 ¼ 909:8717ð32Þ MHz

Here, the uncertainty of 3.2 kHz comes from a
combination of a 1.4-kHz statistical uncertainty,
a 2.3-kHz uncertainty in the ac Stark shift, a
1.0-kHzuncertainty in the time-dilation correction,
and a 1.5-kHz phase measurement uncertainty.
The contribution from hyperfine structure to
this interval is 147.9581MHz (17), and correcting
for this contribution leads to a Lamb shift of
1057.8298(32) MHz.

Comparison to other work

Ourmeasurement is lower than the measurement
of Lundeen and Pipkin (6)— f L&P0 ½original% ¼
909:887ð9Þ MHz—by 1.5 standard deviations.
However, our recent reanalysis (16) of their work
(using the modeling developed for this work)
led to a small shift and larger uncertainties:
f L&P0 ½reanalyzed% ¼ 909:894ð20Þ MHz, which
agrees with the present work.
A value of the proton radius can be deduced

from the current measurement (8, 17)

rp[this work] = 0.833(10) fm

which is in excellent agreement (Fig. 5) with
the muonic hydrogen Lamb shift value but dis-
agrees with the CODATA 2014 value (7).
Two additional measurements in hydrogen

that have been published within the past year
can also be used to determine the proton radius:
ameasurement of the 2S→4P interval (18) and a
measurement of the 1S→3S interval (19). Both
of these measurements require a precise value
of the Rydberg constant to determine rp. When
combined with an existing very precise mea-
surement of the 1S→2S interval (20), they pre-
dict the values of rp shown in Fig. 5. The values
from (18) and (19) disagree.
A combination of our work and the measure-

ment of the muonic hydrogen Lamb shift (9, 10)
allows for a direct comparison ofmeasurements
of the proton charge radius using the analogous
measurements for the muon-based and electron-
based determinations. Consistent charge radii
are found from the two measurements.
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Fig. 5. Summary of proton radius data.
Shown are values for the proton RMS charge
radius from our measurement, muonic hydro-
gen, CODATA 2014, and the measurements of
Beyer et al. (18) and Fleurbaey et al. (19)
combined with that of Parthey et al. (20). Also
shown in gray is the value from Lundeen and
Pipkin (6, 16).
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Extraction of the proton radius from a 
new measurement of the hydrogen Lamb 
shift agrees with the value from the 
muonic-hydrogen Lamb shift

ATOMIC PHYSICS

A measurement of the atomic
hydrogen Lamb shift and the
proton charge radius
N. Bezginov1, T. Valdez1, M. Horbatsch1, A. Marsman1, A. C. Vutha2, E. A. Hessels1*

The surprising discrepancy between results from different methods for measuring the
proton charge radius is referred to as the proton radius puzzle. In particular, measurements
using electrons seem to lead to a different radius compared with those using muons.
Here, a direct measurement of the n = 2 Lamb shift of atomic hydrogen is presented.
Our measurement determines the proton radius to be rp = 0.833 femtometers, with
an uncertainty of ±0.010 femtometers. This electron-based measurement of rp agrees
with that obtained from the analogous muon-based Lamb shift measurement but is not
consistent with the larger radius that was obtained from the averaging of previous
electron-based measurements.

T
he Lamb shift—the difference in energy be-
tween the two most tightly bound excited
states (the 2S1/2 and 2P1/2 states) in the
hydrogen atom—has played a pivotal role
in explaining the fundamental interactions

between charged particles since the advent of
quantum mechanics. The Dirac theory of rel-
ativistic quantum mechanics predicts that the
2S1/2 and 2P1/2 states have the same energy (1).
This energy degeneracy is accidental, in that it
occurs only if the force between the electron
and the proton is exactly proportional to the
reciprocal of their separation squared (1/r2), as
predicted by Coulomb’s law. The very existence
of the Lamb shift indicates that Coulomb’s law
fails for short distance scales. Three reasons for
the failure were proposed in the early days of
quantum mechanics. First, and most central to
this work, the electron can penetrate inside the
proton and experiences a smaller force while
inside (2). Second, the Heisenberg uncertainty
principle allows an electron and its antiparticle
(the positron) to appear and then disappear (i.e.,
to be created and annihilated), so long as the pair
is in existence for a sufficiently short time span.
When such a pair exists inside of a hydrogen
atom, the field inside the atom separates the
positive and negative charges, and this vacuum
polarization modifies Coulomb’s law (3). Third,
the electron can interact with itself; however,
calculations of this self energy led to the un-
fortunate conclusion that the effect is infinite.
In 1947, however, only months after Lamb and
Retherford definitively showed that the 2S1/2
and 2P1/2 states are not degenerate (4), Bethe
proposed that there would be a finite residual
effect if the infinite effect of a free electron is
(carefully) subtracted from the infinite effect for
an electron within a hydrogen atom (5).

All three effects contribute to the Lamb shift.
In each case, it is the energy of the 2S1/2 state
that is affected, because it is in this state that
the electron and proton can overlap. The 2P1/2
state is almost entirely unaffected owing to the
centrifugal force that stems from its angular
momentum and keeps the electron away from
the proton. The predictions of vacuum polar-
ization and self energy, and their confirmation
by Lamb, were foundational for the develop-
ment of the theory of quantum electrodynamics
(QED), which is still believed to properly de-
scribe electromagnetic interactions.
In the decades after Lamb’s measurement,

increasingly precise measurements of the Lamb
shift were performed, culminating in a mea-
surement with a precision of 9 kHz made by
Lundeen and Pipkin in 1981 (6). A decades-long
concerted effort by many theoretical physicists
has allowed the QED prediction for the Lamb
shift interval to also become increasingly pre-
cise [(7) and references therein], allowing for
increasingly stringent tests of QED theory. Here,
we present a high-precision measurement of the
Lamb shift in which we use the frequency-offset
separated oscillatory field (FOSOF) technique (8),
which was developed for this measurement. We
measure an energy difference between the 2S1/2
(F = 0) and 2P1/2 (F = 1) states of 909.8717 MHz
(multiplied by Planck’s constant, h). The uncer-
tainty on our measurement is ±3.2 kHz. Here, F
refers to the hyperfine state, as shown inFig. 1. This
measurement has direct consequences for the size
of the proton [the rootmean square (RMS) charge
radius, rp] and for tests of the theory of QED.

The proton size

Because the electron can penetrate inside of the
proton, the size of the proton affects the Lamb
shift, but this contribution is small: only ~0.01%
of the shift. However, increasingly accurate Lamb
shift experiment and theory became sensitive to
this small contribution, and the uncertainty in
the size of the proton became a limiting factor

in allowing for tests of QED using the Lamb
shift. Measurements of the Lamb shift (along
with the assumption that QED calculations
were correct) became a way to determine rp.
The Committee on Data for Science and Tech-
nology (CODATA) 2014 value of the radius (7)
includes both this determination and determi-
nations using elastic scattering of electrons:
rp[CODATA 2014] = 0.8751(61) fm. However,
the most precise determination of the proton
radius comes from measuring the 2S→2P
Lamb shift in muonic hydrogen (9, 10): rp
[muonic] = 0.84087(39) fm. The large discrep-
ancy [0.0342(61) fm, or ~4%] between these two
values (the first determined entirely using elec-
trons; the second determined entirely using
muons) is referred to as the proton radius puz-
zle (11, 12) and has led to speculation about
whether muons and electrons interact differ-
ently with the proton. In this work, wemeasure
the hydrogen Lamb shift, the direct analog of
the muonic measurement, in an attempt to help
resolve the puzzle.

Measurement technique
Our measurement (Fig. 2) uses a fast beam of
hydrogen atoms created by passing protons (ac-
celerated to a kinetic energy of 55 keV) through a
molecular hydrogen gas target. Collisionswith the
H2 molecules cause about half of the protons to
neutralize into hydrogen atoms. Approximately 4%
are created in the 2S1/2 state, which is metastable,
with a lifetime of one-eighth of a second.
The neutral atoms travel with a speed v of

~3 mm/ns, or 1% of the speed of light. They pass
between 70-cm-long deflector plates, where an
electric field of 20 V/cm deflects the remaining
protons out of the beam. All four 2S1/2 states
with F = 0 and F = 1 (Fig. 1) are equally pop-
ulated at the start, but only the F = 0 state sur-
vives the passage through two radio frequency
(rf) cavities (blue and red in Figs. 1 and 2) that
have their rf intensity and frequencies tuned to

RESEARCH

Bezginov et al., Science 365, 1007–1012 (2019) 6 September 2019 1 of 6

1Department of Physics and Astronomy, York University,
Toronto, Ontario M3J 1P3, Canada. 2Department of Physics,
University of Toronto, Toronto, Ontario M5S 1A7, Canada.
*Corresponding author. Email: hessels@yorku.ca

91
0 

M
H

z

10
88

 M
H

z

FO
S

O
F

11
47

 M
H

z

La
m

b 
sh

ift

10
58

 M
H

z

Fig. 1. Energy levels of hydrogen relevant to
our experiment. Shown are the 2S1/2 and
2P1/2 energy levels, indicating the Lamb shift, as
well as the hyperfine ðjFmFiÞ states of atomic
hydrogen. The green arrow indicates the
transition measured in this work; the transitions
marked with red and blue arrows are used to
remove populations from the 2S1/2 (F = 1)
states. Here, F and mF are the total angular
momentum and its projection along the direc-
tion of the rf fields.
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Lamb shift 
difference of 
310 ± 2 μeV

eH theory wrong ?μH experiment wrong ?

μH theory wrong ?
- 2γ corrections
- missing QED or EW corrections
- soft hadronic corrections

eH experiment 
+ ep scattering wrong ? 
- R∞
- 2γ corrections
- low-Q2 extrapolation

Why do we observe 
different radii ?

BSM ?
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ELECTRIC AND MAGNETIC FORM FACTORS OF THE PROTON PHYSICAL REVIEW C 90, 015206 (2014)

which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of awas kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43– 45,47,48,50,53,55–
57,60,67,68,87– 91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.

present experiment with a series of published form factors:
the standard dipole, the Padé and polynomial descriptions of

015206-21

J. C. Bernauer et al., Phys. Rev. C 90, 015206 (2014)
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Form factors (FF): Fourier transforms of 
charge and magnetization distributions:

Root-mean-square (rms) charge radius:

Extraction of the proton charge radius 
from ep scattering requires extrapolation 
of FF data to zero momentum transfer
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Avoiding common pitfalls and misconceptions in extractions of the proton radius

Jan C. Bernauer1, ⇤ and Michael O. Distler2, †

1Laboratory for Nuclear Science, MIT, Cambridge, Massachusetts 02139, USA
2Institut für Kernphysik, Johannes-Gutenberg-Universität Mainz, D-55128 Mainz, Germany

In a series of recent publications, di↵erent authors produce a wide range of electron radii when
reanalyzing electron proton scattering data. In the light of the proton radius puzzle, this is a most
unfortunate situation. However, we find flaws in most analyses that result in radii around 0.84 fm.
In this paper, we explain our reasoning and try to illustrate the most common pitfalls.

PACS numbers: 14.20.Dh, 13.40.-f, 31.30.jr

I. INTRODUCTION

The term “proton radius puzzle” paraphrases the dis-
agreement between muonic hydrogen Lamb shift exper-
iments (0.8409(4) fm) [1, 2] and both atomic and scat-
tering experiments using electrons, summarized in the
CODATA value of 0.8751(61) fm [3]. The extraction of
the proton radius from scattering data is a treacherous
business. In the discussion about the proton radius puz-
zle, many pitfalls we and others succumbed to became
obvious. This paper is meant as an illustrated guide of
these.

The paper is divided in two main sections: in the first
section, we discuss missteps and misconceptions in gen-
eral terms. The second section discusses the flaws in the
analysis of some recent papers.

II. COMMENTS ON COMMON MISTAKES
AND MISCONCEPTIONS

In the following sections we discuss common mistakes
that are somewhat specific for the extraction of the pro-
ton radius from cross section data (IIA - II F). Starting
with section IIG we talk about general properties of es-
timators which are relevant whenever a given quantity is
calculated based on observed data.

A. A polynomial fit is not a Taylor expansion
around 0, and the convergence is not limited by cuts

in the time-like region.

A polynomial in normal form, i.e., of the form

poly(x, ~p) = p0 + p1 · x+ p2 · x2 + ...

looks identical to a Taylor expansion around 0:

taylor[f ](x) = f(0) +
1

1!

df

dx

����
0

· x+
1

2!

d2f

dx2

����
0

· x2 + ...

⇤ bernauer@mit.edu
† distler@uni-mainz.de

However, a fit of the polynomial does not yield the Tay-
lor expansion. This can trivially be seen just looking at
the definition: a Taylor expansion of a function around
a point is given by the derivatives of that function at
that point. This necessitates that the function indeed
has these derivatives, and the value of the function at
any other point is of no consequence for the expansion.
The polynomial used in a fit might look like a Taylor
expansion, but it is not: the coe�cients of the polyno-
mial are influenced by all data points, i.e., it depends on
the functional value at many ordinate points. A fit with
a polynomial written like a Taylor expansion around a
di↵erent point x0, i.e.,

poly(x, ~p) = p0 + p1 ⇥ (x� x0) + ....

will find a di↵erent parameter vector ~p, but transforming
the polynomial to normal form by multiplying out the
parenthesis will yield the same polynomial, independent
of the choice of x0. It is worthwhile to note that the
polynomial fit in general does not yield a Taylor expan-
sion at all, i.e., there is no common point x0 where the
polynomial and the true function have the same value
and derivatives.
Indeed, according to the Weierstrass theorem, any

function continuous in an interval can be approximated
to arbitrary precision and with global convergence (over
the interval) by a polynomial. This alone does not guar-
antee that the first derivative is also approximated well,
the requirement for an accurate extraction of the radius.
However, it is trivial to show that this is true if the func-
tion is continuously di↵erentiable.
In contrast to the theorem of Weierstrass, which con-

cerns itself with convergence of the maximum error, i.e.,
norm k . . . k1, the typical fit in the least squares sense
minimizes according to norm k . . . k2, a fit-technical ne-
cessity (the error function needs to be continous close to
the optimal point) which also lends it itself to the treat-
ment of data with errors.
The prevalence of the notion that a polynomial fit is

somehow related to a Taylor expansion is striking [4–
9]. We want to present here an example: to this end,
we generated GE values following the standard dipole,
i.e., a dipole with a parameter of 0.71 (GeV/c)2, at the
Q2 points of the Mainz data set. These values are then
fit with a 10th order polynomial. The data points are
error-free, but we weight the points according to the un-
certainty present in the Mainz data set. In Fig. 1, the
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Proton root-mean-square radii and electron scattering
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The standard procedure of extracting the proton root-mean-square radii from models for the Sachs form factors
Ge(q) and Gm(q) fitted to elastic electron-proton scattering data is more uncertain than traditionally assumed. The
extrapolation of G(q), from the region qmin < q < qmax covered by data to momentum transfer q = 0 where the
rms radius is obtained, often depends on uncontrolled properties of the parametrization used. Only when ensuring
that the corresponding densities have a physical behavior at large radii r can reliable rms radii be determined.

DOI: 10.1103/PhysRevC.89.012201 PACS number(s): 14.20.Dh, 21.10.Ft, 21.10.Ky, 25.30.Bf

Introduction. Accurate knowledge of the proton root-mean-
square (rms) radii is important for both an understanding of
proton structure and the interpretation of the extremely precise
data on transition energies in the hydrogen atom. Traditionally,
the rms radii have been derived from data on elastic electron-
proton scattering at low momentum transfer q. The best
determinations are based on parametrizations of the Sachs
form factors Ge(q) and Gm(q) with the parameters directly
fitted to the observables, i.e., cross sections and polarization
transfer data. The slope of the parameterized form factors at
q = 0 yields the charge and magnetic rms radii, respectively.

This topic of the proton radii has recently become a subject
of intense discussion with the publication of the charge rms
radius determined from the Lamb shift in muonic hydrogen [1].
This radius, 0.8409 ± 0.0004 fm, disagrees by many standard
deviations with the value 0.8775 ± 0.005 fm from the world
data on electron scattering [2], and it also disagrees with the
recent value extracted from the transition energies in electronic
hydrogen [3], 0.8758 ± 0.0077 fm. This disagreement has led
to a large number of studies dealing with problems with the
determination of the radii, or new physics [4–12].

The discrepancy has also led to renewed scrutiny of the
procedure used to extract rms radii from electron-scattering
data. Problematic in particular is the fact that the (e,e) data
sensitive to proton finite size are the ones in the region of
momentum transfer q = 0.6–1.2 fm−1 [13]; the determination
of the rms radius involves an (implicit or explicit) extrapolation
to q = 0.
Difficulties due to large-r tail. The extrapolation from finite
q to q = 0 is much more difficult for the proton than for
nuclei with mass number A > 2. The proton charge and
magnetization distributions are of roughly exponential shape,
as the form factors Ge(q) and Gm(q) are roughly described
by dipole distributions. The exponential tail at large radii r
leads to a very slow convergence of the proton rms radius as
a function of the upper cutoff rcut when calculated from the
integral over the charge density ρ(r). This is demonstrated in
Fig. 1, which compares the convergence to the one obtained
for a heavy nucleus. In order to get 98% of the proton radius,
one has to integrate out to an rcut of three times the rms radius.

*ingo.sick@unibas.ch
†Dirk.Trautmann@unibas.ch

The uncertainty of this large-r tail, which is poorly fixed by the
(e,e) data, corresponds to uncertainties in the shape of G(q) at
very low q; this in turn complicates the standard extrapolation
of G(q) from the momentum transfers covered by data to q = 0
where the radius is determined from the q = 0 slope.

We illustrate the difficulties of this extrapolation with
several recent results of form-factor fits. For this qualitative
discussion—carried out to understand what happens rather
than to derive numerical results—we ignore complications
such as relativistic effects or two-photon exchange and take
the density (charge or magnetic) ρ(r) as the Fourier transform
of the corresponding Sachs form factor G(q) and vice versa.

As a first example, we consider fits to the (e,e) data
recently measured by Bernauer et al. [14,15] covering the
region between qmin = 0.55 fm−1 and qmax = 5.1 fm−1. These
authors used different parametrizations of Ge(q) and Gm(q)
to fit the data and extract the q = 0 slopes. They showed in
particular the results for fits using an inverse polynomial (IP)
parameterization and different orders N of the polynomial. A
curious result was found for the magnetic rms radius, which
jumped between order N = 7 and N = 10 from 0.76 to 0.96 fm
[14]. The strange behavior of the N = 10 result (which,
incidentally, has the best χ2 per degree of freedom) turns out
to be due to the fact that at q > qmax the N = 10 IP form factor
has a pole. The density corresponding to such a G(q) has an
(oscillatory) tail that extends to extremely large radii (r = ∞).
This large-r density implies structure of G(q) at very low q,
below q = qmin, and the curvature at very small q falsifies the
extrapolation to q = 0 where the radius is extracted.

We must point out that the situation for the rms radius from
the IP fit of order N = 7 (selected by Ref. [15]) is not much
better; Gm has a pole as well, although at larger momentum
transfer with consequences for the density and radius that are
less severe.

As a second example we mention the form factor fits
to the same data [15] made by Lorenz et al. [16] using a
continued fraction (CF) parametrization. It turns out that the
five-parameter CF fit [17] to the full data set also has a pole
with correspondingly large values of the density at large r , so
the value of the rms radius cannot be relied upon either.

As a third example, we discuss a fit we have made while
exploring the role of the cutoff qmax in the determination of the
rms radius. For sake of easier comparison, we use the same
data, but only up to qmax = 2 fm−1; this is entirely sufficient

0556-2813/2014/89(1)/012201(4) 012201-1 ©2014 American Physical Society
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Abstract Triggered by the discrepancy between electron–proton scattering and muonic hydrogen results we
scrutinize the determination of the charge rms-radius from (e, e) data. We find that the standard procedure
of fitting parameterizations for the Sachs form factors G(q ) to the data is more uncertain than traditionally
assumed. This is related to the (implicit) extrapolation from the q -range sensitive to finite size to momentum
transfer q = 0 where the rms-radius is extracted. A reliable determination of the rms-radius requires a con-
straint on the large-r tail of the density, which can be imposed starting from our physics understanding of
proton structure.

1 Introduction

The root-mean-square (rms) radii R (charge and magnetic) of the proton are important quantities to characterize
the overall size of the proton. They have traditionally been determined via elastic electron–proton scattering at
low momentum transfer q . These radii are needed to extract information from the highly precise measurement
of the frequencies of transitions in atomic hydrogen. Recently, a measurement of the radius via the Lamb-shift
in muonic hydrogen has also become available.

The comparison of the radii from the different probes reveals a major problem: while the charge-radius
from electron scattering [7] of 0.886±0.008 fm and the one from electronic hydrogen [4] of Parthey et al.
are compatible within experimental errors, the radius from muonic hydrogen measured by Pohl et al. [5] of
0.8418±0.0007 fm differs by many standard deviations. Many ideas to explain this discrepancy have been
discussed in the literature, but no convincing solution has been found.

In this contribution, we take a closer look at the way how the radii are extracted from electron–proton
scattering. We identify a shortcoming of the methods used in the past, and provide a better approach.

2 Radii from Electron Scattering

The rms-radii correspond to the slope of the Sachs form factors Ge(q 2) and Gm(q 2) at q = 0; with this defi-
nition the radii are the same as the ones employed in atomic hydrogen. This definition immediately highlights
two problems:

1. The q 2=0 slope cannot be measured directly, as experiments cannot be performed at q = 0. In practice,
the data between momentum transfers of 0.6–1.2 fm−1 are the ones that are sensitive to R [6], and the
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Abstract

We report on a comprehensive reinterpretation of the existing cross-section data for elastic electron-proton scattering obtained by
the initial-state radiation technique, resulting in a significantly improved accuracy of the extracted proton charge radius. By refining
the external energy corrections we have achieved an outstanding description of the radiative tail, essential for a detailed investigation
of the proton finite-size e↵ects on the measured cross-sections. This development, together with a novel framework for determining
the radius, based on a regression analysis of the cross-sections employing a polynomial model for the form factor, led us to a new
value for the charge radius, which is (0.870 ± 0.014stat. ± 0.024sys. ± 0.003mod.) fm.

Keywords: Initial state radiation, Proton radius, Radiative corrections
PACS: 12.20.-m, 25.30.Bf, 41.60.-m

1. Introduction

The problem of the proton charge radius persists. The di↵er-
ence between the CODATA [1] value of 0.8751(61) fm, com-
piled from electron scattering, and the old atomic Lamb shift
measurements di↵er significantly from the very precise Lamb
shift measurements in muonic hydrogen [2, 3], which give a
value of 0.84087(39) fm. Even with new measurements, the
discrepancy remains unresolved. Although the measurement
of the 2S -4P transition in Hydrogen [4] yields a value of
0.8335(95) fm, which is in concordance with the smaller radius,
the measurement of the 1S -3S transition [5] gives a value of
0.877(13) fm, consistent with the CODATA value. Therefore,
additional experiments, both scattering and spectroscopic, have
the potential to make valuable contributions to the proton size
problem [6, 7].

In scattering experiments the charge radius of the proton
is traditionally determined by measuring the cross section for
elastic scattering of electrons from hydrogen, which depends
on G

p

E
and carries information about the charge distribution of

the proton. The proton charge radius, rp, is given by

r
2
p
⌘ �6~2 dG

p

E

dQ2

������
Q2=0
, (1)

⇤Corresponding author
Email address: merkel@kph.uni-mainz.de (H. Merkel)

where Q
2 is the negative square of the four-momentum trans-

fer to the proton. The accuracy of the radius obtained in this
manner is limited by the extent of existing data sets (Q2 >
0.004 GeV2/c2), which governs the level of extrapolation of
G

p

E
needed to determine the slope at Q

2 = 0. Hence, to fur-
ther improve the existing results, measurements of G

p

E
need to

be extended into the previously unmeasured region of Q
2 .

0.004 GeV2/c2.
E↵orts to perform such measurements with the standard ap-

proaches are limited by the minimum Q
2 accessible with the

experimental apparatus at hand, predominantly due to the re-
strictions in the available electron beam energy and the mini-
mum scattering angle. Therefore, a new experimental approach
based on initial state radiation has been introduced to extend the
currently accessible Q

2 range, and allow for cross section mea-
surements below 0.004 GeV2/c2 with sub-percent precision by
using information about the charge form factor that is implicit
in the radiative tail of the elastic peak.

2. Initial-state radiation experiment

The radiative tail of an elastic peak is dominated by the co-
herent sum of two Bethe-Heitler diagrams [8] shown in Fig-
ure 1. The initial state radiation diagram (BH-i) describes the
process where the incident electron emits a real photon before
interacting with the proton. Since the emitted photon carries

Preprint submitted to Phys. Lett. B May 28, 2019
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How Variation in Analytic Choices Can A↵ect Normalization Parameters and Proton

Radius Extractions From Electron Scattering Data

Douglas W. Higinbotham1 and Randall E. McClellan1

1Je↵erson Lab, Newport News, VA 23606

In order to make use of prior knowledge, such as analytic behavior or a known value at a kinematic

endpoint, regressions often make use of floating normalization parameters to allow the fit to shift

the data to the known physical limit. As there is often no unique way to make use of this prior

knowledge or apply these shifts, di↵erent analysis choices can lead to very di↵erent conclusions from

the same set of data. In this work, we use the Mainz elastic data set with its 1422 cross section

points and 31 normalization parameters to illustrate how a single di↵erence in a subjective analysis

decision can dramatically a↵ect the results.

I. INTRODUCTION

As pointed out by Silberzahn et al. [1], there is often
little appreciation for how chosen analytic strategies can
a↵ect a reported result. In this work we will show how a
single logical di↵erence can impact the normalization of
the Mainz cross section data [2].

II. PROTON ELASTIC SCATTERING

There has been a renewed interest in low four mo-
mentum transfer, Q2, proton elastic scattering data due
to the unexpected Muonic lamb shift proton radius re-
sults of 0.84078(39) fm [3, 4] while the recommended val-
ues from CODATA-2014 was 0.8751(61) fm [5] For the
electron scattering data, the proton charge radius, rp,
is extracted from the cross sections by determining the
slope of the electric form factor, GE , in the limit of four-
moment transfer, Q2, approaching zero:

rp ⌘
 
�6

dGE(Q2)

dQ2

����
Q2=0

!1/2

. (1)

Unfortunately, the scattering data is always measured
at finite Q2, require extrapolation to extract the charge
radius. Many authors have taken many di↵erent ap-
proaches to do this extraction with systematically dif-
ferent outcomes [6–14].

To illustrate what exactly is happening, and how a
single analysis choice can strongly a↵ect the extracted
radius, we use the full set of Mainz data and fit it with
an eleventh order polynomial. First we perform an un-
bounded fit, similar to the Mainz approach. Then we fit
a second time adding a requirement that the terms alter-
nate in sign, as one might expect from fitting standard
dipole function with a high order polynomial.

III. CROSS SECTION FORMULAS

The cross section is given by

� =�Mott⇥"
G2

E

�
Q2
�
+ ⌧G2

M

�
Q2
�

1 + ⌧
+ 2⌧G2

M

�
Q2
�
tan2

✓

2

#
(2)

where ⌧ = Q2

2mp(EBeam�E0 with Q2 = 4EBeamE0 sin2 ✓
2

where EBeam is the energy of the electron beam, E’ is
the energy of the outgoing electron and ✓ is the scattering
angle of the outgoing electron. Following the notation of
Bernauer etal ., the form factors can be parameterized in
terms of a polynomial function

GE,M
polynomial,n(Q

2) = 1 +
nX

i=1

aE,M
i Q2 i. (3)

IV. NORMALIZATION PARAMETERS

As noted in the work of Bernauer etal ., the absolute
knowledge of the cross sections is limited by determina-
tion of the absolute luminosity. So in order to bring the
normalization uncertainty down, we use prior knowledge
of the form factors in the limit of Q2=0. This in fine, but
it brings a model dependence to the analysis that isn’t
easily understood, as there are 31 normalization parame-
ters. These parameters are taken in combinations to link
sets of data together as shown in Table I with the final
value of each cross section point defined by:

� = �p · norm1 · norm2. (4)

Details of how these parameters connect to each of the
1422 cross section points can be found in the supplemen-
tal material of Bernauer etal . [2].
To show how a single analytic change can a↵ect these

normalization parameters, we first do an unbounded re-
gression where the polynomial parameters are allowed to
vary freely and then a second regression where we force
the parameters to alternate sign.
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Consistency of electron scattering data with a small proton radius
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We determine the charge radius of the proton by analyzing the published low momentum transfer electron-
proton scattering data from Mainz. We note that polynomial expansions of the form factor converge for momentum
transfers squared below 4m2

π , where mπ is the pion mass. Expansions with enough terms to fit the data, but few
enough not to overfit, yield proton radii smaller than the CODATA or Mainz values and in accord with the
muonic atom results. We also comment on analyses using a wider range of data, and overall obtain a proton
radius RE = 0.840(16) fm.

DOI: 10.1103/PhysRevC.93.065207

I. INTRODUCTION

Much remains to be learned about the proton. After a
half-century of study, we still do not know what its size is,
where its spin comes from, and how its mass is generated from
light quarks and gluons. Particularly troubling is the matter
of the proton’s charge radius RE . This was first measured
to be approximately 0.8 fm by Hofstadter and collaborators
in the 1950s via elastic electron scattering [1]. The value
of RE was steadily refined over the years through electron
scattering and hydrogen energy level measurements, recently
reviewed in Refs. [2,3]. The CODATA group [4,5], using
available electron-based data through 2014, quotes a com-
bined value of RE = 0.8751 ± 0.0061. The recent electron
scattering experiment in Mainz [6– 8], which quotes a value
of RE = 0.879 ± 0.008, is included in this CODATA value.
For many years RE had remained relatively stable at about
0.88 fm, until this value was called into question by Lamb
shift measurements in muonic hydrogen, which yielded a
value of RE = 0.84087 ± 0.00039 fm [9,10]. This radius is
7 standard deviations away from the CODATA value. The
proton size puzzle leaves us with three options: The hydrogen
Lamb shift and elastic electron scattering experiments have
erred in extracting RE , the muon Lamb shift measurement
is precise, but inaccurate, or there is new physics that
affects the muon differently than the electron, rendering the
theory behind the muonic Lamb shift calculations incomplete
[11– 16].

In this paper, we explore whether the published, high-
quality ep elastic scattering data at low-Q2 from Mainz could
be consistent with the muonic Lamb shift determination of RE .
Extracting RE from elastic electron scattering is as simple, or
as difficult, as measuring the slope of the electric form factor
GE(Q2) as a function of the squared four-momentum transfer
Q2 as Q2 goes to zero. However, because the differential
cross section diverges at small scattering angles (low Q2),
these measurements are very sensitive to beam alignment and
angle determination. No ep measurement extends to Q2 = 0,
although some get close. Mainz currently holds the record,
with measurements at Q2 as low as 0.0038 GeV2. This modern
data set, with 1422 data points in the range from the lower
limit to about 0.98 GeV2, is the best, most precise, and most
extensive available. Therefore, it is the Mainz data that we
choose to explore.

The charge radius is given by the second term in the
expansion of the electric form factor,

GE(Q2) = 1 − 1
6R2

EQ2 + a2Q
4 + · · · . (1)

Using data at very low Q2, where the curvature terms (Q4

and higher) give small contributions, the charge radius RE

can be reliably determined without having to model the shape
of GE over a wider range of Q2. In the past, the size of the
uncertainties on the data at very low Q2 has meant that one
could not extract an accurate charge radius without extending
the data range to include not-so-low Q2. The Q4 term then
can become noticeable, depending on how far the data range is
extended. There was an early example of Simon et al. data [17]
where the fitted coefficient of the Q4 term was small, albeit
with large uncertainty, and the extracted charge radius was also
small. Using this example, some workers (e.g., [18]) advocated
including data at still higher Q2 to obtain a larger curvature.
This also led to a larger extracted proton radius. Including
higher Q2 does not have to mean including data at all available
Q2, and we have the example of Ref. [19] using only data with
Q2 < 0.62 GeV2 (Q < 4 fm−1).

Sick and Trautmann [20], in fact, suggest that data from
0.014 to 0.056 GeV2 in Q2 (or Q from 0.6 to 1.2 fm−1) is most
crucial for finding the proton radius. The consideration of what
data range is sensitive to the proton size, given the foregoing
discussion, must depend on the accuracy and precision of the
data. As the data improve, the range of Q2 needed to obtain
the proton radius will decrease. With the new Mainz data now
available, we will explore the possibility that we can obtain
a good proton radius result using only data with a somewhat
low maximum Q2.

The Mainz data [6– 8] data enjoy state-of-the-art radiative
and Coulomb corrections. One of the three spectrometers was
used as a luminosity monitor to control systematic uncer-
tainties, and the other two spectrometers measured separate
kinematic points simultaneously. The data are dominated by
point-to-point systematic uncertainties from background sub-
tractions, drift-chamber inefficiencies, normalization factors,
angle determinations, and the aforementioned corrections. The
slight leeway we have in fitting these data is to make small
rescalings of the 34 normalization sets in the experiment and
to enlarge the point-to-point error bars if the fluctuations of
the data indicate that the quoted uncertainties are too small.

2469-9985/2016/93(6)/065207(11) 065207-1 ©2016 American Physical Society
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Background: The proton charge radius extracted from recent muonic hydrogen Lamb shift measurements is
significantly smaller than that extracted from atomic hydrogen and electron scattering measurements. The
discrepancy has become known as the proton radius puzzle.

Purpose: In an attempt to understand the discrepancy, we review high-precision electron scattering results from
Mainz, Je↵erson Lab, Saskatoon and Stanford.

Methods: We make use of stepwise regression techniques using the F -test as well as the Akaike information
criterion to systematically determine the predictive variables to use for a given set and range of electron scattering
data as well as to provide multivariate error estimates.

Results: Starting with the precision, low four-momentum transfer (Q2) data from Mainz (1980) and Saskatoon
(1974), we find that a stepwise regression of the Maclaurin series using the F -test as well as the Akaike information
criterion justify using a linear extrapolation which yields a value for the proton radius that is consistent with the
result obtained from muonic hydrogen measurements. Applying the same Maclaurin series and statistical criteria
to the 2014 Rosenbluth results on GE from Mainz, we again find that the stepwise regression tends to favor a
radius consistent with the muonic hydrogen radius but produces results that are extremely sensitive to the range
of data included in the fit. Making use of the high-Q2 data on GE to select functions which extrapolate to high
Q2, we find that a Padé (N = M = 1) statistical model works remarkably well, as does a dipole function with a
0.84 fm radius, GE(Q

2) = (1 +Q2/0.66GeV2)�2.

Conclusions: Rigorous applications of stepwise regression techniques and multivariate error estimates result in
the extraction of a proton charge radius that is consistent with the muonic hydrogen result of 0.84 fm; either
from linear extrapolation of the extreme low-Q2 data or by use of the Padé approximant for extrapolation using
a larger range of data. Thus, based on a purely statistical analysis of electron scattering data, we conclude that
the electron scattering result and the muonic hydrogen result are consistent. It is the atomic hydrogen results
that are the outliers.

PACS numbers: 13.40.Gp, 14.20.Dh, 25.30.Bf

The visible universe is primarily comprised of pro-
tons, yet many of this particle’s properties are not yet
well understood, including its charge radius. In recent
muonic hydrogen Lamb shift experiments, it was deter-
mined that the proton’s charge radius is 0.8409(4) fm
[1, 2]. This result is in significant disagreement with the
2010 CODATA recommended value of 0.878(5) fm based
on spectroscopic data and elastic electron scattering fits
[3]. The muonic result is also in disagreement with the
most recent value of 0.879(5)stat(4)sys(2)model(4)group fm
obtained from electron scattering [4]. This disagreement
has become known as the proton radius puzzle [5, 6].

In contrast to other groups that have focused on re-
analysis of recent data [7–10], our study began by review-
ing the high-precision experiments from Mainz [11] and
Saskatoon [12], referred to herein as Mainz80 and Saska-
toon74. These low-Q2 (0.14–1.4 fm�2) electron scatter-
ing measurements were made using hydrogen gas targets.
The Saskatoon74 measurements involved detecting the
recoiling protons, while the Mainz80 measurements in-
volved detecting the scattered electrons. These were both
extremely high precision experiments, with great care
taken to control point-to-point systematic uncertainties.
Prior to these measurements, the value of the proton ra-
dius was generally believed to be 0.81(1) fm [13], while

after Mainz80 data the accepted value from electron scat-
tering began approaching the current CODATA value.

As noted by Hand et al. [13], one clear advantage of
using extremely low-Q2 data for analysis of the proton’s
charge radius is that experimental cross sections are dom-
inated by the electric (charge) form factor, GE , making
the results relatively insensitive to the magnetic form
factor. Also, since the low-Q2 data are fit such that
GE(0) ⌘ 1, corrections which shift all points at once are
automatically taken into account. Of course, the major
disadvantage of using just the lowest Q2 is the relatively
limited amount of high precision data; though, paradox-
ically, not all global fits include the Saskatoon74 data
(e.g. [9, 14, 15]).

In principle, the charge radii of nuclei can be deter-
mined from elastic electron scattering data by fitting
the extracted charge form factors and using the Fourier
transform to extract the corresponding charge distribu-
tion and rms radius [16, 17]. For heavy nuclei, the loca-
tions of di↵raction minima of the form factor also provide
a significant constraint on the radius. For the proton,
however, no such di↵raction minimum has been found
and, due to the light masses of the quarks within the
proton, relativistic corrections preclude simply using the
Fourier transform to extract its charge density [18].
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Background: The proton charge radius extracted from recent muonic hydrogen Lamb shift measurements is
significantly smaller than that extracted from atomic hydrogen and electron scattering measurements. The
discrepancy has become known as the proton radius puzzle.

Purpose: In an attempt to understand the discrepancy, we review high-precision electron scattering results from
Mainz, Je↵erson Lab, Saskatoon and Stanford.

Methods: We make use of stepwise regression techniques using the F -test as well as the Akaike information
criterion to systematically determine the predictive variables to use for a given set and range of electron scattering
data as well as to provide multivariate error estimates.

Results: Starting with the precision, low four-momentum transfer (Q2) data from Mainz (1980) and Saskatoon
(1974), we find that a stepwise regression of the Maclaurin series using the F -test as well as the Akaike information
criterion justify using a linear extrapolation which yields a value for the proton radius that is consistent with the
result obtained from muonic hydrogen measurements. Applying the same Maclaurin series and statistical criteria
to the 2014 Rosenbluth results on GE from Mainz, we again find that the stepwise regression tends to favor a
radius consistent with the muonic hydrogen radius but produces results that are extremely sensitive to the range
of data included in the fit. Making use of the high-Q2 data on GE to select functions which extrapolate to high
Q2, we find that a Padé (N = M = 1) statistical model works remarkably well, as does a dipole function with a
0.84 fm radius, GE(Q

2) = (1 +Q2/0.66GeV2)�2.

Conclusions: Rigorous applications of stepwise regression techniques and multivariate error estimates result in
the extraction of a proton charge radius that is consistent with the muonic hydrogen result of 0.84 fm; either
from linear extrapolation of the extreme low-Q2 data or by use of the Padé approximant for extrapolation using
a larger range of data. Thus, based on a purely statistical analysis of electron scattering data, we conclude that
the electron scattering result and the muonic hydrogen result are consistent. It is the atomic hydrogen results
that are the outliers.

PACS numbers: 13.40.Gp, 14.20.Dh, 25.30.Bf

The visible universe is primarily comprised of pro-
tons, yet many of this particle’s properties are not yet
well understood, including its charge radius. In recent
muonic hydrogen Lamb shift experiments, it was deter-
mined that the proton’s charge radius is 0.8409(4) fm
[1, 2]. This result is in significant disagreement with the
2010 CODATA recommended value of 0.878(5) fm based
on spectroscopic data and elastic electron scattering fits
[3]. The muonic result is also in disagreement with the
most recent value of 0.879(5)stat(4)sys(2)model(4)group fm
obtained from electron scattering [4]. This disagreement
has become known as the proton radius puzzle [5, 6].

In contrast to other groups that have focused on re-
analysis of recent data [7–10], our study began by review-
ing the high-precision experiments from Mainz [11] and
Saskatoon [12], referred to herein as Mainz80 and Saska-
toon74. These low-Q2 (0.14–1.4 fm�2) electron scatter-
ing measurements were made using hydrogen gas targets.
The Saskatoon74 measurements involved detecting the
recoiling protons, while the Mainz80 measurements in-
volved detecting the scattered electrons. These were both
extremely high precision experiments, with great care
taken to control point-to-point systematic uncertainties.
Prior to these measurements, the value of the proton ra-
dius was generally believed to be 0.81(1) fm [13], while

after Mainz80 data the accepted value from electron scat-
tering began approaching the current CODATA value.

As noted by Hand et al. [13], one clear advantage of
using extremely low-Q2 data for analysis of the proton’s
charge radius is that experimental cross sections are dom-
inated by the electric (charge) form factor, GE , making
the results relatively insensitive to the magnetic form
factor. Also, since the low-Q2 data are fit such that
GE(0) ⌘ 1, corrections which shift all points at once are
automatically taken into account. Of course, the major
disadvantage of using just the lowest Q2 is the relatively
limited amount of high precision data; though, paradox-
ically, not all global fits include the Saskatoon74 data
(e.g. [9, 14, 15]).

In principle, the charge radii of nuclei can be deter-
mined from elastic electron scattering data by fitting
the extracted charge form factors and using the Fourier
transform to extract the corresponding charge distribu-
tion and rms radius [16, 17]. For heavy nuclei, the loca-
tions of di↵raction minima of the form factor also provide
a significant constraint on the radius. For the proton,
however, no such di↵raction minimum has been found
and, due to the light masses of the quarks within the
proton, relativistic corrections preclude simply using the
Fourier transform to extract its charge density [18].
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Robust extraction of the proton charge radius from electron-proton scattering data
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(Dated: August 21, 2018)

Background: Extracting the proton charge radius from electron scattering data, requires determining the slope
of the charge form factor at Q2 of zero. As experimental data cannot reach that limit, numerous methods for
making the extraction have been proposed.

Purpose: In this study, we seek to find functional forms that will allow a robust extraction of the proton radius
from a wide variety of functional forms. The primary motivation of this study is to have confidence in the
extraction of upcoming low Q2 experimental data.

Method: We create a general framework for studying various form-factor functions along with various fitting
functions. The input form factors are used to generate pseudo-data with fluctuations mimicking the binning
and random uncertainty of a set of real data. All combinations of input functions and fit functions can then be
tested repeatedly against regenerated pseudo-data. Since the input radius is known, this allows us to find fitting
functions that are robust for proton radius extractions in an objective fashion.

Results: For the range and uncertainty of the PRad data, we find that a two-parameter rational function, a
two-parameter continued fraction and the second order polynomial expansion of z can extract the input radius
regardless of the input charge form factor function that is used.

Conclusions: We have created a framework to determine which functional forms allow for a robust extraction
of the radius from pseudo-data generated from a wide variety of trial functions. By taking into account both bias
and variance, the optimal functions for extracting the proton radius can be determined.

I. INTRODUCTION

Much effort has been devoted to the determination of
the charge radius of the proton (R), but results from dif-
ferent experiments and/or analyses exhibit sizable dis-
crepancies. For example, in high-precision muonic hy-
drogen Lamb shift experiments, R was measured to be
0.8409±0.0004 fm [1, 2], while the current value from CO-
DATA, determined from atomic Lamb shift and electron-
proton (ep) scattering experiments, is R = 0.8751 ±
0.0061 fm [3]. This difference is known as the proton
radius puzzle [4–6]. The newer atomic Lamb shift and
electron scattering results that have become available [7–
9] thus far are contradictory and the proton radius puzzle
remains.
To extract the proton radius from ep-scattering data

the electric form factor, GE , is first plotted as a func-
tion of the four-momentum transferred squared, Q2. This
data must then be fit to find the slope at Q2 = 0. The
radius depends on the slope according to Eq. 1. Since ex-
perimental electron scattering cannot reach the Q2 = 0

∗ xy33@phy.duke.edu

limit, many different methods have been proposed to ex-
tract the radius from the data.

R ≡
!

−6
dGE(Q2)

dQ2

"

"

"

"

Q2=0

#1/2

(1)

Recent global analyses of ep-scattering data found
R ≈ 0.84 fm, in agreement with the muonic Lamb shift
results [10–17]. Though these analyses used existing ex-
perimental data, they systematically extract smaller radii
than the results of other groups [18–23]. It has been
pointed out that the difference between the results is
mainly due to differences in how the high-order moments
⟨r2n⟩ (n > 1) are handled [24, 25]. A summary table of
the higher order moments from a number of these fits can
be found in the recent work of Alarcón and Weiss [26].
The form-factor GE is often fit with a multi-parameter

polynomial expansion of Q2 up to an order Q2N , since
each moment ⟨r2n⟩ (1 ≤ n ≤ N) corresponds to an in-
dependent parameter. Though this description seems to
be model independent, as Kraus et al. have shown, it
does not ensure a correct R extraction when it is used
for extrapolating beyond the data to Q2 = 0 [27].
In addition to multi-parameter polynomials, functional

forms of GE based on models of the proton charge distri-

ep scattering talks by Douglas, Haiyan, 
Jan, Miha and Ulrich
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The proton charge-radius determinations from the electromagnetic form-factor measurements in 
electron-proton (ep) scattering require an extrapolation to zero momentum transfer (Q 2 = 0) which 
is prone to model-dependent assumptions. We show that the data at finite momentum transfer can 
be used to establish a rigorous lower bound on the proton charge radius, while bypassing the model-
dependent assumptions that go into the fitting and extrapolation of the ep data. The near-future precise 
ep experiments at very low Q 2, such as PRad, are expected to set a stringent lower bound on the proton 
radius.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The proton charge radius is traditionally accessed in elastic 
electron-proton (ep) scattering at small momentum transfers (low 
Q ) [1,2]. Recently, however, the accuracy of this method has been 
questioned in the context of the proton-radius puzzle, which is par-
tially attributed to the discrepancy between the 2010 ep scattering 
value of Bernauer et al. [3,4] and the muonic-hydrogen (µH) ex-
traction of the proton radius [5 ,6], see Fig. 1. Meanwhile, as seen 
from the figure, the different extractions based on ep-scattering 
data have covered a whole range of values and hardly add-up into 
a coherent picture.

A “weak link” of the proton-radius extractions from ep exper-
iments is the extrapolation to zero momentum transfer. Namely, 
while the data taken in some finite-Q 2 range can directly be 
mapped into the proton (electric and magnetic) Sachs form factors 
G E (Q 2) and G M(Q 2), the radii extractions require the derivatives 
of those at Q 2 = 0, e.g.: R E =

!
− 6 G ′

E (0). As much as one be-
lieves that the slope at 0 is largely determined by the behavior at 
finite Q 2, it is not easy to quantify this relation with the necessary 
precision. The issues of fitting and extrapolation of the form-factor 
data have lately been under intense discussion, see, e.g., Refs. [14,

* Corresponding author.
E-mail addresses: hagelstein@itp.unibe.ch (F. Hagelstein), pascalut@uni-mainz.de

(V. Pascalutsa).

25 – 27]. Similar extrapolation problems should exist in the extrac-
tions based on lattice QCD, since the lowest momentum transfer 
therein is severely limited by the finite volume.

Here, we show that the form-factor data at finite Q 2 provide a 
lower bound on the proton charge radius. A determination of this 
bound needs no extrapolation, therefore no major model assump-
tions, and should be based solely on experimental (or lattice) data. 
At the same time, given that some of the conventional extractions 
from ep data show a considerably larger radius than the µH value, 
a strict lower bound, based purely on data, is potentially useful in 
understanding this discrepancy.

In what follows, we briefly recall the basic formulae in Sec. 2, 
introduce the quantity proposed to serve as the charge-radius 
bound in Sec. 3, obtain an empirical value for it based on proton 
electric form-factor data in Sec. 4 and conclude in Sec. 5 .

2. Basic ingredients of the radius extraction

Let us recall that a spin-1/2 particle, such as the proton, has two 
electromagnetic form factors. These are either the Dirac and Pauli 
form factors: F1(Q 2) and F2(Q 2); or, the electric and magnetic 
Sachs form factors:

G E(Q 2) = F1(Q 2) − Q 2

4M2 F2(Q 2), (1a)

G M(Q 2) = F1(Q 2) + F2(Q 2), (1b)

https://doi.org/10.1016/j.physletb.2019.134825
0370-2693/© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.

FH and V. Pascalutsa,  
Phys. Lett. B 797 (2019)

Disclaimer: “For illustrative purposes, we have made a tentative determination 
of the lower bound on the proton charge radius from the available data in the 
region of Q2 below 0.02 GeV2. … our uncertainty estimate is only indicative and 
should be taken with caution. The treatment of systematic errors, most notably 
the normalization uncertainty, is rather involved in this particular experiment and 
entangled with the radius extraction.” 
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Fitting and extrapolating form factor data is not easy: 

• Difficult to quantify the extend to which the slope at zero momentum transfer is 
determined by the behavior at finite Q

LOW-Q SCATTERING DATA
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Proton Electric Form Factor: GE (Preliminary) 

§  Proton electric form factor:  
     GE vs. Q2 from 2.2 and  
     1.1 GeV data 
 
(GM used from J.J Kelly, PRC 70 (2004) 068202) 
 
 
§  Systematic uncertainties 
    shown as colored error bars. 

§  Preliminary GE slop seems  
     to favor smaller radius. 

A. Gasparian PRP-2018 
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Proton Electric Form Factor: GE (Preliminary) 

§  GE vs. Q2, from 2.2 and 1.1 GeV data 
     (GM used from J.J Kelly, PRC 70 (2004) 068202) 

§  Q2 range from 6x10-4 to 1.5x10-2 GeV2  

shown only. 
 
§  Systematic uncertainties shown  as  
      colored error bars 

§  Preliminary GE slop seems to favor  
      smaller radius. 

A. Gasparian PRP-2018 

)2 (GeV2Q
4−10×2 3−10 3−10×2 2−10 2−10×2

E
G

0.9

0.95

1

1.05

Preliminary

1.1 GeV data (PRad Preliminary)

2.2 GeV data (PRad Preliminary)

, J. C. Bernauer et al. PRC 90 (2014) 015206, R = 0.8868 fmEG

, J. J. Kelly. PRC 70 (2004) 068202), R = 0.8630 fmEG

, S. Venkat et al. PRC 83(2011)015203), R = 0.8779 fmEG

EProton Electric Form Factor G

A. Gasparian, PRP 2018

Fitting and extrapolating form factor data is not easy: 

• Difficult to quantify the extend to which the slope at zero momentum transfer is 
determined by the behavior at finite Q

LOW-Q SCATTERING DATA
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GE v.s. Q2, with 2.2 and 1.1
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• Systematic uncertainties 
shown as colored error 
bars

• Preliminary GE slope 
seems to favor smaller 
radius

)2 (GeV2Q
0 0.01 0.02 0.03 0.04 0.05

E
G

0.9

0.95

1

1.05

Preliminary

1.1 GeV data (PRad Preliminary)

2.2 GeV data (PRad Preliminary)

, J. C. Bernauer et al. PRC 90 (2014) 015206, R = 0.8868 fmEG

, J. J. Kelly. PRC 70 (2004) 068202), R = 0.8630 fmEG

, S. Venkat et al. PRC 83(2011)015203), R = 0.8779 fmEG

EProton Electric Form Factor G

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1

1.02

1.04

0 0.01 0.02 0.03 0.04 0.05

std. dipole r=0.811fm
Bernauer poly, forced radius r=0.841 fm

19

Form Factor GE (Preliminary)

)2 (GeV2Q
4−10×2 3−10 3−10×2 2−10 2−10×2

E
G

0.9

0.95

1

1.05

Preliminary

1.1 GeV data (PRad Preliminary)

2.2 GeV data (PRad Preliminary)

, J. C. Bernauer et al. PRC 90 (2014) 015206, R = 0.8868 fmEG

, J. J. Kelly. PRC 70 (2004) 068202), R = 0.8630 fmEG

, S. Venkat et al. PRC 83(2011)015203), R = 0.8779 fmEG

EProton Electric Form Factor G

• Proton electric form factor 
GE v.s. Q2, with 2.2 and 1.1
GeV data (preliminary)

• Systematic uncertainties 
shown as colored error 
bars

• Preliminary GE slope 
seems to favor smaller 
radius

0.9

0.95

1

1.05

0.001 0.01

std. dipole r=0.811fm
Bernauer poly, forced radius r=0.841 fm

J. Bernauer, PRP 2018

Fitting and extrapolating FF data is not easy: 

• Difficult to quantify the extend to which the slope at zero momentum transfer is 
determined by the behavior at finite Q
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Fitting and extrapolating FF data is not easy: 

• Difficult to quantify the extend to which the slope at zero momentum transfer is 
determined by the behavior at finite Q

• Also lattice QCD data at low Q is severely suffering from finite volume effects
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R2
E(Q2) = −

6
Q2

log GE(Q2) Q2=0⟶ R2
E R2

E(Q2) ≤ R2
E Q2 ≥ 0foris a lower bound

F. Hagelstein, V. Pascalutsa / Physics Letters B 797 (2019) 134825 5

Fig. 3. The quantity R2
E (Q 2) of Eq. (6) for the normalization dataset “1:3” of 

Bernauer et al. [3]. The cyan band is the statistical average of the corresponding 
dataset and is given numerically in Table 1. The dark-blue and green points at 0 
indicate the ep and µH values, respectively.

correlated systematic error, is equivalent to averaging the dataset 
Ai ± σ ′

i , where σ ′
i = (σ 2

i + "2
i )

1/2 is the redefined error with 
"2

i = σ 2
i "2 !

j(1/σ 2
j ). The systematic uncertainty of Bernauer’s 

data on the reduced cross section, in the low-Q region, is of the 
order 10− 3. Taking the latter number for ", the error increases as 
σ ′

i ≈ 4.5σi , hence, the systematic error dominates in this dataset. 
The resulting average of the lower-bound function, including the 
systematic uncertainty, is given in the first row of Table 1. We 
have checked that the analogous account of the form-factor nor-
malization uncertainty at the level of the R2(Q 2) quantity, rather 
than the cross section, results in a slightly smaller uncertainty on 
the bound. In either case, this error estimate is only indicative. In a 
more proper error evaluation one should use the covariance matrix 
established in the experimental analysis.

One can also identify subsets where the normalization is an 
overall factor. In the experimental data of Bernauer et al. these are, 
for example, normalization sets (see Supplement in [4]):

• 3 (spectrometer A, 180 MeV beam energy),
• 1:3 (spectrometer B, 180 MeV beam energy),
• 6:9 (spectrometer B, 315 MeV beam energy).

The most precise result is coming from the subset 1:3, because it 
is the largest in the relevant low-Q region. The resulting average 
for the subset 1:3 is shown in Fig. 3 and, including the above-
mentioned systematic error, the second row of Table 1.

Both rows yield essentially the same lower bound: R E > 0.847
fm at 95% confidence level (CL) for the full Bernauer’s dataset vs. 
R E > 0.848 fm for the subset 1:3. We chose to show only the for-
mer value in the summary plot of Fig. 1, cf. the blue band.

The average of the ISR data, shown in the last row of Table 1
(includes statistical errors only), yields a smaller lower bound: 
R E > 0.831 fm at 95% CL, represented by the light-red band in 
Fig. 1.

5. Conclusion

An extraction of the proton charge radius from ep scattering 
requires an extrapolation to zero momentum transfer, which nowa-
days is entangled in the analysis of ep data. We aim here to get 
rid of the extrapolation issues in the interpretation of ep data. We 
show that the ep scattering may directly provide a lower bound 
on the proton charge radius, cf. Eq. (10) with Eq. (6). We em-
phasize that the lower-bound determination, unlike the extraction 

of the charge radius itself, does not involve any fitting of the 
Q 2-dependence with subsequent extrapolation to Q 2 = 0. Thus, 
the lower bound is a directly observable quantity (to the same ex-
tent as is the form factor), and is a more rigorous experimental 
outcome than the charge radius itself.

For illustrative purposes, we have made a tentative determi-
nation of the lower bound on the proton charge radius from the 
available data in the region of Q 2 below 0.02 GeV2. The outcome 
for the two presently available experiments is given in Table 1. The 
lower bound resulting from Bernauer’s dataset [R E > 0.847 fm at 
95% CL] appears to be in tension with the muonic-hydrogen re-
sults (see Fig. 1), albeit our uncertainty estimate is only indicative 
and should be taken with caution. The treatment of systematic 
errors, most notably the normalization uncertainty, is rather in-
volved in this particular experiment and entangled with the radius 
extraction. For the bound determination one obviously needs the 
systematic errors of the cross section, to be determined indepen-
dently of any radius extraction procedure.

Since the lower-bound function, defined in Eq. (6), is mono-
tonically increasing with decreasing Q 2, the most stringent bound 
will be obtained from the lower Q 2 range, provided that the accu-
racy does not deteriorate with decreasing Q 2. Therefore, with the 
forthcoming results of the PRad experiment [38,39], one hopes to 
obtain a much better determination of the lower bound. The PRad 
data will reach down to 2 × 10− 4 GeV2 and include a simultane-
ous measurement of the Møller scattering. The latter will allow to 
further reduce the systematic uncertainties.
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Taylor expansion, , convergence 
radius is limited by the onset of the pion-production branch cut at 

• Dispersive fits and z-expansion take singularities into account but have other 
limitations
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•   follows from positive definiteness of the transverse charge density 
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cylindrical Bessel function  
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GE(Q2) ≤ 1 Q2 ≥ 0
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Q2
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Assume a small normalization error  , such that  

Lower-bound function observed in experiment:  

• Lower bound is preserved,  , if  

• Lower bound is violated,   for  , if  

Estimate lower cut with   and  

ϵ G(exp)
E = (1 + ϵ) GE

R2(exp)
E (Q2) = R2

E(Q2) −
6

Q2
ln(1 + ϵ)

R2(exp)
E (Q2) ≤ R2

E(Q2) ϵ > 0

R2(exp)
E (Q2) ≰ R2

E(Q2) Q2 < Q2
0 ϵ < 0

ϵ = − 0.001 Q2
0 =

−6 ln(1 + ϵ)
⟨r4⟩E /20 − R4
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Alternatively one can study subsets where the normalization is an overall factor
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6
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E R2

E(Q2) ≤ R2
E Q2 ≥ 0foris a lower bound

4 F. Hagelstein, V. Pascalutsa / Physics Letters B 797 (2019) 134825

Fig. 2. The quantity R2
E (Q 2) defined in Eq. (6) for the proton, whose value at 0 represents the proton charge-radius squared. The dark-blue and green points at 0 indicate the 

ep and µH values, respectively. The light-blue data points represent the dataset of Bernauer et al. [3,4]. The light-red data points represent the ISR dataset of Mihovilović et 
al. [30]. The blue and red bands are the statistical averages of the corresponding datasets and are given numerically in Table 1.

value, we can average over any subset of these data. In the figure, 
the horizontal blue band is the statistical average of Bernauer’s 
dataset, whereas the red band is the statistical average of the 
ISR dataset. These bands were obtained fitting a horizontal line 
through the respective datasets using the NonlinearModelFit rou-
tine of Mathematica [33]. The corresponding values are presented 
in, respectively, the 1st and 3rd row of Table 1.

This is how ideally the bound should be determined from the 
experimental data. However, the present experimental data have 
systematic uncertainties of which the most acute one is the un-
known absolute normalization of the cross section. The Bernauer 
dataset, for example, is normalized in conjunction with the radius 
extraction. Thus, the data normalization and the extrapolation to 
Q 2 = 0 are done simultaneously in the same fit. Moreover, one 
can obtain an equally good representation of Bernauer’s data by 
using a lower value of the radius and different normalization fac-
tors [34,35].

4.2. Overall normalization factor

To see how the normalization uncertainty affects the bound, let 
us suppose the experimental form factor has a small normalization 
error ϵ , such that G(exp)

E = (1 + ϵ) G E , with G E having the usual 
interpretation. Then,

R2(exp)
E (Q 2) = − 6

Q 2 ln
!
(1 + ϵ) G E(Q 2)]

= R2
E(Q 2) − 6

Q 2 ln(1 + ϵ). (18)

If ϵ is positive, this is not a problem — the lower bound is pre-
served: R2(exp)

E (Q 2) ≤ R2
E , for ϵ ≥ 0. In the case of ϵ < 0, in a 

certain low-Q 2 region, the bound is violated:

R2(exp)
E (Q 2) ! R2

E , for Q 2 < Q 2
0 , (19)

where Q 0 is the root of the following equation:

Table 1
The lower-bound value of the proton charge radius, R E (in fm), from two experi-
ments and three experimental data sets. The error corresponds to the 95% confi-
dence interval (i.e., ± 2σ ), obtained from statistical errors alone. These results are 
represented by the bands in Figs. 2 and 3 with the corresponding color-coding. 
The value in the last row includes only the statistical error of experimental data, 
whereas the other two values include both statistical and systematic error, as de-
scribed in the text.

Dataset Average
"

R2
E (Q 2)

Bernauer et al. [4] Q 2 < 0.02 GeV2 0.857 ± 0.010
subset “1:3” 0.864 ± 0.016

Mihovilović et al. [30] all data 0.842 ± 0.011

R2
E(Q 2

0 ) − 6

Q 2
0

ln(1 + ϵ) = R2
E . (20)

Assuming Q 0 is small, we can use the expanded form of R2
E (Q 2)

in Eq. (11), to find:

Q 2
0 =

#
−6 ln(1 + ϵ)

1
20

$
r4

%
E − 1

12 R4
E

. (21)

For example, taking ϵ = −0.001 and typical values of the radii [36], 
this equation gives Q 2

0 ≈ 0.01 GeV2. Therefore, one strategy for 
avoiding the possible normalization issue is to drop the data below 
a certain Q 2 value from the lower-bound evaluation.

Of course, this consideration only applies when all the data 
points of a given dataset have the same normalization factor. In 
reality, the experiment of Bernauer et al. [4] has a complicated 
normalization procedure, involving 31 normalization factors, and 
one can manage to obtain significant shifts of the data points by 
a different fit of these factors [34,35]. These shifts could then be 
considered as a systematic normalization uncertainty which is only 
partially attributed to an overall normalization.

Therefore, it is better to treat the overall-normalization uncer-
tainty as a systematic error. In accounting for this highly-correlated 
error we use the method adopted by the PDG [37 , Sec. 5.2]. 
Namely, the averaging of the dataset Ai ± σi ± #, with # the 

𝜇H

Bernauer 
et al.
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I. INTRODUCTION

The quantum electrodynamic theory of atomic systems
with point nuclei is well understood [1–4]. Many accurate
results have been obtained for light atomic and molecular sys-
tems. However, less well understood are the nuclear struc-
ture effects – the interplay between the strong and electromag-
netic interactions. They are particularly significant for muonic
atoms because the muon Compton wavelength is of the order
of the nuclear size.

The discrepancy between proton charge radius determina-
tions from electron-proton scattering, ordinary hydrogen [5]
and from muonic hydrogen (µH) [6, 7] has stimulated inves-
tigations of proton polarizability effects [8], i.e., the influence
of proton inelastic structure functions on atomic energy lev-
els. Although the discrepancy may be caused by yet unsettled
effects in the precise spectroscopy of ordinary hydrogen, the
possibility of comparing heavier ordinary and muonic atoms
is a very interesting verification of our understanding of the
interplay between the strong and electromagnetic interactions.

Indeed, the comparison of the extremely accurate H-D iso-
tope shift of the 1S-2S transition [9] to the µH-µD isotope
shift of the 2S-2P transition [7, 10] can be regarded as a deter-
mination of the deuteron polarizability correction in µD. The-
oretical results obtained from nuclear structure calculations
(see Sec. VI and Ref. [11]) are in good agreement with this
measurement, what gives us confidence that all nuclear struc-
ture effects are well understood. Further measurements of
the Lamb shift and the ground-state hyperfine splitting (HFS)
[12–18] in 3He, 4He and heavier elements open the possibil-
ity to investigate electromagnetic interactions of other light
nuclei to a very high precision.

In this review, we present the current status of theoretical
predictions for the two- and three-photon exchange nuclear
structure contributions in light muonic atoms, paying partic-
ular attention to the estimation of uncertainties. In principle,
there are two computational methods for the two-photon ex-
change contribution. The first “experimental” one is based on
dispersion relations and experimental data for the elastic and
inelastic scattering, and the second “theoretical” approach is
based on nuclear structure theory combined with chiral pertur-

bation theory. For the proton, the dispersion approach gives
the two-photon exchange correction with about 1% accuracy.
For heavier elements, the “theoretical approach” gives more
accurate results for the Lamb shift. Regarding computations
of the HFS, the spin-dependent scattering data for nuclei other
than the proton are sparse, and the nuclear calculations for the
simplest case of µD seem to be in disagreement with the mea-
sured value [19]. Also for the µH HFS, predictions of the two-
photon-exchange proton-polarizability contribution based on
either the data-driven dispersive approach or baryon chiral
perturbation theory disagree. Moreover, very little is known
about the three-photon-exchange corrections to the Lamb shift
and HFS, in particular for µH. Therefore, further investiga-
tions for the correct interpretation of precise Lamb shift and
HFS measurements in light muonic atoms are required.

II. ELASTIC CONTRIBUTION IN LIGHT MUONIC
ATOMS

The hydrogenic energy levels can be decomposed into two
parts:

E(a) = EQED(a)+Enucl(a), (1)

where EQED(a) is the binding energy with a point nucleus
and Enucl(a) is the correction to the energy which depends on
the nuclear structure. Each part can be expanded in powers
of the fine structure constant a , and this review is devoted
to the calculation of the first three terms in the expansion of
Enucl(a). One can distinguish a part of Enucl(a) that comes
exclusively from the finite nuclear size and it will be called
the elastic contribution, denoted by Efns.

Let us now discuss the finite-size effects for the nl level,
where n is the principal quantum number and l is the orbital
angular momentum. The leading term of the order a4 is given
by (in units where h̄ = c = 1)

E(4)
fns =

2p
3

f 2
nl(0)(Za)r2

C, (2)

where r2
C is defined as the derivative of the Sachs elec-

tric form factor GE(Q2) at the real photon point: r2
C =
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NLO becomes appreciable in μH 

HFS:

FINITE-SIZE EFFECTS

�19

Fermi - Energy:

with Bohr radius
wi


EF (nS) =
8

3

Z↵

a3
1 + 

mM

1

n3

a = 1/(Z↵mr)

�EnS(LO + NLO) = EF (nS) [1� 2Z↵mr RZ ]

Lamb shift: 
wave function at 

the origin
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theory uncertainty:

2.5µeV

subleading effects of 
proton structure 

proposed to resolve the 
puzzle

�V (2�) = �V (2�)
elastic + �V (2�)

polariz.

2𝛾 talk by V. Pascalutsa 
on Thursday
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3rd Zemach moment (Lamb shift),
Zemach radius (Hyperfine splitting)                     

polarizability contribution
(non-Born VVCS)
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“Blob” corresponds to doubly-virtual Compton scattering (VVCS):
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2𝛾 EFFECT IN THE LAMB SHIFT
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is working, it should be best 

applicable to atomic systems, 

where the energies are very 
small !
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞!

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αem g 2
A

4 f 2
π

mπ

"
1− 1√

τπ
arctan

√
τπ

#
,

(18a)

T (NB)
2 (0, Q2)

HB=−αem g 2
A

4 f 2
π

mπ

"
1 − 1 + 4τπ√

τπ
arctan

√
τπ

#
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g 2
A

12π f 2
π MN

m2
π

$
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

%
7 + 4 log

&
mπ
MN

'()
.

This expression reproduces the g 2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

!
d3q

∞!

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

"
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

#

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

"

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

#

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞!

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞!

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

=
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Δ prediction from Δ(1232) exchange:

• Uses large-Nc relations for the Jones-Scadron 
N-to-Δ transition form factors

• Small due to the suppression of 𝛽M1 in the 
Lamb shift but important for the T1 
subtraction function

ΔE⟨Δ−excit⟩pol (2S, μH) = 0.95 ± 0.95 μeV

LO BChPT prediction with 
pion-nucleon loop diagrams:

ΔE⟨LO⟩pol (2S, μH) = − 8.2 +1.2
−2.5 μeV
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BChPT result is in good agreement with dispersive calculations !!!
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Agreement also for the contribution of the T1 subtraction function !!!

BChPT result is in good agreement with dispersive calculations !!!

4

TABLE I: Two-photon-exchange contribution to the 2S-2P Lamb shift in muonic hydrogen. All results are of O(a5), i.e.,
strictly speaking only the S-level shift has been calculated. All energies are in µeV.

Reference EBorn Esubt Einel Epol E(5)
nucl(2S)

Pachucki [40] �23.2(1.0) 1.9 �13.9 �12(2) �35.2(2.2)
Martynenko [42] 2.3 �16.1 �13.8(2.9)
Carlson & Vanderhaeghen [25] �29.5(1.3) 5.3(1.9) �12.7(5) �7.4(2.0) �36.9(2.4)
Birse & McGovern [27] �24.7(1.6)a 4.2(1.0) �12.7(5)b �8.5(1.1) �33(2)
Gorchtein et al. [29]c �24.5(1.2) �2.3(4.6) �13.0(6) �15.3(4.6) �39.8(4.8)
Hill et al. [26, 33] �18.4 1.1(13.0) �12.7(5)b �11.6(13.0) �30.0(13.0)
Tomalak [31, 41]d �18.6(1.6) 2.3(1.3) �12.7(5)b �10.3(1.4) �29.0(2.1)
Pineda et al. [23, 24, 30, 43] �8.3(4.3) 2.85(1.20)e �26.2(10.0) �34.4(12.5)
Hagelstein et al. [28, 44] 4.6+2.3

�2.4 �11.8+2.1
�2.5 �7.3+1.5

�2.7
aResult taken from Ref. [25] with reinstated “non-pole” Born piece.
bValue taken from Ref. [25].
cAdjusted values; the original values of Ref. [29], Esubt = 3.3 and EBorn = �30.1, are based on a different decomposition into elastic and polarizability

contributions.
dThe charge radius rC is taken from µH spectroscopy.
eThis number is obtained if the contribution from Fig. 3 is subtracted, otherwise this term diverges. See the discussion in Sec. IV.

TABLE II: Two-photon-exchange contributions to the 2S-2P
Lamb shift in muonic 3He and 4He. The results for 4He are
preliminary and are given for now without errors. The last
line is from the nuclear structure calculations described in

Sec. VI. All energies are in meV.

Energies 3He 4He
EBorn �10.93(27) �6.86
EQE �4.11(42) �5.10

EQE, inel �5.50(40) �6.34
EQE, subt 1.39(12) 1.24

EDIS �0.10(4) �0.28
EDIS, inel �0.31(2) �0.42
EDIS, subt 0.21(3) 0.14

E(5)
nucl �15.14(49) �12.24

E(5)
nucl(theory) �16.50(33) �9.91(44)

To estimate the contribution from the subtraction function,
we start with the knowledge that at small photon virtuality:

Tsubt
1 (0,Q2)⇡ bMQ2

e2 +O
�
Q4� . (17)

For the proton, bM is measured, for the deuteron bM is avail-
able from nuclear theory or chiral perturbation theory calcula-
tions. For He, we obtain the magnetic polarizability from the
Gorchtein sum rule [51]. The latter is a dispersive result based
on the observation that there is a region of energy, a “gap”,
where the QE structure functions have become nearly zero and
the DIS threshold has not yet been reached. Additionally, the
sum rule assumes that the nuclear binding effects on the struc-
ture functions of the bound neutrons and protons at high ener-
gies can be neglected. We omit details of the sum rule, which
can be found in Ref. [51] with a summary in Refs. [37, 38].
However, we note that in the zero momentum transfer limit of
this sum rule, one obtains the Bethe-Levinger sum rule,

NZ = 2
ˆ n1

nth

dn
n

F1(n ,0), (18)

where Z is the proton number and N the neutron number of the
nucleus. The lower limit nth is the threshold for quasielastic
breakup, and n1 is the energy where the quasielastic region
ends and the pion production region begins. The sum rule can
be checked with the F1 fits that we use and found to work to
about 15% for the deuteron and for both He isotopes.

Further improvement could follow from better results for
the magnetic polarizability for 3He and 4He, from nuclear the-
ory or elsewhere. There have been attempts to calculate bM for
nuclei using lattice gauge theory, but these are still exploratory
calculations [52]. Currently, the results of these studies for the
deuteron can be compared to other methods and are off by a
large factor.

Also, it is possible to do a subtraction for T1 in a differ-
ent sense, which is to use Regge ideas to obtain the higher
energy behavior of the amplitude T1, and then write an un-
subtracted dispersion relation for T1 �T Regge

1 . This idea was
tested in Ref. [31] for the proton. The subtraction function
Tsubt

1
�
0, Q2� is in agreement with the vanishing low-Q2 be-

havior only within 1�1.5s error bands. It is not yet settled if
this problem can be avoided by, for example, a different rep-
resentation of the Regge amplitudes [53], but such avenues
should be explored.

Another place for improvement would be in the data fits for
the structure functions F1,2 for nuclear targets. If the data is
dense in regions where the relevant integrals have their sup-
port, one can directly integrate from the data, as was done
in the HFS context in Refs. [34–36]. However, if the data
is sparser, one proceeds by making analytic fits to the data,
and then integrates using the fit functions. One can think of
improving the fit functions in at least two ways. One is to
recognize that the current fits in terms of, say, c2, are not
as good as they could be, so one can seek better functional
forms that would allow a more accurate representation of the
data. Another is to encourage more electron scattering mea-
surements in regions that are crucial to the Lamb shift two-
photon-exchange integrals. One note here is that there is some
good low-Q2 backward direction data for 3He [54] that is not
matched by corresponding data for 4He.
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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E⟨LO⟩pol
HFS (2S, μH) = 0.9(2.2) μeV

E⟨Δ−excit⟩pol
HFS (2S, μH) = − 1.2(8) μeV

Eur. Phys. J. C (2014) 74:2852 Page 5 of 10 2852

Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞!

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:
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4 f 2
π

mπ

"
1− 1√

τπ
arctan

√
τπ

#
,

(18a)
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The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g 2
A

12π f 2
π MN

m2
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$
3 − 50τπ + 48τπ (1+τπ )−3√
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√
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%
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&
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.

This expression reproduces the g 2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms

123
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

!
d3q

∞!

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:
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2
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#
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In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞!

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞!

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

=
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Δ2 predictions based on MAID and most recent Hall B models are very different as 
compared to the Hall B 2007 model (talk by K. Slifer at ECT*, 02.07.18)

POLARIZABILITY EFFECT IN HFS
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Tension between the BChPT prediction and data-driven dispersive results !!! 

Changes the Zemach radius extraction (smaller, just like RE)

Empirical information on spin structure functions is limited (especially for g2)

Low-Q region is very important (cancelation between I1 and F2)
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TABLE III: Two-photon-exchange contribution to the 2S hyperfine splitting in muonic hydrogen, see Eq. (31). All energies are
given in meV. The hyperfine splitting for a proton with structure is EHFS; the hyperfine splitting without two-photon exchange

is
h
EHFS �E(5)

HFS

i
.

Reference EF(2S)DZ EF(2S)DR EF(2S)Dpol E(5)
HFS(2S) EHFS(2S)

h
EHFS �E(5)

HFS

i
(2S)

Pachucki [2] �0.183 0.038 0.000(15) �0.145 22.745(15) 22.890
Martynenko et al. [74, 80]a �0.1518 0.0093 �0.1425 22.8136(78) 22.9561

Faustov et al. [81]a 0.0095(24)
Carlson et al. [35, 36]b �0.1731 0.0190 0.0080(26) �0.1460(32) 22.8146(49) 22.9606

Tomalak [73]c �0.1672(11) 0.0193(1) 0.0083(20) �0.1396(24) 22.8146(26) 22.9542
Tomalak [41, 71] �0.1410(11) 22.8132(15) 22.9542

Peset & Pineda [64] 22.8123(33)
Hagelstein et al. [79] �0.0003(23)

Experiment [7] 22.8089(51)
aAdjusted value; as suggested in Ref. [36], the original polarizability contribution is corrected by adding �1.2µeV because the conventions of “elastic” and

“inelastic” contributions applied in Ref. [74] are inconsistent.
bWith proton form factors from Ref. [75]. The corrections DZ and DR of Refs. [35, 36] are converted to definitions of this Section.
cThe charge radius rC is taken from µH spectroscopy.

d (1)
Z3 and d (1)

R3 are the terms d (1)
Z1 and d (1)

R1 , respectively. Ex-
plicit formulas for these corrections are given in Ref. [98].
The sub-sub-leading order corrections d (2) consists of a sum
of the terms d (2) = d (2)

R2 +d (2)
Q +d (2)

D1D3+d (2)
NS , where d (2)

R2 is the

monopole correction, d (2)
Q is the quadrupole correction, d (2)

D1D3

is a dipole interference term and d (2)
NS is the finite nucleon size

correction term [98].
The h-expansion has been carried out to sub-sub-leading or-
der and the most up-to-date results for µH from Ref. [105]
is summarized in Table. IV while those for µ3H, µ3He and
µ4He from [98] are summarized in Table. V. Alternate meth-
ods to estimate E(5)

nucl, A from experimental data using disper-
sion relation theory, described in detail in Sec. III, provide
similar results, though with larger uncertainties [37].

To understand and further improve uncertainties in E(5)
nucl

the most crucial uncertainty sources belonging to E(5)
nucl, A that

need to be considered are:

(1) Uncertainties from the nuclear model dependence, H;
(2) h-expansion truncation and nucleon size and;
(3) Uncertainties from many-body currents, Jµ ;

(1) The first steps towards probing the nuclear model de-
pendence were carried out using state-of-the-art calculations
which employed nuclear potentials derived phenomeno-
logically [110] or from the chiral effective field theory
(cEFT) formalism [111, 112]. Through the use of these two
very different approaches, the systematic uncertainty was
estimated in A=2,3,4 systems. For A=2, the uncertainty from
the nuclear model dependence is of the order 0.4% while
in A=3,4 systems, it is the largest contribution to the total
uncertainty of E(5)

nucl, A, about 2% for A=3 and 4% for A=4. A
more comprehensive study of the order-by-order convergence
of E(5)

nucl, A within the cEFT framework, as carried out in µD
[105], is presently desired to more conclusively establish or
improve these estimates.

These nuclear model uncertainty estimates did not include
uncertainties from the distributions of nuclear potential
parameters arising from the spread of NN phase shift mea-
surements and few-body observable data used to constrain
nuclear forces. The propagation of these uncertainties to
the calculation of E(5)

nucl, A, to date, has only been carried
out in µD using cEFT potentials from leading-order up to
next-to-next-to-leading order developed in Ref. [113]. It
was found that these contributions are negligible in com-
parison to other uncertainties. Extrapolating these results to
heavier mass systems is not straightforward and a quantifica-
tion of these uncertainties for A=3 and 4 is currently called for.

(2) The h-expansion truncation is the uncertainty associ-
ated with the calculation of E(5)

nucl, A in powers of the opera-
tor h . It has been argued in Ref. [98] that h ⌧ 1 and there-
fore, errors associated with this expansion are expected to be
small. The first rigorous estimates of the h-expansion uncer-
tainty have been carried out for µD using an alternate com-
putational procedure [114] to calculate E(5)

nucl, A where it was
found to amount to a 0.2% uncertainty. In A=3 systems, the
h-expansion converged more slowly and the estimates in [98]
suggest that they are largest at about 1% for µ3H and 0.3%
for µ3He. For µ4He they are estimated to be 0.2%. Within
the framework of the h-formalism the finite nucleon size is
treated approximately by expanding nucleon form factors up
to first order in Q2. Higher order corrections have been esti-
mated to be about 1% for µ3He and µ4He, 0.2% for µ3H and
negligible for µD. The h-expansion will need to be more thor-
oughly studied and extended in future work to better quantify
and possibly reduce these uncertainties.

(3) Many-body currents arise from the systematic ex-
pansion of operators within the cEFT framework. These
many-body currents modify the charge and current density
operators. The dominant operator that contributes to E(5)

nucl, A
is the charge density operator which is modified only at 4th
order in cEFT, and thus expected to be negligible. This was
confirmed in µD where these effects amounted to a 0.1%
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SUMMARY AND CONCLUSION

Finite Q2 data can be used to establish a rigorous lower bound on the 
proton charge radius, while bypassing the model-dependent 
assumptions that go into the fitting and extrapolation of the electron-
proton scattering data 

Lower-bound function:    R2
E(Q2) = −

6
Q2

log GE(Q2)
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SUMMARY AND CONCLUSION

Finite Q2 data can be used to establish a rigorous lower bound on the 
proton charge radius, while bypassing the model-dependent 
assumptions that go into the fitting and extrapolation of the electron-
proton scattering data 

Determinations of the 2𝛾 proton-polarizability contributions based on 
BCHPT or the data-driven dispersive approach agree for the Lamb Shift 
but disagree for the hyperfine splitting

 Very precise input for the 2𝛾 polarizability effect needed to find the μH 
ground-state hyperfine splitting in experiment

Lower-bound function:    R2
E(Q2) = −

6
Q2

log GE(Q2)


