
Vladimir Pascalutsa 

Institute for Nuclear Physics 
University of Mainz, Germany 

with		
				Franziska	Hagelstein,	Vadim	Lensky,	Marc	Vanderhaeghen	

Two-photon	exchange		
in		

muonic-hydrogen		
and	

	lepton-proton	sca?ering	



Vladimir	Pascalutsa				-			Two-photon	exchange					

Radiative	corrections

�2

�exp ⌘ �1�(1 + �soft + �2�)



Vladimir	Pascalutsa				-			Two-photon	exchange					

Radiative	corrections

�2

Aldo Antognini INPC2019,   Glasgow   01.08.2019  6

Three ways to the proton radius

Proton charge radius [fm]
0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.9

CODATA-2010

H spectroscopy

scatt. Mainz

scatt. JLab

p 2010µ

p 2013µ

σ6.7 

e-

µp spectroscopy

p

µ-

H spectroscopy

p

e--p scattering

 H 2 
e-

Pohl et al., Nature 466, 213 (2010)
Antognini et al., Science 339, 417 (2013)
Pohl et al., Science 353, 669 (2016)�exp ⌘ �1�(1 + �soft + �2�)



Vladimir	Pascalutsa				-			Two-photon	exchange					

Radiative	corrections

�2

Aldo Antognini INPC2019,   Glasgow   01.08.2019  6

Three ways to the proton radius

Proton charge radius [fm]
0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.9

CODATA-2010

H spectroscopy

scatt. Mainz

scatt. JLab

p 2010µ

p 2013µ

σ6.7 

e-

µp spectroscopy

p

µ-

H spectroscopy

p

e--p scattering

 H 2 
e-

Pohl et al., Nature 466, 213 (2010)
Antognini et al., Science 339, 417 (2013)
Pohl et al., Science 353, 669 (2016)

• So$	correc)ons	are	well	understood	Tsai(1961),	Mo	&	Tsai	(1968),	Maximon	&	Tjon	(2000)					

• 2 	(or,	TPE)	involve	the	nucleon	structure		
• TPE	not	calculable	(at	present)	from	first	principles,	viz.	QCD	
• Nevertheless,	there	are	many	model	calcula)ons	

											Blunden,	Melnitchouk,	Tjon	(2003);	Guichon	&	Vanderhaeghen	(2003);	Kondratyuk	&	

Blunden	(2007);	Borisyuk	&	Kobushkin	(2006,	2007,	2008,	2012);	Bystritsky,	Kuraev,	Tomasi-
Gustaffson	(2006)  …	many	more	recently
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near-forward 2Ɣ agree with data

multi-particle 2Ɣ, e.g. ππN, is important
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⇡ 1� 2�2�

OLYMPUS (2016)
Feshbach
elastic
elastic + πN
total 2 γ, near-forward

R
2
�

Maximon and Tjon IR prescription
uncorr. + corr. uncertainties

0.98

0.99

1.00

1.01

1.02

ε
0.8 0.9 1.0

k = 2.01 GeV

Tomalak, Pasquini, Vdh 
(2017)  

Pasquini, Vdh,  
Ann.Rev.Nucl.Part.Sci(2018)



Vladimir	Pascalutsa				-			Two-photon	exchange					

TPE	in	atomic	spectroscopy

�5

Aldo Antognini INPC2019,   Glasgow   01.08.2019  6

Three ways to the proton radius

Proton charge radius [fm]
0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.9

CODATA-2010

H spectroscopy

scatt. Mainz

scatt. JLab

p 2010µ

p 2013µ

σ6.7 

e-

µp spectroscopy

p

µ-

H spectroscopy

p

e--p scattering

 H 2 
e-

Pohl et al., Nature 466, 213 (2010)
Antognini et al., Science 339, 417 (2013)
Pohl et al., Science 353, 669 (2016)



Vladimir	Pascalutsa				-			Two-photon	exchange					

TPE	in	atomic	spectroscopy

�5

Aldo Antognini INPC2019,   Glasgow   01.08.2019  6

Three ways to the proton radius

Proton charge radius [fm]
0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.9

CODATA-2010

H spectroscopy

scatt. Mainz

scatt. JLab

p 2010µ

p 2013µ

σ6.7 

e-

µp spectroscopy

p

µ-

H spectroscopy

p

e--p scattering

 H 2 
e-

Pohl et al., Nature 466, 213 (2010)
Antognini et al., Science 339, 417 (2013)
Pohl et al., Science 353, 669 (2016)



Vladimir	Pascalutsa				-			Two-photon	exchange					

TPE	in	atomic	spectroscopy

�5

Aldo Antognini INPC2019,   Glasgow   01.08.2019  6

Three ways to the proton radius

Proton charge radius [fm]
0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89 0.9

CODATA-2010

H spectroscopy

scatt. Mainz

scatt. JLab

p 2010µ

p 2013µ

σ6.7 

e-

µp spectroscopy

p

µ-

H spectroscopy

p

e--p scattering

 H 2 
e-

Pohl et al., Nature 466, 213 (2010)
Antognini et al., Science 339, 417 (2013)
Pohl et al., Science 353, 669 (2016)

• TPE	is	relevant	at	the	current	level	of	precision,	especially	in	muonic	
hydrogen,	and	hydrogen	HFS
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• forward	calcula)ons	can	be	done	by	dispersive	data-driven	approaches	
• Lamb	shi$:	Pachucki	(1999),	Carlson	&	Vanderhaeghen	(2011),	more	refs	below	

• HFS:	Martynenko	et	al	(2003);	Carlson,	Nazaryan		&	Griffioen	(2008,	2011)
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numerical values reviewed in: A. Antognini et al., Annals Phys. 331, 127-145 (2013).

subleading effects of 
proton structure 

proposed to resolve 
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Example:	Lamb	shift	budget	in	muonic	H
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• The	uncertainty	of	the	
proton-radius	extraction	is	
dominated	by	the	proton	
polarizability	contribution
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�Eth
LS = 206.0668(25)� 5.2275(10) (RE/fm)2 theory uncertainty:


2.5µeV

A. De Rujula, Phys. Lett. B693 (2010) 

G. A. Miller, Phys. Lett. B718 (2013)

33± 2µeV
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Table 1 Summary of available calculations of the ‘subtraction’ (second row), ‘inelastic’ (third row), and their sum—polarizability (last row) effects
on the 2S level of µH. The last column represents the χPT predictions obtained in this work; here the omitted effect of the "(1232)-resonance
excitation is missing in the first two (‘subtraction’ and ‘inelastic’) numbers, but it does not affect the total polarizability contribution where it is to
cancel out

(µeV) Pachucki [9] Martynenko [10] Nevado and
Pineda [11]

Carlson and
Vanderhaeghen [12]

Birse and
McGovern [13]

Gorchtein
et al. [14]

LO-BχPT
[this work]

"E (subt)
2S 1.8 2.3 – 5.3 (1.9) 4.2 (1.0) −2.3 (4.6)a −3.0

"E (inel)
2S −13.9 −13.8 – −12.7 (5) −12.7 (5)b −13.0 (6) −5.2

"E (pol)
2S −12 (2) −11.5 −18.5 −7.4 (2.4) −8.5 (1.1) −15.3 (5.6) −8.2(+1.2

−2.5)

a Adjusted value; the original value of Ref. [14], +3.3, is based on a different decomposition into the ‘elastic’ and ‘polarizability’ contributions
b Taken from Ref. [12]

values appear to be very different from the empirical values
due to neglect of the "(1232) excitation, the polarizability
contribution is not affected by this neglect.

The details of our calculation and main results are pre-
sented in the following section. Remarks on the role of the
"(1232) excitation are given in Sect. 3. The heavy-baryon
expansion of our results is discussed in Sect. 4. An “effective-
ness” criterion is applied to the HBχPT and BχPT results in
Sect. 5. The conclusions are given in Sect. 6. Expressions for
the LO χPT forward doubly virtual proton Compton scat-
tering (VVCS) amplitude and pion electroproduction cross
sections are given in Appendices A and B, respectively.

2 Outline of the calculation and results

We begin with the leading order chiral Lagrangian for the
pion and nucleon fields, as well as the minimally coupled
photons; see e.g. [16]. After a chiral rotation of the nucleon
field the Lagrangian resembles that of the chiral soliton
model; see [26] for details. As the result, the pseudovec-
tor π N N interaction transforms into the pseudoscalar one,
while a new scalar–isoscalar ππ N N interaction is generated.
The original and the redefined pion–nucleon Lagrangians,
expanded up to the second order in the pion field, take the
form

L(1)
π N = N

(
i /∂ − MN + g A

2 fπ
τ a /∂ πaγ5

− 1
4 f 2

π

τ aεabcπb /∂ πc
)

N + O(π3), (1a)

L′(1)
π N = N

(
i /∂ − MN − i

g A

fπ
MN τ aπaγ5

+ g 2
A

2 f 2
π

MN π2 + (g 2
A − 1)

4 f 2
π

τ aεabcπb /∂ πc

)

N + O(π3),

(1b)

where N (x) and MN is the nucleon field and mass, respec-
tively, πa(x) is the pion field; g A ≃ 1.27, fπ ≃ 92.4 MeV.

Upon the minimal inclusion of the electromagnetic field,
the two Lagrangians give identical results for the O(p3)

Compton scattering amplitude and the isovector term pro-
portional to (g 2

A − 1) does not contribute. Working with the
second Lagrangian, however, simplifies a lot the evaluation
of the two-loop graphs needed for the Lamb-shift calcula-
tion. The resulting Feynman diagrams, omitting crossed and
time-reversed ones, are shown in Fig. 1.

These graphs represent an O(α2
em) correction to the

Coulomb potential and can be treated in stationary pertur-
bation theory. Since the Coulomb wave function is O(α

3/2
em ),

the first-order contribution of these graphs to the energy shift
is O(α5

em) as requested. As any energy transfer in the atomic
system brings in extra powers of αem, we neglect it, and hence
consider strictly the zero-energy forward kinematics. In this
case the Feynman amplitude M is a number in momentum
space, corresponding to a potential equal to M δ(r⃗). Because
of the δ-function only the S-levels are shifted:

"EnS = φ2
n M, (2)

where φ2
n = m3

r α
3
em/(πn3) is the hydrogen wave function at

the origin, for mr = mℓ Mp/(mℓ + Mp) the reduced mass
of the lepton–proton system, and mℓ, Mp = MN the corre-
sponding masses of the constituents.

It is customary for the 2γ contributions to be split into
leptonic and hadronic parts, i.e.,

M = e2

2mℓ

∫
d4q

i(2π)4

1
q4 Lµν(ℓ, q) T µν(P, q), (3)

where e2 = 4παem is the lepton charge squared, and

Lµν = 1
1
4 q4 − (ℓ · q)2

[q2ℓµℓν − (qµℓν + qνℓµ) ℓ · q

+g µν(ℓ · q)2] (4)

is the leptonic tensor, with ℓ and q the 4-momenta of the
lepton and the photons, respectively; g µν = diag(1,−1,−1,

−1) is the Minkowski metric tensor. The tensor T µν is the
unpolarized VVCS amplitude, which can be written in terms

123
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and A. Dax et al., Science 339, 417 (2013).

[5] A. Antognini, F. Kottmann, F. Biraben, P. Indelicato, F. Nez and R. Pohl, Annals Phys. 331,
127 (2013).

[6] R. Pohl, R. Gilman, G. A. Miller and K. Pachucki, Ann. Rev. Nucl. Part. Sci. 63, 175 (2013).
[7] A. De Rujula, Phys. Lett. B 693, 555 (2010).
[8] G. A. Miller, Phys. Lett. B 718, 1078 (2013).
[9] K. Pachucki, Phys. Rev. A 60, 3593 (1999).

[10] A. P. Martynenko, Phys. Atom. Nucl. 69, 1309 (2006).
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[12] C. E. Carlson and M. Vanderhaeghen, Phys. Rev. A 84, 020102 (2011).
[13] M. C. Birse and J. A. McGovern, Eur. Phys. J. A 48, 120 (2012).
[14] M. Gorchtein, F. J. Llanes-Estrada and A. P. Szczepaniak, Phys. Rev. A 87, 052501 (2013).
[15] R. J. Hill and G. Paz, Phys. Rev. Lett. 107, 160402 (2011).
[16] J. Gasser, M. E. Sainio and A. Svarc, Nucl. Phys. B 307, 779 (1988).
[17] T. Fuchs, J. Gegelia, G. Japaridze and S. Scherer, Phys. Rev. D 68, 056005 (2003).
[18] V. Pascalutsa, M. Vanderhaeghen and S. N. Yang, Phys. Rept. 437, 125 (2007).
[19] J. M. Alarcon, J. Martin Camalich and J. A. Oller, Phys. Rev. D 85, 051503 (2012); Annals

Phys. 336, 413 (2013).
[20] V. Bernard, N. Kaiser and U. -G. Meissner, Int. J. Mod. Phys. E 4, 193 (1995).
[21] V. Bernard, N. Kaiser and U.-G. Meißner, Phys. Rev. Lett. 67, 1515 (1991); Nucl. Phys. B

373, 346 (1992).
[22] V. Lensky and V. Pascalutsa, Eur. Phys. J. C 65, 195 (2010).
[23] J. M. M. Hall and V. Pascalutsa, Eur. Phys. J. C 72, 2206 (2012).
[24] J. Bernabeu and C. Jarlskog, Nucl. Phys. B 60, 347 (1973).
[25] M. Strikman and C. Weiss, Phys. Rev. D 80, 114029 (2009).

13

[LO-BχPT] Alarcon, Lensky, Pascalutsa, EPJC (2014) 74:2852

dispersive	es)mates

HBChPT	 BChPT
HBChPT	

+	dispersive	

polarizability	correc)on	

on	2S	level	in	μH	in	μeV		

ΔETPE(2P	-	2S)	=	(33	±	2)	μeV	

total	hadronic	correc@on	on	Lamb	shiB	

Carlson, Vdh (2011) + 
Birse, McGovern (2012)

elas)c	contribu)on	on	2S	level:	ΔE2S	=	-23	μeV		

inelas)c	contribu)on:			

...or	about	10%	of	needed	correc@on
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TPE elastic correction:

TPE polarizability correction
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Energy and momentum transfer: ν, Q2

Bjorken variable: x =
Q2

2Mν

Electron scattering (SLAC,DESY,…,JLab,ELSA,MAMI,MESA)

Structure Functions:
F1(x, Q2), F2(x, Q2) − unpolarized
g1(x, Q2), g2(x, Q2) − polarized (for S ≥ 1/2)
b1,2,3,4(x, Q2) − tensor (for S ≥ 1)
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Im ∝
2

Optical theorem:

Relation to forward Compton scattering

Causality (analyticity, Cauchy formula):

Im ∝
2

respect to the imaginary axis, cf figure 2.2. It is therefore convenient to do the above
analysis in the complex plane of ω γ= +z i2 . Then, the situation is reduced to the
one we have covered, and only at the end do we need to change the variables from ω
to ω2, and analogously for the integration variable:ζ ζ→ 2. The resulting dispersion
relations for the even or odd function are, respectively:

⨏ ⨏ω π ζ ζ ζ
ζ ω ω ω

π ζ ζ
ζ ω= − = −ω ω

∞ ∞

f d
f

f d
f

Re ( )
2 Im ( )

, Re ( )
2 Im ( )

. (2.11)even 2 2 odd 2 2
0 0

This property usually arises when ωf ( ) is a scattering amplitude describing an
elastic scattering of light on some target, e.g. an electron (Compton scattering), or
another photon (light-by-light scattering). Such a process should be invariant under
an interchange of the incident and outgoing photon, hence the crossing symmetry.
Further discussion can be found in chapters 4 and 6.

2.4 Unitarity
Dispersion relations are most useful when the imaginary part is expressed in terms of
observable quantities, usually photoabsorption cross sections. Unitarity, or con-
servation of probability, often facilitates such relations. For example, in the case of f
describing the amplitude of forward Compton scattering off a target, unitarity
results in the optical theorem:

ω ω σ ω
π=fIm ( )
( )

4
, (2.12)

with σ ω( ) the total cross section of photoabsorption by that target. Combining this
with crossing symmetry leads (for an even function) to:

Figure 2.2. Analytic structure of a crossing invariant amplitude in the complex plane. The branch cuts are
symmetric with respect to the imaginary axis.

Causality Rules

2-5

(ν, Q2) =
2
π ∫

∞

ν0

dν′�
ν′�

ν′�2 − ν2
Im ∝

2

(ν′�, Q2)

Structure 
functions

Polarizabilities

Sum 
Rules 

eg: GDH, 
Baldin, 

Schwinger



Vladimir	Pascalutsa				-			Two-photon	exchange					

Structure	Effects	through	2γ
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞∫

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αem g 2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αem g 2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g 2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g 2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms

123

V. Lensky, F. Hagelstein, V. Pascalutsa,  
M. Vanderhaeghen, Phys. Rev. D 97 (2018) 074012
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.
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2γ	(in	Lamb	Shift)	from	ChEFT
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Fig. 4 The polarizability effect on the 2S-level shift in µH computed
in HBχPT and BχPT as a function of the ultraviolet cutoff Qmax. The
arrows on the right indicate the asymptotic (Qmax → ∞) values

tative statement. In the present HBχPT calculation the contri-
bution from Q > mρ is at least 25 % of the total result, hence
exceeding the natural expectation of uncertainty of such cal-
culations. In the BχPT case, the contribution from momenta
above mρ is less than 15 %, well within the expected uncer-
tainty.

6 Conclusion and outlook

Is the proton polarizability effect different in muonic versus
electronic hydrogen so as to affect the charge radius extrac-
tion? The answer is ‘yes’. From the LEX formula in Eq. (12),
one sees that the polarizability contribution not only affects
the charge radius extraction from the Lamb shift but also that
this effect is about mµ/me ≈200 times stronger in µH than
in eH. Indeed, the weighting function plotted in Fig. 2 for
the two cases is much larger in the muon case. The lepton
mass acts, in fact, as a cutoff scale. Nonetheless, the BχPT
result obtained hereby demonstrates that the magnitude of
this effect is not nearly enough to explain the ‘proton radius
puzzle’, which amounts to a discrepancy of about 300 µeV.

As seen from Table 1, our BχPT result for the polariz-
ability effect agrees with the previous evaluations based on
dispersive sum rules, but it is substantially smaller in magni-
tude than the HBχPT result of Nevado and Pineda [11]. This
is of course not the first case when the BχPT and HBχPT
results differ significantly—the polarizabilities themselves
provide such an example.

The differences between HBχPT and BχPT results are
often interpreted as the uncertainty of χPT calculations. This
interpretation is too naive as there are physical effects that
distinguish the two. For example, the BχPT calculations
obey analyticity exactly while the HBχPT ones only approx-
imately. Furthermore, we have checked that in HBχPT the
contribution from momenta beyond the χPT applicability
domain is somewhat bigger than the expected uncertainty of

the calculation. The BχPT result is more “effective” in this
respect, as the high-momentum contribution therein is well
within the expected uncertainty.

Within the BχPT calculation, we have verified the dis-
persive sum rules given in (9) and confirmed the statement
of Ref. [13] that the split between the ‘elastic’ and ‘inelas-
tic’ 2γ contributions corresponds unambiguously to the split
between the Born and non-Born parts of the VVCS ampli-
tude, rather than between the pole and non-pole parts.

We have observed that the $(1232)-excitation mechanism
shown in Fig. 3 does not impact the Lamb shift in a significant
way because the dominant magnetic-dipole (M1) transition
is suppressed, as is the entire magnetic polarizability effect.
The $(1232)-excitation effect is, however, important for the
dispersive calculation because it is prominent in the proton
structure functions and hence must be included in the ‘sub-
traction’ contribution to achieve a consistent cancelation of
the M1 $(1232) excitation. In most of the models this is
roughly achieved by using an empirical value for the mag-
netic polarizability which includes the large paramagnetic
effect of the M1 $(1232) excitation. In the HBχPT-inspired
calculation of the ‘subtraction’ term [13] the $-excitation
is not included; however, the situation is ameliorated by
the low-energy constant from O(p4), which is chosen to
reproduce the empirical value of the magnetic polarizabil-
ity.

Naive dimensional analysis shows that χPT at leading
order is capable of yielding predictions for the entire two-
photon correction to the Lamb shift. The polarizability part
of that correction has been considered in this work. The last
row of the last column of Table 1 contains the O(p3) BχPT
prediction for the proton polarizability effect on the 2S-level
of µH. One needs to add to it the ‘elastic’ contribution (or,
alternatively, the third Zemach moment together with ‘finite-
size recoil’), to obtain the full O(α5

em) effect of the proton
structure in µH Lamb shift. Using an empirical value for the
‘elastic’ contribution from Ref. [13] [i.e., −24.7(1.6) µeV],
our result for the full 2γ contribution to the 2P – 2SLamb
shift is in nearly perfect agreement with the presently favored
value [5,13] of 33(2) µeV.

While the leading-order χPT calculation gives a reliable
prediction for the polarizability contribution, the splitting of
it into ‘inelastic’ and ‘subtraction’ works less well, because of
the missing $(1232)-excitation effect, which will only enter
at the (future) next-to-leading order calculation. Indeed, χPT
is capable of providing results for the Lamb-shift contribu-
tion beyond O(p3). The main difficulty then is to include all
the appropriate operators from the effective lepton–nucleon
Lagrangian, with corresponding low-energy constants fixed
to the two-photon exchange component of the low-energy
lepton–nucleon scattering. It will therefore be interesting but
very difficult to carry out any beyond-the-leading-order cal-
culation in a systematic way.
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Assuming BChPT is working, it 

should be best applicable to atomic 

systems, where the energies are very 

small !

contributions from above 
Qmax > m𝜌 = 775 MeV


• HBChPT: at least 25%


• BCHPT: less than 15%

J. M. Alarcon, V. Lensky, V. Pascalutsa, Eur. Phys. J. C 74 (2014) 2852
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2γ	in	HFS
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(non-Born) polarizability + (Born) elastic 2γ contributions
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proton-polarizability effect on the HFS is completely constrained by 
empirical information 

a ChPT calculation will put the reliability of dispersive calculations (and 
ChPT) to the test

Polarizability	Effect	on	the	HFS
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I1(Q2) is not a pure 
polarizability

PRP ’18, MITP, 24.07.2018 
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Hyperfine	splitting	in	muonic	H
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• spin	polarizabili)es	are	of	similar	importance	for	the	hyperfine	splilng

Measurements	of	the	μH	ground-state	HFS	planned	by	
1)	CREMA,	2)	FAMU,	3)	J-PARC/Riken-RAL	collabora)ons	⏰

Towards the measurement of 
muonic hydrogen  

ground state hyperfine splitting 
ΔEHFS(�p)1S  

High precision spectroscopy in muonic hydrogen 

Andrea Vacchi on behalf of the FAMU Collaboration 
INFN LNF 7 December 2017 
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Hyperfine	splitting	in	muonic	H
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and	chiral	perturba)on	theory
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Inclusive	cross	section
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Access	polarized	structure	functions
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Results	from	Hall	A	@	JLab	[K.	Slifer	et	al]
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good agreement with the MAID and most recent Hall B models!
!

200% difference from Hall B 2007 model used in PRA78, 02251!

g2 contribution to Hyperfine Structure!

Prelim
inary!

• Carlson,	Nazaryan		&	Griffioen	(2008,	2011)
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Results	from	Hall	A	@	JLab	[K.	Slifer	et	al]
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g2 contribution to the Hyperfine Splitting!

Carlson,	Nazaryan		&	Griffioen	(2008,	2011)
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Results	from	Hall	A	@	JLab	[K.	Slifer	et	al]
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g2 contribution to the Hyperfine Splitting!

Carlson,	Nazaryan		&	Griffioen	(2008,	2011)

● bigger	cancella)on	between	� ,	hence	
beier	agreement	with	ChPT.	

Δ1 and Δ2
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Conclusions	on	TPE
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Conclusions	on	TPE
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● Lepton	scaiering:	model-dependent,	for	review	see		
Pasquini & Vanderhaeghen, 
Ann.Rev.Nucl.Part.Sci(2018) 

● Hydrogen	spectroscopy:		dispersive	calcula)ons	vs.	ChPT	
agree	in	the	Lamb	shi$	and	might	soon		agree	in	HFS	—	
stay	tuned!



Vladimir	Pascalutsa				-			Two-photon	exchange					

HYPERFINE SPLITTING IN 𝜇H 
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Zemach radius:

experimental value: RZ = 1.082(37) fm
A. Antognini, et al., Science 339 (2013) 417–420

with

�EHFS(nS) = [1 +�QED +�weak +�structure]EF (nS)
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Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.

25 JANUARY 2013 VOL 339 SCIENCE www.sciencemag.org418

RESEARCH ARTICLES

Measurements of the μH ground-state HFS planned by the CREMA, FAMU  
and J-PARC / Riken-RAL collaborations ⏰

Very precise input for the 2𝛾 polarizability effect needed to find the μH ground-state 
HFS transition in experiment

Zemach radius involves magnetic properties of the proton
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HFS theory status

Phys. Rev. A 68 052503, Phys. Rev. A 83, 042509, Phys. Rev. A 71, 022506

µp µ 3He+

Magnitude Uncertainty Magnitude Uncertainty
∆EHFS

0 182.443 meV 0.1 × 10−6 1370.725 meV 0.1 × 10−6

∆QED 1.1 × 10−3 1 × 10−6 1.2 × 10−3 1 × 10−6

∆weak+hVP 2 × 10−5 2 × 10−6

∆Zemach 7.5 × 10−3 7.5 × 10−5 3.5 × 10−2 2.2 × 10−4

∆recoil 1.7 × 10−3 10−6 2 × 10−4

∆pol 4.6 × 10−4 8 × 10−5 (3.5 × 10−3)∗ (2.5 × 10−4)∗

∆EHFS(1S) = [1 +∆QED +∆weak+hVP +∆Zemach +∆recoil +∆pol

!"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""#"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""$
∆TPE

]∆EHFS
0

← GE(Q2), GM (Q2)
← GE , GM , F1, F2

← g1(x,Q2), g2(x,Q2)

A. Antognini BVR47, PSI 09.02.2016 – p. 5

Polarizability correction is fully expressed 
in terms of spin structure functions  
(no subtractions),  
yet their poor knowledge leads 
disagreement with ChPT !Hagelstein	et	al		
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Zemach	radius	vs	the	rms	charge	radius

 29

����������

0.84 0.86 0.88 0.90
0.95

1.00

1.05

1.10

1.15

RE [fm]

R
Z
[fm

]

Kelly '04

Bradford et al. '06

Alberico et al. '09

Arrington et al. '07

Arrington and Sick '07

Arrington and Sick '07 (w/ TPE corr.)
Venkat et al. '11

GE,Dipole (Q2,Λ) Fit to ep data ep scattering μH spectroscopy our work

����������

0.84 0.86 0.88 0.90
0.95

1.00

1.05

1.10

1.15

RE [fm]

R
Z
[fm

]

Kelly '04

Bradford et al. '06

Alberico et al. '09

Arrington et al. '07

Arrington and Sick '07

Arrington and Sick '07 (w/ TPE corr.)
Venkat et al. '11

GE,Dipole (Q2,Λ) Fit to ep data ep scattering μH spectroscopy our work

����������

0.84 0.86 0.88 0.90
0.95

1.00

1.05

1.10

1.15

RE [fm]

R
Z
[fm

] GE,Dipole (Q2,Λ)
Fit to ep data
ep scattering
μH spectroscopy
our work

Kelly '04 Bradford et al. '06 Alberico et al. '09

Arrington et al. '07 Arrington and Sick '07

Arrington and Sick '07 (w/ TPE corr.) Venkat et al. '11

Hagelstein et al, in prep.

An extraction of Zemach radius from muonic H hfs should be consistent  
with the charge radius extraction from muH Lamb shift?!
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Recent values of the TPE
using TPE from H
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Timely applications
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Three ways to the proton radius
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Pohl et al., Nature 466, 213 (2010)
Antognini et al., Science 339, 417 (2013)
Pohl et al., Science 353, 669 (2016)
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Radius	from	elastic	e-p	scattering
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The proton radius puzzle

• μp experiment

• μp theory

• H experiments

• BSM physics

• e-p scattering
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Proton Form Factors and RMS Radii

4

FF interpretation: Fourier transforms of 
charge and magnetization distributions 

4

ELECTRIC AND MAGNETIC FORM FACTORS OF THE PROTON PHYSICAL REVIEW C 90, 015206 (2014)

which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of awas kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43– 45,47,48,50,53,55–
57,60,67,68,87– 91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.

present experiment with a series of published form factors:
the standard dipole, the Padé and polynomial descriptions of

015206-21

root-mean-square (rms) charge radius:

RE =

p
hr2iE

hr2iE ⌘
Z

dr r2 ⇢E(r) = �6
d

dQ2
GE(Q

2)
���
Q2=0

RE = 0.879(5)stat(4)syst(2)model(4)group fm,

RM = 0.777(13)stat(9)syst(5)model(2)group fm.

J. C. Bernauer et al., Phys. Rev. C90,015206 (2014).

⇢(r) =

Z
dq

(2⇡)3
G(q2)e�iqr

GE(Q
2) = 1� 1/6R2

E Q2 + · · ·

Caveat: 
Radius extraction 

involves  
extrapolation to 0

data points:

Q2 = − q2 > 0
with τ = Q2 /4M2

p , ε ≲ 1
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Lower	bound	directly	from	e-p	data

�33

!  R2
E(Q2) = −

6
Q2

log GE(Q2) → R2
EQ2 = 0

R2
E(Q2) ≤ R2

E , for Q2 ≥ 0
Hagelstein & VP, 
Phys. Lett. B (2019). 

This function sets a lower bound:
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Various	extractions
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Plans	for	new	proton-radius	experiment	in	A2@MAMI
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group	(St.	Petersburg)	for	use	at	A2
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• First	experiment:	elas)c	ep	scaiering
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group	(St.	Petersburg)	for	use	at	A2

• First	experiment:	elas)c	ep	scaiering

• Detec)on	of	both	scaiered	electron	
and	recoil	proton	—	first	
“overdetermined	kinema)cs”	
experiment	—	reducing	systema)c	
uncertain)es	(radia)ve	correc)ons).
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• New	high-pressure	)me	projec)on	
chamber	(TPC)	is	built	by	the	PNPI	
group	(St.	Petersburg)	for	use	at	A2

• First	experiment:	elas)c	ep	scaiering

• Detec)on	of	both	scaiered	electron	
and	recoil	proton	—	first	
“overdetermined	kinema)cs”	
experiment	—	reducing	systema)c	
uncertain)es	(radia)ve	correc)ons).

• Successful	test	runs	performed.
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Plans	for	new	proton-radius	experiment	in	A2@MAMI
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• Assembling	and	commissioning	of	the	
hydrogen	TPC	in	the	A2	Hall	

• Construc)on	of	e-beam	line	and	beam	
monitoring	system.	

• Data	taking	in	2022.	
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not negligible, they can be calculated with high accuracy. The uncertainties introduced by radiative
corrections are smaller than the expected statistical and systematic uncertainties of the measurement,
as discussed in subsection 2.3.5.

2.3.5 Statistics and beam time

In this subsection we present first estimates for the expected accuracy of the proton form-factor mea-
surement. The left panel of Fig. 8 shows our projected data for the electric form-factor squared ob-
tained by simulation of ���  ��Ϩ Ԕԟ scattering events in the Ԇϵ range from 0.001 GeVϵ to 0.02 GeVϵ.
In this region we can compare this data set with the results of the A1 Collaboration [10] — in both
cases the errors are statistical only. One can see that our expected statistical uncertainty is signifi-
cantly better. Such dataset can be obtained within 45 days of continuous data taking with �  ��ϩ Ԕ/s
beam, at 20 bar in the TPC, with target thickness ���  ��ϵϵ protons/cmϵ (ԁ֏ռ֍ւր֏ = 35 cm).

Figure 8: Left panel: Squared electric form factor (statistical errors are shown only), according statis-
tics expected in our experiment (red), compared with the data previously obtained by the A1 Collab-
oration (blue) [10]. The projected systematic error is 0.1% over the full Ԇϵ range. Right panel: the
corresponding lower-bound on the radius as defined in Eq. (1). The points at Ԇϵ � �, correspond with
the values of the proton charge radius from muonic hydrogen (green dot) and Bernauer’s extraction
(blue dot). The central value for the projected data points is arbitrarily chosen between muon hydro-
gen and Bernauer’s results. The errors of the points are statistical, the systematic error is indicated
by the brown band.

To estimate the impact of these data on the extraction of the proton radius, we consider the right panel
of Fig. 8, which shows the lower-bound function defined in Eq. (1). Here in addition to the statistical
error bars we show the size of projected systematic uncertainties (brown band). Again, one sees the
significant improvement of the statistical uncertainty, especially in the low-Ԇ regime, which has the
biggest impact on both the lower-bound and the radius extractions.

The projected impact on the radius extraction can be evaluated within various analyses. As an ex-
ample, according to the analysis of Ref [27], the statistical uncertainty of the corresponding radius
extraction will be ᅼ	ԇ
 = 0.005 fm, whereas combining the statistical error with the relative system-
atic error for the cross section, it is of order of 0.0065 fm [28].

The contribution of the radiative correction to the differential cross section is not negligible, being in
the range between 1% and 1.7%. However, as discussed in subsection 2.3.4, these corrections can
be calculated with high accuracy, being significantly smaller compared to the expected statistical and
systematic uncertainties of the experiment. For example, the contribution of the two-photon exchange
increases at high 2ϵ, where the statistical errors (shown for the form factor in Fig. 8) are notably larger
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