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Belle @ KEKB

Belle was a detector at the KEKB asymmetric e
+

e
−

collider in Tsukuba, Japan.

e
+

(3.5 GeV) −→ √
s ≈ mass of Υ(4S) ←− (8.0 GeV) e

−

Over a decade of operation, Belle collected approx. 1 ab
−1

of integrated luminonsity.
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Belle was a detector at the KEKB asymmetric e
+

e
−

collider in Tsukuba, Japan.

e
+

(3.5 GeV) −→ √
s ≈ mass of Υ(4S) ←− (8.0 GeV) e

−

Over a decade of operation, Belle collected approx. 1 ab
−1

of integrated luminonsity.

Υ(4S) 711.0 fb
−1

Off resonance 122.4 fb
−1

Υ(5S) 121.4 fb
−1

Υ(2S) 24.9 fb
−1

Υ(1S) 5.7 fb
−1

Υ(3S) 2.9 fb
−1
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The Belle Detector
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Amplitude analyses at Belle

I will focus on techniques used rather than specific results:

“Classic” Dalitz-plot analysis of B/D decays to spinless final-state particles

D
0 → K

0
Sπ

+
π
−

, B
0 → K

0
Sπ

+
π
−
, D

0
π
+
π
−

; B
+ → K

+
π
+
π
−
, K

+
K

+
K
−

Variable-initial-mass Dalitz analysis:

B
+ → (cc) + K

+
π
+
π
−

Dalitz plot analysis of B decays to spinfull final-state particles

B
0 → J/ψK

−
π
+

, ψ
′
K
−
π
+

, χc1K
−
π
+

, D
∗+
ωπ
−

Amplitude analysis of

e
+

e
− → Υ(nS)π

+
π
−

, Υ(nS)π
0
π

0
, J/ψπ

+
π
−

τ decay

τ
− → ντπ

−
π

0
, ντK

0
Sπ
−

, ντK
0
SK

0
Sπ
−
π

0
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D0 → K0
Sπ

+π−

PRL 121, 261801 (2018) / PRD 98, 112012 (2018) (924 fb
−1

on and off resonance)

For study of sin 2β and cos 2β in B
0 → D

(∗)
h
0
, amplitude analysis of

D
0 → K

0
Sπ

+
π
−

Events reconstructed by detection of “good” K
0
S and pions consistent with D

0

and D
0

and π
±

consistent with being from D
∗± −→ tags D

0
/ D

0
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D0 → K0
Sπ

+π−

PRL 121, 261801 (2018) / PRD 98, 112012 (2018) (924 fb
−1

on and off resonance)

For study of sin 2β and cos 2β in B
0 → D

(∗)
h
0
, amplitude analysis of

D
0 → K

0
Sπ

+
π
−

1.3× 10
6

events in signal region (black box)

with 94 % purity
background includes wrongly tagged D

0
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D0 → K0
Sπ

+π−

PRL 121, 261801 (2018) / PRD 98, 112012 (2018) (924 fb
−1

on and off resonance)

For study of sin 2β and cos 2β in B
0 → D

(∗)
h
0
, amplitude analysis of

D
0 → K

0
Sπ

+
π
−

with decay model combining conventional isobar with K matrix and LASS for S waves

Unbinnned maximum-likelihood fit to data of:

P (data|~λ) =
∏
i

fsigPsig(~τi) + (1− fsig)f 6D∗P 6D∗(~τ) + (1− fsig)(1− f 6D∗)Pbg(~τ)

with fsig and f 6D∗ fixed from fit to MD –∆M fit. (All P normalized.)

P 6D∗ = (1− fw.t.)Psig(~τ) + fw.tPsig(~τ
′
)

with fw.t. = (49.2± 7.5) % the wrong-tag fraction—fixed from fit to ∆M side band.

~τ
′

= CP conjugated ~τ ⇒ M(K
0
Sπ

+
)↔M(K

0
Sπ
−

).
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D0 → K0
Sπ

+π−: Background

Background is fixed from fit to MD –∆M sidebands:

Pbg = Pol6(~τ) +
∑
r

ar

∣∣∣Ar(m2
r)
∣∣∣2

with Ar Breit-Wigner line-shapes for K
∗
(892), K

∗
(1410), K

∗
(1680), ρ(770).

D. Greenwald — Amplitude analyses of meson decays at Belle 6/33



D0 → K0
Sπ

+π−: Signal

Psig(~τ) ∝ acceptance(~τ)×
∣∣∣∣∣∑
R

αRA
L6=0
R (~τ) +A

ππ
S (~τ) +A

Kπ
S (~τ)

∣∣∣∣∣
2

(normalized)

acceptance is parameterized in {m2

Kπ
− , cos θK}, with

cos θK ≡ −p̂D · p̂K in K
0
Sπ
−

r.f.

from large MC sample
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D0 → K0
Sπ

+π−: L6=0 Isobar Signal Model

A
L 6=0
R = F

(L)
D (~τ) · F (L)

R (~τ) · Ω(L)
(~τ) · TR(m

2
2)

F ≡ Blatt-Weisskopf factors with radial par. 5 GeV
−1

for D; 1.5 GeV
−1

for all R.

Ω
(L) ≡ spin amplitudes in Zemach formalism

T ≡ relativistic Breit-Wigner lineshapes with mass-dependent widths

Resonances:
π
+
π
−

states:
ρ(770), ω(782), f2(1270), ρ(1450)

Cabibbo-favored K
0
Sπ
−

states:

K
∗
(892)

−
, K
∗
(1410)

−
, K
∗
2(1430)

−
, K
∗
(1680)

−

Cabibbo-suppressed K
0
Sπ

+
states:

K
∗
(892)

+
, K
∗
(1410)

+
, K
∗
2(1430)

+

All masses and widths fixed, except for K
∗
(892)
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D0 → K0
Sπ

+π−: ππ S-wave Model

A K matrix is used for the ππ S wave:

A
ππ
S (~τ) =

[
1− iK(m

2
ππ ) ρ(m

2
ππ )
]−1

(ππ),X
PX(m

2
ππ )

where X = ππ, KK, ππππ, ηη, ηη
′

Kij(s) =

(
f
scat
ij

1 GeV − sscat0

s− sscat0

+
∑
α

g
α
i g

α
j

m
2
α − s

)
fA0(s)

first term describes slowly varying smooth part of amplitude.
second term describes physical poles at mα with couplings to the channels, g

α
i

all multiplied by Adler zero factor

FA0(s) ≡ 1 GeV − sA0

s− sA0

(
s− sA

m
2
π

2

)
to suppress kinematic singularity at ππ threshold.
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D0 → K0
Sπ

+π−: ππ S-wave Model

A K matrix is used for the ππ S wave:

A
ππ
S (~τ) =

[
1− iK(m

2
ππ ) ρ(m

2
ππ )
]−1

(ππ),X
PX(m

2
ππ )

where X = ππ, KK, ππππ, ηη, ηη
′

Kij(s) =

(
f
scat
ij

1 GeV − sscat0

s− sscat0

+
∑
α

g
α
i g

α
j

m
2
α − s

)
fA0(s)

and P vector mimicks K-matrix structure

Pj(s) = f
prod
1j

1 GeV − sprod0

s− sprod0

+
∑
α

βαg
α
j

m
2
α − s

first term describes slowly varying production
second term describes production of channels via complex couplings, βα
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D0 → K0
Sπ

+π−: ππ S-wave Model

A K matrix is used for the ππ S wave:

A
ππ
S (~τ) =

[
1− iK(m

2
ππ ) ρ(m

2
ππ )
]−1

(ππ),X
PX(m

2
ππ )

where X = ππ, KK, ππππ, ηη, ηη
′

Kij(s) =

(
f
scat
ij

1 GeV − sscat0

s− sscat0

+
∑
α

g
α
i g

α
j

m
2
α − s

)
fA0(s)

and P vector mimicks K-matrix structure

Pj(s) = f
prod
1j

1 GeV − sprod0

s− sprod0

+
∑
α

βαg
α
j

m
2
α − s

All K-matrix parameters are fixed to results of
Aubert (BaBar) PRD78, 034023 (2008) and Anisovich & Sarantsev EPJA16 229 (2003)

P -vector parameters (f
prod
1j , βα) free in fit
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D0 → K0
Sπ

+π−: Kπ S-wave Model

The LASS parameterization (NuclPhys B296 394, 1988) is used for the K
0
Sπ S wave:

it describes rapid phase motion from the resonance K
∗
0(1430)

and slow phase motion of nonresonant component

A
Kπ
S (~τ) = αnre

i arg Tnr sin[argαnr + arg Tnr] + αRe
i arg TR sin[argαR + arg TR]e

i2 arg Tnr

αR and αnr are complex-valued amplitudes

Tnr ≡ (1 + 1
2
arq

2 − iaq)−1

TR ≡ relativistic Breit-Wigner with mass-dependent width

TR describes the K
∗
0(1430) resonance

(q is momentum of spectator pion in the Kπ r.f.; a and r real pars)

All parameters are free in fit; But only one set of parameters is used for both
Cabibbo-favored K

∗
0(1430)

−
and Cabibbo-suppressed K

∗
0(1430)

+
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D0 → K0
Sπ

+π−: Results

An unbinned maximum-likelihood fit is performed,
but the goodness of fit is calculated by binning the data:

χ
2
/ndf = 1.05

result is worsened by

adding more resonances

replacing K-matrix or LASS by isobars

freeing massses and widths

using more complicated line shapes (e.g. Gounaris-Sakurai)
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D0 → K0
Sπ

+π−: Results

An unbinned maximum-likelihood fit is performed,
but the goodness of fit is calculated by binning the data:

χ
2
/ndf = 1.05
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D0 → K0
Sπ

+π−: Results

An unbinned maximum-likelihood fit is performed,
but the goodness of fit is calculated by binning the data:

χ
2
/ndf = 1.05

s y

Resonance Amplitude Phase (deg) Fit Fraction (%)

K0
Sρ(770)

0 1 (fixed) 0 (fixed) 20.4

K0
Sω(782) 0.0388± 0.0005 120.7± 0.7 0.5

K0
Sf2(1270) 1.43± 0.03 −36.3± 1.1 0.8

K0
Sρ(1450)

0 2.85± 0.10 102.1± 1.9 0.6

K∗(892)−π+ 1.720± 0.006 136.8± 0.2 59.9

K∗
2 (1430)

−π+ 1.27± 0.02 −44.1± 0.8 1.3

K∗(1680)−π+ 3.31± 0.20 −118.2± 3.1 0.5

K∗(1410)−π+ 0.29± 0.03 99.4± 5.5 0.1

K∗(892)+π− 0.164± 0.003 −42.2± 0.9 0.6

K∗
2 (1430)

+π− 0.10± 0.01 −89.6± 7.6 < 0.1

K∗(1410)+π− 0.21± 0.02 150.2± 5.3 < 0.1
+ S P
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B+ → J/ψ + K+π+π−

Phys. Rev. D 83, 032005 (2011) (492 fb
−1

on-resonance)

Amplitude analysis of K
+
π
+
π
−

produced in

B
+ → J/ψK

+
π
+
π
−

(and B
+ → ψ

′
K

+
π
+
π
−

)

Events reconstructed by detection of “good” charmonium and hadrons with

Mbc ≡

√√√√ s

4
−
(∑

i

~pi

)2

> 5.27 GeV and |∆E| ≡
∣∣∣∣∣
√
s

2
−
∑
i

Ei

∣∣∣∣∣ < 0.2 Gev
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B+ → J/ψ + K+π+π−

Phys. Rev. D 83, 032005 (2011) (492 fb
−1

on-resonance)

Amplitude analysis of K
+
π
+
π
−

produced in

B
+ → J/ψK

+
π
+
π
−

(and B
+ → ψ

′
K

+
π
+
π
−

)

E (GeV)∆
-0.15 -0.1 -0.05 0 0.05 0.1 0.15

E
n

tr
ie

s
 /

 2
.0

 M
e

V

0

200

400

600

800

1000

1200

10 594 signal-region events, 12 913 side-band events
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B+ → J/ψ + K+π+π−

Phys. Rev. D 83, 032005 (2011) (492 fb
−1

on-resonance)

Amplitude analysis of K
+
π
+
π
−

produced in

B
+ → J/ψK

+
π
+
π
−

(and B
+ → ψ

′
K

+
π
+
π
−

)

with an isobar model for three-body resonances R3 and two-body resonances R2:

R3 → aR2 and R2 → bc with a, b, c = FSP’s

Unbinned maximum-likelihood fit to data of:

P (data|~λ) =
∏
i

fbgPbg(~τi) + (1− fbg)Psig(~τi|~λ)

with fbg fixed from fit to ∆E distribution. (All P normalized.)

~τ = {m2
Kππ ,m

2
Kπ ,m

2
ππ}{m2

Kππ︸ ︷︷ ︸
m

2
3

,m
2
Kπ ,m

2
ππ}{m2

Kππ︸ ︷︷ ︸
m

2
3

,m
2
Kπ ,m

2
ππ︸ ︷︷ ︸

m
2
2

}
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B+ → J/ψ + K+π+π− : Background

Background is fixed from fit to ∆E sidebands:

Pbg = C5(m
2
Kππ )× C1(m

2
Kπ )× C2(m

2
ππ ) + exp

(
m

2
Kππ

)∑
r

ar

∣∣∣Ar(m2
r)
∣∣∣2

with

Cn(x) ≡ n’th-order Chebyshev series ≡
n∑
i=0

aiTi(x)

and

r |Ar|2

K
∗
(892)

∣∣∣Breit-Wigner(m
2
Kπ )
∣∣∣2

ρ(770)
∣∣∣Breit-Wigner(m

2
ππ )
∣∣∣2

D
0

Gaus(m
2
Kπ )

K
0
S Gaus(m

2
ππ )

all normalized to kinematically allowed phsp
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B+ → J/ψ + K+π+π− : Background

total background

parametric
background

K
∗
(892)

D
0

ρ(770)

K
0
S

)4/c2) (GeVππ(K2M
1 1.5 2 2.5 3 3.5 4 4.5

4
/c2

En
tri

es
 / 

0.
04

0 
G
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4
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 / 
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04

0 
G
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0
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)4/c2) (GeVππ(2M
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4
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En
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 / 

0.
04
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G

eV

0
100
200
300
400
500
600
700
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B+ → J/ψ + K+π+π− : Signal

Psig(~τ |~λ) = acceptance(~τ)× phsp-density(~τ)× s(~τ |~λ)

acceptance & phase-space density taken from MC
acceptance in (0.15 GeV

2
)
3

bins
density in (0.02 GeV

2
)
3

bins
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B+ → J/ψ + K+π+π− : Signal

Psig(~τ |~λ) = acceptance(~τ)× phsp-density(~τ)× s(~τ |~λ)

s(~τ |~λ) = |αnr
3 |2 +

∑
J
P
3

∣∣∣∣∣∣∣
∑

R3 with J
P
3

∑
R2

αR3→R2
· ΩJ3→J2(~τ) · TR3

(m
2
3) · TR2

(m
2
2)

∣∣∣∣∣∣∣
2

α are fitted amplitude variables

ΩJ3→J2(~τ) from Filippini, Fontana, Rotondi (PRD51, 2247 [1995])

TR3
(m

2
3) = Constant-width Rel. Breit Wigner

TR2
(m

2
2) = Mass-dep.-width Rel. Breit Wigner (radial par = 1.5 GeV

−1
)

Two-body resonances: ρ(770), ω , f0(980), f2(1270), K
∗
(892), K

∗
(1430)

All with fixed masses and widths. (Varied within uncertainties for syst. unc.)
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B+ → J/ψ + K+π+π− : Signal

Data features prominent K1(1270) peak—

start with basic model of K1(1270) → K
∗
(892)π and K1(1270) → Kρ

then add channels successively until reasonably good fit achieved:
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B+ → J/ψ + K+π+π− : Results

axes, along with the data, in Fig. 18. Figure 22 shows
M2ðK!Þ and M2ð!!Þ projections for slices in M2ðK!!Þ.
The legend is presented in Fig. 19. In this fit, ‘ ¼
$ 10 575:4, while "2 ¼ 1475:9 with Nbins ¼ 1202 and
Npar ¼ 28.
Similarly, Table VI shows the fitted parameters for

Bþ ! c 0Kþ !þ !$ signal-region data, as well as the cor-
responding decay fractions. Figure 20 shows the fitted PDF
and data projected onto the three axes, while Fig. 23 shows
M2ðK!Þ and M2ð!!Þ projections for slices in M2ðK!!Þ.
In this fit, ‘ ¼ 638:3, while "2 ¼ 180:1 with Nbins ¼ 168
and Npar ¼ 10.
Finally, the Bþ ! J=cKþ !þ !$ signal-region data are

fitted again, this time floating the mass and width of the
K1ð1270Þ. The fitted mass and width are

MK1ð1270Þ ¼ ð1248:1 & 3:3 & 1:4Þ MeV=c2; (38)

TABLE V. Fitted parameters of the signal function for Bþ ! J=cKþ !þ !$ , along with the corresponding decay fractions.

J1 Submode Modulus Phase (radians) Decay fraction

1þ

Nonresonant Kþ !þ !$ 1.0 (fixed) 0 (fixed) 0:152 & 0:013 & 0:028

K1ð1270Þ ! K'ð892Þ! 0:962 & 0:058 & 0:176 0 (fixed) 0:232 & 0:017 & 0:058
K1ð1270Þ ! K# 1:813 & 0:090 & 0:243 $ 0:764 & 0:069 & 0:127 0:383 & 0:016 & 0:036
K1ð1270Þ ! K! 0:198 & 0:036 & 0:041 1:09 & 0:18 & 0:18 0:0045 & 0:0017 & 0:0014
K1ð1270Þ ! K'

0ð1430Þ! 0:95 & 0:16 & 0:24 2:83 & 0:18 & 0:18 0:0157 & 0:0052 & 0:0049
K1ð1400Þ ! K'ð892Þ! 0:894 & 0:066 & 0:125 $ 2:300 & 0:044 & 0:078 0:223 & 0:026 & 0:036

1$ K'ð1410Þ ! K'ð892Þ! 0:516 & 0:090 & 0:103 0 (fixed) 0:047 & 0:016 & 0:015

2þ

K'
2ð1430Þ ! K'ð892Þ! 0:663 & 0:051 & 0:085 0 (fixed) 0:088 & 0:011 & 0:011

K'
2ð1430Þ ! K# 0.371 (fixed) $ 1:12 & 0:22 & 0:29 0.0233 (fixed)

K'
2ð1430Þ ! K! 0.040 (fixed) 0:58 & 0:51 & 0:27 0.00036 (fixed)

K'
2ð1980Þ ! K'ð892Þ! 0:775 & 0:054 & 0:118 $ 1:59 & 0:15 & 0:14 0:0739 & 0:0073 & 0:0095

K'
2ð1980Þ ! K# 0:660 & 0:048 & 0:101 0:86 & 0:22 & 0:21 0:0613 & 0:0058 & 0:0059

2$

Kð1600Þ ! K'ð892Þ! 0:131 & 0:021 & 0:024 0 (fixed) 0:0187 & 0:0058 & 0:0050
Kð1600Þ ! K# 0:193 & 0:017 & 0:029 $ 0:27 & 0:27 & 0:18 0:0424 & 0:0062 & 0:0110
K2ð1770Þ ! K'ð892Þ! 0:122 & 0:021 & 0:026 2:22 & 0:49 & 0:37 0:0164 & 0:0055 & 0:0061
K2ð1770Þ ! K'

2ð1430Þ! 0:286 & 0:043 & 0:044 1:78 & 0:39 & 0:24 0:0100 & 0:0028 & 0:0020
K2ð1770Þ ! Kf2ð1270Þ 0:444 & 0:069 & 0:077 2:30 & 0:37 & 0:32 0:0124 & 0:0033 & 0:0022
K2ð1770Þ ! Kf0ð980Þ 0:113 & 0:029 & 0:024 1:83 & 0:45 & 0:53 0:0034 & 0:0017 & 0:0011
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FIG. 18 (color online). Results of signal-region fits for Bþ !
J=cKþ !þ !$ . Data (points) and fits (histograms) are shown
projected onto the three axes. The fit components are color coded
as shown in Fig. 19.
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All masses and widths fixed. Unbinned fit; binned g.o.f. check: χ
2
/ndf = 1.26

2nd fit with freed mass and width for K1(1270):

MK1(1270) = (1248.1± 3.3± 1.4) MeV and ΓK1(1270) = (119.5± 5.2± 6.7) MeV
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axes, along with the data, in Fig. 18. Figure 22 shows
M2ðK!Þ and M2ð!!Þ projections for slices in M2ðK!!Þ.
The legend is presented in Fig. 19. In this fit, ‘ ¼
$ 10 575:4, while "2 ¼ 1475:9 with Nbins ¼ 1202 and
Npar ¼ 28.
Similarly, Table VI shows the fitted parameters for

Bþ ! c 0Kþ !þ !$ signal-region data, as well as the cor-
responding decay fractions. Figure 20 shows the fitted PDF
and data projected onto the three axes, while Fig. 23 shows
M2ðK!Þ and M2ð!!Þ projections for slices in M2ðK!!Þ.
In this fit, ‘ ¼ 638:3, while "2 ¼ 180:1 with Nbins ¼ 168
and Npar ¼ 10.
Finally, the Bþ ! J=cKþ !þ !$ signal-region data are

fitted again, this time floating the mass and width of the
K1ð1270Þ. The fitted mass and width are

MK1ð1270Þ ¼ ð1248:1 & 3:3 & 1:4Þ MeV=c2; (38)

TABLE V. Fitted parameters of the signal function for Bþ ! J=cKþ !þ !$ , along with the corresponding decay fractions.

J1 Submode Modulus Phase (radians) Decay fraction

1þ

Nonresonant Kþ !þ !$ 1.0 (fixed) 0 (fixed) 0:152 & 0:013 & 0:028

K1ð1270Þ ! K'ð892Þ! 0:962 & 0:058 & 0:176 0 (fixed) 0:232 & 0:017 & 0:058
K1ð1270Þ ! K# 1:813 & 0:090 & 0:243 $ 0:764 & 0:069 & 0:127 0:383 & 0:016 & 0:036
K1ð1270Þ ! K! 0:198 & 0:036 & 0:041 1:09 & 0:18 & 0:18 0:0045 & 0:0017 & 0:0014
K1ð1270Þ ! K'

0ð1430Þ! 0:95 & 0:16 & 0:24 2:83 & 0:18 & 0:18 0:0157 & 0:0052 & 0:0049
K1ð1400Þ ! K'ð892Þ! 0:894 & 0:066 & 0:125 $ 2:300 & 0:044 & 0:078 0:223 & 0:026 & 0:036

1$ K'ð1410Þ ! K'ð892Þ! 0:516 & 0:090 & 0:103 0 (fixed) 0:047 & 0:016 & 0:015

2þ

K'
2ð1430Þ ! K'ð892Þ! 0:663 & 0:051 & 0:085 0 (fixed) 0:088 & 0:011 & 0:011

K'
2ð1430Þ ! K# 0.371 (fixed) $ 1:12 & 0:22 & 0:29 0.0233 (fixed)

K'
2ð1430Þ ! K! 0.040 (fixed) 0:58 & 0:51 & 0:27 0.00036 (fixed)

K'
2ð1980Þ ! K'ð892Þ! 0:775 & 0:054 & 0:118 $ 1:59 & 0:15 & 0:14 0:0739 & 0:0073 & 0:0095

K'
2ð1980Þ ! K# 0:660 & 0:048 & 0:101 0:86 & 0:22 & 0:21 0:0613 & 0:0058 & 0:0059

2$

Kð1600Þ ! K'ð892Þ! 0:131 & 0:021 & 0:024 0 (fixed) 0:0187 & 0:0058 & 0:0050
Kð1600Þ ! K# 0:193 & 0:017 & 0:029 $ 0:27 & 0:27 & 0:18 0:0424 & 0:0062 & 0:0110
K2ð1770Þ ! K'ð892Þ! 0:122 & 0:021 & 0:026 2:22 & 0:49 & 0:37 0:0164 & 0:0055 & 0:0061
K2ð1770Þ ! K'

2ð1430Þ! 0:286 & 0:043 & 0:044 1:78 & 0:39 & 0:24 0:0100 & 0:0028 & 0:0020
K2ð1770Þ ! Kf2ð1270Þ 0:444 & 0:069 & 0:077 2:30 & 0:37 & 0:32 0:0124 & 0:0033 & 0:0022
K2ð1770Þ ! Kf0ð980Þ 0:113 & 0:029 & 0:024 1:83 & 0:45 & 0:53 0:0034 & 0:0017 & 0:0011
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FIG. 18 (color online). Results of signal-region fits for Bþ !
J=cKþ !þ !$ . Data (points) and fits (histograms) are shown
projected onto the three axes. The fit components are color coded
as shown in Fig. 19.
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axes, along with the data, in Fig. 18. Figure 22 shows
M2ðK!Þ and M2ð!!Þ projections for slices in M2ðK!!Þ.
The legend is presented in Fig. 19. In this fit, ‘ ¼
$ 10 575:4, while "2 ¼ 1475:9 with Nbins ¼ 1202 and
Npar ¼ 28.
Similarly, Table VI shows the fitted parameters for

Bþ ! c 0Kþ !þ !$ signal-region data, as well as the cor-
responding decay fractions. Figure 20 shows the fitted PDF
and data projected onto the three axes, while Fig. 23 shows
M2ðK!Þ and M2ð!!Þ projections for slices in M2ðK!!Þ.
In this fit, ‘ ¼ 638:3, while "2 ¼ 180:1 with Nbins ¼ 168
and Npar ¼ 10.
Finally, the Bþ ! J=cKþ !þ !$ signal-region data are

fitted again, this time floating the mass and width of the
K1ð1270Þ. The fitted mass and width are

MK1ð1270Þ ¼ ð1248:1 & 3:3 & 1:4Þ MeV=c2; (38)

TABLE V. Fitted parameters of the signal function for Bþ ! J=cKþ !þ !$ , along with the corresponding decay fractions.

J1 Submode Modulus Phase (radians) Decay fraction

1þ

Nonresonant Kþ !þ !$ 1.0 (fixed) 0 (fixed) 0:152 & 0:013 & 0:028

K1ð1270Þ ! K'ð892Þ! 0:962 & 0:058 & 0:176 0 (fixed) 0:232 & 0:017 & 0:058
K1ð1270Þ ! K# 1:813 & 0:090 & 0:243 $ 0:764 & 0:069 & 0:127 0:383 & 0:016 & 0:036
K1ð1270Þ ! K! 0:198 & 0:036 & 0:041 1:09 & 0:18 & 0:18 0:0045 & 0:0017 & 0:0014
K1ð1270Þ ! K'

0ð1430Þ! 0:95 & 0:16 & 0:24 2:83 & 0:18 & 0:18 0:0157 & 0:0052 & 0:0049
K1ð1400Þ ! K'ð892Þ! 0:894 & 0:066 & 0:125 $ 2:300 & 0:044 & 0:078 0:223 & 0:026 & 0:036

1$ K'ð1410Þ ! K'ð892Þ! 0:516 & 0:090 & 0:103 0 (fixed) 0:047 & 0:016 & 0:015

2þ

K'
2ð1430Þ ! K'ð892Þ! 0:663 & 0:051 & 0:085 0 (fixed) 0:088 & 0:011 & 0:011

K'
2ð1430Þ ! K# 0.371 (fixed) $ 1:12 & 0:22 & 0:29 0.0233 (fixed)

K'
2ð1430Þ ! K! 0.040 (fixed) 0:58 & 0:51 & 0:27 0.00036 (fixed)

K'
2ð1980Þ ! K'ð892Þ! 0:775 & 0:054 & 0:118 $ 1:59 & 0:15 & 0:14 0:0739 & 0:0073 & 0:0095

K'
2ð1980Þ ! K# 0:660 & 0:048 & 0:101 0:86 & 0:22 & 0:21 0:0613 & 0:0058 & 0:0059

2$

Kð1600Þ ! K'ð892Þ! 0:131 & 0:021 & 0:024 0 (fixed) 0:0187 & 0:0058 & 0:0050
Kð1600Þ ! K# 0:193 & 0:017 & 0:029 $ 0:27 & 0:27 & 0:18 0:0424 & 0:0062 & 0:0110
K2ð1770Þ ! K'ð892Þ! 0:122 & 0:021 & 0:026 2:22 & 0:49 & 0:37 0:0164 & 0:0055 & 0:0061
K2ð1770Þ ! K'

2ð1430Þ! 0:286 & 0:043 & 0:044 1:78 & 0:39 & 0:24 0:0100 & 0:0028 & 0:0020
K2ð1770Þ ! Kf2ð1270Þ 0:444 & 0:069 & 0:077 2:30 & 0:37 & 0:32 0:0124 & 0:0033 & 0:0022
K2ð1770Þ ! Kf0ð980Þ 0:113 & 0:029 & 0:024 1:83 & 0:45 & 0:53 0:0034 & 0:0017 & 0:0011
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FIG. 18 (color online). Results of signal-region fits for Bþ !
J=cKþ !þ !$ . Data (points) and fits (histograms) are shown
projected onto the three axes. The fit components are color coded
as shown in Fig. 19.
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FIG. 19 (color online). Legend for Figs. 18 and 20–24.
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B0 → J/ψK−π+

Phys. Rev. D 90, 112009 (2014) (711 fb
−1

on resonance)

Amplitude analysis of
B

0 → J/ψK
−
π
+

for Zc spectroscopy.

Again, events reconstructed by detection of “good” J/ψ and hadrons with

Mbc within 7 MeV of B
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for Zc spectroscopy.
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B0 → J/ψK−π+

Phys. Rev. D 90, 112009 (2014) (711 fb
−1

on resonance)

Amplitude analysis of
B

0 → J/ψK
−
π
+

for Zc spectroscopy.

with an isobar-model analysis & freed-isobar (model-independent) check

Unbinned maximum-likelihood fit to data of:

P (data) =
∏
i

fbgPbg(~τi) + (1− fbg)Psig(~τi)

with fbg fixed from fit to ∆E distribution.
Both P (~τ) normalized by detector-simulated MC—accounting for acceptance.

~τ = {m2
Kπ ,m

2
J/ψπ , θJ/ψ , φ}

θJ/ψ ≡ angle(~p
`
+ , ~pKπ ) in J/ψ r.f. and φ ≡ angle(n̂

`
+
`
− , n̂Kπ ) in B

0
r.f.
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B0 → J/ψK−π+: Background

Background is fixed from fit to ∆E sidebands:

Pbg =

(
B(m

2
Kπ ,m

2
J/ψπ ) +

∑
r

∣∣∣Ar(m2
Kπ )
∣∣∣2Pol

(r)
4 (m

2
J/ψπ )

)
× Pol2(cos θJ/ψ ) Pol2(φ)

B(m
2
Kπ ,m

2
J/ψπ ) is a smooth function of the masses:

B =
(
α1 exp

(
−β1m2

Kπ

)
+ α2 exp

(
−β2m2

J/ψπ

))
× Pol5(m

2
Kπ ,m

2
J/ψπ )

and

r |Ar|2

K
∗
(892)

∣∣∣Breit-Wigner(m
2
Kπ )
∣∣∣2

K
0
S with π seen as K Gaus

(
m

2
Kπ |µ(m

2
J/ψπ )

)
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B0 → J/ψK−π+: Background

forbidden by parity conservation in Zþ
c → J=ψπþ decays.

The fit results for the Zþ
c mass, width and significance in

the default model are shown in Table I. The Wilks
significance of the Zþ

c with JP ¼ 1þ is 8.2σ; its global
significance is 7.9σ. The significance calculation method is
described in the Appendix. The global significance with the
systematic uncertainty is 6.2σ (the calculation is described
further in this section). Thus a new state, referred to in the
following as the Zcð4200Þþ, is observed. The preferred
spin-parity hypothesis is 1þ. We also see a signal for
Zcð4430Þþ → J=ψπþ with a Wilks significance of 5.1σ in
the default model; the global significance is found to be the
same. The significance with the systematic uncertainty is
4.0σ. Thus we find evidence for a new decay channel of
the Zcð4430Þþ.
To test the goodness of the fit, we bin the Dalitz

distribution with the requirement that the number of events
in each bin satisfy ni > 25. We then calculate the χ2 value
as

P
iðni − siÞ2=si, where si is the integral of the fitting

function (the result of unbinned fit) over bin i. Since the fit
is a maximum likelihood fit, we obtain the effective number
of degrees of freedom by generating MC pseudoexperi-
ments in accordance with the result of the fit; then, the

distribution of the χ2 value in the pseudoexperiments is
fitted to the χ2 distribution with variable number of degrees
of freedom. The confidence level of the fit with the
Zcð4200Þþ (for the 1þ hypothesis) is 13%; the confidence
level of the fit without the Zcð4200Þþ is 1.8%. We also
calculate the confidence level using four-dimensional
binning (three bins in j cos θJ=ψ j, three bins in φ and
similar adaptive binning for the Dalitz plot variables);
the resulting confidence level is larger. The amplitude
absolute values and phases in the default model are listed
in Table II. The significances of the K% resonances are
shown in Table III.
Since the Zcð4430Þþ is a known resonance, before

showing the fit results with and without the Zcð4200Þþ,
we present a comparison of the fit results with and without
the Zcð4430Þþ with the Zcð4200Þþ not included in the
model, as shown in Fig. 6. There is no peak in the
Zcð4430Þþ region; instead, effects of destructive interfer-
ence are seen. Projections of the fit results onto the M2

Kπ
and M2

J=ψπ axes for the model with the Zcð4200Þþ
(JP ¼ 1þ) and the model without the Zcð4200Þþ are shown
in Fig. 7. The two peaks evident in the projections onto the
M2

Kπ axis are due to the K
%ð892Þ and K%

2ð1430Þ resonances.
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FIG. 5. Fit to the background events. The solid line is the fit result; the dashed line is the K%ð892Þ component; the dotted line is the
K0

S → πþπ− component. The slices are defined in Fig. 4.

TABLE I. Fit results in the default model. Errors are statistical only.

JP 0− 1− 1þ 2− 2þ

Mass, MeV=c2 4318 & 48 4315 & 40 4196þ31
−29 4209 & 14 4203 & 24

Width, MeV 720 & 254 220 & 80 370 & 70 64 & 18 121 & 53
Significance (Wilks) 3.9σ 2.3σ 8.2σ 3.9σ 1.9σ

K. CHILIKIN et al. PHYSICAL REVIEW D 90, 112009 (2014)
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forbidden by parity conservation in Zþ
c → J=ψπþ decays.

The fit results for the Zþ
c mass, width and significance in

the default model are shown in Table I. The Wilks
significance of the Zþ

c with JP ¼ 1þ is 8.2σ; its global
significance is 7.9σ. The significance calculation method is
described in the Appendix. The global significance with the
systematic uncertainty is 6.2σ (the calculation is described
further in this section). Thus a new state, referred to in the
following as the Zcð4200Þþ, is observed. The preferred
spin-parity hypothesis is 1þ. We also see a signal for
Zcð4430Þþ → J=ψπþ with a Wilks significance of 5.1σ in
the default model; the global significance is found to be the
same. The significance with the systematic uncertainty is
4.0σ. Thus we find evidence for a new decay channel of
the Zcð4430Þþ.
To test the goodness of the fit, we bin the Dalitz

distribution with the requirement that the number of events
in each bin satisfy ni > 25. We then calculate the χ2 value
as

P
iðni − siÞ2=si, where si is the integral of the fitting

function (the result of unbinned fit) over bin i. Since the fit
is a maximum likelihood fit, we obtain the effective number
of degrees of freedom by generating MC pseudoexperi-
ments in accordance with the result of the fit; then, the

distribution of the χ2 value in the pseudoexperiments is
fitted to the χ2 distribution with variable number of degrees
of freedom. The confidence level of the fit with the
Zcð4200Þþ (for the 1þ hypothesis) is 13%; the confidence
level of the fit without the Zcð4200Þþ is 1.8%. We also
calculate the confidence level using four-dimensional
binning (three bins in j cos θJ=ψ j, three bins in φ and
similar adaptive binning for the Dalitz plot variables);
the resulting confidence level is larger. The amplitude
absolute values and phases in the default model are listed
in Table II. The significances of the K% resonances are
shown in Table III.
Since the Zcð4430Þþ is a known resonance, before

showing the fit results with and without the Zcð4200Þþ,
we present a comparison of the fit results with and without
the Zcð4430Þþ with the Zcð4200Þþ not included in the
model, as shown in Fig. 6. There is no peak in the
Zcð4430Þþ region; instead, effects of destructive interfer-
ence are seen. Projections of the fit results onto the M2

Kπ
and M2

J=ψπ axes for the model with the Zcð4200Þþ
(JP ¼ 1þ) and the model without the Zcð4200Þþ are shown
in Fig. 7. The two peaks evident in the projections onto the
M2

Kπ axis are due to the K
%ð892Þ and K%

2ð1430Þ resonances.
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FIG. 5. Fit to the background events. The solid line is the fit result; the dashed line is the K%ð892Þ component; the dotted line is the
K0

S → πþπ− component. The slices are defined in Fig. 4.

TABLE I. Fit results in the default model. Errors are statistical only.

JP 0− 1− 1þ 2− 2þ

Mass, MeV=c2 4318 & 48 4315 & 40 4196þ31
−29 4209 & 14 4203 & 24

Width, MeV 720 & 254 220 & 80 370 & 70 64 & 18 121 & 53
Significance (Wilks) 3.9σ 2.3σ 8.2σ 3.9σ 1.9σ
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B0 → J/ψK−π+: Signal

Psig(~τ) =
∑

ζ=−1,1

∣∣∣∣∣∑
R

∑
λ

α
R
λ · ΩjRλζ (~τ) · TR(m

2
R) · F (LB )

B F
(LR)
R

(
qB

mB

)LB
(
qR
mB

)LR

∣∣∣∣∣
2

α are fitted amplitude variables; F are Blatt-Weisskopf barrier factors;
q are breakup momenta; L orbital angular momenta of decays

spin amplitudes given in helicity formalism

Ω
j
λζ(~τ) = d

j
0λ

(
θ
(J/ψπ)
Kπ

)
· eiλφ · d1λζ

(
θJ/ψ

)
· eiζα

for resonances in J/ψπ . d
j
0λ(θ

(J/ψπ)
Kπ )→ d

j
λ0(θ

(Kπ)

J/ψπ ) for resonances in Kπ .

T are all relativistic Breit-Wigner lineshapes with mass-dependent widths.
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B0 → J/ψK−π+: Signal Model

The model includes resonances in Kπ

K
∗
0(800), K

∗
(892), K

∗
(1410), K

∗
0(1430), K

∗
2(1430),

K
∗
(1680), K

∗
3(1780), K

∗
0(1950), K

∗
2(1980), K

∗
4(2045)

all with fixed masses and widths.
Though K

∗
0(800) mass and width are fixed to a fit without new Zc(4200)

+
.

And resonances in J/ψπ
Zc(4430)

+
and Zc(4200)

+

The former seen by Belle in ψ(2S)π and confirmed by LHCb.
The latter a newly seen states!

For the Zc states parity conservation applies:

α
Z
λ = −PZ (−)

JZ α
Z
−λ

The masses and widths are left free,
but Gaussian priors are placed on those of the Zc(4430)

+
from previous measurement

M = 4485
+36
−25 MeV and Γ = 200

+49
−58 MeV
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B0 → J/ψK−π+: Results
The new resonance Zcð4200Þþ is seen as a wide peak near
the center of the projections onto the M2

J=ψπ axis.
Projections of the K$, Zcð4200Þþ and Zcð4430Þþ contri-
butions onto theM2

J=ψπ axis are shown in Fig. 8. Projections

onto the angular variables for the region defined by
M2

Kπ > 1.2 GeV2=c4, 16GeV2=c4<M2
J=ψπ <19GeV2=c4

[the intersection of the second horizontal slice and the
second, third and fourth vertical slices, where the
Zcð4200Þþ signal is mostly concentrated] are shown in
Fig. 9. A comparison of the fit results with and without the
Zcð4430Þþ with the Zcð4200Þþ included in the model is
shown in Fig. 10.
We also perform a fit with the Zcð4200Þþ Breit-Wigner

amplitude changed to a combination of constant ampli-
tudes. We use six bins with borders at M0 − 2Γ0, M0 − Γ0,
M0 − 0.5Γ0, M0, M0 þ 0.5Γ0, M0 þ Γ0 and M0 þ 2Γ0,
where M0 and Γ0 are the fit results for the mass and width
of the Zcð4200Þþ in the default model. We use two
independent sets of constant amplitudes to represent the
two helicity amplitudes of the Zcð4200Þþ, H0 and H1.
The two sets of amplitudes are measured simultaneously.
The results are shown in Fig. 11. The Argand plot for H1

clearly shows a resonancelike change of the amplitude
absolute value and phase. Because the Argand plot for the
H0 amplitudes has much larger relative errors, it is not
possible to draw any conclusions from it.

TABLE II. The absolute values and phases of the helicity amplitudes in the default model for the 1þ spin-parity of the Zcð4200Þþ.
Errors are statistical only.

Resonance jH0j argH0 jH1j argH1 jH−1j argH−1

K$
0ð800Þ 1.12 % 0.04 2.30 % 0.04 & & & & & & & & & & & &

K$ð892Þ 1.0 (fixed) 0.0 (fixed) ð8.44 % 0.10Þ × 10−1 3.14 % 0.03 ð1.96 % 0.14Þ × 10−1 −1.70 % 0.07
K$ð1410Þ ð1.19 % 0.27Þ × 10−1 0.81 % 0.26 ð1.23 % 0.38Þ × 10−1 −1.04 % 0.26 ð0.36 % 0.39Þ × 10−1 0.67 % 1.06
K$

0ð1430Þ ð8.90 % 0.28Þ × 10−1 −2.17 % 0.05 & & & & & & & & & & & &
K$

2ð1430Þ 4.66 % 0.18 −0.32 % 0.05 4.65 % 0.18 −3.05 % 0.08 1.26 % 0.23 −1.92 % 0.20
K$ð1680Þ ð1.39 % 0.43Þ × 10−1 −2.46 % 0.31 ð0.82 % 0.48Þ × 10−1 −2.85 % 0.49 ð1.61 % 0.56Þ × 10−1 1.88 % 0.28
K$

3ð1780Þ 16.8 % 3.6 −1.43 % 0.24 19.1 % 4.5 2.03 % 0.31 10.2 % 5.2 1.55 % 0.62
K$

0ð1950Þ ð2.41 % 0.60Þ × 10−1 −2.39 % 0.25 & & & & & & & & & & & &
K$

2ð1980Þ 4.53 % 0.74 −0.26 % 0.16 3.78 % 0.98 3.08 % 0.28 3.51 % 1.03 2.63 % 0.34
K$

4ð2045Þ 590 % 136 −2.66 % 0.23 676 % 164 0.06 % 0.25 103 % 174 −1.03 % 1.62
Zcð4430Þþ 1.12 % 0.32 −0.31 % 0.26 1.17 % 0.46 0.77 % 0.25 H−1 ¼ H1

Zcð4200Þþ 0.71 % 0.37 2.14 % 0.40 3.23 % 0.79 3.00 % 0.15 H−1 ¼ H1

TABLE III. The fit fractions and significances of all resonances
in the default model (JP¼ 1þ).

Resonance Fit fraction Significance (Wilks)

K$
0ð800Þ ð7.1þ0.7

−0.5Þ% 22.5σ
K$ð892Þ ð69.0þ0.6

−0.5Þ% 166.4σ
K$ð1410Þ ð0.3þ0.2

−0.1Þ% 4.1σ
K$

0ð1430Þ ð5.9þ0.6
−0.4Þ% 22.0σ

K$
2ð1430Þ ð6.3þ0.3

−0.4Þ% 23.5σ
K$ð1680Þ ð0.3þ0.2

−0.1Þ% 2.7σ
K$

3ð1780Þ ð0.2þ0.1
−0.1Þ% 3.8σ

K$
0ð1950Þ ð0.1þ0.1

−0.1Þ% 1.2σ
K$

2ð1980Þ ð0.4þ0.1
−0.1Þ% 5.3σ

K$
4ð2045Þ ð0.2þ0.1

−0.1Þ% 3.8σ
Zcð4430Þþ ð0.5þ0.4

−0.1Þ% 5.1σ
Zcð4200Þþ ð1.9þ0.7

−0.5Þ% 8.2σ
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with and without the Zc(4430)
+

(both without the Zc(4200)
+

)

Seen with stat. significance of 5.1 σ (4.0 σ with syst.) → new decay channel
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B0 → J/ψK−π+: Results

Several J
P

hypotheses were tried for the Zc(4200)
+

forbidden by parity conservation in Zþ
c → J=ψπþ decays.

The fit results for the Zþ
c mass, width and significance in

the default model are shown in Table I. The Wilks
significance of the Zþ

c with JP¼ 1þ is 8.2σ; its global
significance is 7.9σ. The significance calculation method is
described in the Appendix. The global significance with the
systematic uncertainty is 6.2σ (the calculation is described
further in this section). Thus a new state, referred to in the
following as the Zcð4200Þþ, is observed. The preferred
spin-parity hypothesis is 1þ. We also see a signal for
Zcð4430Þþ → J=ψπþ with a Wilks significance of 5.1σ in
the default model; the global significance is found to be the
same. The significance with the systematic uncertainty is
4.0σ. Thus we find evidence for a new decay channel of
the Zcð4430Þþ.
To test the goodness of the fit, we bin the Dalitz

distribution with the requirement that the number of events
in each bin satisfy ni > 25. We then calculate the χ2 value
as

P
iðni − siÞ2=si, where si is the integral of the fitting

function (the result of unbinned fit) over bin i. Since the fit
is a maximum likelihood fit, we obtain the effective number
of degrees of freedom by generating MC pseudoexperi-
ments in accordance with the result of the fit; then, the

distribution of the χ2 value in the pseudoexperiments is
fitted to the χ2 distribution with variable number of degrees
of freedom. The confidence level of the fit with the
Zcð4200Þþ (for the 1þ hypothesis) is 13%; the confidence
level of the fit without the Zcð4200Þþ is 1.8%. We also
calculate the confidence level using four-dimensional
binning (three bins in j cos θJ=ψ j, three bins in φ and
similar adaptive binning for the Dalitz plot variables);
the resulting confidence level is larger. The amplitude
absolute values and phases in the default model are listed
in Table II. The significances of the K% resonances are
shown in Table III.
Since the Zcð4430Þþ is a known resonance, before

showing the fit results with and without the Zcð4200Þþ,
we present a comparison of the fit results with and without
the Zcð4430Þþ with the Zcð4200Þþ not included in the
model, as shown in Fig. 6. There is no peak in the
Zcð4430Þþ region; instead, effects of destructive interfer-
ence are seen. Projections of the fit results onto the M2

Kπ
and M2

J=ψπ axes for the model with the Zcð4200Þþ
(JP¼ 1þ) and the model without the Zcð4200Þþ are shown
in Fig. 7. The two peaks evident in the projections onto the
M2

Kπ axis are due to the K
%ð892Þ and K%

2ð1430Þ resonances.
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FIG. 5. Fit to the background events. The solid line is the fit result; the dashed line is the K%ð892Þ component; the dotted line is the
K0

S → πþπ− component. The slices are defined in Fig. 4.

TABLE I. Fit results in the default model. Errors are statistical only.

JP 0− 1− 1þ 2− 2þ

Mass, MeV=c2 4318 & 48 4315 & 40 4196þ31
−29 4209 & 14 4203 & 24

Width, MeV 720 & 254 220 & 80 370 & 70 64 & 18 121 & 53
Significance (Wilks) 3.9σ 2.3σ 8.2σ 3.9σ 1.9σ
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B0 → J/ψK−π+: Results

We check if the Zcð4200Þþ signal can be explained by a
resonance in the J=ψK− system by adding a J=ψK−

resonance, which is referred to as the Z−
cs instead of the

Zcð4200Þþ. The preferred quantum numbers of the Z−
cs are

also JP¼ 1þ; the mass and width in the default model for
the 1þ hypothesis are 4228 % 5 MeV=c2 and 30%
17 MeV, respectively. The Wilks significance is only
4.3σ. The hypothesis of the existence of a J=ψπþ resonance
is preferred over the hypothesis of the existence of a
J=ψK− resonance at the level of 7.4σ. The Z−

cs becomes
insignificant if the Zcð4200Þþ is added to the model.

Separate results from J=ψ → eþe− and J=ψ → μþμ−

decay samples agree with each other and with the results
from the combined sample. The Zcð4200Þþ mass, width
and significance for the JP¼ 1þ hypothesis for each J=ψ
decay channel are shown in Table IV.
We also consider other amplitude models: without one of

the insignificant K& resonances [K&ð1680Þ, K&
0ð1950Þ];

with the addition of S-, P- and D-wave nonresonant K−πþ

amplitudes; with free Blatt-Weisskopf r parameters; with
free masses and widths of K& resonances (with Gaussian
constraints to their known values [22]) and with the LASS
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FIG. 7 (color online). The fit results with (solid line) and without (dashed line) the Zcð4200Þþ (JP¼ 1þ) in the default model. The
points with error bars are data; the hatched histograms are the J=ψ sidebands. The slices are defined in Fig. 4.
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FIG. 8 (color online). The fit results with the Zcð4200Þþ (JP¼ 1þ) in the default model. The points with error bars are data; the solid
histograms are fit results, the dashed histograms are the Zcð4430Þþ contributions, the dotted histograms are the Zcð4200Þþ contributions
and the dash-dotted histograms are contributions of all K& resonances. The slices are defined in Fig. 4.
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with and without the J
P
=1

+
Zc (4200)

+
(both with the Zc (4430)

+
)

We check if the Zcð4200Þþ signal can be explained by a
resonance in the J=ψK− system by adding a J=ψK−

resonance, which is referred to as the Z−
cs instead of the

Zcð4200Þþ. The preferred quantum numbers of the Z−
cs are

also JP¼ 1þ; the mass and width in the default model for
the 1þ hypothesis are 4228 % 5 MeV=c2 and 30%
17 MeV, respectively. The Wilks significance is only
4.3σ. The hypothesis of the existence of a J=ψπþ resonance
is preferred over the hypothesis of the existence of a
J=ψK− resonance at the level of 7.4σ. The Z−

cs becomes
insignificant if the Zcð4200Þþ is added to the model.

Separate results from J=ψ → eþe− and J=ψ → μþμ−

decay samples agree with each other and with the results
from the combined sample. The Zcð4200Þþ mass, width
and significance for the JP¼ 1þ hypothesis for each J=ψ
decay channel are shown in Table IV.
We also consider other amplitude models: without one of

the insignificant K& resonances [K&ð1680Þ, K&
0ð1950Þ];

with the addition of S-, P- and D-wave nonresonant K−πþ

amplitudes; with free Blatt-Weisskopf r parameters; with
free masses and widths of K& resonances (with Gaussian
constraints to their known values [22]) and with the LASS
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FIG. 7 (color online). The fit results with (solid line) and without (dashed line) the Zcð4200Þþ (JP¼ 1þ) in the default model. The
points with error bars are data; the hatched histograms are the J=ψ sidebands. The slices are defined in Fig. 4.
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B0 → J/ψK−π+: Model-Independent Fit

Full model altered:
Breit Wigner of J

P
=1

+
Zc(4200)

+ −→ complex-valued step functions

two 6-step step-functions: one for λ = 0 and one for |λ| = 1

bin bounderies based on model-dependent fit results:

{M − 2Γ, M − Γ, M − 1

2
Γ, M, M +

1

2
Γ, M + Γ, M + 2Γ}

Zcð4200Þþ from the default model values are considered as
the systematic uncertainty due to the amplitude model
dependence.
We also estimate the systematic error associated with the

uncertainties in the modeling of the background distribu-
tion by varying the background parameters by $ 1σ
(with other parameters varied in accordance with the
correlation coefficients) and performing the fit to the data.
The maximal deviations are considered as the systematic
error due to the background parametrization uncertainty.
This error is found to be negligibly small compared to the
error due to amplitude model dependence for all the results.
Using the helicity amplitudes shown in Table II, one can

calculate the amplitudes in the transversity basis:

A0 ¼ H0; A∥ ¼
H1 þ H−1ffiffiffi

2
p ; A⊥ ¼ H1 −H−1ffiffiffi

2
p ;

ð9Þ

where A0, A∥ and A⊥ are the transversity amplitudes. The
amplitudes from Table II should be normalized so that, for a
K& resonance,

jH0j2 þ jH1j2 þ jH−1j2 ¼ 1 ð10Þ

before the application of Eq. (9). The resulting transversity
amplitudes for the K&ð892Þ are shown in Table IX. The
transversity amplitude systematic errors are due to ampli-
tude model dependence. The results agree with previous
Belle measurements for the ðB0 þ B̄0Þ sample in Ref. [24]
and supersede them.
We perform a search for the Zcð3900Þþ , using the

amplitude model with the Zcð4200Þþ (JP ¼ 1þ ) as a null
hypothesis. All quantum number hypotheses with J ≤ 2 are
considered (JP∈ f0þ ; 1−; 1þ ; 2− and 2þ g). The mass and
the width of the Zcð3900Þþ are constrained in accordance
with Eq. (8). The average result of BESIII [11], Belle [12]
and analysis based on CLEO data [13],

M0 ¼ 3891.2 $ 3.3 MeV=c2; Γ0 ¼ 39.5 $ 8.1 MeV;
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FIG. 11. Argand plots for the Zcð4200Þþ helicity amplitudes. The bin central mass values (in GeV=c2) are shown near the points.

TABLE IV. Comparison of the Zcð4200Þþ parameters in the
decay channels J=ψ → eþ e−, J=ψ → μþ μ− and the combined
sample in the default model (JP ¼ 1þ ).

Sample Combined J=ψ → eþ e− J=ψ → μþ μ−

Mass, MeV=c2 4196þ 31
−29 4198 $ 41 4217 $ 41

Width, MeV 370 $ 70 358 $ 57 443 $ 94
Significance (Wilks) 8.2σ 5.4σ 5.3σ

TABLE V. Model dependence of the Zcð4200Þþ Wilks
significance.

Model 0− 1− 1þ 2− 2þ

Without K&ð1680Þ 3.2σ 3.1σ 8.4σ 3.7σ 1.9σ
Without K&

0ð1950Þ 3.6σ 2.8σ 8.6σ 5.0σ 2.6σ
LASS 3.8σ 1.0σ 6.6σ 5.2σ 2.3σ
Free masses and widths 2.4σ 1.6σ 7.3σ 4.6σ 1.9σ
Free r 5.0σ 2.6σ 8.4σ 4.5σ 0.9σ
Nonresonant amplitude (S) 3.8σ 2.9σ 7.9σ 4.1σ 2.0σ
Nonresonant amplitude (S,P) 3.7σ 2.4σ 7.7σ 3.7σ 1.4σ
Nonresonant amplitude (S,P,D) 4.1σ 2.3σ 7.7σ 3.8σ 1.3σ

TABLE VI. Exclusion levels of the Zcð4200Þþ spin-parity
hypotheses and confidence levels of the 1þ hypothesis for the
default model.

1þ over jp

jp MC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δð−2 lnLÞ

p
1þ C.L.

0− 8.6σ 7.9σ 26%
1− 9.8σ 8.7σ 48%
2− 8.8σ 7.6σ 40%
2þ 10.6σ 8.8σ 42%
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e+e− → Υ(nS)π+π−

Phys. Rev. D 91, 072003 (2015) (121.4 fb
−1

on Υ(5S) resonance)

Amplitude analysis of
e
+

e
− → Υ(nS)π

+
π
−

n = 1, 2, 3

for Z
±
b spectroscopy.

Events reconstructed via e
+

e
− → µ

+
µ
−
π
+
π
−

m
2
µµ ∼ m2

Υ and m
2
miss ≡ (

√
s− Eππ )

2 −
∣∣~pππ ∣∣2 ∼ m2

Υ

Unbinned maximum-likelihood fit to data of

P (data) =
∏
i

fsigPsig(~τi) + (1− fsig)Pbg(~τi)

with fsig fixed from fit to m
2
miss distribution.
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e+e− → Υ(nS)π+π−: Background

background is learned from mΥ side bands:
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e+e− → Υ(nS)π+π−: Background

background is learned from mΥ side bands:
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Remaining background is parameterized as flat in phase space
with additional component exponential in m

2
ππ
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e+e− → Υ(nS)π+π−: Signal

Psig(~τ) ∝
∣∣∣∣∣α(1)

n.r. + α
(2)
n.r.m

2
ππ +

∑
R

αR · ΩR(~τ) · TR(~τ)

∣∣∣∣∣
2

convolved with resolution

normalized with detector-simulated MC → acceptance accounted for

ΩR(~τ) = Lorentz-invariant spin amplitudes

In ππ :
σ, f0(980), f2(1270)

All Breit-Wigner, but f0 as Flatte all shape parameters fixed
(Mσ = 600 MeV, Γσ = 400 MeV)

In Υ(nS)π :

Zb(10610)
±
, Zb(10650)

±

Both Breit-Wigner all parameters free
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e+e− → Υ(nS)π+π−: Results

Several J
P

hypotheses are tested for the Z
±
b :

final states. Fits to the data with alternative JP values
assigned to the two Zb states are compared with the
nominal one in terms of the likelihood values returned
by the fits. For each model, we calculate ΔL ¼ LðJPÞ −
L0 which is the difference in the likelihood values
returned by the fit to a model with an alternative JP

assignment and the nominal one. Results of this study
for the ϒð2SÞπþ π− and ϒð3SÞπþ π− modes (where the
Zbπ signal comprises a significant fraction of the three-
body signal) are summarized in Table III. For the
ϒð1SÞπþ π− mode, we fit the data only to models with
the same JP assigned to both Zb states. The obtained ΔL
values are 64, 41, and 59 for the JP ¼ 1−, 2þ , and 2−
models, respectively.
The discrimination power is found to be mainly due to

an interference term between the Zb and the underlying
non-Zb amplitudes. The best discrimination is provided
by the eþ e− → ϒð2SÞπþ π− channel, where the two
components are comparable in size, thus maximizing
the relative size of the interference term. To cross-check
the separation power, we perform a MC study in which
we generate a large number of ϒðnSÞπþ π− samples, each
with statistics equivalent to the data, and perform fits of
each pseudo-experiment with different JP models. The
obtained ΔL distributions are fit to a Gaussian function

(a bifurcated Gaussian function for asymmetric distri-
butions) to estimate the probability to find ΔL larger
than the value in data. We find that alternative models
with the same JP assigned to both Zb states are rejected
at a level exceeding 8 standard deviations using the
Udπþ π− channel only. The comparisons of the fit result
where both Zb are assumed to be JP ¼ 2þ states (the
next best hypothesis) and the data are shown in Figs. 4
and 8–10.
In fits with different JP values assigned to the Zbð10610Þ

and Zbð10650Þ states, the smallest ΔL value is provided
by the model with Zbð10610Þ assumed to be a 1þ state
and Zbð10650Þ a 2þ state, as shown in Table III. A similar
study with MC pseudo-experiments shows that this alter-
native hypothesis is rejected at a level exceeding 6 standard
deviations.
Finally, we note that multiple solutions are found in

the fit to the ϒð1SÞπþ π− and ϒð2SÞπþ π− final states. This
is due to the presence of several S-wave components in
the three-body amplitudes for these modes. While the
overall fraction of the S-wave contribution is a well-defined
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FIG. 10. Comparison of angular distributions for signal ϒð3SÞπþ π− events in data (points with error bars), fit with the nominal model
with JP ¼ 1þ (open histogram), and fit with the JP ¼ 2þ model (dashed histogram). Hatched histograms show the estimated
background components. The top row is for the Zbð10610Þ region and the bottom row is for the Zbð10650Þ region. See text for details.

TABLE II. Results of the χ2=nbins calculations for one-
dimensional projections shown in Fig. 4.

ϒð1SÞπþ π− ϒð2SÞπþ π− ϒð3SÞπþ π−

MðϒπÞmax 61.5=53 46.6=54 12.0=20
Mðπþ π−Þ 68.3=49 45.1=48 18.6=20

TABLE III. Results of the fit to ϒð2SÞπþ π− [ϒð3SÞπþ π−]
events with different JP values assigned to the Zbð10610Þ and
Zbð10650Þ states. Shown in the table is the difference in L values
for fits to an alternative model and the nominal one.

Zbð10650Þ
Zbð10610Þ 1þ 1− 2þ 2−

1þ 0(0) 60(33) 42(33) 77(63)
1− 226(47) 264(73) 224(68) 277(106)
2þ 205(33) 235(104) 207(87) 223(128)
2− 289(99) 319(111) 321(110) 304(125)

A. GARMASH et al. PHYSICAL REVIEW D 91, 072003 (2015)
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∆ ≡ logP (both J
P

= 1
+

)− logP for Υ(2S)ππ (Υ(3S)ππ)

For Υ(1S)ππ , J
P

assumed the same for both Zb :

∆(1
−

) = 64 ∆(2
+

) = 41 ∆(2
−

) = 59

J
P

= 1
+

favored over other configurations by over 6σ
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e+e− → Υ(nS)π+π−: Results
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e+e− → Υ(nS)π+π−: Results

modes, masses and widths of the two Zb states, the relative
phase ϕZ between the two Zb amplitudes and fraction
cZ10610

=cZ10650
of their amplitudes are given. The fraction fX

of the total three-body signal attributed to a particular
quasi-two-body intermediate state is calculated as

fX ¼
R
jAXj2dΩR

jMϒðnSÞππj2dΩ
; ð6Þ

where AX is the amplitude for a particular component
X of the three-body amplitude MϒðnSÞππ , defined in the
Appendix. For amplitudes where the πþ π− system is in an
S-wave, we do not calculate individual fractions for every
component but present the result only for the combination
ϒðnSÞðπþ π−ÞS of all such components. The only excep-
tion is made for the ϒð1SÞf0ð980Þ component. The
statistical significance of this signal, determined asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lf0 − L0

p
, where Lf0 is the likelihood value with the

f0ð980Þ amplitude fixed at zero, exceeds 8 standard
deviations. Note that the sum of the fit fractions for all
components is not necessarily unity because of the
interference. Statistical uncertainties for relative fractions
of intermediate channels quoted in Table VI are deter-
mined utilizing a MC pseudo-experiment technique. For
each three-body final state, we generate a large number
of MC samples, each with statistics equivalent to the
experimental data (including background) and with a
phase space distribution according to the nominal model.
Each MC sample is then fit to the nominal model, and
fractions fi of contributing submodes are determined.
The standard deviation of the fi distribution is then taken
as the statistical uncertainty for the fraction of the
corresponding submode; see Table VI.
Combining results for the three-body cross sections from

Table IV with the results of the amplitude analysis from

Table VI, we calculate the product σZ%
b π

∓ × BϒðnSÞπ∓ , where
σZ%

b π
∓ is the cross section of the eþ e− annihilation to Z%

b π
∓

and BϒðnSÞπ∓ is the branching fraction of Z%
b decay to

ϒðnSÞπ% :

σZ%
b ð10610Þπ

∓ × Bϒð1SÞπ∓ ¼ 110 % 27þ 36
−10 fb

σZ%
b ð10610Þπ

∓ × Bϒð2SÞπ∓ ¼ 744 % 127þ 190
−86 fb

σZ%
b ð10610Þπ

∓ × Bϒð3SÞπ∓ ¼ 442 % 93þ 93
−115 fb

σZ%
b ð10650Þπ

∓ × Bϒð1SÞπ∓ ¼ 20 % 7þ 4
−3 fb

σZ%
b ð10650Þπ

∓ × Bϒð2SÞπ∓ ¼ 167 % 49þ 43
−21 fb

σZ%
b ð10650Þπ

∓ × Bϒð3SÞπ∓ ¼ 196 % 54þ 43
−25 fb: ð7Þ

The main sources of systematic uncertainties in the
amplitude analysis are as follows.

(i) The uncertainty in parametrization of the transition
amplitude. To estimate this uncertainty, we use
various modifications of the nominal model and
repeat the fit to the data. In particular, for the
ϒð1SÞπþ π− and ϒð2SÞπþ π− channels, we modify
the parametrization of the nonresonant amplitude,
replacing the s23 dependence from linear to a

ffiffiffiffiffiffi
s23

p

form and replacing the ϒðnSÞf2ð1270Þ amplitude
with a D-wave component in the nonresonant
amplitude. For the ϒð3SÞπþ π− channel, we modify
the nominal model by adding various components
of the amplitude initially fixed at zero: a
ϒð3SÞf2ð1270Þ component with an amplitude and
phase fixed from the fit to the ϒð1SÞπþ π− channel.
We also fit the ϒð3SÞπþ π− data with the nonreso-
nant amplitude set to be uniform. To estimate
dependence on parametrization of the Zbπ ampli-
tudes, we repeat the fit to the data with a Zb line

TABLE VI. Summary of results of fits to ϒðnSÞπþ π− events in the signal regions.

Parameter ϒð1SÞπþ π− ϒð2SÞπþ π− ϒð3SÞπþ π−

fZ∓
b ð10610Þπ

% , % 4.8 % 1.2þ 1.5
−0.3 18.1 % 3.1þ 4.2

−0.3 30.0 % 6.3þ 5.4
−7.1

Zbð10610Þ mass, MeV=c2 10608.5 % 3.4þ 3.7
−1.4 10608.1 % 1.2þ 1.5

−0.2 10607.4 % 1.5þ 0.8
−0.2

Zbð10610Þ width, MeV 18.5 % 5.3þ 6.1
−2.3 20.8 % 2.5þ 0.3

−2.1 18.7 % 3.4þ 2.5
−1.3

fZ∓
b ð10650Þπ

% , % 0.87 % 0.32þ 0.16
−0.12 4.05 % 1.2þ 0.95

−0.15 13.3 % 3.6þ 2.6
−1.4

Zbð10650Þ mass, MeV=c2 10656.7 % 5.0þ 1.1
−3.1 10650.7 % 1.5þ 0.5

−0.2 10651.2 % 1.0þ 0.4
−0.3

Zbð10650Þ width, MeV 12:1þ 11.3þ 2.7
−4.8−0.6 14.2 % 3.7þ 0.9

−0.4 9.3 % 2.2þ 0.3
−0.5

ϕZ, degrees 67 % 36þ 24
−52 −10 % 13þ 34

−12 −5 % 22þ 15
−33

cZbð10650Þ=cZbð10610Þ 0.40 % 0.12þ 0.05
−0.11 0.53 % 0.07þ 0.32

−0.11 0.69 % 0.09þ 0.18
−0.07

fϒðnSÞf2ð1270Þ, % 14.6 % 1.5þ 6.3
−0.7 4.09 % 1.0þ 0.33

−1.0 −
fϒðnSÞðπþ π−ÞS, % 86.5 % 3.2þ 3.3

−4.9 101.0 % 4.2þ 6.5
−3.5 44.0 % 6.2þ 1.8

−4.3
fϒðnSÞf0ð980Þ, % 6.9 % 1.6þ 0.8

−2.8 − −

A. GARMASH et al. PHYSICAL REVIEW D 91, 072003 (2015)
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for both J
P

= 1
+
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Summary

Belle has a history of amplitude analyses:

in B and D decays to light pseudoscalar mesons

in B decays to flavorless mesons and open and closed charm states

in e
+

e
− → quarkonia + ππ production

in hadronic τ decays

in time-dependent B decays

in baryonic B decays

Belle II will provide a rich data set for further amplitude analyses

this large data set will allow new techniques

this large data set will require new techniques
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