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Partial-Wave Analysis (PWA)
Some basics

Understand the processes leading
to the final state

Amplitude analysis:
Describe the complex-valued
amplitude of the process:

I (~τ) =

∣∣∣∣∣
waves∑

i

TiAi (~τ)

∣∣∣∣∣2
Measure only intensity distribution

Goal: Learn about the amplitude

Fit intensity distribution to the data
(extended unbinned log-likelihood)
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Inspired by CLEO:
Phys. Rev.D78 052001 (2008).
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Partial-Wave Analysis (PWA)
Modelling the amplitude

Intensity distribution I (~τ) with
Ai = TiAi :

I (~τ) =

∣∣∣∣∣
waves∑

i

TiAi (~τ)

∣∣∣∣∣
2

Production amplitudes Ti :
I Encode strengths and relative

phases of the single partial
waves i

I Free parameters in the analysis
I Independent of ~τ

Decay amplitudes Ai (~τ):
I Describe ~τ distributions of single

partial waves
I Known functions

Factorize decay amplitudes
(Isobar model):

Ai (~τ) = ψi (~τ) ∆i (mπ−π+ )

Angular amplitudes ψi (~τ):
Fully given by angular momentum
and spin quantum numbers of the
waves

Dynamic isobar amplitudes
∆i (mπ−π+ ): Model input

I Intermediate state: Isobar ξ
I Example: K∗

1 (892) with fixed
mass m0, width Γ0 and quantum
numbers JPC

ξ = 1−−

I Not given by first principles
I Have to be known beforehand
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Freed-isobar method
Motivation

Conventional PWA: Use fixed, known dynamic isobar amplitudes

I Most common: Variations of the Breit-Wigner amplitude

∆ (m) =
m0Γ0

m2
0 −m2 − im0Γ0

(m)

A priori not clear:
I Which resonances contribute
I Exact parameters

I Common: PDG
I Model selection

Deviations from Breit-Wigner:

I Thresholds (e.g. f0(980))
I Re-scattering with 3rd particle

Effects neglected or falsely attributed
I “Leakage”
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Freed-isobar method
Step-like isobar amplitudes

Total intensity as function of phase-space variables ~τ :

I(~τ) =

∣∣∣∣∣
waves∑

i

Ti [ψi (~τ) ∆i (misob) + Bose sym.]

∣∣∣∣∣
2

Fit parameters: Production amplitudes Ti

Fixed: Angular amplitudes ψi (~τ), dynamic isobar amplitudes ∆i (misob)

Fixed isobar amplitudes→ Sets of mπ−π+ bins: (MIPWA)

∆i (misob)→
∑
bins

Ti
bin∆i

bin (misob) ≡ [ππ]JPC

∆i
bin (misob) =

{
1, if misob in the bin.
0, otherwise.

Each mπ−π+ bin behaves like an independent partial wave
with Ti

bin = TiTi
bin:

I (~τ) =

∣∣∣∣∣
waves∑

i

bins∑
bin

Ti
bin
[
ψi (~τ) ∆bin

i (misob) + Bose sym.
]∣∣∣∣∣

2
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Not completely new

Basic idea is not new:

I E791 Collaboration
PR D73 (2006) 032004

I LHCb Collaboration
PRL 115 (2015) 072001

F MIPWA as cross check for pentaquark in
Λ0

b → J/ψ + K− + p
I COMPASS Collaboration

PR D95 (2017) 032004

Use so far:
I Cross check of the isobar model
I In combibation with isobaric waves

Fully freed fit?

Simply replace all isobars and fit?
[ππ]S: f0(. . .) [ππ]P: ρ(770) [ππ]D: f2 (1270)
[Kπ]S: κ, K∗0(1410) [Kπ]P: K∗(. . .) [Kπ]D: K∗2(1430)
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D meson decays
D → 3π

First test case:

D− → π−π+π−

Generate one million MC events:
I S wave: f0(980)
I P wave: ρ(770)

Analyze with freed-isobar
approach:

I Bin width: 40 MeV/c2

I Finer binning in resonance
regions

Multiple random fit attempts
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Ambiguities in the freed-isobar method
What is a “zero mode”?

Freed-isobar analysis: many more free parameters than fixed-isobar
analysis

I May cause continuous mathematical ambiguities in the model

“Zero mode”: dynamic isobar amplitudes ∆0 (mπ−π+ ), that do not
contribute to the total decay amplitude for the π−1 π

+
2 π
−
3 system

D-decay: ([ππ]0++ and [ππ]1−− isobars formed by π−1 π
+
2 )

ψ0++ (~τ) ∆0
0++ (m12) + ψ1−− (~τ) ∆0

1−− (m12)

︸ ︷︷ ︸
=2C(m2

23−m2
12)

+ Bose symm.

︸ ︷︷ ︸
+2C(m2

12−m2
23)

= 0

at every point ~τ in phase space

(arbitrary m12 and m23)

ψ0++ (~τ) = 1; ψ1−− (~τ) =
(
m2

12 + 2m2
23 −m2

3π − 3m2
π

)
/4

⇒ ∆0
0++ (m12) = C

(
m2

3π + 3m2
π − 3m2

12
)

; ∆0
1−− (m12) = 4C

FK, D. Greenwald, D. Ryabchikov, B. Grube, S. Paul, PRD 97 (2018) 114008
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes

∆BW (mπ−π+ ) + C∆0 (mπ−π+ )

C = 0.00 + 0.00i
[ππ]0++ isobar

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
mξ[GeV/c]

0.0

0.2

0.4

0.6

0.8

1.0

|∆ B
W
|2

[ππ]1−− isobar

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
mξ[GeV/c]

0.0

0.2

0.4

0.6

0.8

1.0

|∆ B
W
|2

All describe the same total amplitude for 0−+
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes
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Zero mode in the JPC = 0−+ waves
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Zero mode in the JPC = 0−+ waves
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes

∆BW (mπ−π+ ) + C∆0 (mπ−π+ )

C = −0.10− 0.20i
[ππ]0++ isobar

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
mξ[GeV/c]

0.0

0.2

0.4

0.6

0.8

1.0

|∆ B
W
|2

[ππ]1−− isobar

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
mξ[GeV/c]

0.0

0.2

0.4

0.6

0.8

1.0

|∆ B
W
|2

All describe the same total amplitude for 0−+

Fabian Krinner (MPP) Freed-isobar Analysis of D-mesons September 5th 2019 9 / 23



Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes
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Zero mode in the JPC = 0−+ waves
Effects on dynamic isobar amplitudes

∆BW (mπ−π+ ) + C∆0 (mπ−π+ )
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Zero modes: 3π example
Resolving the ambiguity

Superfluous degree of freedom C leaves total amplitude invariant
I Intensity and likelihood also invariant: Continuous ambiguity C

The fitting algorithm might find a solution, shifted away from the physical
solution ∆phys:

∆fit = ∆phys + C∆0

Obtain physical solution: constrain C by conditions on the resulting
dynamic amplitudes ∆fit

In the case of the [ππ]1−− wave:
I Use the Breit-Wigner for the ρ(770) resonance with fixed parameters as in

the fixed-isobar analysis

I Simultaneously resolves ambiguity in the [ππ]0++ isobar

Note: Resolving the ambiguity fixes only a single complex-valued degree
of freedom. nbins − 1 complex-valued degrees of freedom remain free.
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Zero modes
Single freed waves

Small difference in fixed wave:
I Fixed-width Breit-Wigner
I Relativistic Breit-Wigner

Difference projects into zero mode

Affects [ππ]S wave

Size of effect alway the same

S intensity often smaller than P
wave

0.0 0.5 1.0 1.5

mπ+π−

0.0

0.5

1.0
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Second test case
D+ → K−π+π+

Next case:

D+ → K−π+π+

Again one million events

Model inspired by CLEO
Phys. Rev.D78 052001 (2008).

I Also including D wave

Same simple approach as before:
I Freed dynamic amplitudes for all

three waves
I Bin width: 40 MeV/c2 in mKπ
I 10 MeV/c2 at the K∗

1 (892)

104 waves in total
I 208 fit parameters
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106 simulated eventsD+ →K−π+π+
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D+ → K−π+π+

Multimodality

Fully freed fit of
[Kπ]S, [Kπ]P, [Kπ]D

Random start values

Many fit attempts

Likelihood function is multimodal

How to find best minimum? logLmin − logL
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Fully free fit
Multimodality

Start values for all bins
independent

Most of the fits end up in local
minima

Plot − logL around minimum

Second minimum roughly at
T → T ∗

Intensity ∝ |T |2 unchanged

Only interference terms change

Region of attraction of similar size

Similar for other bins

Approximately 2nbins local minima

Minimum
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Fully freed fit
Fourier basis

Single sign changes cause multimodality

I Discontinuous amplitudes

Physical dynamic amplitudes are continuous

Change the fit basis to Fourier modes:
I Exclude 30% highest modes
I Add one mode to break continuity of Fourier modes

Still multimodal
I Likelihood gap ≈ 1000

Best result consistently found
I 6% of attempts
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Numerically finding zero modes

Still need to correct for zero modes
Number of zero modes not clear a priori
Calculation of zero modes difficult:

I For high spins (> 1)
I For many waves (> 2)

Look at integral matrix with
Abin

i (~τ) = ψi (~τ) ∆bin (mπ−π+ ):

Ii,bin
j,bin′ =

∫
d~τAbin∗

i (~τ)Abin′
j (~τ)

Find eigenvalues of I close to zero
Corresponding eigenvectors give shapes of zero
modes
Eigenvalues scales ∝ bin width2
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Back to D+ → K−π+π+

Three freed waves
I D-wave in the model

Use numerical method to determine the zero modes
I 3 zero modes found
I Three complex-valued coefficients to be fixed

Use MC-input to constrain the zero-mode ambiguities

Resolve simultaneously
I All three waves
I All three zero modes
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Fully freed fit
Best result
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Fully freed fits
Summary

Fully freed model for D decays
studied

Two waves: Fit behaves nicely

Three waves: Some issues

Multimodality
I Model very multimodel
I Smoothing necessary
I Sophisticated methods: nifty?

Input still not fully recovered
I Points still tend to jump

I Integral matrix: Perfect
decomposition

I Even in best case: leakage

Improve function basis
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Further steps

Study hadronic properties
Compare to/check the validity of the isobar model

I Reduce model bias

Determine resonance content of the different waves

Pin down resonance parameters

I Pole position
I Compare to other analyses

Study rescattering effects with third particles
Look for CP violation

Resolve potential CP violating effects in terms of

I Quantum numbers
I Sub system mass

in a model independent way
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Conclusion & Outlook

Freed isobar method
I Replace dynamic isobar amplitude with bins
I Extract dynamic isobar amplitudes from the data
I Fully freed models

Two waves: Works fine
Three waves: Extremely multimodal likelihood function

I Smooth dynamic amplitudes by Fourier transformation

Continuous ambiguity in the model
I “Zero mode”
I Identify using the integral matrix
I Resolve with additional knowledge

Study dynamic amplitudes
I Extract pole positions
I Study rescattering
I Compare CP conjugated channel

F Look for CP violation in specific sub-system
I Pin down shape of the CPV
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