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two-to-two scattering of (coupled) pseudoscalars 
- we have extracted 3x3 scattering matrices (can do more) 
- straightforward to extract the Þrst few partial waves 

typically heavier-than-physical pion masses  
- choice to avoid many-body effects

three-body formalism is rapidly maturing 
 - to allow for lighter pions, higher resonances
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1-dimensional QM, periodic BC, single particle:
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1-dimensional QM, periodic BC, two particles, no interactions
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generalisation to a 3-dimensional strongly-coupled QFT 
￫ powerful non-trivial mapping from Þnite vol spectrum to inÞnite volume phase

1-dimensional QM, periodic BC, two interacting  particles: V(x1 - x2) 6= 0

LŸscher 1986, 1991
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Elastic scattering: LŸscher 1986,1991 
Generalised to moving frames: Gottlieb, Rummukainen 1995 
Unequal masses: Prelovsek, Leskovec 2012 

Many derivations of the coupled-channel extension, all in agreement: 
He, Feng, Liu 2005 - two channel QM, strong coupling 
Hansen & Sharpe 2012 - Þeld theory, multiple two-body channels 
Brice–o & Davoudi 2012 - strongly-coupled Bethe-Salpeter amplitudes 
Guo et al 2012 - Hamiltonian & Lippmann-Schwinger 

Also derivations in speciÞc channels, or for a speciÞc parameterization of the interactions like  
NREFT, chiral PT, Finite Volume Hamiltonian, etc. 

Brice–o 2014 - Generalised to scattering of particles with non-zero spin, and spin-". 

developments towards a general 3-body quantization condition are being made

inÞnite volume scattering  
t-matrix

known Þnite-volume  
functions

phase space

Direct extension of the elastic quantization condition

det [1 + i ! (E ) át (E ) á(1 + iM (E, L ))] = 0
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<latexit sha1_base64="bsGsc59qKXe/dw7jnYIHlrBH25o=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4qjMi6rIgossK9gHtWDLpnTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmFpeWV1rbhe2tjc2t4p7+41dZQoCg0a8Ui1A6KBMwkNwwyHdqyAiIBDKxhdZX7rEZRmkbw34xh8QQaShYwSY6WH65OuIGaoRHoDzUmvXHGr7hR4kXg5qaAc9V75q9uPaCJAGsqJ1h3PjY2fEmUY5TApdRMNMaEjMoCOpZII0H46TT3BR1bp4zBS9kmDp+rvjZQIrccisJNZRj3vZeJ/Xicx4aWfMhknBiSdHQoTjk2Eswpwnymgho8tIVQxmxXTIVGEGltUyZbgzX95kTRPq55b9e7OKrXzvI4iOkCH6Bh56ALV0C2qowaiSKFn9IrenCfnxXl3PmajBSff2Ud/4Hz+AD/Jkk0=</latexit>
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local qq-like constructions

two-hadron 
constructions

uses the eigenvector from the 
variational method performed in  
e.g. pion quantum numbers 

using distillation  (Peardon et al 2009) 
many wick contractions, eg just pi-pi & qq operators:

3 volumes 
L=16, 20, 24 
anisotropic (3.5 Þner spacing in time) 
Wilson-Clover
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¥ we compute a large correlation matrix 
¥ then use GEVP to extract energies
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~local qq & 2-hadron operators 
conservatively 57 energy levels 

dominated by S-wave interactions
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An example S-wave spectrum Þt

! 2/N dof =
44.0

57! 8
= 0 .90

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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An example S-wave spectrum Þt

t ! 1 = K ! 1 + I
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The lightest tensors of QCD at mπ=391 MeV !14
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based on: arXiv:1904.04136 
Antoni Woss, Christopher Thomas, Jo Dudek,  

Robert Edwards, David Wilson -  
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ÔnaturalÕ spin-parities:

ÔunnaturalÕ spin-parities:

<latexit sha1_base64="bxhhZK6AoiMdWsljZhexXsZPxB0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgWENSBN0IRTfiqoJ9QJuWyXTaDp1MwsxECKH+ihsXirj1Q9z5N07bLLT1wOUezrmXuXP8iFGpHOfbyK2srq1v5DcLW9s7u3vm/kFDhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv74Zuo3H4mQNOQPKomIF6AhpwOKkdJSzyzedWtXTve07HbPyhXdbdvumSXHdmawlombkRJkqPXMr04/xHFAuMIMSdl2nUh5KRKKYkYmhU4sSYTwGA1JW1OOAiK9dHb8xDrWSt8ahEIXV9ZM/b2RokDKJPD1ZIDUSC56U/E/rx2rwaWXUh7FinA8f2gQM0uF1jQJq08FwYolmiAsqL7VwiMkEFY6r4IOwV388jJpVGzXsd3781L1OosjD4dwBCfgwgVU4RZqUAcMCTzDK7wZT8aL8W58zEdzRrZThD8wPn8ALImR3A==</latexit>

<latexit sha1_base64="Rn8tHsAD2umH5TNeHnXykVDAXyA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgWENSBN0IRTfiqoJ9QJuWyXTaDp1MwsxECKH+ihsXirj1Q9z5N07bLLT1wOUezrmXuXP8iFGpHOfbyK2srq1v5DcLW9s7u3vm/kFDhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv74Zuo3H4mQNOQPKomIF6AhpwOKkdJSzyzedWtXTves7HZPyxXdbdvumSXHdmawlombkRJkqPXMr04/xHFAuMIMSdl2nUh5KRKKYkYmhU4sSYTwGA1JW1OOAiK9dHb8xDrWSt8ahEIXV9ZM/b2RokDKJPD1ZIDUSC56U/E/rx2rwaWXUh7FinA8f2gQM0uF1jQJq08FwYolmiAsqL7VwiMkEFY6r4IOwV388jJpVGzXsd3781L1OosjD4dwBCfgwgVU4RZqUAcMCTzDK7wZT8aL8W58zEdzRrZThD8wPn8AL6GR3g==</latexit>

<latexit sha1_base64="Ge5bghD9LgOePBGH6wI2fh6AiCg=">AAACDnicbVDLSgMxFM34rPU16tJNsBQqlDJTxHZZcOOygn1AZxgyaaYNTTJDkhHK0C9w46+4caGIW9fu/BvTdhbaeiBw7jn3cnNPmDCqtON8WxubW9s7u4W94v7B4dGxfXLaVXEqMengmMWyHyJFGBWko6lmpJ9IgnjISC+c3Mz93gORisbiXk8T4nM0EjSiGGkjBXbZU3TEUeXacS6rXhV6chxXGo1lEQX1ils3RWCXnJqzAFwnbk5KIEc7sL+8YYxTToTGDCk1cJ1E+xmSmmJGZkUvVSRBeIJGZGCoQJwoP1ucM4NlowxhFEvzhIYL9fdEhrhSUx6aTo70WK16c/E/b5DqqOlnVCSpJgIvF0UpgzqG82zgkEqCNZsagrCk5q8Qj5FEWJsEiyYEd/XkddKt11yn5t5dlVrNPI4COAcXoAJc0AAtcAvaoAMweATP4BW8WU/Wi/VufSxbN6x85gz8gfX5AzYvl7U=</latexit>

e.g.:

<latexit sha1_base64="xED+TuL3oxYHJmlkTd3aXCWVQqA=">AAACIHicbVBLTwIxGOziC/GFevTSSCSQELJdVDiSePGIiTwSlmy6pUBD95G2a0I2/BQv/hUvHjRGb/pr7C4cFJykyXRmvrTfuCFnUpnml5HZ2Nza3snu5vb2Dw6P8scnHRlEgtA2CXggei6WlDOfthVTnPZCQbHnctp1pzeJ332gQrLAv1ezkA48PPbZiBGstOTk63bIKnYFFiF2UAlZ12Y5uWLHKqGaZZZtOwcXKEI3TdSukoSTL5hVMwVcJ2hJCmCJlpP/tIcBiTzqK8KxlH1khmoQY6EY4XSesyNJQ0ymeEz7mvrYo3IQpwvO4YVWhnAUCH18BVP190SMPSlnnquTHlYTueol4n9eP1KjxiBmfhgp6pPFQ6OIQxXApC04ZIISxWeaYCKY/iskEywwUbrTnC4Bra68TjpWFZlVdHdZaDaWdWTBGTgHJYBAHTTBLWiBNiDgETyDV/BmPBkvxrvxsYhmjOXMKfgD4/sH1X2aqA==</latexit>

e.g.:

seen in pseudoscalar-pseudoscalar scattering 

needs something more than pseudoscalar-pseudoscalar 
e.g.: pseudoscalar-vector scattering or three-body scattering

experimentally the b 1(1235) is the lightest axial vector resonance

important step on the road to understanding highly excited states 
- e.g.: hybrids
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<latexit sha1_base64="9vsdwxIv/I03NZEJkmGd53ryT8g=">AAACA3icbVBNS8NAEN34WetX1JtegkWol5IVQY9FLx4r2A9oYtlsN+3SzSbdnQglFLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwgEVyD635bS8srq2vrhY3i5tb2zq69t9/Qcaooq9NYxKoVEM0El6wOHARrJYqRKBCsGQyuJ37zgSnNY3kHo4T5EelJHnJKwEgd+3DoBURlw7EnWAjle1zrYE/xXh9OO3bJrbhTOIsE56SEctQ69pfXjWkaMQlUEK3b2E3Az4gCTgUbF71Us4TQAemxtqGSREz72fSHsXNilK4TxsqUBGeq/p7ISKT1KApMZ0Sgr+e9ifif104hvPQzLpMUmKSzRWEqHIidSSBOlytGQYwMIVRxc6tD+0QRCia2ogkBz7+8SBpnFexW8O15qXqVx1FAR+gYlRFGF6iKblAN1RFFj+gZvaI368l6sd6tj1nrkpXPHKA/sD5/AG5tl1s=</latexit>

In the quark model:

<latexit sha1_base64="dsrfYeJd2zzB/UfV4XfkWBHdMW8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEsigl6EYi/iqYL9gDYtm+2mXbrZxN1NoYT8Di8eFPHqj/Hmv3Hb5qCtDwYe780wM8+LOFPatr+t3Mrq2vpGfrOwtb2zu1fcP2ioMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtVp35zTKVioXjUk4i6AR4I5jOCtZHc+25Sq6Y3Tjc5O097xZJdtmdAy8TJSAky1HrFr04/JHFAhSYcK9V27Ei7CZaaEU7TQidWNMJkhAe0bajAAVVuMjs6RSdG6SM/lKaERjP190SCA6UmgWc6A6yHatGbiv957Vj7127CRBRrKsh8kR9zpEM0TQD1maRE84khmEhmbkVkiCUm2uRUMCE4iy8vk8ZF2bHLzsNlqXKbxZGHIziGU3DgCipwBzWoA4EneIZXeLPG1ov1bn3MW3NWNnMIf2B9/gCOM5FL</latexit>

b1

<latexit sha1_base64="YmXxVbqzZA0NO51lonEgFiGj0fk=">AAACEXicbVC7TsMwFHXKq4RXgJElogKVJUoQEowVLIxFog+piSrHdVqrfkS2g1RV/QUWfoWFAYRY2dj4G5w0A7Qc2dLxuefq+p44pURp3/+2Kiura+sb1U17a3tnd8/ZP2grkUmEW0hQIbsxVJgSjluaaIq7qcSQxRR34vFNXu88YKmI4Pd6kuKIwSEnCUFQG6nv1E9DLcKUhILhIZzzev4uzlkY2rnB87y+U/M9v4C7TIKS1ECJZt/5CgcCZQxzjShUqhf4qY6mUGqCKJ7ZYaZwCtEYDnHPUA4ZVtG02Gjmnhhl4CZCmsu1W6i/O6aQKTVhsXEyqEdqsZaL/9V6mU6uoinhaaYxR/NBSUZdLdw8HndAJEaaTgyBSBLzVxeNoIRImxBtE0KwuPIyaZ97ge8Fdxe1xnUZRxUcgWNQBwG4BA1wC5qgBRB4BM/gFbxZT9aL9W59zK0Vq+w5BH9gff4AzDecTw==</latexit>

E852 experiment PLB541 35 (2002)

hashed region: 
! Þnal state selection cut

partial wave analysis
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E852 experiment PLB541 35 (2002)

<latexit sha1_base64="9WeUWwaOqkvVr6XcEPXxFSTFsHs=">AAACMHicbVDLSgMxFM3UVx1fVZdugkVxNcyooMuigi4r2gc0dcikmTY0MxmTjFBKP8mNn6IbBUXc+hWm7Szs48CFwzn3cu89QcKZ0q77YeUWFpeWV/Kr9tr6xuZWYXunqkQqCa0QwYWsB1hRzmJa0UxzWk8kxVHAaS3oXg792hOVion4XvcS2oxwO2YhI1gbyS9cB74HD5EWKGFIRLSN0WOKWw8nd76HkA0N5rlXE67jOH6h6DruCHCWeBkpggxlv/CKWoKkEY014ViphucmutnHUjPC6cBGqaIJJl3cpg1DYxxR1eyPHh7AA6O0YCikqVjDkfp/oo8jpXpRYDojrDtq2huK87xGqsPzZp/FSappTMaLwpRDLeAwPdhikhLNe4ZgIpm5FZIOlphok7FtQvCmX54l1WPHcx3v9rRYusjiyIM9sA+OgAfOQAncgDKoAAKewRv4BF/Wi/VufVs/49aclc3sgglYv38PBqXb</latexit>
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<latexit sha1_base64="WNEeYHmGFAHzb5UxzZr7bGEi5UE="></latexit>

the b1 on the lattice !19

<latexit sha1_base64="9vsdwxIv/I03NZEJkmGd53ryT8g=">AAACA3icbVBNS8NAEN34WetX1JtegkWol5IVQY9FLx4r2A9oYtlsN+3SzSbdnQglFLz4V7x4UMSrf8Kb/8Ztm4O2Phh4vDfDzLwgEVyD635bS8srq2vrhY3i5tb2zq69t9/Qcaooq9NYxKoVEM0El6wOHARrJYqRKBCsGQyuJ37zgSnNY3kHo4T5EelJHnJKwEgd+3DoBURlw7EnWAjle1zrYE/xXh9OO3bJrbhTOIsE56SEctQ69pfXjWkaMQlUEK3b2E3Az4gCTgUbF71Us4TQAemxtqGSREz72fSHsXNilK4TxsqUBGeq/p7ISKT1KApMZ0Sgr+e9ifif104hvPQzLpMUmKSzRWEqHIidSSBOlytGQYwMIVRxc6tD+0QRCia2ogkBz7+8SBpnFexW8O15qXqVx1FAR+gYlRFGF6iKblAN1RFFj+gZvaI368l6sd6tj1nrkpXPHKA/sD5/AG5tl1s=</latexit>

In the quark model:

<latexit sha1_base64="dsrfYeJd2zzB/UfV4XfkWBHdMW8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEsigl6EYi/iqYL9gDYtm+2mXbrZxN1NoYT8Di8eFPHqj/Hmv3Hb5qCtDwYe780wM8+LOFPatr+t3Mrq2vpGfrOwtb2zu1fcP2ioMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtVp35zTKVioXjUk4i6AR4I5jOCtZHc+25Sq6Y3Tjc5O097xZJdtmdAy8TJSAky1HrFr04/JHFAhSYcK9V27Ei7CZaaEU7TQidWNMJkhAe0bajAAVVuMjs6RSdG6SM/lKaERjP190SCA6UmgWc6A6yHatGbiv957Vj7127CRBRrKsh8kR9zpEM0TQD1maRE84khmEhmbkVkiCUm2uRUMCE4iy8vk8ZF2bHLzsNlqXKbxZGHIziGU3DgCipwBzWoA4EneIZXeLPG1ov1bn3MW3NWNnMIf2B9/gCOM5FL</latexit>

b1

a1
<latexit sha1_base64="ie5+dWwxrB4yYvgYI+X2jYzfhxM=">AAACA3icbVBNS8NAEN3Ur1q/ot70EixCvZREBT0WvXisYD+giWGz3bRLN5t0dyKUUPDiX/HiQRGv/glv/hu3bQ7a+mDg8d4MM/OChDMFtv1tFJaWV1bXiuuljc2t7R1zd6+p4lQS2iAxj2U7wIpyJmgDGHDaTiTFUcBpKxhcT/zWA5WKxeIORgn1ItwTLGQEg5Z882DoBlhmw7HLaQiV+7O677iS9fpw4ptlu2pPYS0SJydllKPum19uNyZpRAUQjpXqOHYCXoYlMMLpuOSmiiaYDHCPdjQVOKLKy6Y/jK1jrXStMJa6BFhT9fdEhiOlRlGgOyMMfTXvTcT/vE4K4aWXMZGkQAWZLQpTbkFsTQKxukxSAnykCSaS6Vst0scSE9CxlXQIzvzLi6R5WnXsqnN7Xq5d5XEU0SE6QhXkoAtUQzeojhqIoEf0jF7Rm/FkvBjvxsestWDkM/voD4zPH3GJl10=</latexit>

cf:
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working at a heavier than physical pion mass:
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! is stable
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earlier studies:  
Lang et al JHEP 04 162 (2014) 
Michael & McNeile PRD 73 074506



Symanzik-improved Wilson-Clover fermions 

Distillation  (Peardon et al 2009) to efÞciently  
handle the many wick contractions

3 volumes: 2 - 3 fm 

"      "      "  

anisotropic action:  "

L/as = 16,20,24 T/at = 128 m! L ! 4 " 6
" = as/at ! 3.5

heavier-than-physical light quark masses 

"m! ! 391#MeV

used in many calculations to-date
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!" { 3S1}

!" { 3D1}
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elastic hadron-hadron 
coupled partial-waves

!" { 3S1}

!" { 3D1}
<latexit sha1_base64="bvghaNHQ9c7uv3sXiAw8+2TZ+s4=">AAACG3icdZDLSgMxGIUz9VbrbdSlm9SiuCozrbYui7pwWdFeoBmHTJq2oZkLSUYoQ9/Dja/ixoUirgQXvo3ptIIWPRA4nO8PyX+8iDOpLOvTyCwsLi2vZFdza+sbm1vm9k5ThrEgtEFCHoq2hyXlLKANxRSn7UhQ7Huctrzh+YS37qiQLAxu1Ciijo/7AesxgpWOXLOEIoZCn/bxIUpuyyh/7dooj8YQodw8upgi1yxYRSsVtIrlVNpUbLtaOYH2DBXATHXXfEfdkMQ+DRThWMqObUXKSbBQjHA6zqFY0giTIe7TjrYB9ql0knS3MTzQSRf2QqFPoGCa/ryRYF/Kke/pSR+rgZxnk/Av1olV79RJWBDFigZk+lAv5lCFcFIU7DJBieIjbTARTP8VkgEWmChdZ06X8L0p/N80S0W7XCxdHRdqZ7M6smAP7IMjYIMqqIFLUAcNQMA9eATP4MV4MJ6MV+NtOpoxZnd2wS8ZH1/BaZ9e</latexit>

coupled hadron-hadron 
coupled partial-waves!" { 3S1}

!" { 3D1}
<latexit sha1_base64="KhOjjkKO2/Sr3mOexKoyntVRo4M="></latexit>

the b1 on the lattice
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!  
! =

!

i

vi O
 
i

local qq-like constructions

two-hadron 
constructions

optimised operator formed from the 
eigenvector from the variational method, 
e.g.:

three-hadron 
constructions

<latexit sha1_base64="rlZa9O8IgocPAxazCXmwFwFW/EE="></latexit>

<latexit sha1_base64="xe7thTy4xeRjR5j+DOUqAoLyZGI="></latexit>

<latexit sha1_base64="tErGkXHvMrR6xbxBbDP8SLQRoCc="></latexit>

these Òtwo-hadronÓ parts 
constructed from  
a0, $, K* variational analysis

contains both meson-meson  
and local qq-like constructions
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determinant condition: 
- several unknowns at each value of energy 
- energy levels typically do not coincide 
- underconstrained problem for a single energy

one solution: use energy dependent parameterizations 
- Constrained problem when #(energy levels) > #(parameters) 
- Essential amplitudes respect unitarity of the S-matrix 

t ! 1 = K ! 1 ! i !K-matrix approach:

det [1 + i ! (E ) át (E ) á(1 + iM (E, L ))] = 0

Chew-Mandelstam 
phase space: t ! 1 = K ! 1 + I use a dispersion relation to generate a real 

part from i #

<latexit sha1_base64="Bq7CxR4UF8PFQ1zW1zsr27lmOb4="></latexit>
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e.g.: single-channel K-matrix with one pole:
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e.g.: two-channel K-matrix with one pole:
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e.g.: three-channel K-matrix  
with a pole and constants:
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det [1 + i ! (E ) át (E ) á(1 + iM (E, L ))] = 0
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treating $, K* as stable states

useful to check that the  ! !, ! % 
amplitudes are insensitive to the  
effects of these nearby channels

resonance pole position is robust

<latexit sha1_base64="jsdk+VPzWpaevKofu154leSywlY="></latexit>
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we have computed the b 1 resonance 
in dynamically coupled partial waves at 
mπ = 391 MeV 

it has all the hallmarks of the 
experimental b 1 - a broad resonance 
pole with a dominant 3S1 and subleading 
3D1 components 

3-body operators were used in extracting 
the spectrum 

3 and 5 coupled-channel systems were 
obtained 
  
a consistent pole position was found 
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accepted in PRL
https://arxiv.org/abs/1904.03188
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scattering-amplitude poles ⇔ spectroscopic content
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P-wave:
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