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two-to-two scattering of (coupled) pseudoscalars 
- we have extracted 3x3 scattering matrices (can do more) 
- straightforward to extract the first few partial waves 

typically heavier-than-physical pion masses  
- choice to avoid many-body effects

three-body formalism is rapidly maturing 
 - to allow for lighter pions, higher resonances
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1-dimensional QM, periodic BC, single particle:
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1-dimensional QM, periodic BC, two particles, no interactions
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generalisation to a 3-dimensional strongly-coupled QFT 
￫ powerful non-trivial mapping from finite vol spectrum to infinite volume phase

1-dimensional QM, periodic BC, two interacting  particles:V(x1 - x2) 6= 0

Lüscher 1986, 1991
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Elastic scattering: Lüscher 1986,1991 
Generalised to moving frames: Gottlieb, Rummukainen 1995 
Unequal masses: Prelovsek, Leskovec 2012 

Many derivations of the coupled-channel extension, all in agreement: 
He, Feng, Liu 2005 - two channel QM, strong coupling 
Hansen & Sharpe 2012 - field theory, multiple two-body channels 
Briceño & Davoudi 2012 - strongly-coupled Bethe-Salpeter amplitudes 
Guo et al 2012 - Hamiltonian & Lippmann-Schwinger 

Also derivations in specific channels, or for a specific parameterization of the interactions like  
NREFT, chiral PT, Finite Volume Hamiltonian, etc. 

Briceño 2014 - Generalised to scattering of particles with non-zero spin, and spin-½. 

developments towards a general 3-body quantization condition are being made

infinite volume scattering  
t-matrix

known finite-volume  
functionsphase space

Direct extension of the elastic quantization condition

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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local qq-like constructions

two-hadron 
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uses the eigenvector from the 
variational method performed in  
e.g. pion quantum numbers 

using distillation (Peardon et al 2009) 
many wick contractions, eg just pi-pi & qq operators:
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L=16, 20, 24 
anisotropic (3.5 finer spacing in time) 
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• we compute a large correlation matrix 
• then use GEVP to extract energies
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An example S-wave spectrum fit

�2/Ndof =
44.0

57� 8
= 0.90

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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The lightest tensors of QCD at mπ=391 MeV �14
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based on: arXiv:1904.04136 
Antoni Woss, Christopher Thomas, Jo Dudek,  

Robert Edwards, David Wilson - 
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‘natural’ spin-parities:

‘unnatural’ spin-parities:

<latexit sha1_base64="bxhhZK6AoiMdWsljZhexXsZPxB0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgWENSBN0IRTfiqoJ9QJuWyXTaDp1MwsxECKH+ihsXirj1Q9z5N07bLLT1wOUezrmXuXP8iFGpHOfbyK2srq1v5DcLW9s7u3vm/kFDhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv74Zuo3H4mQNOQPKomIF6AhpwOKkdJSzyzedWtXTve07HbPyhXdbdvumSXHdmawlombkRJkqPXMr04/xHFAuMIMSdl2nUh5KRKKYkYmhU4sSYTwGA1JW1OOAiK9dHb8xDrWSt8ahEIXV9ZM/b2RokDKJPD1ZIDUSC56U/E/rx2rwaWXUh7FinA8f2gQM0uF1jQJq08FwYolmiAsqL7VwiMkEFY6r4IOwV388jJpVGzXsd3781L1OosjD4dwBCfgwgVU4RZqUAcMCTzDK7wZT8aL8W58zEdzRrZThD8wPn8ALImR3A==</latexit>
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<latexit sha1_base64="Ge5bghD9LgOePBGH6wI2fh6AiCg=">AAACDnicbVDLSgMxFM34rPU16tJNsBQqlDJTxHZZcOOygn1AZxgyaaYNTTJDkhHK0C9w46+4caGIW9fu/BvTdhbaeiBw7jn3cnNPmDCqtON8WxubW9s7u4W94v7B4dGxfXLaVXEqMengmMWyHyJFGBWko6lmpJ9IgnjISC+c3Mz93gORisbiXk8T4nM0EjSiGGkjBXbZU3TEUeXacS6rXhV6chxXGo1lEQX1ils3RWCXnJqzAFwnbk5KIEc7sL+8YYxTToTGDCk1cJ1E+xmSmmJGZkUvVSRBeIJGZGCoQJwoP1ucM4NlowxhFEvzhIYL9fdEhrhSUx6aTo70WK16c/E/b5DqqOlnVCSpJgIvF0UpgzqG82zgkEqCNZsagrCk5q8Qj5FEWJsEiyYEd/XkddKt11yn5t5dlVrNPI4COAcXoAJc0AAtcAvaoAMweATP4BW8WU/Wi/VufSxbN6x85gz8gfX5AzYvl7U=</latexit>

e.g.:

<latexit sha1_base64="xED+TuL3oxYHJmlkTd3aXCWVQqA=">AAACIHicbVBLTwIxGOziC/GFevTSSCSQELJdVDiSePGIiTwSlmy6pUBD95G2a0I2/BQv/hUvHjRGb/pr7C4cFJykyXRmvrTfuCFnUpnml5HZ2Nza3snu5vb2Dw6P8scnHRlEgtA2CXggei6WlDOfthVTnPZCQbHnctp1pzeJ332gQrLAv1ezkA48PPbZiBGstOTk63bIKnYFFiF2UAlZ12Y5uWLHKqGaZZZtOwcXKEI3TdSukoSTL5hVMwVcJ2hJCmCJlpP/tIcBiTzqK8KxlH1khmoQY6EY4XSesyNJQ0ymeEz7mvrYo3IQpwvO4YVWhnAUCH18BVP190SMPSlnnquTHlYTueol4n9eP1KjxiBmfhgp6pPFQ6OIQxXApC04ZIISxWeaYCKY/iskEywwUbrTnC4Bra68TjpWFZlVdHdZaDaWdWTBGTgHJYBAHTTBLWiBNiDgETyDV/BmPBkvxrvxsYhmjOXMKfgD4/sH1X2aqA==</latexit>

e.g.:

seen in pseudoscalar-pseudoscalar scattering 

needs something more than pseudoscalar-pseudoscalar 
e.g.: pseudoscalar-vector scattering or three-body scattering

experimentally the b1(1235) is the lightest axial vector resonance

important step on the road to understanding highly excited states 
- e.g.: hybrids
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In the quark model:

<latexit sha1_base64="dsrfYeJd2zzB/UfV4XfkWBHdMW8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEsigl6EYi/iqYL9gDYtm+2mXbrZxN1NoYT8Di8eFPHqj/Hmv3Hb5qCtDwYe780wM8+LOFPatr+t3Mrq2vpGfrOwtb2zu1fcP2ioMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xtVp35zTKVioXjUk4i6AR4I5jOCtZHc+25Sq6Y3Tjc5O097xZJdtmdAy8TJSAky1HrFr04/JHFAhSYcK9V27Ei7CZaaEU7TQidWNMJkhAe0bajAAVVuMjs6RSdG6SM/lKaERjP190SCA6UmgWc6A6yHatGbiv957Vj7127CRBRrKsh8kR9zpEM0TQD1maRE84khmEhmbkVkiCUm2uRUMCE4iy8vk8ZF2bHLzsNlqXKbxZGHIziGU3DgCipwBzWoA4EneIZXeLPG1ov1bn3MW3NWNnMIf2B9/gCOM5FL</latexit>

b1

<latexit sha1_base64="YmXxVbqzZA0NO51lonEgFiGj0fk=">AAACEXicbVC7TsMwFHXKq4RXgJElogKVJUoQEowVLIxFog+piSrHdVqrfkS2g1RV/QUWfoWFAYRY2dj4G5w0A7Qc2dLxuefq+p44pURp3/+2Kiura+sb1U17a3tnd8/ZP2grkUmEW0hQIbsxVJgSjluaaIq7qcSQxRR34vFNXu88YKmI4Pd6kuKIwSEnCUFQG6nv1E9DLcKUhILhIZzzev4uzlkY2rnB87y+U/M9v4C7TIKS1ECJZt/5CgcCZQxzjShUqhf4qY6mUGqCKJ7ZYaZwCtEYDnHPUA4ZVtG02Gjmnhhl4CZCmsu1W6i/O6aQKTVhsXEyqEdqsZaL/9V6mU6uoinhaaYxR/NBSUZdLdw8HndAJEaaTgyBSBLzVxeNoIRImxBtE0KwuPIyaZ97ge8Fdxe1xnUZRxUcgWNQBwG4BA1wC5qgBRB4BM/gFbxZT9aL9W59zK0Vq+w5BH9gff4AzDecTw==</latexit>

E852 experiment PLB541 35 (2002)

hashed region: 
ω final state selection cut

partial wave analysis
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E852 experiment PLB541 35 (2002)
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<latexit sha1_base64="WNEeYHmGFAHzb5UxzZr7bGEi5UE="></latexit>

the b1 on the lattice �19
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working at a heavier than physical pion mass:

<latexit sha1_base64="SxQ/liS1KMXfpFxazAMvAUUtwCE=">AAACInicbZDLSsNAFIYnXmu9RV26GSyKq5KoYIsIRTduhAr2Ak0pk+lJO3QmCTMToYQ+ixtfxY0LRV0JPozTNgttPTDw83/nMOf8fsyZ0o7zZS0sLi2vrObW8usbm1vb9s5uXUWJpFCjEY9k0ycKOAuhppnm0IwlEOFzaPiD6zFvPIBULArv9TCGtiC9kAWMEm2sjl0WHS9m+OgSn5Zd78ITRPelSG+hPvK8vIGRgB4xvFSawR274BSdSeF54WaigLKqduwPrxvRRECoKSdKtVwn1u2USM0oh1HeSxTEhA5ID1pGhkSAaqeTE0f40DhdHETSvFDjift7IiVCqaHwTed4RzXLxuZ/rJXooNROWRgnGkI6/ShIONYRHueFu0wC1XxoBKGSmV0x7RNJqDap5k0I7uzJ86J+UnSdont3VqhcZXHk0D46QMfIReeogm5QFdUQRY/oGb2iN+vJerHerc9p64KVzeyhP2V9/wAc+KI1</latexit>

ω is stable
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earlier studies:  
Lang et al JHEP 04 162 (2014) 
Michael & McNeile PRD 73 074506



Symanzik-improved Wilson-Clover fermions 

Distillation (Peardon et al 2009) to efficiently  
handle the many wick contractions

3 volumes: 2 - 3 fm 
�      �      �  
anisotropic action:  �
L /as = 16, 20, 24 T/at = 128 mπL ∼ 4 − 6

ξ = as /at ∼ 3.5

heavier-than-physical light quark masses 
�mπ ∼ 391 MeV

used in many calculations to-date
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elastic hadron-hadron 
coupled partial-waves
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coupled hadron-hadron 
coupled partial-waves⇡�{3S1}
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the b1 on the lattice



/35David Wilson (TCD)                coupled-channel scattering from lattice QCD{operator bases �21

⌦†
⇡ =

X

i

viO
†
i

local qq-like constructions

two-hadron 
constructions

optimised operator formed from the 
eigenvector from the variational method, 
e.g.:

three-hadron 
constructions
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these “two-hadron” parts 
constructed from  
a0, ρ, K* variational analysis

contains both meson-meson  
and local qq-like constructions
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determinant condition: 
- several unknowns at each value of energy 
- energy levels typically do not coincide 
- underconstrained problem for a single energy

one solution: use energy dependent parameterizations 
- Constrained problem when #(energy levels) > #(parameters) 
- Essential amplitudes respect unitarity of the S-matrix 

t�1 = K�1 � i⇢K-matrix approach:

det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0

Chew-Mandelstam 
phase space: t�1 = K�1 + I use a dispersion relation to generate a real 

part from iρ

<latexit sha1_base64="Bq7CxR4UF8PFQ1zW1zsr27lmOb4="></latexit>
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e.g.: single-channel K-matrix with one pole:
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e.g.: two-channel K-matrix with one pole:
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e.g.: three-channel K-matrix  
with a pole and constants:
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det [1+ i⇢(E) · t(E) · (1+ iM(E,L))] = 0
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treating ρ, K* as stable states

useful to check that the  πω, πφ 
amplitudes are insensitive to the  
effects of these nearby channels

resonance pole position is robust

<latexit sha1_base64="jsdk+VPzWpaevKofu154leSywlY="></latexit>



/35David Wilson (TCD)                coupled-channel scattering from lattice QCDsummary �35

0.2

0.4

0.6

0.8

1

0.02

0.002

1250 1300 1350 1400 1450 1500

-150

-100

-50

1250 1300 1350 1400 1450 1500

60
0

40
0

20
0

we have computed the b1 resonance 
in dynamically coupled partial waves at 
mπ = 391 MeV 

it has all the hallmarks of the 
experimental b1 - a broad resonance 
pole with a dominant 3S1 and subleading 
3D1 components 

3-body operators were used in extracting 
the spectrum 

3 and 5 coupled-channel systems were 
obtained 
  
a consistent pole position was found 
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accepted in PRL
https://arxiv.org/abs/1904.03188
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scattering-amplitude poles ⇔ spectroscopic content
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