
CERN	Council	Open	Symposium:	European	Strategy	for	Par:cle	Physics	
Granada,	Spain	
13	–	16	May	2019

Hartmut	WiFg	
PRISMA+	Cluster	of	Excellence,	Ins6tute	for	Nuclear	Physics	and	Helmholtz	Ins6tute	Mainz

LaFce	QCD  
Challenges	and	Opportuni:es



Hartmut	Wittig

The	role	of	LaFce	QCD

�2

Provide	quan6ta6ve	input	on	hadron	structure	and	spectroscopy	
and	the	proper6es	of	maCer	under	extreme	condi6ons

• Flavour	physics	—	CKM	matrix	elements	

• Nucleon	matrix	elements:	axial,	scalar	and	tensor	charges,	σ-terms	

• Muon	g	–	2

Constrain	hadronic	contribu6ons	to	processes	and	matrix	elements	
relevant	for	BSM	physics	searches:

Provide	input	for	experiments	and	phenomenology

Validate	model	calcula6ons	and	EFT	descrip6ons

• Parton	Distribu6on	Func6ons	—	joint	fits	of	experimental	and	laRce	data	

• Nucleon	form	factors	—	neutrino-nucleus	cross	sec6ons,	proton	radius	puzzle

Inves6gate	BSM	scenarios
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LaFce	QCD	concerns	all	aspects	of  
strong	interac:on	physics
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LaFce	QCD	then	and	now

�3

“The	laRce	has	produced  
		numbers	with	small	error	bars  
		of	unmeasured	quan66es…”

[Guido	Altarelli,	DESY	Theory	Workshop	1990]

LaRce	QCD	makes	predic6ons	for	a	large	variety	of	quan66es	in	strong	
interac6on	physics	with	controlled	errors:	
• Hadron	masses	and	matrix	elements	

• SM	parameters	

• Quan66es	characterising	strongly	interac6ng	maCer	under	extreme	condi6ons	

• Precision	observables
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Example:		B-meson	decay	constant	in	LaRce	QCD 
												→  relevant	for	Vub,	no	experimental	measurement
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Example:		B-meson	decay	constant	in	LaRce	QCD 
												→  relevant	for	Vub,	no	experimental	measurement

Overall	precision:			15%		in		1997		→		0.5%	in		2018

Correlated	with	an	increase	of		5	×	105		in	computer	power

Quenched	approxima6on
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Community	efforts	in	LaFce	QCD

�5

FLAG	Report:
Performs	PDG-style	global	analyses	and	averages [S.	Aoki	et	al.,	arXiv:1902.08191]

• SM	parameters	(quark	masses,	alpha_s)	
• Flavour	physics	(K,	D,	B	mesons)	
• Low-energy	constants	
• Nucleon	matrix	elements

Figure 40: Lattice results and FLAG averages for the isovector axial charge gu−d
A for Nf = 2,

2 + 1, and 2 + 1 + 1 flavour calculations.

quoted by the PDG. While the most recent lattice calculations reproduce the axial charge at
the level of a few percent or even better, the experimental result is more precise by an order
of magnitude.

10.3.2 Results for gu−d
S

Calculations of the isovector scalar charge have, in general, larger errors than the isovector
axial charge as can be seen from the compilation given in Tab. 63 and plotted in Fig. 41.
For comparison, Fig. 41 also shows a phenomenological result produced using the conserved
vector current (CVC) relation [910].

Only a single calculation, PNDME 18 [84], which supersedes PNDME 16 [830] and
PNDME 13 [827], meets all the criteria for inclusion in the average.

This 2+1+1 flavour mixed-action calculation was performed using the MILC HISQ en-
sembles, with a clover valence action. The 11 ensembles used include three pion mass values,
Mπ ∼ 135, 225, 320 MeV, and four lattice spacings, a ∼ 0.06, 0.09, 0.12, 0.15 fm. Note that
four lattice spacings are required to meet the green star criteria, as this calculation is not
fully O(a) improved. Lattice size ranges between 3.3 ! MπL ! 5.5, and the set of ensembles
includes three different volumes at a fixed pion mass Mπ ∼ 225 MeV and lattice spacing
a ∼ 0.12 fm. Physical point extrapolations were performed simultaneously, keeping only the
leading order terms in the various expansion parameters. For the chiral extrapolation, these
are the terms proportional to M2

π , while the continuum extrapolation is performed using the
term proportional to a, because the action and operators are not fully O(a) improved. For the
finite volume extrapolation, the asymptotic limit of the χPT prediction, Eq. (377), is used.

254

White	papers:
Community	White	Paper	on	LaRce 
input	for	global	PDF	analyses
[H.-W.	Lin	et	al.,	PPNP	100	(2018)	107]

The	muon	g	–	2	(to	appear)

USQCD	2019	:	WPs	on	LaRce	QCD	in	nuclear,	hadron,	flavour,	BSM	physics,	
QCD	phase	diagram,	Exascale	compu6ng
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Technical	and	conceptual	challenges

�6

Observables	have	become	more	“complex”:
• Baryon	correla6on	func6ons	

• Quark-disconnected	diagrams	(	→ flavour-singlet	quan66es)	
• Mul6-hadron	systems	and	light	nuclei	

• Four-point	func6ons	required	for	hadronic	light-by-light	scaCering
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L, are chosen to encompass the characteristic length scales emergent 
from QCD, such as the proton radius, rp ≈ 0.8 fm. In present calcula-
tions, typical lattice spacings are 0.04 ≲ a/rp ≲ 0.2 and typical spatial 
extents are 3 ≲ L/rp ≲ 8. The continuum and infinite-volume limits are 
recovered through an extrapolation with several values of a and L. 
Additionally, the input values of the quark masses in LQCD calculations 
do not typically reproduce their physical values. State-of-the-art calcu-
lations now regularly obtain ≈π

.m 130 MeVcalc , where the pion (π), the 
lightest hadron, is used to calibrate the input light-quark mass according 
to the experimental value12 = .π

.m 139 6 MeVexp . In this work, mπ ranges 
between 130 MeV and 400 MeV, allowing for a fully controlled interpo-
lation (the input parameters of the calculation are provided in Extended 
Data Table 2). The continuum and infinite-volume extrapolations and 
pion-mass interpolations are necessary for all LQCD calculations to 
compare the results with experimental values and make predictions.

Over the past decade, the LQCD community has determined had-
ronic properties for mesons (which are QCD eigenstates composed 
of one quark and one antiquark) with fully controlled systematic 
uncertainties at the sub-per-cent level, yielding some of the most 
stringent tests of the standard model. The Flavour Lattice Averaging 
Group produces a world average of meson properties determined 
from LQCD13, similar to the Particle Data Group’s (PDG) averages of 
experimental results12. In contrast to mesons, stochastic sampling of the  
nucleon path-integral results in an exponentially smaller signal-to-noise  
ratio, hence requiring exponentially more computational resources to 
replicate the precision achieved for meson properties. In fact, only a 
handful of LQCD calculations involving nucleons have demonstrated 
control over all sources of uncertainty14,15. Insight provided by pre-
vious LQCD calculations of gA also identifies the contamination of 
excited states as another major source of uncertainty2–10. Excited 
state contamination, which results from the imperfect coupling of the 
chosen creation operators to the state of physical interest, is present  
in all lattice calculations and has been proven to be particularly  
problematic for calculations of gA.

The standard method of calculating gA, as shown in Fig. 1a, relies on 
two independent separation times: the separation time of the neutron 
and proton (tsep) and the separation time of the neutron and the insertion 
of the weak axial current (tins). Although gA is independent of both times, 
the contamination from excited states is time-dependent. This contam-
ination shifts the calculated values of gA at small time separations, but 
vanishes exponentially with respect to tins and tsep − tins. Computational 
limitations restrict the calculations to fixed (and relatively small)  
neutron–proton separation times, requiring multiple calculations with 
varying values of tsep to fully control the excited-state contributions. 
However, the relative stochastic noise grows exponentially with tsep, 
while it only vanishes with the square root of the stochastic sample size. 
Therefore, overcoming this noise requires exponentially more computa-
tional resources, rendering the standard method an expensive strategy.

By contrast, the method that we use in this work11, which is inspired 
by the Feynman–Hellmann theorem, uses an explicit sum over all cur-
rent insertion times, tins (Fig. 1b), with the ability to vary t = tsep, at the 
numerical cost of a single separation time of the standard method: all 
excited state contributions depend only on t and the computation must 
approach gA asymptotically in the large-t limit (Fig. 2). By analysing 
the spectrum and gA matrix element calculations simultaneously with 
nonlinear regression, we demonstrate the ability to fully control excited 
state contributions and determine precise values of gA, as suggested 
by the agreement between the data (grey points with error bars) and 
the fit ansatzes (grey bands). In Supplementary Information (section 
S.4 and Figs. 9–15) and in Extended Data Fig. 1, we show that this is 
true for all ensembles (different choices of a, L and mπ) used in our 
calculation. In summary, this Feynman–Hellman-theorem-inspired 
method11 provides access to more data (t = tsep in Fig. 2) with a reduced 
computational cost, allowing us to remove the unwanted excited state 
contamination and utilize data at early separation times, where the 
signal-to-noise ratio is exponentially more precise, thus resolving both 
of the aforementioned major challenges in determining gA .

What remains is to extrapolate the values of gA obtained from our 
lattice calculations to the physical parameters. Effective field theory16 
(EFT) is employed to provide a rigorous prescription for performing 
the continuum and infinite-volume extrapolations, along with the 
interpolation to the physical pion mass. First, one identifies the  
relevant degrees of freedom for low-energy nuclear physics, which are 
the nucleons and pions. Second, one identifies a small expansion 
parameter, ε, which often emerges through a ratio of length scales; for 
pions, this is επ = mπ/(4πFπ), where Fπ is a quantity known as the pion 
decay constant. π

.F exp  has been measured12 to be 92.1(1.2) MeV and 
ε ≈ .π

. 0 12exp . The resulting effective field theory may be systematically 
improved: when working to O(εn) (where n = 0 denotes leading order, 
n = 1 next-to-leading order, and so on), the truncation errors enter at 
O(εn+1).

Chiral perturbation theory is the effective field theory of pions17 and 
their interactions with nucleons18, and it describes all possible interac-
tions between them that are consistent with the symmetries of QCD, 
ordered by increasing powers of επ. Although the forms of the interac-
tions are known, the strengths of the interactions are emergent low-en-
ergy couplings and can be determined only from experiments or LQCD 
calculations. However, once the couplings are known, chiral perturba-
tion theory can be used to calculate new quantities and can be used to 
describe the simulated universes where the quark masses differ from 
those in nature. This allows for a model-independent interpolation of 
LQCD results to π

.m exp .
Chiral perturbation theory is also extended to account for artefacts 

arising from the finite volume of the lattice19. For the large volumes 
used in our calculation, the small parameter controlling the finite-vol-
ume corrections scales approximately as ε = − πe m L

L . Extended Data 
Fig. 2 shows consistency between the predicted finite-volume correc-
tions and our results at fixed pion mass.

Artefacts introduced by our calculation at non-zero lattice spac-
ing are also accounted for using effective field theory. Unlike the 

Fig. 2 | Demonstration of the improved method11 on an ensemble with 
lattice spacing a ≈ 0.09 fm and mπ ≈ 220 MeV. The two sets of results 
for /g t a( )A

eff  correspond to different choices of annihilation operators for 
the nucleon, denoted as ‘SS’ and ‘PS’. At long times, both values must 
approach the ground state value of gA asymptotically, whereas at short 
times, they couple differently to the excited state contributions. The raw 
numerical results are shown in grey and the grey bands represent the full 
fit to the data (points inside the vertical grey bands are not included in the 
fits). Error bars correspond to one standard error of the mean (s.e.m.). The 
solid black and white data points are reconstructed from the two datasets, 
with the excited states (determined by the fit) subtracted from the raw 
results. The solid blue band is the ground state value of gA, determined by 
the full fit. We make efficient use of points at small Euclidean times, before 
the stochastic noise overwhelms the signal. The agreement between the 
subtracted data and the asymptotic large-time value of gA, even at short 
times, demonstrates our control over excited state contributions. The time 
axis is given in dimensionless lattice units, with a ≈ 0.09 fm corresponding 
to 3 × 10−25 s, so that t/a = 2 corresponds to 6 × 10−25 s.
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FIG. 1: Integrand of Eq. (1) in the time-momentum representation for the connected light, strange
and charm contributions. Left: ensemble D200 with a pion mass of 200 MeV. Right: ensemble
E250 at the physical pion mass. For better visibility, the strange and charm contributions have
been scaled by a factor six. The displayed discretization is the local-local one for the light and
strange contributions, and the local-conserved one for the charm. The muon mass is the f⇡ rescaled
one for the light integrand and the physical one for the strange and charm integrands.

A. The quark-connected contributions

The integrand of Eq. (1) for the connected light, strange and charm contributions is
displayed in Fig. 1 for our two ensembles with quark masses closest to their physical values.
The left (right) panel corresponds to a pion mass of about 200MeV (131MeV). The light
contribution is clearly very dominant; note that the charm and strange contributions have
been scaled by a factor of six for better visibility. On a given ensemble, the integrand
peaks at increasingly longer distances as one goes from the charm to the strange to the light
quarks, and the tail becomes more extended. At the same time, the statistical precision
deteriorates. Comparing the left to the right panel, it is clear that the light contribution
becomes harder to determine with the desired precision as the physical quark masses are
approached. Nevertheless, these plots by themselves do not fully reflect all the known
constraints on the TMR correlator, which is well known to be given by a sum of decaying
exponentials with positive coe�cients, as discussed in section II E.

Having described the state-of-the-art methods to handle the tail of the correlation func-
tion in section II E, we now describe how we applied these methods to our data. For the
strange and charm quark contributions, the TMR correlator is determined so accurately that
practically no particular treatment of the tail is needed. We apply the bounding method,
Eq. 14 with N = 0, and obtain the results given in Table IV.

As for the connected contribution of the light quarks, our choice for the final analysis is
again the bounding method on all ensembles; the only exception is the physical-pion-mass
ensemble E250, to which we return below. In applying Eq. (14), we employ the expression
containing the e↵ective mass as a lower bound, and use as an estimate for the lowest-lying
energy level in the channel the energy obtained by a one-exponential fit to the tail of the
TMR correlator. On ensemble D200, on which the ground state lies clearly below the ⇢ mass
and has a relatively weak coupling to the vector current, we use the auxiliary spectroscopy
calculation to determine its energy. We find it to be close to, but slightly below the value
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Sign	problem	in	simula6ons	of	QCD	with	μB	≠	0
Incorpora6on	of	isospin	breaking	effects:		QCD+QED,		mu	≠	md	

n-par6cle	decays	of	resonances,		n	>	2
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Outline
Hadron	structure

Hadron	spectroscopy	and	hadronic	interac:ons

Precision	observables

QCD	phase	diagram

Resources

Outlook;	Recommenda:ons
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Confront	experimental	determina6ons	with	laRce	QCD	results

Hadron	structure	calcula:ons

Consistency	checks:  
proton	radius	and	magne6c	moment,	axial	charge

Provide	input	for	experiments	and	phenomenology:
• Nucleon	scalar	and	tensor	charges	gS,	gT:	constrain	BSM	effects		

• Axial	form	factor:	ν-nucleus	cross	sec6ons	(DUNE/LBNF)	
• (Generalised)	Parton	Distribu6on	Func6ons;	transversity	(EIC)	

• Decomposi6on	of	the	nucleon	spin

Addi6onal	systema6c	effects:
• Bias	from	unsuppressed	excited	states: 

mul6-state	fits,	summed	operator	inser6ons	

• Finite-volume	effects	

• Renormalisa6on	and	matching
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Axial,	scalar	and	tensor	charges

FLAG	averages:

gu�d
A = 1.251 ± 0.033

<latexit sha1_base64="iBCBAN+vhKzv3wghQft4lEMrEcM="></latexit>

gu�d
S = 1.02 ± 0.10

<latexit sha1_base64="77MaP6+471lxc/ZE4lzrU+pTGKM="></latexit>

gu�d
T = 0.989 ± 0.034

<latexit sha1_base64="txWObLGrBLHHwUg3s7u+HgZMnIg="></latexit>

[1.2724 ± 0.0023 (exp.)]
<latexit sha1_base64="UqaEZaErg6WWdIq7M3aUtyxhVVQ="></latexit>

[Aoki	et	al.,	arXiv:1902.08191]
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Electromagne:c	form	factors:	proton	charge	radius,	magne6c	moment 
	⟶		proton	radius	puzzle

Nucleon	form	factors

Axial	form	factor:	constrain	ν-nucleus	interac6on	and	cross	sec6ons 
	⟶		long	baseline	neutrino	experiments	(DUNE/LBNF)

Strange	form	factors:	probe	contribu6on	from	quark	sea 
	⟶		parity-viola6ng	ep	scaCering

Quark-disconnected	diagrams:	

• required	to	determine	iso-scalar	form	factors	

• strange	form	factor
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Electromagne:c	form	factors

Proton Neutron

Charge	radii	smaller	than	observed	in	ep	scaCering	experiments	

Focus	on	systema6cs	and	beCer	sta6s6cal	precision

[Alexandrou	et	al.,	arXiv:1812.10311]Recent	results:
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Axial	form	factors

Slope	of	GA(Q2)		underes6mated	in	calcula6ons 
	⟶		focus	on	excited	states	systema6cs

Defini6on:

[Alexandrou	et	al.,	arXiv:1807.11203]

Figure 2. Results for Gu�d
A (Q2) and Gu�d

p (Q2) using values extracted from the plateau method at ts = 1.31 fm
(filled blue squares). In the left panel, the solid blue (orange) line shows the fit to our results extracted from the
plateau (two-state fit) using dipole form. Black asterisk shows the experimental value of gA. The purple, red
and green bands are experimental results for Gu�d

A (Q2) taken from Refs. [10], [9] and [11] respectively. For the
induced pseudoscalar, the open blue squares show the pion-pole prediction results to Gu�d

p (Q2) from our lattice
results of Gu�d

A (Q2) together with the corresponding fits, blue (orange) band is a fit extracted from the plateau
(two-state) fit. The filled blue squares show Gu�d

p (Q2) extracted directly from the nucleon matrix element with a
pole fit (solid black line) after omitting the two lowest Q2 values. The filled black circles are experimental results
of Gu�d

p (Q2) from Ref. [2]. The purple, red and green bands are constructed using the experimental results for
Gu�d

A (Q2) and pion pole to infer Gu�d
p (Q2).

Figure 3. Results for the disconnected contributions: Left Gu+d
A (Q2) (red) and Gs

A(Q2) (blue. Right: Gp(Q2)u+d

(red) and Gs
p(Q2) (blue). The lattice results are extracted from the plateau method at ts = 1.31 fm. The bands

show the fit using the z-expansion.

non-zero and changes the Q2-dependence of the form factor. Only after we include the discon-
nected contribution we have agreement with the experimental value of gu+d

A . The isoscalar mass
mu+d

A = 1.736(244)(374) is higher than the one extracted from the isovector case as expected from the
smoother Q2-dependence observed of the isoscalar form factor.

Our results on the isoscalar Gu+d
p are presented in Fig. 5. What is remarkable is the large dis-

connected contribution to the induced pseudoscalar form factor, which is of the same order as the
connected but with the opposite sign. Fitting separately the two contributions we find consistent

[Capitani	et	al.,	IJMPA	34	(2019)	1950009]

D
N(p0, s0)

���Aa
µ(0)
���N(p, s)

E
= u(p0, s0)

"
�µ�5GA(Q2) � i�5

Qµ
2mN

GP(Q2)
#

1
2⌧

au(p, s)
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Strange	electromagne:c	form	factors
Signal	en6rely	given	by	disconnected	diagrams

� a [fm] N3
s ⇥ Nt m⇡ [MeV] mK [MeV] mN [MeV] Ncfg Nmeas

H105 3.40 0.08636 323
⇥ 96 278 460 1037 1020 391680

N401⇤ 3.46 0.07634 483
⇥ 128 289 462 1042 701 314048

N203 3.55 0.06426 483
⇥ 128 345 441 1111 772 345856

N200 3.55 0.06426 483
⇥ 128 283 463 1061 856 383488

D200 3.55 0.06426 643
⇥ 128 200 480 989 278 124544

N302⇤ 3.70 0.04981 483
⇥ 128 354 458 1120 1177 527296

TABLE I. Gauge ensembles used in this work, where Ncfg denotes the number of gauge configura-
tions and the last column corresponds to the total number of measurements for the ratio in Eq. (7).
The values for the lattice spacing, pion and kaon masses are taken from [14], while the nucleon
masses are estimated using the two point function in this work. For the ensembles marked with an
asterisk the pion and kaon mass have been obtained from dedicated runs in connection with [15].

boundary conditions in time in order to prevent topological freezing [12]. Simulations have
been performed such that the sum of the bare quark masses is constant, which implies a
constant O(a) improved coupling [13]. See Tab. I for a list of ensembles used in this work2.

We obtain the strange electromagnetic form factors of the nucleon by calculating the
disconnected three-point function with a vector current insertion in the strange quark loop,
which is explained in more detail in the next section. The relevant diagram and our chosen
momentum setup is depicted in Fig. 1. The disconnected three-point function factorizes into
separate traces for the strange quark loop and the nucleon two-point function
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FIG. 1. Disconnected three-point function with a vector current inserted in the strange loop (red
dot). For the range of momenta at the source and current insertion we use ~n2

p/q
 6, while at the

sink we restrict the range to ~n2
p0  2 (~n2

p/q/p0 denote the units of squared lattice momenta).

2 Note that the listed values of lattice spacing correspond to the values from [14] after a shift to �4 = 1.11,

while for the pion and kaon masses we quote the values at the ensemble value of �4. See Ref. [14] for

further details.
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PDFs	from	LaFce	QCD
Isovector	unpolarised	and	transversity	distribu6ons [Monahan,	arXiv:1811.00678]
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Light-by-light	scaCering

2

The HVP contribution is the largest hadronic contri-
bution and can be computed from a dispersion relation
and experimental e+e� annihilation data. This is a well-
developed method with a fractional-percent error. The
leading-order HVP contribution is 692.3(4.2)⇥ 10�10 [8]
or 694.9(4.3) ⇥ 10�10 [9]. This dispersive approach is
an active research area and results with reduced errors
should be expected [10]. The HVP contribution can also
be calculated with lattice QCD. With recently developed
methods and increased computational power, similar or
even higher precision results may be possible [11–15].
In contrast, the HLbL contribution is at present only
estimated by model calculations which give a result of
10.5(2.6) ⇥ 10�10 [16, 17] or 11.6(3.9) ⇥ 10�10 [1]. This
method is di�cult to improve further although it is pos-
sible to compare the model result for hadronic light-by-
light scattering with a lattice result for this scattering
amplitude [18]. A dispersion relation analysis of the
HLbL contribution is not available although work is un-
derway in this direction [19–24].

Combining these results gives the standard model pre-
diction a

sm

µ = 11659184.0(5.9)⇥10�10 which di↵ers from
the experimental value above by a

exp

µ �a
sm

µ = 24.0(6.9)⇥
10�10, about twice the estimate for the HLbL contribu-
tion. Thus, a systematically improvable, lattice determi-
nation of the HLbL contribution is needed to resolve or
firmly establish the discrepancy.

The complete set of HLbL diagrams include the con-
nected diagrams in Fig. 2 and the disconnected diagrams
in Fig. 3, 4, and 5. Only quark loops that are directly
connected to photons are drawn in the figures. This is be-
cause only these quark propagators need to be explicitly
calculated on the lattice. The e↵ects of gluons and other
quark loops are included automatically through the eval-
uation of these explicit quark propagators and the use
of an unquenched gauge ensemble. Although there are
many di↵erent types of disconnected diagrams, only one
type, shown in Fig. 3, survives in the SU(3) limit. The
other diagrams, shown in Figs. 4 and 5, vanish in SU(3)
limit because they contain quark loops that couple only
to one photon and the sum of the charges of the u, d, s
quarks is zero. Also, because the strange quark carries
only 1/3 of the electron charge, diagrams that are sup-
pressed by the di↵erence between the strange and light
quark masses are suppressed by their charge factors too.
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Figure 2. Connected hadronic light-by-light diagrams. There
are four additional diagrams resulting from further permuta-
tions of the photon vertices on the muon line.
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Figure 3. Leading-order disconnected diagram which is non-
zero in SU(3) limit. There are additional diagrams which can
be obtained from permutation of the photon vertices on the
muon line.
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Figure 4. Disconnected diagrams of orderms�ml. There are
additional diagrams which can be obtained from permutation
of the photon vertices on the muon line.
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Figure 5. Disconnected diagrams of order (ms � ml)
2 and

higher. There are additional diagrams which can be obtained
from permutation of the photon vertices on the muon line.

The first attempt using lattice QCD to compute the
connected contribution to HLbL was made by Blum,
Chowdhury, Hayakawa, and Izubuchi [25], which demon-
strated the possibility of performing such calculation.
A series of improvements in methodology were made
in Ref. [26], eliminating two sources of systematic ef-
fects arising from the use of larger-than-physical electric
charge and non-zero momentum transfer. The methods
presented in Ref. [26] also lead to a substantial reduction
in the statistical noise making a direct lattice calcula-
tion with a physical pion mass possible. Here, we report
the result of the first connected HLbL lattice calculation
with physical pion mass. In addition to the connected
HLbL calculation, we extended the methods of Ref. [26]
and compute the leading disconnected diagrams shown
in Fig. 3 using the same set of configurations. This is the
first disconnected HLbL calculation and the result sug-

68

Figure 5.1: Leading order diagram, survives in SU(3) limit.

xsrc xsnkz0,0 y0,�0 x0, ⇢0

xop, ⌫

z, y,� x, ⇢

Figure 5.2: Next to leading order diagrams. O(ms �ml), vanishes in SU(3) limit.

a result, not much e↵ort is needed in order to control the error from the long distance region.

For disconnected diagrams, the signal has to come from a subtle gluon interaction between

the two quark loops, which only emerges after gauge averaging. As a result, although the

signal is still exponentially suppressed when |r| = |x � z| becomes large, the noise remains

constant for arbitrary |r|. Since the formula involves summation over r, one can expect that a

lot of noise will come from the large |r| region, and this noise will become larger if we increase

the volume. However, in terms of evaluating the diagram on the lattice, the independence of

these two loops also provide some benefit. The contraction at y position does not depend on

the position of z, allowing the M2 trick to be applied without recomputing the muon part.

(ahlbl
µ )con = (116.0 ± 9.6) · 10�11

<latexit sha1_base64="VZ31BeiHOOOEVHu3BL7NunE4RT8="></latexit>

[Blum	et	al.,	PRD	93	(2016)	014503,	PRL118	(2017)	022005	]

Hadronic	vacuum	polarisa6on:

600 650 700 750

ahvpµ · 1010

Mainz/CLS 17 (Nf = 2)

BMW 17

RBC/UKQCD 18

ETMC 19

PACS 19

FNAL-HPQCD-MILC 19

Mainz/CLS 19

[Gérardin	et	al.,	arXiv:1904.03120]



Hartmut	Wittig

Hadronic	contribu:ons	to	the	muon	g	–	2

�21

(ahlbl

µ )
LO

disc
= (�62.5 ± 8.0) · 10

�11

<latexit sha1_base64="OB+3Eaxp1WhTXqmwnWKKll//yxQ="></latexit>

Light-by-light	scaCering

2

The HVP contribution is the largest hadronic contri-
bution and can be computed from a dispersion relation
and experimental e+e� annihilation data. This is a well-
developed method with a fractional-percent error. The
leading-order HVP contribution is 692.3(4.2)⇥ 10�10 [8]
or 694.9(4.3) ⇥ 10�10 [9]. This dispersive approach is
an active research area and results with reduced errors
should be expected [10]. The HVP contribution can also
be calculated with lattice QCD. With recently developed
methods and increased computational power, similar or
even higher precision results may be possible [11–15].
In contrast, the HLbL contribution is at present only
estimated by model calculations which give a result of
10.5(2.6) ⇥ 10�10 [16, 17] or 11.6(3.9) ⇥ 10�10 [1]. This
method is di�cult to improve further although it is pos-
sible to compare the model result for hadronic light-by-
light scattering with a lattice result for this scattering
amplitude [18]. A dispersion relation analysis of the
HLbL contribution is not available although work is un-
derway in this direction [19–24].

Combining these results gives the standard model pre-
diction a

sm

µ = 11659184.0(5.9)⇥10�10 which di↵ers from
the experimental value above by a

exp

µ �a
sm

µ = 24.0(6.9)⇥
10�10, about twice the estimate for the HLbL contribu-
tion. Thus, a systematically improvable, lattice determi-
nation of the HLbL contribution is needed to resolve or
firmly establish the discrepancy.

The complete set of HLbL diagrams include the con-
nected diagrams in Fig. 2 and the disconnected diagrams
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xsrc xsnkz0,0 y0,�0 x0, ⇢0

xop, ⌫

z, y,� x, ⇢

Figure 5.2: Next to leading order diagrams. O(ms �ml), vanishes in SU(3) limit.

a result, not much e↵ort is needed in order to control the error from the long distance region.

For disconnected diagrams, the signal has to come from a subtle gluon interaction between

the two quark loops, which only emerges after gauge averaging. As a result, although the

signal is still exponentially suppressed when |r| = |x � z| becomes large, the noise remains

constant for arbitrary |r|. Since the formula involves summation over r, one can expect that a

lot of noise will come from the large |r| region, and this noise will become larger if we increase

the volume. However, in terms of evaluating the diagram on the lattice, the independence of

these two loops also provide some benefit. The contraction at y position does not depend on

the position of z, allowing the M2 trick to be applied without recomputing the muon part.

(ahlbl
µ )con = (116.0 ± 9.6) · 10�11

<latexit sha1_base64="VZ31BeiHOOOEVHu3BL7NunE4RT8="></latexit>

[Blum	et	al.,	PRD	93	(2016)	014503,	PRL118	(2017)	022005	]

Pion	pole	contribu6on:	transi6on	form	factor		 ⇡0 ! �⇤�⇤
<latexit sha1_base64="D8n1v1duGdXEGphndAtDotrP/lg=">AAACM3icbVDLSgNBEJyNrxhfUY8eXAyCp7CJgp4k4MVjBPOAbBJ6J5NkyMzOMtMrhiVHv8ar+RjxJl79BMHdJEgeFgwU1dU93eUFght0nHcrtba+sbmV3s7s7O7tH2QPj6pGhZqyClVC6boHhgnuswpyFKweaAbSE6zmDe6Seu2JacOV/4jDgDUl9Hze5RQwltrZUzfgLcdF5fZASmi5YHCOZtrZnJN3JrD/SGGZ5MgM5Xb2x+0oGkrmIxVgTKPgBNiMQCOngo0ybmhYAHQAPdaIqQ+SmWY0OWRkn8dKx+4qHT8f7Yk63xGBNGYovdgpAftmuZaI/9bwORloFr6PEpvnKbG0FHZvmhH3gxCZT6c7dUNho7KTAO0O14yiGMYEqObxWTbtgwaKccxJXivprJJqMV+4zBcfrnKl21lyaXJCzsgFKZBrUiL3pEwqhJIX8kreyNgaWx/Wp/U1taasWc8xWYD1/Qv+yqv/</latexit>

(LaRce	QCD)
(ahlbl
µ )⇡

0
=

8>><
>>:

(59.7 ± 3.6) · 10�11

(62.6+3.0
�2.5) · 10�11

<latexit sha1_base64="IeLG7kQBdzLYjWHmHB2SaKA6iWA="></latexit>

(Dispersion	Theory)

[Gérardin	et	al.,	arXiv:1903.09471,	Hoferichter	at	al.,	arXiv:1808.04823]

Hadronic	vacuum	polarisa6on:

600 650 700 750

ahvpµ · 1010

Mainz/CLS 17 (Nf = 2)

BMW 17

RBC/UKQCD 18

ETMC 19

PACS 19

FNAL-HPQCD-MILC 19

Mainz/CLS 19

[Gérardin	et	al.,	arXiv:1904.03120]
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Hybrid method Phys. Rev. D 90, 074508 (2014),
[Golterman,Maltman,Peris]

• Low momentum region

➡ Experiment (NLO, 

NNLO, radiative 

corrections … )

• Vary low and high Q2 cut

strategy proposed for the hybrid determination 
of the total HVP (u+d+s+c+b)

➡ continuum limit:   a—> 0
➡ infinite volume limit: V—> ∞
➡ physical quark masses
➡ isospin breaking corrections (mu≠md and αem≠0)

Convolu6on	integral	over	Euclidean	momenta: [Lautrup	&	de	Rafael;	Blum]

ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dQ2 f (Q2)⇧̂(Q2), ⇧̂(Q2) = 4⇡2

⇣
⇧(Q2) � ⇧(0)

⌘

Hybrid	method:	use	experimental	data	in	the	low-momentum	region

MUonE	experiment:

Determine									in	elas6c	μe	scaCeringahvp
µ

<latexit sha1_base64="cRSDxIfJHPd+PwvNVKWIXaqhrlc=">AAACJHicdVDNS8MwHE3n15xfVY9egkPwNNopbrvIwIvHCe4D1lrSLNvCkrYk6XCU/Sde3V/jTTx48T8RTLcK29AHgcd775f88vyIUaks69PIbWxube/kdwt7+weHR+bxSUuGscCkiUMWio6PJGE0IE1FFSOdSBDEfUba/ugu9dtjIiQNg0c1iYjL0SCgfYqR0pJnmshzePyUOILD4TiaFjyzaJWsOeASqdVurEoV2plSBBkanvnt9EIccxIozJCUXduKlJsgoShmZFpwYkkihEdoQLqaBogT6SbzzafwQis92A+FPoGCc3V5IkFcygn3dZIjNZTrXir+6ann9EK58nySxnw/ZGtLqX7VTWgQxYoEeLFTP2ZQhTBtDPaoIFixiSYIC6q/BfEQCYSV7jXt67cU+D9plUv2Van8cF2s32bN5cEZOAeXwAYVUAf3oAGaAIMxeAGvYGbMjDfj3fhYRHNGNnMKVmB8/QDLtKXI</latexit>
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Muon-electron scattering

Abbiendi, Carloni Calame, Marconi, Matteuzzi, Montagna,  

Nicrosini, MP, Piccinini, Tenchini, Trentadue, Venanzoni 

EPJC 2017 - arXiv:1609.08987 

e e

Hadronst
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Open	ques:ons
Existence	of	a	cri6cal	point	in	the	phase	diagram	

Where	is	the	transi6on	line	at	high	density?	

Are	we	crea6ng	a	thermal	medium	in	experiments?
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QCD	at	non-zero	temperature	and	density
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Open	ques:ons
Existence	of	a	cri6cal	point	in	the	phase	diagram	

Where	is	the	transi6on	line	at	high	density?	

Are	we	crea6ng	a	thermal	medium	in	experiments?

Role	of	LaFce	QCD
Equa6on	of	State		⟶		hydrodynamic	descrip6on	of	the	QG	plasma	

QCD	phase	diagram:	transi6on	line	and	cri6cal	endpoint	

Fluctua6on	of	conserved	charges	⟶		evolu6on	of	heavy-ion	collisions

Quark	determinant	complex	for	μB	≠	0;	conven6onal	MC	sampling	fails

⟶	Taylor	expansion,	imaginary	μB,	reweigh6ng
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QCD EoS at µB=0 

WB: PLB (2014); HotQCD: PRD (2014) WB: Nature (2016) 

•  EoS for Nf=2+1 known in the continuum limit since 2013 

•  Good agreement with the HRG model at low temperature 

•  Charm quark relevant degree of freedom already at T~250 MeV 
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Equa6on	of	State:	LaRce	QCD	vs.	Hadron	Resonance	Gas

p(T, µB)
T 4 =

1X

n=0

c2n(T )
✓µB

T

◆2n

<latexit sha1_base64="uYiZ8BXkPsHiL9ElBrVuHY4mR3A="></latexit>

Extension	to	non-zero	baryon	density	via	Taylor	expansion:

[C	Raa	@	Laace2018;	Bazavov	et	al.,	arXiv:1407.6387;	Borsanyi	et	al.,	arXiv:1309.5258]

Direct	laRce	calcula6on	of	coefficients;	imaginary	chemical	poten6al
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Pressure coefficients 

Direct simulation: 
O(105) configurations (hotQCD: PRD (2017) and update 06/2018) 

      Strangeness neutrality 

µS=µQ=0 

11/33 

Pressure	coefficients	—	strangeness	neutrality

Pressure coefficients 

Simulations at imaginary µB: 
Continuum, O(104) configurations, errors include systematics (WB: NPA (2017)) 

      Strangeness neutrality 
 

New results for χn
B =n!cn at µS=µQ=0 and Nt=12  

Red curves are obtained by shifting χ1
B/µB to finite µB: consistent with no-critical point 

See talk by Jana Guenther on Wednesday 

WB, 1805.04445 (2018) 

[Bazavov	et	al.	(HotQCD),	arXiv:1701.04325]

[Günther	et	al.	(BW),	arXiv:1607.02493]
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Study	evolu6on	of	heavy-ion	collisions	—	freeze-out	proper6es

Fluctua6ons	of	conserved	charges	linked	to	cumulants,	e.g.

�B
n = T n�4 @

n p(T, µB)
@µn

B
, �B

2 ⇠
D
(�NB)2

E

<latexit sha1_base64="1FzIiEgvtQ6u8dqH2lt4ztjNKEw="></latexit>

Compare	cumulant	ra6os	to	experiment	and	HRG	model
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[Bazavov	et	al.	(HotQCD),	arXiv:1708.04897]
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Sufficient	compu6ng	resources	crucial	for	con6nued	progress

Es6mated	required	resources	for	all	European	groups:	 
																																							≈		10	Gcore-hours	p.a.

LaRce	QCD	has	driven	the	field	of	High-Performance	Compu6ng 

Future	applica6ons	will	require	Exa-scale	compu:ng	capabili:es

(Hitachi’s	CP-PACS,	IBM’s	BlueGene, 
	APE	computers,	LQCD	on	GPUs)

New	approaches: 
machine	learning,	path	op6misa6on,	quantum	compu6ng,…
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Enter	“precision	era”	of	laRce	QCD	

Crucial	for	experimental	program	at	LHC,	RHIC,	EIC,	FAIR,	NICA,	BESIII,…

All	efforts	to	improve	methodology	must	be	accompanied	by	con:nued	
investment	and	improvement	of	compu:ng	resources

Further	progress	required	
Increase	sta6s6cal	precision		⟶		noise	reduc6on	methods	

Conceptual	progress: 
inverse	problems,	μB	≠	0,	n-par6cle	decays,	renormalisa6on


