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‣ Experimentally measured at BNL

‣ Muon anomalous magnetic moment

The (g-2)μ

‣ E989 aims at 0.14ppm

�

�m = 2(1+ aμ)
Qe
2mμ

�s

aexpμ = 116592091 (63) � 10�11

μ

q
α

μ

p p�

[E821 06]

‣ leading term from dispersive approach

M. Passera    KIAS Seoul   Nov 10 2017 14

Carloni Calame, MP, Trentadue, Venanzoni, PLB 2015

 smooth integrand

New space-like proposal for HLO (2)

Time-like Space-like

F. Jegerlehner, arXiv:1511.04473

μ μμ

Hadrons

aHLOμ =
1
4π3

� �

4m2
π

ds
� 1

0
dx x2(1� x)

x2 + (1� x)s/m2 σe+e��Had(s)

‣ Largest uncertainty from the hadronic contribution

‣ Longest standing deviation from the SM prediction (3.5� 4)σ
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[Jegerlehner 15]

�

aHLOμ = (6949.1± 42.7) � 10�11

aHLOμ = (6880.7± 41.4) � 10�11 [Jegerlehner 17]

[Keshavarzi, Nomura, Teubner 18]



aμHLO from μe scattering
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[Carloni Calame, Passera, Trantadue, Venanzoni 15]

‣ MUonE: proposal for a new experiment at CERN

[Abbiendi, Carloni Calame, Marconi et al 16]
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Fig. 2 Left: Dahad[t(x)] ⇥ 104 (red) and, for comparison, Dalep[t(x)] ⇥ 104 (blue), as a function of x and t (upper scale). Right: the integrand
(1� x)Dahad[t(x)]⇥105 as a function of x and t. The peak value is at xpeak ' 0.914, corresponding to tpeak ' �0.108 GeV2.

3 Experimental proposal

We propose to use Eq. (2) to determine a
HLO
µ by measuring

the running of a in the space-like region with a muon beam
of Eµ = 150 GeV on a fixed electron target. The proposed
technique is similar to the one used for the measurement of
the pion form factor, as described in [25]. It is very appealing
for the following reasons:

(i) It is a t-channel process, making the dependence on t

of the differential cross section proportional to |a(t)/a(0)|2:

ds
dt

=
ds0

dt

����
a(t)

a(0)

����
2
, (5)

where ds0/dt is the effective Born cross section, including
virtual and soft photons, analogously to Ref. [26], where
small-angle Bhabha scattering at high energy was consid-
ered. The vacuum polarization effect, in the leading photon
t-channel exchange, is incorporated in the running of a and
gives rise to the factor |a(t)/a(0)|2. It is understood that
for a high precision measurement also higher-order radia-
tive corrections must be included. For a detailed discussion
see Refs. [15, 26].

(ii) Given the incoming muon energy E
i
µ , in a fixed-

target experiment the t variable is related to the energy of
the scattered electron E

f

e or its angle q f

e :

t = (p
i

µ � p
f

µ)2 = (p
i

e
� p

f

e
)2 = 2m

2
e
�2meE

f

e
, (6)

s = (p
f

µ + p
f

e
)2 = (p

i

µ + p
i

e
)2 = m

2
µ +m

2
e
+2meE

i

µ , (7)

E
f

e
= me

1+ r
2
c

2
e

1� r2c2
e

, q f

e
= arccos

0

@1
r

s
E

f

e �me

E
f

e +me

1

A , (8)

where

r ⌘

q
(Ei

µ)2 �m2
µ

Ei
µ +me

, ce ⌘ cosq f

e
; (9)

The angle q f

e spans the range (0–31.85) mrad for the elec-
tron energy E

f

e in the range (1–139.8) GeV (the low-energy
cut at 1 GeV is arbitrary).

(iii) For E
i
µ = 150 GeV, it turns out that s ' 0.164 GeV2

and �0.143 GeV2
< t < 0 GeV2 (i.e. �l (s,m2

µ ,m
2
e
)/s <

t < 0, where l (x,y,z) is the Källén function). It implies that
the region of x extends up to 0.93, while the peak of the in-
tegrand function of Eq. (2) is at xpeak = 0.914, correspond-
ing to an electron scattering angle of 1.5 mrad, as visible in
Fig. 2 (right).

(iv) The angles of the scattered electron and muon are
correlated as shown in Fig. 3 (drawn for incoming muon en-
ergy of 150 GeV). This constraint is extremely important to
select elastic scattering events, rejecting background events
from radiative or inelastic processes and to minimize sys-
tematic effects in the determination of t. Note that for scat-
tering angles of (2–3) mrad there is an ambiguity between
the outgoing electron and muon, as their angles and mo-
menta are similar, to be resolved by means of µ/e discrimi-
nation.

(v) The boosted kinematics allows the same detector to
cover the whole acceptance. Many systematic errors, e.g. on

‣ Alternative approach: aμHLO from space-like data

86 Chapter 4. Adaptive integrand decomposition

�1211
1235 = � 16m2(4m2 + s(d � 2)) ,

�12345 = 4(s � 2m2)(4m2 + s(d � 2)) . (4.72)

From the point of view of the integrand decomposition, the integrals occurring in
eq. (4.71) are to be considered as independent. A further IBPs reduction would bring
down to 5 the final number of master integrals.

4.4.1 An application: muon-electron scattering

As an example of the analytic integrand-level decomposition obtained through Aida,
we consider the NLO and NNLO virtual QED corrections to the muon-electron elastic
scattering

µ�(p1) + e�(p2) ! e�(p3) + µ�(p4) . (4.73)

The analytic computation of the two-loop master integrals related to this process, which
will be discussed in chapter 8, is possible, at the present time, only in the limit of van-
ishing electron mass. Therefore, although the integrand reduction can be also obtained
by retaining the full dependence on the masses of both leptons, we will assume from
the very beginning m2

e = 0, in order keep our results more compact. In such limit, the
kinematics of the process is defined by

s = (p1 + p2)
2, t = (p2 � p3)

2, u = �s � t + 2m2 , (4.74)

with p21 = p24 = m2 and p22 = p23 = 0.

Figure 4.5: µe scattering at tree-level in QED.

The QED crossection for µe scattering is expanded in the fine structure constant
↵ = e2/4⇡ as

� = �LO + �NLO + �NNLO + . . . (4.75)

where, schematically,

�LO =

Z
d�2|M(0)|2 ,

�NLO =

Z
d�22Re M(0) ⇤M(1) +

Z
d�3|M(0)

� |2 ,

�NNLO =

Z
d�2

✓
2Re M(0) ⇤M(2) + |M(1)

� |2
⌘

+

Z
d�3Re M(0) ⇤

� M(1)
� +

+

Z
d�4|M(0)

�� |2 , (4.76)

with d�n being the n-body phase-space. In eq. (4.76), M(`) indicates the `-loop virtual
contribution to the µe scattering amplitude, which is O(↵`+1), whereas M(`)

� and M(`)
��
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Figure4.5:µescatteringattree-levelinQED.
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Hadrons

e

μ

aHLOμ =
α
π

� 1

0
dx (1� x)ΔαHad[t(x)] t =

x2m2

x� 1 < 0t

‣ Theory input: extract          from the knowledge of the EW contribution to ΔαHad dσμe

dσμe

‣ 150 GeV μ-beam on atomic electrons  

‣ differential measurement of 

[LOI, MUonE collaboration 19]



MuonE: theory program
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Goal: differential MC generator for the EW cross section

‣ target systematics: signal/normalization ≲ 10ppm

Bulk: fixed-order radiative corrections in QED

‣ NNLO QED:  virtual matrix element (me=0)

‣ hadronic NNLO from space-like data

single and double radiation contributions

‣ NLO QED+EW: available MC (          )me �= 0

�

�

�

�

�

�

[Fael, Passera 19]

[Di Vita, Laporta, Passera, AP, Mastrolia, Schubert, Torres 17,18, xx]

NLO

NNLO

NNLOHad

LO

�

�

LO

� � �

NLO NNLO N3LO

dσ = dσ(0) + αidσ(1) + α2
i dσ(2) + α3

i dσ(3) + O(α4
i )

[Alacevich, Carloni Calame, Chiesa et al 19]

[Fael, Mastrolia, Ossola, Passera, Signer,Torres, in progress]

Physical matrix element

‣ “massification”: leading me2 effects at NNLO

‣ resummation of leading logarithmic effects



NNLO virtual amplitude
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M(0)�M(2) =
�

k
ck(s, t,m2)Ik(s, t,m2)

‣ ck: rational coefficients
‣ Ik: two-loop Feynman integrals

Goal:

‣ extract ck for a minimal basis of Ik
‣ analytically compute the master integrals Ik

Assumptions:
‣ me=0

‣ dimensional regularisation d=4-2 ε

μ

�

μ

�
�

�

�

μ

�

μ

�
�

�

μ

�

μ

�
�

�

μ

�

μ

�

�

μ

μ

�

μ

�

�

μ
μ

�

μ

�

�

μ

�

μ

�

�

μ

�

μ

�

�

μ

�
μ

��

�

μ

�
μ

���

μ

�
μ

�

μ

��

μ

�
μ

�

μ

��

μ

�
μ

���

μ

�
μ

���

μ

�

μ

�
γ

��

μ

�

μ

�

μ
��

�

μ

�

μ

�μ
�
��

μ
�

μ

�
��

μ

�

μ

�

��

μ

�

μ

�

��

μ

�

μ

�μ

��

μ

�

μ

�
��

μ

� μ

�
��

μ

� μ

�
��

μ

�

μ

�

��

μ

�

μ

��

��

μ

�

�μ

��

μ

�

μ �

μ

��

μ

�

μ

��

μ

�

μ�

��

μ

�

μ

���

μ

�

μ�

��

μ

μ

� �
��

μ

�

μ

�

��

� μ

�

μ

��

�

μ μ

�

μ

�

��

�

μ

�

μ

�

��

� μ

�

μ

�

��

μ μ

�

μ

γ

��

μ μ

�

μ

��

��

μ

�

μ

�

��

μ μ

�

μ

�

��

μ

�

μ

�

��

μ

�
μ

���

μ

�

μ

�

��

�

μ

�

μ

�

��

μ

μ

�
μ

�

μ

��

μ

�
μ

���

�

μ

�
μ

���

μ

�
μ

���

μ

�

μ

�

��

μ

�
μ

���

μ

�
μ

���

μ

�

μ

�

��

μ

� μ

��
��

μ

�

μ

�

��

�

μ

�

μ

�μ

��

μ

� μ

�

�

��

μ

� μ

�

μ

��

μ

�

μ �

μ

�
��

μ

�

μ
�

��

μ

μ

�

μ �

��

μ

�

μ�

�
��

μ

�

μ�

�
��

μ

�

μ�

��

μ

�

μ

�

��

�
�

μ

�

μ

�

��

�
μ

μ

�

μ

�

��

μ
�

μ

�

μ

�

��

μ
μ

Strategy:

NNLO virtual contribution
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q2

�

M(2)

I =

�
ddq1ddq2

1
Da1
1 ...Dan

n
Dj = l2j �m2

j



‣ Only a finite number of integrals is independent

‣ Feynman integrals obey integration by parts

Amedeo Primo

ck: integration by parts

0 =

�
�

�qμ

�
qμ 1

(q2 �m2)((q+ p)2 �m2)

�

=(d� 3)

� ddq
(q2 +m2)((q+ p)2 �m2)

� p2
� ddq

(q2 �m2)2
�(4m2 � p2)

� ddq
(q2 �m2)2((q� p)2 �m2)

=
1

(4m2 � p2)

�
(d� 3)

�

‣ IBPs produce linear relations between different Feynman integrals
[Chetyrkin, Tkachov 81 ]

I(�x, ε) =
N�

i=1
ai(�x, ε)Ii(�x, ε)

‣ Master integrals are a basis of the space of all I(�x, ε)

�

�x = (x1,x2 , . . . ,xm)

a3(�x, ε)
I(�x, ε)

a2(�x, ε)

a1(�x, ε)

� ��

j=1

ddqj
(2π)2

�

�qμi

�
vμ

Sb11 · · · Sbrr
Da1
1 · · ·Dan

n

�
= 0 vμ � {qμi ,p

μ
i }ddqj

1
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NNLO amplitude decomposition

1 [Bonciani, Ferroglia, Gehrmann et al 08]
 [Bonciani, Ferroglia, Gehrmann, Studerus 09]
[Bonciani, Ferroglia, Gehrmann, et al 11-13]

2 [Bonciani, Mastrolia, Remiddi 03 ]

3 [Gonzalves 83, Kramer, Lampe 87 ]

4 [Aglietti, Bonciani 04]

Topology # integrals in M2 # master integrals Ik analytic expression

2754 34 (+21 crossings) known1

2359 31 (+16 crossings) unknown

1128 19 (9 crossings) unknown

654 17 known2

75 3 known3

50 4 known4

M(2)

‣ Use IBPs to minimise the number of unknown integrals

‣ How do we compute the master integrals?

M(0)�M(2) =
154�

i=1
ck(s, t,m2, ε)Ik(s, t,m2, ε)

k

7



‣ Master integrals fulfil 1st order differential equations in the kinematics

Amedeo Primo

Ik: differential equations

‣ Master integrals calculation: general solutions + initial conditions

�

�p2
� ddq

(q2 �m2)((q+ p)2 �m2)
=
1
2sp

μ �

�pμ
� ddq

(q2 �m2)((q+ p)2 �m2)

= � 1
2p2

�

�4m2

�

=
1

2p2(p2 � 4m2)

� �
(d� 4)p2 + 4m2

�

+p2 �

�

�p2

�

�

�p2

[Kotikov 91, Remiddi 97,Gehrmann, Remiddi 00 …]

‣ Given a basis                           build closed systems of partial DEs

�x

�I = (I1, I2 , . . . , IN)

�

�xi
�I(�x, ε) = Ai(�x, ε)�I(�x, ε)

8Discoveries and Open Puzzles in Particle Physics and Gravitation - Kitzbühel June 25, 2019
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‣ Solve block-triangular systems of DEs

‣ change of variables �x � �y(�x)

‣ change of basis �I = B(ε,�x)�J ��J
�xi

= B�1
�
AiB � �B

�xi

�
�J

��I
�yi

=

�
�xj
�yi

Aj(�y , ε)
�

�I

‣ Systems of DEs are not unique:

‣           are rational in    and   �x εAi(�x, ε)

�

�xi
�I(�x, ε) = Ai(�x, ε)�I(�x, ε)

‣ Master integrals determined by series expansion for 

�I(�x, ε) =
��

k=0
I (k)(�x)εk

ε � 0

‣ Bottom-up solution simplified by a suitable choice of basis and variables 

�
�
�
� �

�
�

�� � � �

�
Ai(�x, ε) =

�

� �

�
�

�
�

� �
��
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Ik: differential equations



‣ starting point: 
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Canonical differential equations

x

y

γ

(x0, y0)

(x, y)

For rational log-kernels: iterated integrals are multiple polylogs

G(�ωn;x) =

� x

0

dt
t�ω1

G(�ωn�1; t) G(�0n;x) =
1
n!
dlogn x

canonical DE obtained trough the Magnus method

[Argeri, Di Vita, Mastrolia et al 14]�x�I =
�
A(0)(x) + εA(1)(x)

�
�I

‣         term exponentiateε = 0 B = exp
�
Ω[A(0)](x)

�

�x�J = ε
�
B�1(x)A(1)(x)B(x)

�
�J

 Iterative structure manifest if DEs are  -factorised

‣ DEs decouple order-by-order

d�I(�x, ε) = ε
� m�

i=1
Midlogηi(�x)

�
�I(�x, ε)

[Henn 13 ]

�I(n)(�x) =
n�

k=0

�
dA . . .dA�I(n�k)(�x0)

[Goncharov 98,Remiddi, Vermaseren 99, Gehrmann, Remiddi 00…]

ε



‣ F4,5 : ‣ F6 :

‣ F4,5,6 previously unknown 

Master integrals for μe scattering
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F1 F2 F3 F4 F5 F6

‣ Four-point integrals for μe-scattering

[Di Vita, Laporta, Mastrolia, AP, Schubert 18]

[Mastrolia, Passera, AP, Schubert 17]

η1 =x
η2 =1+ x
η3 =1� x

η4 =y
η5 =1+ y
η6 =1� y

η7 =x+ y
η8 =1+ xy
η9 =1� y(1� x� y)

s = �m2 x t = �m2 (1� y)2
yt = �m2 (1� y)2

y
u�m2

s�m2 = �x2
y

η1 = y
η2 = 1+ y
η3 = 1� y
η4 = x

η5 = 1� x
η6 = 1+ x
η7 = x+ y
η8 = x� y

η9 = x2 � y
η10 = 1� y+ y2 � x2

η11 = 1� 3y+ y2 + z2

η12 = x2 � y2 � xy2 + x2y2

d�I(x, y, ε) = ε
�

k
Mkdlogηk(x, y)�I(x, y, ε)

‣ F1,2,3 known [Gehrmann, Remiddi 01, Bonciani Mastrolia Remiddi 04…]
[Bonciani, Ferroglia et al 08, Asatrian, Greub, Pecjak 08…]

‣ DEs in canonical form through the Magnus exponential

11



‣ analytic continuation physical regions
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planar Muon-Electron Scattering
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Figure 4: Two-loop MIs T1,...,34 for the first integral family.
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Figure 5: Two-loop MIs T1,...,42 for the second integral family.
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non-planar Muon-Electron Scattering

consist in the following 12 letters:

⌘1 = w , ⌘2 = 1 + w ,

⌘3 = 1� w , ⌘4 = z ,

⌘5 = 1 + z , ⌘6 = 1� z, ,

⌘7 = w + z , ⌘8 = w � z ,

⌘9 = w � z2 , ⌘10 = 1� w + w2 � z2 ,

⌘11 = 1� 3w + w2
+ z2 , ⌘12 = w2 � z2 + wz2 � w2 z2 .

(2.5)

Since the alphabet is rational and has only algebraic roots, the solution can be directly

expressed in terms of GPLs.
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Figure 2: First 24 two-loop MIs T1,...,24 for the topology T6.Thin lines represent massless

propagators and thick lines stand for massive ones. Dots indicate squared propagators.
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Figure 3: Last 20 two-loop MIs T25,...,44 for the topology T6 with the same convention as

figure 2

3 Two-loop master integrals

We start by considering the following set of 44 MIs, which fulfil an ✏-linear system of DEQ,

F1 = ✏2 T1 , F2 = ✏2 T2 , F3 = ✏2 T3 ,

F4 = ✏2 T4 , F5 = ✏2 T5 , F6 = ✏2 T6 ,

F7 = ✏2 T7 , F8 = ✏3 T8 , F9 = ✏3 T9 ,

F10 = ✏3 T10 , F11 = ✏3 T11 , F12 = ✏2 T12 ,

F13 = ✏3 T13 , F14 = ✏2 T14 , F15 = ✏3 T15 ,

F16 = ✏2 T16 , F17 = ✏2 T17 , F18 = ✏4 T18 ,

F19 = ✏3 T19 , F20 = ✏4 T20 , F21 = ✏2(1 + 2✏) T21 ,

F22 = ✏3 T22 , F23 = ✏4 T23 , F24 = ✏3 T24 ,

F25 = ✏4 T25 , F26 = ✏3 T26 , F27 = ✏3 T27 ,

F28 = ✏2 T28 , F29 = ✏4 T29 , F30 = ✏3 T30 ,
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‣ general solution in terms of GPLs

‣ analytic boundary conditions from 
regularity

Input

s � �m2

s � 0
t � 4m2

u � 2m2

u � � t � 4m2

Input
s � 0

u � m2/2
t � 0

s � 2t�m2 � λt

s � u

u � 0
t � 0
m2 � 0

s �
�
4m2 � t�

�
�t�

4m2 � t+
�

�t

planar

m2 � 0

G2G1

G3

G3G2G1

Master integrals for μe scattering
‣ Complete set of master integrals
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Heavy fermions production
‣ Analytic continuation to production channels (s>4m2)

‣ low energy physics:  e+e� � μ+μ�

‣ LHC physics: qq̄ � t̄t

M(0)�M(2) = NcCF

�
N2
cA+ B+

C
N2
c

+ nl
�
NcDl +

El
Nc

�
+ nh

�
NcDh +

Eh
Nc

�
+ n2l Fl + nlnhFlh + n2hFh

�

‣ top-pair production in the light-quark annihilation channel at  O(α4
s )

‣ the full two-loop contribution known numerically [Czakon 08]

‣ the A, Di, Ei, Fi  coefficients known analytically

‣ the B and C coefficients still unknown

[Bonciani, Ferroglia, Gerhmann, Maitre, Studerus 08-09]

‣ Non-planar diagrams contribute to B and C
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from μe 
s � 0
s � 4m2

t � m2
�
4m2 � s�

�
�s�

4m2 � s+
�

�s
m2 � 0

Master integrals for 

14

‣ F7 known 

‣ Non-planar integrals for

[Di Vita, Gerhmann, Laporta, Mastrolia, AP, Schubert 19]

‣ F6 known from μe
[von Manteuffel, Studerus 14]

F6 F7 F8

[Becchetti, Bonciani, Casconi Ferroglia, Lavacca, von Manteuffel 19]

qq̄ � t̄t

‣ Master integrals for F6 computed in the same setup of μe scattering

qq̄ � t̄t



Amedeo Primo Discoveries and Open Puzzles in Particle Physics and Gravitation - Kitzbühel June 25, 2019

Conclusions
‣ MUonE experiment: new independent assessment of aμ

Theory group: Alacevich, Banerjee, Becher, Broggio, Carloni Calame, Chiesa, Czyż, Di Vita, Engel, Fael, Laporta, 
Passera, Piccinini, AP, Mastrolia, Montagna, Nicrosini, Ossola, Signer, Schubert, Spira, Torres Bobadilla, 
Trentadue, Ulrich…

Padova - Sept 2017 Mainz - Feb 18 Zürich - Feb 19 Mainz - 2020

COMING 
SOON

‣ This talk: modern amplitude methods for double virtual corrections

‣ new analytic results for LHC physics:    production

‣ theory go-ahead for MUonE: NNLO corrections soon completed

‣ Theoretical support:
‣ Plan: Pilot Run in 2021, data taking 2022-24

t̄t

‣ Letter of intent submitted this month to CERN
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