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Part A 1978: Wolfenstein 1

PHYSICAL REVIEW D VOLUME 17, NUMBER 9 1 MAY 1978

Neutrino oscillations in matter

L. Wolfenstein at the age of 55
Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213

(Received 6 October 1977; revised manuscript received 5 December 1977)

The effect of coherent forward scattering must be taken into account when considering the oscillations of
neutrinos traveling through matter. In particular, for the case of massless neutrinos for which vacuum
oscillations cannot occur, oscillations can occur in matter if the neutral current has an off-diagonal piece
connecting different neutrino types. Applications discussed are solar neutrinos and a proposed experiment
involving transmission of neutrinos through 1000 km of rock.

Ref. [8] Who was
87 am indebted to Dr. Daniel Wyler for pointing out the studying
importance of the charged-current terms. double
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Part A = = =
Effective Hamiltonian 2

In vacuum the evolution of three neutrino mass eigenstates with time
d S S 1 m% , Ve y
1& vy | = Hy | vy | H{):ﬁ ms ] v, =U | v,

Vs Vs maq V. Vs
In the flavor basis the evolution of g [ Ye T Ve
three neutrino flavors is described 1 | ¥, | = UHU" | v,
by the Schroedinger-like equation: 7 2

Propagating in a medium, neutrinos may have CC and NC interactions

Ve \\CC// e |Fer T NC G
| Cohe\‘e“ |
W= ard Z°
I f:\‘\N ng I




Part A =
Matter potential 3
In this case the effective Hamiltonian with a matter potential is
Ve Ve
H, =UHU"+ 0 + Vae
0 Ve
from electron from neutron
The NC contributions from electrons Voo = +V2 Gy N,
and protons cancel each other, since 1
we stay with normal matter: Vie = ——F—=GpN,
V2
N, = N, 1 L,
VIETJC = _I_ﬁGFNp (1 — 4 sin QW)
& The NC term is universal for three |
neutrino flavors, and henceitcanbe [y, . — — —_ G N (1 _ Asin2 gw)
neglected in the standard case. V2 ‘

« When an antineutrino beam is taken into consideration, the CC and
NC terms flip their signs, and simultaneously the flavor mixing matrix
U needs to be complex conjugated.

+« The NC term should not be ignored if sterile neutrinos are included.



Part A 1986: MSW effects 4

IL NUOVO CIMENTO Vor. 9C, N. 1 Gennaio-Febbraio 1986

Resonant Amplification of v Oscillations in Matter
and Solar-Neutrino Spectroscopy. i

S. P. MIKHEYEV and A. YU. SMIRNOV

Institute for Nuclear Research of Academy of Sciences
60th October Anniversary prosp. 7a, Moscow 117 342, USSE

(/1) MSW resonancg
0 =m/4

(2) N, = ¢

\_ §=m/2 )

| |
G.T. Zatsepin helped publish their paper (rejected by PLB) in Nuovo Cimento.

Summary. — For small mixing angles 6 the amplification of v osecil-
lations in matter has the resonance form (resonance in neutrino energy
or matter density). In the Sun resonance effeet results in nontrivial
changing (suppression) of v-flux for a wide range of neutrino param-
eters Am?2= (3-10-%¢--1078) (eV)?2, 8in220 > 1074,




PartA Solar neutrino deficits 5

Low-energy solar neutrinos: dominated by vacuum oscillations;
High-energy solar neutrinos: dominated by matter effects.
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PartA Effective quantities 6

Matter effects on neutrinos and antineutrinos are NOT CP-symmetric
in a normal medium, leading to fake CP violation.

Ve > > ey An antineutrino Y
beam, — Vcc ‘
A neutrino
beam, Vcc W
/4
e . . v, e e
The effective Hamiltonian in matter can be expressed using effective
quantities in the same way as in vacuum — form invariance:
X m? 0 0 V.+V,. 0 0 , m? 0 0
Hi = 55U 0 m2 0 |U + 0 Vi 0| =550 0 m2 0 |U"
0 0 mi 0 0 V., 0 0 m3

in vacuum matter potential in matter

The renormalization-group-equation-like relations between effective
& fundamental parameters (Chiu, Kuo, 2017; ZZX, Zhou, Zhou, 2018)
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Normal
Mass
Ordering

A—>0
vacuum

A— 0
dense
matter

Asymptotlc behavmrs (1) 7
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Part A

Inverted
Mass
Ordering
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PartA Jarlskog invariant 9

Uﬁz =J Z apy Z “ijk
Uﬁz =J Z Sapy Z Sijk

CP violation in v-oscillations
is measured by a J-invariant. £
It has peaks in matter, but it & & & Tm (T, Uﬁj

N (U, Us;U;

is not significantly enhanced. *
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Targets: understand the asymptotic behaviors in the A — oo limit and
Jariskog’s peaks. Based on ZZX + J.Y. Zhu, 1905.08644; 1603.02002 (JHEP)



Part B Preliminary formulas 10

Rewrite the effective Hamiltonian in the following way:

1'000 A00Y) ] | (00 0
Hi= o5 U024y, 0 U+ 1000 =5 U(0A,, 0 |Ut+BI
L\ 0 oAy 000/ | \0 0 Ay |
with matter par:_almeters + A=2EV, B=m?—m?—2EV.,
mass-squared differences
Normal mass ordering (NMO) Inverted mass ordering (IMO)
521 = g\/ﬁ — 3y/3 (1 — 22) A, = %\/:1:2 — 3y [32: — /301 - 22)}
~ ~ 2
A, = %\/5{;2 — 3y [32 +4/3(1 — 22)] Ay = —=V/22 =3y /3(1 - 2?)
B:%x—%\/:ﬁ—?)y[z+\/3(1—z2)} B

r=A0A+A; + A \
Y = A21A31 + A [A21 (1 R ’U€2’2) + ASl (1 o ’Uef%’Q)}

20 — 9y + 27AA21A31’Ue1’2-‘

2/ (a2 — 3y)’ J

E
2 = COS P arccos



Part B Sum rules 11

A full set of Iinear equations of 3 unknown variables: they’re solvable!

Z LT (/Tﬁi 1 T Z (/T ers i1 + 40&(}: e Béc}_,:‘ﬂ?

Z Ur (’T:QN 21 + ZB Z CT (’T);A 21 + _1( e + Oc 3’)] + _12 ea e‘? o BQ(SQB

Z (’az(’r?s Z Uraz(’rjz — 60:_;‘3 C o 2£B o 5521 o 55‘31 + 521531
i=1 N
A21A31

’ };1’

Setting o = (3, we obtain 9 . EAL 4+ 2B — ¢
moduli of the PMNS matrix ||U,.|> = *—

elements in matter. AVSPAYY R
A Iyt. | It ’ ’2 C_2£B_€A21
nalytical results 3 ——
A31A32

N1 |Upol? + Ay |U s + Ab,, — B .

C = Doy(Agy +2A40,,)|Us0|* + A31(A31 +240,,)|Usl” + A%, — B



part® For example 12
The expressions of the moduli squared can be explicitly written as:
U2 = LAy, + Ay, +~A31 T Ay —A Ay, + Ay +~A21 — Agy — |C NE
9 Ag avH
" Ay + Ay +~A31 TAp—A Ay + Ay _N‘Ail — Qg — |C N
Ag, A
" Ay + Ay +~A21 — Ay —A Ay + Ay —NA21 — Qg — |C | ]
Agy Ay
7,2 = L[ Ay — Ay, +~A:31 + A5 —A Ay — Ay +~A32 — Ay + A4 U2
9 Agy avH
i Agy — Ay +~A31 +Ap—A Ay — Ay +~A21 + A5 +4 U2
Agy Ay
n Agy — Ay, —Nﬁraz A, —A Ay — Ay, +~A21 T A +4 U, 3|2]
As) Ay

In the A — oo limit, these quantities will approach finite values.



Part B

Asymptotic results (1) 13

The effective (matter-corrected) neutrino mass-squared differences +
PMNS matrix elements in the 4 — oo limit:

NMO (neutrinos) IMO (neutrino)
ANgi | Ay (1= [Ugl?) — Ay [Ugy A
A A Az (1= |Ugsl?) = Ay [Uy [?
Az A —A
(0 0 N ¢ o | 0 )
O || {I-1UaP 100 JU-IUGE 0 U,
| 1Yl \/1 —1UsF 0, | U 0 \/1 — U4
Illustration:
0 0 1 0O 1 O
~ (NMO, v) (IMO, v
(yUmF) — 04170583 0 .|2) — | 0.418 0 0.582
A—00 A—o00
0.583 0.417 0 0.582 0 0.418




PartB.  Asymptotic results (2) 14

The effective (matter-corrected) neutrino mass-squared differences +
PMNS matrix elements in the 4 — oo limit:

NMO (antineutrino) IMO (antineutrino)
AvH A Az (1 = |Ugl?) + Ay Uy
ASQ ASl (1 o ’U63‘2) o AQI‘U61|2 _A
1 0 0 ¢ 0 0 1)
7|0 JI-IUaP 10l Ul J1=1UP 0
Y —1Ul \/1 —1UsP) | (= \/1 — U5 U sl 0)
Illustration:
/1 0 0 . 0 0 1
- (NMO, 7) - (IMO, )
(Um-\Q) ) — |0 0417 0.583 (|Um-|2> = 05820418 0
- 0 0.5830.417/ | - 0.418 0.582 0




Part B - - -
Something misleading? 15
Why the CP-violating phase remains finite in the A — oo limit?
80 012[°] 800 093] ?
60 | 1 60f :
40 40 E—
20 SR 1 o20¢
‘\‘. .
0L D touotveteetestes 0L
001 010 1 10 100 1000 0.01 010 1 10 100 1000
e - . ' 1 236 —— - . - .
0 G4 e O |
13 : |
: 1 2350 ]
60 | : i ? :
40+ ] 24y —=C--—=
20 1033 ﬂ 50
: == i A—o00
0 Biiekeotes S XV -

001 010 1 10 100 1000 001 010 1 10 100 1000



Part B The key point is ... 16

ET LG I A ~ 10°GeV 4 heaven

a parametrization of the effective
PMNS matrix is basis-dependent!

Analytical continuation allows the
GUT scale? A ~10°GeV phase to approach a finite value.
_A ~10”GeV | €= Example: generating finite 0., via

RGE evolution from seesaw scale
down to Fermi scale, by inputting

a finite initial value of o.

7

IRV 3l A ~ 10°GeV
Fermi scale  FNSNVEERY
hell

RGE-like evolution
ococoicISRERVAVRRY vocuum —— 1 matter
A=0 A =00

To every man is given the key to
3¢ ~ the gates of heaven, the same
A key opens the gates of hell.




Part C -
Low matter density 17
Small parameters |, _ A (14+a+ )
for expansion: ‘31 ’2 ; ;
o = A21/A31 Yy = A31 [Oz—l—,@ (|Uel| T ’Uez‘ ) +ap (1 - |U€2| )]
B = A/Agy B 1 22° — 9y + 27A3,aB|U,,|?
Matter parameter: |z = COS | 7 arccos
A~298 % 104 eV2 (E/GeV)| L (2% = 3y) -
NMO | IMO
0 best-fitinputs best-fit inputs
0.8 0.85 |
Z 0.6 z 06|
J J '
04 04
02 02
10* 10°% 102 107 1 10 100 10% 10° 102 10 1 10 100



Part€  Analytical approximations i3

In the region of £> 0.5 GeV, there is a good analytical approximation
by M. Freund (2001). Here we focus on the low-energy region.

ﬁgf)zAgl(l—ia—lﬁ)e? e—\/a — 2 (|UL P = [Upgl?) aB + (1 = 2|U4[?) B

2
AN P e gy to_ L '
Az’ >~ Ay _1 D (1-3|Usl") B+ 5¢ 4( o+ 3) E_ e —
~ 1 1 1 1 ] hierarchy
AY ~ A, L= ga =5 (1=3[Usl’) = get ; (ot f)e
= A.. /A Al ~ —A 1—£Of—1(1—3|Ur’2)5——€—|—1((}—|—ﬁ)6
o = 21/ 31 21 — 31 2 2 el 4
inverted ~ (1) ( 11 )
Ayl ~ Ay (1 ——a— =
hierarchy o o LA
_ ~ 1 1 1 1
B — A/A31 AL‘(?,IQ) ~ ASl [1—505—5(1—3|U63‘2)ﬁ—|—§€—z(06—|—/8)€] ;
A neutrino
beam may o 1 3
develop a — (1 +oo+t 55)
resonance «7 \/oz — 208 20,5 cos? 6,5 af + cos 20,5 [?



FETs i Resonances 19

We find a unique energy
upper limitfor 7/7 >1:
AV [ . 9 3 . Ay

L cos 20,5 (1 4 sin“ 6,,) + — sin” 260,,——
2v/2 G N, o 1) 2 A, | resonant energy

By, ~ A, cos20,,/(vV/2 GeN,) ~ 0.25 GeV
- best-fit inputs
E

J 1 [ 1 A,
— o~ 1+ =(1+4+ 3cos26,,) —— + smaller terms
J ~ sin26,, 2 ( 12) A, | enhancive peak

1.2 ; 1.2 . .
| d (v, NMO) . | ¥ (v, IMO) |
1.0

E, ~0.123 GeV , % ~ 1.07

7 10
E, ~0.140 GeV , 7"‘ ~ 1.10 -

~ 08 best-fitinputs ~ o3 best-fit inputs
J | J |
J . _' J _
06 - 06
0.4 | 04
00 02 04 06 08 10 00 02 04 06 08 1.0



v beam (Ag; > 0):  E, ~0.140 GeV ,
v beam (Ag; <0): FE, ~0.123 GeV ,

7 beam (A;, <0): FE! ~ 8828 GeV

QUGN NS

N

~1.10; E. ~8.906 GeV , =% ~ (.12
~ 1.07 ;

~ (.12 .

J!
J

SNASSY

_ FA, 3cos26y, + /1 — 9sin® 20,4

ASI

4
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PartC  PMNS unitarity triangles 21

There are 6 unitarity triangles |~ : U, U} +U,U}, +U,3U% =0
in the complex plane. Only the
. . A, U U+ UL U+ U US =0
3 so-called Dirac triangles are | " bl 2 3Ted
related to neutrino oscillations [£;: UaU +UnU,, +UgU 5 =0
[~ v 1 a—
H U; :Z_U} :__ 1 - U;‘ :
In matter, the effective R ( € ) ua=rs
MNS unitarity triangles A.: { - - o 1( a+[3)
¢ U, Uy~ —U,U\Y—=[1- U .U
must depart from those N A € ua =T
in vacuum. \ Q;:&ﬁ::% ~ U,Uss
([~ o) , 1 a+ .
In a low-energy region, UnUa = — Unla =3 (1 th-— ) UrsUcs
we find matter-induced £ . . N U I o S g A g
corrections to the Dirac T2%e2 = 0 Tr2e2 T 5 +0- . T3 e3
unitarity triangl_es. Th_e UL, 0% ~ (14 B)ULUY,
area of every t_rlang_le is o N g ot *
0.5 x Jarlskog invariant. UaUin = — UaUpy = 5|1+ 8= —— | UsUyss
] ] A d ~ ~ o« .1 a—f .
The triangles will shrink UesUpa = — UnlUyy — 5 (1 +B-— ) UesUps
quickly when F£is larger. U507 = (14 5) Uyl




s On the resonance 22

The matter-induced corrections to two sides of each triangle are large

( ~  ~ 1 1 —tanf
* ~ * _ ' 12 * ~ * o [ *
I],U,].UT]. - sin 29 DY,ulUfrl 9 I],uBUTF& - 109 Lr,u,lUfrl 017 U;;BUTB
- 12
Z : < -~ "‘"* 1 % 1 - COT, 912 ” * %
¢ DY,U,Z 2 = sin 20 U:u,l 71 9 I],u,i% 3 = 1.09 Uu,l 1T 0.26 va,:% T3
- 12
r T N* ~ *
\ [j,u% T3 — [J,u,:% T3
( ~ ~ 1 1 —cotf
* . * VY12 * * *
UT]. el — sin 20 Ufrl el 9 U’T?:UB3 ~ 1.09 UTerl + 0.26 U’T?: e3
- 12
z : { - "'“"* 1 * 1 - Taﬂ 912 * * _ *
H UT? 2 = sin 20 UTZ e2 9 UT3 e3 = 1.09 UTZ e2 0.17 UT3 e3
s 12
r N* ~ *
\ UT 3¥ed — UT 3 U83
( ~ 1 1 —coté
* .U * el B * s % *
UelD:u,l - sin 20 Uel pl 9 UeB UHB ~ 1.09 Uel U:u,l +0.26 UEBDY,M:‘]
. 12
AL~ - 1 % 1 —tanf,, % % . "
T Ue? 12 = sin 20 Ue? n2 9 Uei%[]p,:% ~ 1.09 UBZDT,U,Q — 0.17 UeB 13
: 12
r T N* ~ *
\ U83 u3 U83 u3




Real shapes on resonance

23
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Part C

T2K vs NOvA

The effective MNS triangles are very small.
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PartC A possible experiment? 25

The possibility of measuring CP/T violation in low energy v-oscillation
experiments was discussed by Minakata and Nunokawa in 2000. Now
the question is how low is low.

Good things: 1) much smaller terrestrial matter effects and thus more
transparent links between effective and intrinsic quantities; 2) much
shorter baseline length; ...

Bad things: 1) much smaller cross sections; 2) much lower flux due to
the larger beam opening angle; ...

) Dump

Example: High-power proton linac (15SMW, 1.5GeV) Pion target
MOM ENT ADS type (~300m) <

) Pion collection section ///
# Neutrinos from muon decay W
& Proton LINAC for ADS ~15 MW Pion decay section (~25m) -
& To JUNO detector ~ 150 km Muon phase rotation section(~5m)
The neutrino flux would peak at 150 ~ 200 MeV
3. Cao et al, 1401.8125 ) < ——frie
M. Blennow et al, 1511.02859 Vi ! Ve OF Vy / Ve n decay channel (~300m)

To detector (~150km) (SC solenoids or quads)



Part D

Final remarks

¢ The study of matter effects is a kind of material science.

26

¢ The A — o~ limit is at least conceptually interesting, and
in practice it is equivalent to A > 1072 ¢V?, as shown in the

figures. How big is this number?
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In the very center of the Sun,
the matter density is not that

big at all!
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¢ A homework to be done: analytical understanding of the peaks and

turning points in the figures by calculating the derivatives of |(7a

|2
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