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Variables and units used in this leture

Formulae use SI units throughout.

~E(~r, t) = eletri �eld [V/m℄

~H(~r, t) = magneti �eld [A/m℄

~D(~r, t) = eletri displaement [C/m

2

℄

~B(~r, t) = magneti �ux density [T℄

q = eletri harge [C℄

e = elementary harge 1.60218$·10−19[C]

ρ(~r, t) = eletri harge density [C/m

3

℄

~I, ~j(~r, t) = urrent [A℄, urrent density [A/m

2

℄

µ0 = permeability of vauum, 4 π · 10−7

[H/m or N/A

2

℄

ǫ0 = permittivity of vauum, 8.854 ·10−12

[F/m℄

c = speed of light in free spae, 299792458.0 m/s

h = Plank onstant, 6.62607 ·10−34

Js (4.13570 ·10−15

eVs )



OUTLINE and Learning Goals

Priniples of Relativity (Newton, Galilei, Poinare)

- Motivation, Ideas and Terminology

- Formalism, Examples

Priniples of Speial Relativity (Einstein)

- Postulates, Formalism and Consequenes

- Four-vetors allow alulations with a minimum amount of mathematis

and/or without hand-waving arguments

If time permits: relativistially orret formulation of Maxwell's equations

Ambition (satisfy di�erent "learning expetations"):

1. Provide "ready-to-use" formulae for daily work

2. Spend some time on fundamentals for those interested

3. For your pleasure: added a few exerises you may or may not want to try,

solutions an (soon) be found on Indio ..

✄

✂

�

✁

For lak of time, annot disuss experiments and "so-alled" paradoxes, please onsult the literature



Setting the sene (terminology) ..

An observer (lets all it O) assigns/desribes an "event" E, e.g. an

explosion in my o�e (lets all the o�e a "frame" S) with Spae

oordinates: ~x = (x, y, z) and Time: t

Another observer (lets all it O') assigns/desribes the same "event" in its

own oordinate system (lets all it a "frame" S') with

- Spae oordinates:

~x′ = (x′, y′, z′) and Time: t

Physis laws annot depend on where you are

Relativity: teahes us the onnetion and relationship between di�erent

observations

Easy enough, if a oordinate system is displaed in x-diretion by d:

(x, y, z ) =⇒ (x+ d, y, z )

What if the frames are moving relative to eah other (it means that d is now a

funtion of time d(t) ) ?



Assume a frame at rest (S) and another frame (S′

) moving in x-diretion with

veloity

~V = (V , 0, 0) −→ d(t) = V ·t

    

V

- Observer O′

/Passenger observes an event (e.g. a falling pear) within

moving frame

- Observer O observes the same event

∗)

from resting frame

Physis laws must not depend on whether or not one moves with onstant

veloity: there annot be two di�erent sets of physis laws

∗)

This is all important !



Formulated by Newton and Galilei: Priniples of Relativity

De�nition:

A frame moving at onstant veloity is an (Inertial System)

Physis laws are the same in all inertial systems

Example: we would like to have:

Force = m · a and Force′ = m · a′

Now we need a transformation for:

(x, y, z) and t (x′, y′, z′) and t′ (and anything that is derived from it).



Galilei transformation

x′ = x − Vxt

y′ = y

z′ = z

t′ = t

Galilei transformations relate observations in two frames moving relative to

eah other (here with onstant veloity Vx in x-diretion).

Only the position (in diretion of Vx) is hanging with time



Frame moves in x-diretion with veloity Vx:

Spae oordinates are hanged, time is not hanged !

Spae, mass and time are independent quantities

- Absolute spae where physis laws are the same

- Absolute time where physis laws are the same

Some examples, plug it in:

m · a = m · ẍ = m · ẍ′ = m · a′

vx′ =
dx′

dt
=

dx

dt
− vx (veloities an be added)

Newton: spae and time are absolute independent of objets and pereption



V =  159.67  m/s
   

v = 31.33 m/s

Fling a ball with 31.33 m/s in a frame moving with 159.67 m/s:

Observed from a non-moving frame: vtot = V + v

Speed of ping-pong ball seen from outside: vtot = 191 m/s

Wath out ! One is the veloity of the referene frame (V ) and the other

is the veloity of an objet (v), relevant throughout the leture ..

Given enough power, vtot an reah any speed ...

Looks good, but there are problems if we speed up !



Galilei transformations are inompatible with experiments and observations:

(1) Postulate: Laws of physis must be the same in all inertial systems

(2) Measurement (e.g. [3, 9℄): The onstant C (Speed of light in free spae)

is �nite and independent of the motion of the soure (299792458.0 m/s)

and annot be exeeded by any objet

- If (1) is right =⇒ (2) is wrong

- If (2) is right =⇒ (1) is wrong
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If both are right: vtot = v + V is wrong

∗)

(3) There is no ether, i.e. no absolute referene frame, light is not a

(onventional) "wave"

One has to expet some issues with eletromagnetism !

∗)

Otherwise the earth would not move at all !! (see e.g. [1℄)



Problems with Galilei transformation Maxwell's equations

Maxwell desribes light as waves, wave equation reads:

(
∂2

∂x′2
+

∂2

∂y′2
+

∂2

∂z′2
− 1

c2
∂2

∂t′2

)

Ψ = 0

With Galilei transformation x = x′ − vt, y′ = y, z′ = z, t′ = t :

([

1−v2

c2

]
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+

2v

c2
∂2

∂x∂t
− 1

c2
∂2

∂t2

)

Ψ = 0

... not quite the same shape !

Reason: Conventional waves move in a medium (ether !) observed from

another frame the speed is di�erent ...

Side note: aording to Newton (!!), light is made of partiles and he predited

that it is bend by gravitational �elds ... (like predited by Speial Relativity) !



Mixed derivatives are involved, an only be "solved" if time is transformed as

well. By trial and error Lorentz showed suh a transformation (a derivation

beomes totally trivial later, no waste of time here)

x′ =
x− V t

√

(1− V 2

c2
)

= γ · (x− V t)

y′ = y

z′ = z

t′ =
t − V · x

c2
√

(1− V 2

c2
)

= γ · (t − V · x
c2

)

Transformation for onstant veloity V along x-axis

Time is now also transformed

Note: for V ≪ c (or c = ∞ ) it redues to a Galilei transformation !



Transformation of veloities

Frame S' moves with onstant veloity of V relative to frame S

Objet inside moving frame moves with ~v′ = (v′

x, v
′

y, v
′

z)

What is the veloity ~v = (vx, vy, vz) of the objet in the frame S ?

vx =
v′

x + V

1 +
v′

xV

c2

vy =
v′

y

γ(1 +
v′

xV

c2
)

vz =
v′

z

γ(1 +
v′

xV

c2
)

addition of velocities : v = v1 + v2 v =
v1 + v2

1 +
v1v2

c2

vtot = v + V is wrong C + v = C

The speed C an never be exeeded by adding veloities !

Maybe surprising: in Speial Relativity the fat that C is the maximum possible speed is

the main issue, not light:

in matter partiles (e.g. eletrons, pions) an go faster than light, but annot exeed C !



Lorentz transformations, solve one problem but got many others, possible

solutions:

1. Galilean relativity applies to lassial mehanis, but not to eletromagneti e�ets

and light has a referene frame (some sort of ether, but not in the original sense).

Was defended by many people - e.g. Lorentz, sometimes with obsure onepts

∗)

-

just for the purpose of explaining away the di�ulties.

2. Maxwell's equations are wrong and should be modi�ed to be onsistent with Galilei's

relativity

3. Enter Einstein: A relativity priniple di�erent from Galilei but valid for both lassial

mehanis and eletrodynamis (requires modi�ation of the laws of lassial

mehanis an a di�erent formulation of eletrodynamis) Maxwell is right, but the

formulation is wrong !

Sounds very simple, but has mind-bending impliations, most irritating:

With Lorentz transformations: Newton's equation of motions are wrong ! (but see

later)

The key is that C is the maximum speed for any objet !

- The "Speed of Light" C is not about Light !

- Light moves at the "Speed of Light" beause it annot go faster !

∗)

see later ...



Postulates of Speial Relativity (Einstein)

All physial laws (and results of experiments) in inertial frames

must have equivalent forms

Speed of light in free spae C must be the same in all frames - and �nite

No objet an move faster than C



Step 1: On the way to a reformulation of "Classial Mehanis"

Apply the postulates to lassial objets

The motion of (lassial) objets is desribed by the hange of oordinates as a

funtion of time. This is only meaningful using a sensible de�nition of time

A basi assumption is that time is always measured using some sort of a

"lok".

At the plae of the lok it is easy to de�ne the time (just look at the lok),

but how about linking the sequene/timing of events at di�erent plaes ? In all

ases where time is important, a judgement on the Simultaneity of events is

automatially involved. Otherwise: an absolute time exists.

The onstany of C requires more thorough onsiderations

Observation of Simultaneity of events at di�erent plaes, eah plae has

its own lok ..



Simultaneity between moving frames

Assume two events in frame S at (di�erent) positions x1 and x2 happen

simultaneously at times t1 = t2, what happens in S′

?

- Classial ase: t′1 = t′2 requires an absolute time (troubles !)

- Relativisti ase: no absolute time, the times t′1 and t′2 in S′
we get from:

t′1 =
t1 − V · x1

c2
√

(1− V 2

c2
)

and t′2 =
t2 − V · x2

c2
√

(1− V 2

c2
)

x1 6= x2 in S implies that t′1 6= t′2 in frame S′

!!

Two events simultaneous at (di�erent !) positions x1 6= x2 in S are not

simultaneous in S′

Rather formal, maybe easier to understand: some skethes and illustrations



✞

✝

☎

✆

Lak of Simultaneity - explanation:



Simultaneity in resting frames

  

  

A’
  1 2

x
  

A V = c V = c

  

  

A’
1 2

x
  

V’ = c V’ = c

System with a light soure (x) and detetors (1, 2)

Two �ashes of light emitted simultaneously towards the detetors

Observer (A) inside this frame

Observer (A') outside



After some time:

  

  

A’
  

V = c V = c

1 2

x
  

A

  

A’
1 2

x
  

V’ = c V’ = c

A: both �ashes arrive simultaneously at 1 and 2

A': both �ashes arrive simultaneously at 1 and 2

What if the frame A is moving relative to observer A' with a veloity V?



Now one frame is moving with speed V:

  

A’
    

AV = c V = c
1 2

x
  

V

  

A’
1 2

x
  

V’ = c − V’ = c +V V

Classial ase: V' =  - V and V' =  + V, �ashes arrive simultaneously for A'

  

A’
1 2

x
  

V’ = c V’ = c

Relativisti ase: V' =  and V' =  , �ashes arrive at di�erent times for A'

A simultaneous event in S is not simultaneous in S′

: if x1 6= x2



Why are about simultaneity ?

Simultaneity is not frame independent

Vital for measurement proesses and the onept of "time"

Almost all paradoxes are explained by that (see previous omment) !

Di�erent observers see a di�erent reality, in partiular the sequene of

events an hange !

For t1 < t2 we may �nd (not always

∗)

!) a frame where t1 > t2

(onept of before and after depends on the observer)

"Hurst made the 1st and the 3rd goal, whihever ame �rst"

(R. Mihel, German sport journalist, 1966)

∗)

A key to anti-matter, (why anti-partiles must exist) - if you are interested: ask a

leturer (or read [7℄ or [10℄) ...

But areful: this must not be onfused with a loss of ausality, it is never violated (an

extremely important topi, but not relevant for aelerators, see e.g. [7℄ for details)



Step 2: How to measure the length of an objet ?

x’

y’

21x’ x’

L’
v = 0

F

F’ V    

Have to measure position of both ends simultaneously

∗)

Length of a rod in S′

is L′ = x′

2 − x′

1, measured simultaneously at a �xed

time t′ in frame S′

,

What is the length L measured from S ??

∗)

..sounds already like troubles



We have to measure simultaneously (again !) the ends of the rod at a �xed

time t′ in frame F ′

, i.e.: L′ = x′

2 − x′

1

Lorentz transformation of "rod oordinates" into rest frame:

x′

1 = γ · (x1 − V t) and x′

2 = γ · (x2 − V t)

L′ = x′

2 − x′

1 = γ · (x2 − x1) = γ · L

L = L′/γ

In normal life (low speed) not important, but in aelerators (high speed) :

bunh length, eletromagneti �elds, magnets, ...

Explanations:

- Lorentz (defend the ether !) : objets are "deformed" (mehanially) by

the ether, both atoms and marosopi objets

- Einstein (dismissed the ether !): spae itself is deformed



Step 3: Time dilation - shemati

Re�etion of light (it does not have to be light !) between 2 mirrors seen

inside moving frame and from outside

V V
  

Frame moving with veloity V

Seen from outside the path is longer, but C must be the same ..

Something wrong with v =
∆L

∆t



No Lorentz transformation needed in this ase, a simple geometry will do. Just the

postulate than C is independent of motion of a soure

L
D

d

  

V

In frame S′ : light travels L in time ∆t′

In frame S : light travels D in time ∆t

L = c · ∆t′ D = c · ∆t d = V · ∆t

(c · ∆t)2 = (c · ∆t′)2 + (V · ∆t)2

∆t = γ ·∆t′

"If an event takes a ertain amount of time as measured by an observer at rest

with respet to this event, the time for that event to our is longer for an

observer moving with respet to this event" (Einstein)



Is time dilation a headahe ?

You an interprete this two ways:

1. The ar is moving: ∆t = γ · ∆t′

2. The observer is moving: ∆t′ = γ · ∆t

Seems like a ontradition (but no frame an be privileged)...

No, �xed by the onept of proper time τ :

The time measured by the observer at rest relative to the proess

Or: The proper time for a given observer is measured by the lok that travels with

the observer (and always the same):

c2∆τ2 = c2∆t2 −∆x2 −∆y2 −∆z2 = c2∆t′2 −∆x′2 −∆y′2 −∆z′2

Ditto for Lorentz ontration ...

An interesting onsequene: c2∆τ2

an be positive or negative with strong impliations

(e.g. for the onept of before and after, a detailed disussion in [10℄)



Falling objet in a moving ar:

τ γ τ.

V V
  

Observer within the moving ar measures the proper time τ , no matter

how fast the ar is moving

Observer outside measures the time γ · τ



Proper Length and Proper Time

Time and distanes are relative :
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τ is a fundamental time: proper time τ
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The time measured by an observer in its own frame

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������
����������������

Your lifetime in your own frame
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From frames moving relative to it, time appears longer

L is a fundamental length: proper length L

The length measured by an observer in its own frame

Your proportions in your own frame

From frames moving relative to it, it appears shorter

Sometimes alled "things-as-they-are" (in ontrast to "things-as-they-appear")



Standard Example: muon µ deay ..

Lifetime of the muon:

In lab frame: γ · τ In frame of muon: τ ≈ 2 · 10−6

s

A lok in the muon frame shows the proper time and the muon deays in

≈ 2 · 10−6

s, independent of the muon's speed.

Seen from the lab frame the muon lives γ times longer, many seonds ...

Time is relative not absolute !

1 minute an be pereived very di�erently, depending on who you are (muon)

or where you are !

(... for example on whih side of the bathroom door you are on)

(based on saying by Einstein)



Example: moving light soure with speed v ≈ 

v

observer

Relativisti Doppler e�et (important for FEL):

Unlike sound: no medium of propagation

Observed frequeny depends on observation angle θ

frequeny is hanged: ν = ν0 · γ · (1− βrcos(θ))



Example: moving light soure with speed v ≈ 

v

observer

Relativisti Doppler e�et (important for FEL):

Unlike sound: no medium of propagation

Observed frequeny depends on observation angle θ

frequeny is hanged: ν = ν0 · γ · (1− βrcos(θ))

Travelling at v ≈ c through spae an damage your health !



✞
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Another every day example (GPS satellite):

- 20000 km above ground, (unlike popular believe: not on geostationary

orbits, this would not work)

- Orbital speed 14000 km/h (i.e. relative to observer on earth)

- On-board lok auray 1 ns

- Relative longitudinal preision of satellite orbit ≤ 10

−8

- At GPS reeiver, for 5 m need lok auray ≈ 10 ns

Exerise 1: Do we have to orret for (this) relativisti e�et ?



To make it lear:

Key to understand relativity
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Lorentz ontration:

- It is not the matter that is ompressed

(was believed before Einstein, e.g. Lorentz)

- It is the spae that is modi�ed
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Time dilation:

- It is not the lok that is hanged

- It is the time that is modi�ed

What about the mass m and momentum ~p ?



Assume an objet inside moving frame S' moves with ~v′ = (0, v′y , 0)

Transverse momentum onservation in both frames requires:

py = p′y m vy = m′ v′y m v′y/γ = m′ v′y m = γm′

For momentum onservation: mass must also be transformed !

Using : m′ = m0 −→ m = γ ·m0

for small velocities : m ∼= m0 + 1
2
m0v2

(
1
c2

)

+ ....

and multiplied by c2 : mc2 ∼= m0c2 + 1
2
m0v2 = m0c2 + T

Interpretation:
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Total energy E is E = mc2 for any objet
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m is the mass (energy) of any objet "in motion"

Any form of Energy possesses inertia, inluding light
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m0 is the mass (energy) of the objet "at rest"
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The mass m is not the same in all inertial systems, the rest mass m0 is !



Pratial and impratial units

Standard (SI) units are not very onvenient, easier to use:

[E℄ = eV [p℄ = eV/c [m℄ = eV/c2 ("energy equivalent units")

then: E2 = m2
0 + p2

If rest mass of objets an be totally onverted into energy:

Mass of a proton: mp = 1.672 · 10−27

Kg

Energy(at rest): mpc2 = 938 MeV = 0.15 nJ

Ping-pong ball: mpp = 2.7 · 10−3

Kg ( ≈ 1.6 1024 protons)

Energy(at rest): mppc2 = 1.5 · 1027 MeV = 2.4 · 1014 J

≈ 750000 times the full LHC beam

≈ 60 kilotons of TNT

(12 kilotons of TNT orrespond to about 0.5 g)



What about Newton`s equations ?

The (most) pratial solution:

Replae m′

in all lassial formulae by m = γm′

and everything is saved ...

What about masses in aelerators ?

The mass of a fast moving partile is inreasing like (in the frame of the ontrol room):

m = γm0 =
m0

√

1 −
v2

c2

When we aelerate:

- For v ≪ : E, m, p, v inrease ...

- For v ≈ : E, m, p inrease, but v does (almost) not !

β =
v

c
≈

√

1 −
m2

0c
4

T 2

Conept of transition (synhrotrons)



Kinemati relations - very useful for daily work

p T E γ

β = 1
√

(
E0
cp

)2+1

√

1− 1

(1+ T
E0

)2

√

1− (E0
E
)2

√

1− γ−2

p = cp
√

T (2E0 + T )
√

E2 − E2
0 E0

√

γ2 − 1

E0 = cp√
γ2

−1
T/(γ − 1)

√

E2 − c2p2 E/γ

T = cp
√

γ−1
γ+1

T E − E0 E0(γ − 1)

γ = cp/E0β 1 + T/E0 E/E0 γ



Kinemati relations - logarithmi derivatives (even more useful)

dβ

β

dp

p
dT
T

dE
E

= dγ

γ

dβ

β
= dβ

β
1
γ2

dp

p
1

γ(γ+1)
dT
T

1
(βγ)2

dγ

γ

dp

p
= γ2 dβ

β

dp

p
[γ/(γ + 1)]dT

T
1
β2

dγ

γ

dT
T

= γ(γ + 1) dβ
β

(1 + 1
γ
) dp

p
dT
T

γ

(γ−1)
dγ

γ

dE
E

= (βγ)2 dβ

β
β2 dp

p
(1− 1

γ
) dT

T

dγ

γ

dγ

γ
= (γ2 − 1) dβ

β

dp

p
− dβ

β
(1− 1

γ
) dT

T

dγ

γ

Example LHC (7 TeV):

∆p

p
≈ 10−4

implies:

∆v

v
=

∆β

β
≈ 2 · 10−12

Exerise 2: What is the speed of a partile when its kineti energy is the same

as its rest mass ?



Is E = mc2 a general onept ? Consider a marosopi objet:

Spinning a boiled egg :

Total Energy of object increases

More Energy − Larger Mass ?

Aording to Einstein: yes

- Try it (very easy, e.g. use 10 Hz)

- Compute it (easy, e.g. use: R = 2 m, h = 6 m, m = 50 g)

- Measure it (not so easy)



Relativity was ontroversial at the beginning - a lot of argumentation ..

1 It is not based on a "real" theoretial onept

Only experimental evidene and "Gedanken experiments"

2 Inoneivable e�ets (easy to ompute - di�ult to believe):

Simultaneity, Time dilation, Length ontration ...

General appliation of E = m c2 (e.g. eggs, �ashlights)

...

3 Inompatible with Quantum mehanis

4 Ative reasearh/ontroversy: does a battery hange its mass when harged ?



Relativity was ontroversial at the beginning - a lot of argumentation ..

1 It is not based on a "real" theoretial onept

Only experimental evidene and "Gedanken experiments"

2 Inoneivable e�ets (easy to ompute - di�ult to believe):

Simultaneity, Time dilation, Length ontration ...

General appliation of E = m c2 (e.g. eggs, �ashlights)

...

3 Inompatible with Quantum mehanis

4 Ative reasearh: does a battery hange its mass when harged ?



First summary

Physis laws the same in all inertial frames ...

Speed of light in free spae C is the same in all frames and requires

Lorentz transformation

No objet or signal (having physial onsequenes) an move faster than C

The most important formula: V + C = C

- Moving objets appear shorter for an observer in another frame

- Moving loks appear to go slower for an observer in another frame

- Mass is not independent of motion (m = γ ·m0) and total energy is

E = m · c2 (seond most important formula)

- No absolute spae or time: where it happens and when it happens is not

independent Spae-Time

Next: how to alulate something and appliations ...



Introduing four-vetors

Sine spae and time are not independent, must reformulate physis taking

both into aount:

t, ~a = (x, y, z) Replace by one vector including the time

We need two types of four-vetors

a

(here position four-vetor):

Xµ = (ct, x, y, z) and Xµ = (ct, −x, − y, − z)

We have a temporal and a spatial part

(time t multiplied by c to get the same units, other onventions exist)

A omment: Sometimes Xµ = (ict, x, y, z) is used, but the i is merely a

(ompletely unneessary) mathematial trik to fake the "appearane" of the salar

produt. It has no physial meaning whatsoever (and an mess up and hide important

physis onepts, e.g. in EM theory and in Partile and Aelerator Physis) ...

a

Due to "skewed" referene system, for details ask one of the leturers ..



Life beomes really simple

Lorentz transformation an be written in matrix form:

X′µ =










ct′

x′

y′

z′










=










γ −γβ 0 0

−γβ γ 0 0

0 0 1 0

0 0 0 1










︸ ︷︷ ︸

Transformation Matrix Λ










ct

x

y

z










= Xµ

X′µ = Λ ◦ Xµ (Λ for ”Lorentz”)

Here for motion in x-diretion, but an always rotate into diretion of motion



✄

✂

�

✁but note:

X′

µ =










ct′

−x′

−y′

−z′










=










γ +γβ 0 0

+γβ γ 0 0

0 0 1 0

0 0 0 1



















ct

−x

−y

−z










= Xµ

This matrix is the inverse of the previous matrix

F.A.Q: Why bother about this

µ

or µ stu� ??

Is it useful or just abraadabra ??

Neessary for a formulation of eletrodynamis onsistent with Speial

Relativity, and makes the life very easy to alulate various e�ets applied to

aelerators

For many alulations, just blindly follow a few simple rules



Most important onept: Salar produts

Cartesian Salar Produt (Eulidean metri in 3D):

~x · ~y = (xa, ya, za) · (xb, yb, zb) = (xa · xb + ya · yb + za · zb)

Spae-time four-vetors like:

Aµ = (cta, xa, ya, za) Bµ = (ctb,−xb,−yb,−zb)

Four-vetor Salar Produt (for more rigorous treatment see [7℄):

AµBµ =
3∑

µ=0

AµBµ

︸ ︷︷ ︸

Einstein convention

= (cta · ctb − xa · xb − ya · yb − za · zb)

For many appliations you an use this simpli�ed rule:

AB = (cta · ctb − xa · xb − ya · yb − za · zb)



Why bother about four-vetors ?

We want the same laws of all physis in di�erent frames

The solution: write the laws of physis in terms of four vetors and use

Lorentz transformation

Without proof

∗)

: any four-vetor (salar) produt ZµZµ has the same

value in all inertial frames:

ZµZµ = Z′µZ′

µ (whatever Z is, do not have to be the same type...)

All salar produts of any four-vetors are invariant !

The value and shape are invariant !

but : ZµZµ and Z′

µZ
′

µ are obviously not !!∗)

∗)

The proofs are extremely simple !



The most important four-vetors:

Coordinates : Xµ = (ct, x, y, z) = (ct, ~x)

Velocities : Uµ =
dXµ

dτ
= γ(c, ~̇x) = γ(c, ~u)

Momenta : Pµ = mUµ = mγ(c, ~u) = γ(mc, ~p)

Force : Fµ =
dPµ

dτ
= γ

d

dτ
(mc, ~p)

Wave propagation vector : Kµ = (
ω

c
,~k)

Also the Gradient : ∂µ = (
1

c

∂

∂t
,−~∇) =

(

1

c

∂

∂t
,− ∂

∂x
,− ∂

∂y
,− ∂

∂z

)

ALL four-vetors Aµ

transform like:

A′µ = Λ ◦ Aµ (and A′

µ = Λ−1 ◦ Aµ)



A speial invariant

From the veloity four-vetors:

Uµ = γ(C, ~u) and Uµ = γ(C,−~u)

we get the salar produt:

UµUµ = γ2(C2 − ~u2) = C2 !!

C is an invariant, has the same value in all inertial frames

UµUµ = U ′µU ′

µ = C2

The invariant of the veloity four-vetor U is C and it is the same in

ALL frames, i.e. independent of relative motion (good news !)

Note: the naive hoie Uµ = (C,−~u) is not a four-vetor, Uµ = γ(C,−~u) is



Another important invariant

Momentum four-vetor P of a partile with mass m and energy E:

Pµ = m0U
µ = m0γ(c, ~u) = (mc, ~p) = (

E

c
, ~p)

P
′µ

= m0U
′µ

= m0γ(c, ~u′) = (mc, ~p′) = (
E′

c
, ~p′)

We an get another invariant:

P
µ
Pµ = P

′µ
P

′

µ = m
2
0c

2

Invariant of the four-momentum vetor is the mass m0

The rest mass m0 is the same in all frames !

(otherwise we ould tell whether we are moving or not !!)

Exerise 3a: what is the four-momentum of a photon (a.k.a. γ∗)

) ?

Exerise 3b: The rest mass of a photon is 0, what is (real) mass of a photon ?

Bonus: how many photons are needed for half a pound of green light ?

∗)

(an extremly unfortunate oinidene ...)



Use of four-vetors simplify alulations signi�antly, follow the rules and

look for invariants, in partiular kinemati relationships, e.g.

The momentum four-vetor of a system of partiles (ollision or deay) is

the sum of the individual four-vetors: Pµ = Pµ
1 + Pµ

2

- Partile deay: important for seondary beams ! (�nd mass of parent

partile or deay produts, details in [8℄)

- Partile ollisions: not only olliders

Exerise 4: Consider two mehanisms for proton-antiproton pair prodution, olliding

with a proton at rest p

1. p + p −→ p + p + (p + p̄)

2. γ + p −→ p + (p + p̄)

Using four-momenta, ompute the minimum energies and speed of the inoming p

and γ to produe the proton-antiproton pair



Handy formulae - What is the available entre of mass energy Ecm ?

P1 P2

Collider 

P1 P2

Stationary  Target

Pµ
1 = (E, ~p) Pµ

2 = (E,−~p) Pµ
1 = (E, ~p) Pµ

2 = (m0, 0)

Pµ = Pµ
1 + Pµ

2 = (2E, 0) Pµ = Pµ
1 + Pµ

2 = (E +m0, ~p)

Ecm =
√

PµPµ = 2 ·E Ecm =
√

PµPµ =
√

2m0E + 2m2
0

Works for as many beams/partiles as you like :

Pµ = Pµ
1 + Pµ

2 + Pµ
3 + ... (di�ult in pratie ..)



Examples:

ollision E beam energy Ecm (ollider) Ecm (�xed target)

pp 315 (GeV) 630 (GeV) 24.3 (GeV)

pp 6500 (GeV) 13000 (GeV) 110.4 (GeV)

pp 90 (PeV)

∗)

180 (PeV) 13000 (GeV)

e+e− 100 (GeV) 200 (GeV) 0.320 (GeV)

∗)

for BNC ≈ 3 T C ≈ 480 000 km (Jupiter ≈ 450 000 km)

(although osmi ray partiles an have MUCH higher energies, more than

10

20

eV, γ ≈ 1011 ..)



"Looks" more ompliated when the beams ross at an angle Θ

(E1, P1) (E2, P2)

m1 m2

Collider  with  crossing angle

Yet the alulation beomes equally trivial

a

using the four-momenta:

Pµ
1 = (E1, ~p1) and Pµ

2 = (E2, ~p2) (m1 may or may not be m2)

Pµ = Pµ
1 + Pµ

2 = (E1 + E2, ~p1 + ~p1)

PµPµ = E2
1 + E2

1 + 2E1E2 − ~p1
2 − ~p2

2 − 2 ~p1 ~p2

=⇒ Ecm =
√

m2
1 +m2

2 + 2E1E2 − 2 ~p1 ~p2

=⇒ Ecm =
√

m2
1 +m2

2 + 2E1E2(1 − β1β2 cosΘ)

a

Trivial: ≤ 5 lines .. (try it without four-vetors, wish you all the best)



Relativity and eletrodynamis

- Bak to the original problems: Eletrodynamis and Maxwell equations

- Why not try again four-vetors

Write potentials and urrents as four-vetors:

Φ, ~A ⇒ Aµ = (
Φ

c
, ~A)

ρ, ~j ⇒ Jµ = (ρ · c, ~j)

What about the transformation of urrent and potentials ?

Also note: many textbooks on Speial Relativity start from here, all other

e�ets (time dilation, length ontration, proper time, et. ... ) follow almost

automatially.



Transform the four-urrent like:










ρ′c

j′x

j′y

j′z










=










γ −γβ 0 0

−γβ γ 0 0

0 0 1 0

0 0 0 1



















ρc

jx

jy

jz










Surprise, it transforms via: J ′µ = Λ Jµ

(always the same Λ)

Ditto for: A′µ = Λ Aµ

(always the same Λ)

Another invariant: ∂µJµ ∗)

=

∂ρ

∂t
+ ~∇~j = 0 (harge onservation)

∗)

remember: any produt of four-vetors is invariant



Eletromagneti �elds using these potentials: Aµ = (
Φ

c
, ~A)

conventional : ~B = ∇ × ~A and ~E = − ∇Φ −
∂ ~A

∂t

Written as e.g. x-omponents:

Ex = −
∂A0

∂x
−

∂A1

∂t
= −

∂At

∂x
−

∂Ax

∂t

Bx = +
∂A3

∂y
−

∂A2

∂z
= +

∂Az

∂y
−

∂Ay

∂z

using all omponents: �elds are desribed by a "�eld-matrix" Fµν

:

Fµν = ∂µAν
− ∂νAµ =





























0
−Ex

c

−Ey

c

−Ez

c

Ex

c
0 −Bz By

Ey

c
Bz 0 −Bx

Ez

c
−By Bx 0































Eletromagneti �elds desribed by �eld-matrix Fµν

:

F
′νµ

=

































0
−Ex

c

−Ey

c

−Ez

c

Ex

c
0 −Bz By

Ey

c
Bz 0 −Bx

Ez

c
−By Bx 0

































−→

































0
+Ex

c

+Ey

c

+Ez

c

−Ex

c
0 −Bz By

−Ey

c
Bz 0 −Bx

−Ez

c
−By Bx 0

































= F
νµ

It transforms via: F ′µν = Λ Fµν ΛT

(same Λ as before)

Interesting: eletri �elds hange sign, magneti �elds do not, why ? (the reason is a bit

triky and maybe surprising, ask a leturer ...) !!!



Transformation of �elds into a moving frame (x-diretion):

Using F ′µν = Λ Fµν ΛT

it beomes almost trivial

(you will hardly �nd the "lassial" derivation (not using four-vetors) in

letures ... !)

One obtains the handy formulae:

E′

x = Ex B′

x = Bx

E′

y = γ(Ey − v ·Bz) B′

y = γ(By +
v

c2
· Ez)

E′

z = γ(Ez + v · By) B′

z = γ(Bz − v

c2
· Ey)

Fields perpendiular to movement are transformed

Strong dependene on γ

How do the �eld omponents look like as a funtion of γ ?



Coulomb �eld of a harge moving at onstant veloity

γ = 1 γ >> 1
~E ‖ =

q

4πǫ0

1

γ2r2
~r

r

~E ⊥ =
q

4πǫ0

γ

r2
~r

r

r radial distance

~r radial direction

- For large γ the longitudinal �eld omponent disappears

- Only a transverse (radial) omponent is left

- All important for olletive e�ets (e.g. spae harge, beam-beam,

wake �elds, et.)

(here only the results, a nie derivation in [8℄)



What about fores ??

Start with the (four-)fore as the time derivative of the four-momentum:

Fµ
L

=
∂Pµ

∂τ

Without any e�ort one gets the four-vetor for the Lorentz fore, with the well

known expression in the seond part:

Fµ
L

= γq(
~E · ~u
c

, ~E + ~u× ~B) = q · FµνUν



Quote Einstein (1905):

"For a harge moving in an eletromagneti �eld, the fore

experiened by the harge is equal to the eletri fore,

transformed into the rest frame of the harge"

There is no mysti, veloity dependent oupling between a harge and a

magneti �eld ! (beause it does not exist)

It is just a onsequene of an eletri �eld in two referene frames



An important onsequene - remember:

E′

x = Ex B′

x = Bx

E′

y = γ(Ey − v ·Bz) B′

y = γ(By + v

c2
·Ez)

E′

z = γ(Ez + v ·By) B′

z = γ(Bz − v

c2
· Ey)

Assuming that

~B′ = 0, we get for the transverse fores:

~Fmag = − β2 · ~Fel

For β = 1, Eletri and Magneti fores anel, plenty of onsequenes, e.g.

Spae Charge, beam-beam, ...

Most important for stability of beams (so wath out for β ≪ 1) !



Hamiltonians and all that ..

A partiularly useful and powerful method to deribe the motion of partile in aelerator

elements is the Hamiltonian formalism [7℄. No details on the formalism, just writing down

the Hamiltonian funtion as it omes out of our treatment.

What is needed are the potentials and E2 = p2c2 + m2c4

(Sorry for those of you who have been heated into believing that this is "too ompliated

for students", the opposite is true)

Without proof, the Hamiltonian is: H = T + V = kineti energy + potential energy

Hamiltonian for a (ultra relativisti, i.e. γ ≫ 1, β ≈ 1) partile in an eletro-magneti

�eld is given by (any textbook on Eletrodynamis, in partiular [5℄):

H(~x, ~p, t) = c

√

(~p− e ~A(~x, t))2 +m2
0c

2 + eΦ(~x, t) (ugly so far ...)

where

~A(~x, t), Φ(~x, t) are the vetor and salar potentials (i.e. the V )

Maybe not yet ompletely obvious, this allows a straightforward formalism to derive the

motion of partile in any aelerator magnet [10℄ and beyond (e.g. �elds due to other

sores, for example beam-beam, spae harge fores et.)



Next step

∗)

: Maxwell's equations using four-vetors and Fµν

:

∇ ~E =
ρ

ǫ0

and ∇× ~B − 1

c2
∂ ~E

∂t
= µ0

~J
1+3

∂µF
µν = µ0J

ν (Inhomogeneous Maxwell equation)

∇ ~B = 0 and ∇× ~E +
∂ ~B

∂t
= 0

1+3

∂γF
µν + ∂µF

νλ + ∂νF
λµ = 0 (Homogeneous Maxwell equation)

We have Maxwell's equation in a very ompat form, transformation between

moving systems very easy:

just transform gradient four-vetor ∂ν and �eld four-vetor F νλ

∗)

Next 4 slides are more abstrat: they show the �nal and most important result of the

theory but less suited for immediate appliations, will whiz through them more quikly



How to use all that stu� ??? Look at �rst equation:

∂µF
µν = µ0J

ν

Written expliitly (Einstein onvention, sum over µ):

∂µF
µν =

3∑

µ=0

∂µF
µν = ∂0F

0ν + ∂1F
1ν + ∂2F

2ν + ∂3F
3ν = µ0J

ν

Choose e.g. ν = 0 and replae Fµν

by orresponding matrix elements:

∂0F 00 + ∂1F 10 + ∂2F 20 + ∂3F 30 = µ0J0

0 + ∂x
Ex

c
+ ∂y

Ey

c
+ ∂z

Ez

c
= µ0J0 = µ0 cρ

This orresponds exatly to (Gauss' law):

~∇ · ~E =
ρ

ǫ0
(c2 = ǫ0µ0)



For ν = 1, 2, 3 one gets Ampere's law

For example in the x-plane (ν = 1) and the S frame:

∂yBz − ∂zBy − ∂t
Ex

c
= µ0J

x

after transforming ∂γ

and Fµν

to the S' frame:

∂′

yB
′

z − ∂′

zB
′

y − ∂′

t

E′

x

c
= µ0J

′x

Now Maxwell's equation have the idential form in S and S'

(In matter: an be re-written with

~D and

~H using "magnetization tensor")



Finally: sine Fµν = ∂µAν − ∂νAµ

∂µF
µν = µ0J

ν

∂γF
µν + ∂µF

νλ + ∂νF
λµ = 0

We an re-write them two-in-one in a new form:

∂2Aµ

∂xν∂xν
= µ0J

µ

This ontains all four Maxwell's equations, it is not only the beauty of the

equation but shows that Maxwell's equations are now the same in all frames,

i.e. it shows their invariane !!

There are no separate eletri and magneti �elds, just a frame dependent

manifestation of a single eletromagneti �eld

Quite obvious dealing with Quantum Eletrodynamis !



Where are we ?

Can deal with moving harges in aelerators

Eletromagnetism and fundamental laws of lassial mehanis are

onsistent in the framework of Speial Relativity

Ad ho introdution of Lorentz fore unneessary, it is a onsequene of

Speial Relativity

Observations of eletromagneti phenomena are explained

Classial EM-theory was not onsistent with Quantum theory, Speial

Relativity is the key



Summary I (things to understand)

Speial Relativity is relatively simple and fainating beause of the enormous return

out of a small investment of fats:

Physis laws are the same in all inertial systems

The universal onstant C (a.k.a. Speed of light in free spae) is the same in all

inertial systems and the maximum speed for any objet

Everyday phenomena lose their meaning, do not ask what is "real": (leave that to the

philosophers)

Only union of spae and time preserve an independent reality:

Spae and Time are relative, Spaetime is absolute (a detailed disussion

an be found in [7℄)

Eletri and magneti �elds do not exist as separate "objets", just di�erent

aspets of a single eletromagneti �eld

Its manifestation, i.e. division into eletri

~E and magneti

~B omponents,

depends on the hosen referene frame

Experimental evidene an only be explained infering that eletromagneti radiation

(light, RF, laser, ...) is not a onventional wave (better: not a wave at all !)



Summary II (things for daily and pratial work)

- De�nition and use of β and γ

- Time dilation and Lorentz ontration: L = L′/γ and ∆t = γ · ∆t′

- Formulae for ollider performane (E, Luminosity, et.)

- Kinemati formulae (tables) and pratial units: eV, eV/, eV/

2

- E2 = p2 + m2 and E = mc2

- Mass "in motion" depends on speed m = γ ·m0 (important for transition energy)

- Transformations of eletri and magneti �elds and onsequenes (e.g. spae harge,

beam-beam, et.)

- Conept of four-vetors (qualitatively for daily work)



Maybe interesting, but not treated here:

Priniples of Speial Relativity apply to inertial (non-aelerated) systems

Is it oneivable that the priniple applies to aelerated systems ?

Yes, Introdues General Relativity, with more (hard to believe) onsequenes:

Spae and time are dynamial entities:

spae and time hange in the presene of matter

Explanation of gravity (sort of ..)

Corretion fator for the de�etion/bending of light

Time Warp again, Blak holes, Gravitational Waves, ...

Time depends on gravitational potential, di�erent at di�erent heights (RF

frequeny, Airplanes, GPS !)

For some e�ets the Quantum onepts beome important (synhrotron radiation,

some for beam instrumentation, ..)

Relativity and philosophy/philosophers



A last word ...

If you do not yet have enough or are bored, look up some of the

popular paradoxes (entertaining but mostly irrelevant for aelerators):

- Ladder-garage paradox (*)

- Twin paradox (**)

- Bug - Rivet paradox (**)

- J. Bell's roket-rope paradox (***)

- ...



A last word ...

If you do not yet have enough or are bored, look up some of the

popular paradoxes (entertaining but mostly irrelevant for aelerators):

- Ladder-garage paradox (*)

- Twin paradox (**)

- Bug - Rivet paradox (**)

- J. Bell's roket-rope paradox (***)

- ...

Thanks for spending some time on this event



Solutions of exerise 1:

Orbital speed 14000 km/h ≈ 3.9 km/s

β ≈ 1.3 · 10−5

, γ ≈ 1.000000000084

Small, but aumulates 7 µs during one day ompared to referene time

on earth !

After one day: your position wrong by ≈ 2 km !!

(inluding general relativity error is 10 km per day, for the interested:

bakup slide, o�ee break or after dinner disussions)

Countermeasures:

(1) Minimum 4 satellites (avoid referene time on earth)

(2) Detune data transmission frequeny from 1.023 MHz to

1.022999999543 MHz prior to launh



Solutions of exerise 2:

T = E − m0c2 −→ T = m0c2 [γ − 1]

for : T = m0c2 −→ γ m0c2 − m0c2 = m0c2

−→ γ m0c2 = 2 m0c2

−→ γ = 2 =
√

1 − β2

−→ β =

√
3

2

−→ v =

√
3

2
c



Solutions of exerise 3:

3a. What is the four-momentum vetor of a photon ?

E2 = p2 + m2
0 is also valid for photons

With proper c: E2 = c2 p2 + c4 m2
0

With the general de�nition of the four-momentum (
E

c
, ~p)

Sine the (rest !) mass m0 of a photon is zero:

Pµ
γ = (

E

c
,
E

c
, 0, 0)

3b. What is the (real !) mass of a photon ?

m =
E

c2
=

hν

c2



Solutions of exerise 4:

3a: p + p −→ p + p + (p + p̄)

p0 = (M, 0, 0, 0) p1 = (E, ~p) → pµ = (E + M, ~p) pµ = (E + M,−~p)

pµ pµ = M2 + 2EM + M2 = 2EM + 2M2 (= 16M2)

2EM = 14M2

E = 7M

3b: γ + p −→ p + (p + p̄)

p0 = (M, 0, 0, 0) γ = (E,E, 0, 0) → pµ = (E + M,E, 0, 0) pµ = (E + M,−E, 0, 0)

pµ pµ = 2EM + M2 = 2EM + M2 (= 9M2)

2EM = 8M2

E = 4M

Note: M = proton mass,  = 1



Solutions of exerise 5:



Gravitational time dilation

dτ

dt
=

√

1− 2GM

Rc2

dτ

dt
≈ 1− GM

Rc2

∆τ =
GM

c2
·
(

1

Rearth

− 1

Rgps

)

With:

Rearth = 6357000 m, Rgps = 26541000 m

G = 6.674 · 10−11 N·m2

kg2 M = 5.974 · 1024 kg

We have:

∆τ ≈ 5.3 · 10−10



✄

✂

�

✁Do the math:

Orbital speed 14000 km/h ≈ 3.9 km/s

β ≈ 1.3 · 10−5

, γ ≈ 1.000000000084

Small, but aumulates 7 µs during one day ompared to referene

time on earth !

After one day: your position wrong by ≈ 2 km !!

(inluding general relativity error is 10 km per day, for the interested:

bakup slide, o�ee break or after dinner disussions)

Countermeasures:

(1) Minimum 4 satellites (avoid referene time on earth)

(2) Detune data transmission frequeny from 1.023 MHz to

1.022999999543 MHz prior to launh


