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Ramo-Shockley theorem
Vw

V=0

V=0

The current induced on a grounded electrode by a moving point charge q is given by

Where the weighting field En(x) is defined by removing the point charge, applying the potential Vw to the
electrode in question and leaving the other electrodes grounded.

Removing the charge means that we just have to solve the Laplace equation and not the Poisson
equation.
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Ramo-Shockley Theorem
To find the voltages induced on electrodes that are not grounded we
have to
•

First calculate the currents induced on grounded electrodes.

•

Then place these currents as ideal current sources on a circuit
containing the discrete components and the mutual electrode
capacitances

+
=

The second step is typically performed by using an analog
circuit simulation program.
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Extensions of the theorem for conductive media
Resistive Plate Chambers
R. Santonico, R. Cardarelli

P. Fonte, V. Peskov et al.

2mm Bakelite, layer 𝜌 ̴ 1010 Ωcm

0.4mm glass, layer 𝜌 ̴1013Ωcm

E.g.

Silicon Detectors
Undepleted layer 𝜌

3mm glass, layer 𝜌 ̴2x1012 Ωcm

M.C.S. Williams et al.

̴ x103
5

depletion layer

Ωcm

Irradiated silicon sensors (typically has
larger volume resistance).
CMOS sensors with un-depleted regions
AC-LGADs
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Extensions of the theorem for conductive media

Time dependent weighting fields
for signals in RPCs

Time dependent weighting fields, induced
currents, voltages, admittance and impedance
matrix, examples …

Formulation of the problem
At t=0, a pair of charges +q,-q is produced at
some position in between the electrodes. From
there they move along trajectories x0(t) and x1(t).
What are the voltages induced on electrodes that
are embedded in a medium with position and
frequency dependent permittivity and
conductivity, and that are connected with
arbitrary discrete elements ?
Quasistatic approximation of Maxwell’s equations

Extended version of Green’s 2nd theorem
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Extended theorems
Remove the charges and the discrete elements and calculate the
weighting fields of all electrodes by putting a voltage V0(t) on the
electrode in question and grounding all others.

In the Laplace domain this corresponds to a constant voltage V0 on
the electrode.

Calculate the (time dependent) weighting fields of all electrodes

Calculate induced currents in case the electrodes are grounded

+
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Extended theorems
Add the impedance elements to the original circuit and the impedance circuit
representing the medium and place the calculated currents on the nodes to find
the induced voltages.

=
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Sensors using non-linear materials of finite conductivity
For linear media, i.e. for media where the material properties i.e. conductivity and
permittivity, do not depend on the applied voltages, the weighting fields are calculated
by applying delta voltages or delta currents to the electrodes when they are uncharged
or at zero potential.

Silicon sensors do however not represent linear media. The material properties i.e.
conductivity and permittivity do depend on the voltages applied to the electrodes. For
this case one can define the weighting fields by adding infinitesimal voltage or current
pulses to the electrodes in question and subtracting the static field from the time
dependent weighting field.
This has a very practical application when using TCAD simulations.
The weighting field formalism applies as long as the electric fields caused by the
moving charges do not alter the distribution of conductivity in the sensor.
In case the electric field from the charges has an influence on the movement of the
charges, the theorems still hold. The calculation of the movement does of course get
more involved …

Should appear soon in NIM
Paper is attached

Static electric field in a biased silicon sensor
Metal electrodes embedded in a medium with
• Static space-charge ρ0(x)
• Position and frequency dependent permittivity ε(x, s)
• Position and frequency dependent conductivity σ(x, s) = 1/ρ(x,s)
(ρ … volume resistivity)
• Connection of the electrodes with discrete impedance elements zmn(s)
• Nonlinear material i.e. ρ0(x), ε(x, s), σ(x, s) can depend on the voltages Vn
applied to the electrodes.

Laplace parameter s=iω
ω … frequency

 Silicon sensor !

Induce voltage
This weighting field is defined by placing a ‘step
charge’ or ‘delta current’ on the electrode in
question and calculating the resulting electric
field.
This theorem is very well suited for calculation
of signals with TCAD simulation programs.
One can add the entire discrete circuitry like
biasing network, amplifier etc. to the TCAD
model and directly find the voltages induced on
the nodes.
In TCAD one can e.g. use a triangular current
pulse with duration T and peak value Ip and then
use Q0 = Ip x T/2, where T must be chosen much
smaller than the reaction time of the medium.
I(t)

Ip

T

t

In general any current I(t) with Q0 = ∫I(t)dt can
be used, as long as the duration is much smaller
than the reaction time of the medium.

Induce charge on
grounded electrodes
This weighting field is defined by placing a
step voltage on the electrode in question and
calculating the resulting electric field.
This theorem is well suited for calculation of
signals with TCAD simulation programs when
the input impedance of the amplifier that
connects to the electrode is negligible with
respect to the other impedances in the
circuit.
In that case In(t)=-dQn(t)/dt directly gives the
input current to the amplifier.

Induced Current on
grounded electrodes
The induced current can also be calculated by a ‘weighting
field’ or ‘weighting vector’ Wn that is causes by a small
voltage pulse on the electrode in question.
W(x, t) has units of V/cm*s and therefore does not
represent an electric field.
Using this weighting vector the induced current can be
calculated directly.
This weighting vector will always have a ‘prompt’
component that follows the short pulse and a ‘delayed’
component that includes the reaction of the medium.

When using this weighting field for numerical simulations
it is useful to use these two components separately to
avoid numerical issues.
V(t)

Ip

T

t

Induced Currents and Voltages
The charges Qindn(t) and current Iindn(t) = dQn(t)/dt are related to the voltages Vindn(t)
induced on the electrodes that are connected
by the discrete impedance elements zmn(s)
throught the admittance matrix ymn(s).
Let us assume we have calculated the weighting
field H(x, t) or the weighting vector W(x, t) for
the induced charge or the induced current, for
the case where the other electrodes are held at
fixed potentials i.e. the interconnecting
impedance elements zmn(s) do not play a role.
We perform the Laplace transform and have
Hn(x, s) and Wn(x, s).
We define the admittance matrix ymn(s) by
integrating these weighting fields over the
electrode surfaces.

Equivalent Circuit

=

+

The electrodes and the medium can be represented by nodes that are connected by impedance elements.
The induced voltage signals for the case where the electrodes are connected by arbitrary impedance elements can then be
calculated by the induced currents on grounded electrodes together with the equivalent circuit diagram.
In case the medium has no conductivity, i.e. σ=0, these impedance elements are Znm=1/sCnm with Cnm being the mutual
electrode capacitances.
This second method for calculating the induced voltages has the advantage that one calculates the currents Iindn(t) and the
impedance elements Zmn(s) once and can then perform all further calculations for different readout and biasing circuits in a
separate SPICE simulation.

Admittance Matrix

The admittance matrix can be measured by adding a small sine wave voltage to an electrode and
measuring the currents on all the other electrodes (I-V curves).

Example un-depleted silicon sensor

Example 5.3 page 103 for a
bias voltage smaller than the
depletion voltage.

Example un-depleted
silicon sensor

Weighting field and current induced by a single e-h pair

Current induced by a single e-h pair

Electrode Impedance

The impedance of the silicon sensor is equal to a capacitance C1 in series with a capacitance C2//R.

The weighting field K for calculation of the induced voltage is then

Weighting field of a ’double junction’ sensor
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Strip Example

T<<
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I1(t)

= 0/

I3(t)

I5(t)

The conductive layer ‘spreads’ the signals across the strips.
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Weighting field and impedance for a general ‘one-dimensional’ silicon sensor

A silicon pad with a size significantly larger than the thickness
can be modelled as a one-dimensional sensor.
At full depletion the weighting field is just that of a parallel plate
chamber, but after irradiation there can be zones of finite
conductivity.
Knowing the weighting field and the impedance for a sensor of
arbitrary conductivity σ(z) we can try to make contact with I-V
curve and TCT measurements and extract parameters of the
sensor.
We start with a sensor that has N discrete layers of permittivity
𝜀n, conductivity σn and thickness dn.

V

Weighting field for a general ‘one-dimensional’ silicon sensor
In case the conductivities of the layers are zero we have

Weighting field for a general ‘one-dimensional’ silicon sensor

z

ε(z) σ(z)

V

Advertisement
Analytic expressions for:
Time resolution of LGADs
Effects of weighting fields
Effects of reading out on different sides (iLGad)
Etc.

Summary
Time dependent weighting field theorems that allow the calculation of induced
currents, induced voltages and electrode impedances in silicon sensors were presented.
They are well suited for simulation of signals using TCAD device simulation programs.
The weighting fields and signals in an un-depleted silicon pad sensor were presented.
These results can be used to benchmark TCAD + e.g. Garfield++ signals simulations.
The weighting field and impedance for a general one dimensional silicon sensor was
presented, that might allow to relate I-V curve and edge TCT measurements to silicon
sensor parameters after irradiation.

