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Weak mixing angle: 

global survey of sin2θW determinations

Theoretical uncertainties: correlations in precision observables

Vacuum polarization in global fits: 
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Weak Mixing Angle



Weak mixing angle at tree level
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tuning in on the Z resonance

leptonic and heavy quark FB asymmetries in e+e– annihilation near s = MZ2

leptonic FB asymmetries in pp (pp̅) Drell-Yan in a window around mll = MZ

LR asymmetry (SLC) and final state τ polarization (LEP) and their FB asymmetries
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Weak mixing angle approaches

ν scattering parity violating e– scattering (PVES)

leptonic vμ – e– e– – e–

DIS heavy nuclei (NuTeV) deuteron (E–122, PVDIS, SoLID)

elastic CEvNS (COHERENT) proton, 12C (Qweak, P2)

APV heavy alkali atoms and ions isotope ratios (Mainz)
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Weak mixing angle approaches

ν scattering parity violating e– scattering (PVES)

leptonic vμ – e– e– – e–

DIS heavy nuclei (NuTeV) deuteron (E–122, PVDIS, SoLID)

elastic CEvNS (COHERENT) proton, 12C (Qweak, P2)

APV heavy alkali atoms and ions isotope ratios (Mainz)

 recent first measurements 
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COHERENT @ SNS
CsI

Eν ≈ 16 – 53 MeV

σ ~ QW2

134 ± 22 events

constraints on NSI

neutron skin?

arXiv:1708.01294

Coherent Elastic ν Nucleus Scattering (CEνNS)
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QW(N,Z) = Z (1 – 4 sin2θW) – N
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AG Budker @ JGU Mainz
Ytterbium
170Yb – 176Yb

± 0.5% per isotope

± 100% error in sin2θW

constraints on Z´ with M < 100 keV

∆sin2θW = ± 0.2

neutron skin?

arXiv:1804.05747

Atomic parity violation in an isotope chain
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4 Dominik Becker et al.: The P2 Experiment

2 Determining the Weak Mixing Angle from
Parity Violating Electron Scattering

In this chapter, the experimental method for measuring
the proton’s weak charge QW(p) is presented and the
achievable precision in the determination of the electroweak
mixing angle sin2 ✓W is discussed.

2.1 Experimental method

For the P2 experiment, MESA will provide a beam of lon-
gitudinally polarized electrons. The beam energy will be

Ebeam = 155MeV (1)

and the beam current is scheduled to be

Ibeam = 150µA. (2)

The helicity of the beam electrons will be switched with
a frequency f ⇠ 1 kHz. The beam electrons impinge on
an unpolarized `H2-target with a length of L = 600mm
oriented along the beam direction. The electrons, which
are scattered elastically o↵ the protons, are detected in an
azimuthally symmetric Cherenkov detector. Figure 3 il-
lustrates the measurement principle. Since the luminosity

Detector

Scattered electrons

Proton target Beam dump

Longitudinally
polarized 
beam electrons

Fig. 3. Experimental method to be used in the P2 experiment:
A longitudinally polarized beam of electrons is impinged on a
long proton target. For each helicity state of the beam electrons
the elastically scattered electrons are detected.

L of the P2 experiment is projected to be

L = Ibeam/e · ⇢part · L = 2.38 ⇥ 1039 cm�2s�1, (3)

where e is the elementary charge and ⇢part is the proton
density in `H2, the total rate of the electrons scattered
elastically o↵ protons which needs to be detected is in the
order of 0.1 THz. This makes an integrating measurement
of the event rates necessary.

2.1.1 Parity-violating asymmetry in elastic electron-proton

scattering

The main observable in the P2 experiment is the parity-
violating asymmetry APV in elastic electron-proton scat-
tering. It is an asymmetry in the cross section which may

be defined by

APV
⌘

d�+
ep � d��

ep

d�+
ep + d��

ep
. (4)

In this equation, d�±
ep is the di↵erential cross section for

the elastic scattering of electrons with helicity ±1/2 o↵
unpolarized protons.

e e ee

N NNN

Fig. 4. Feynman diagrams showing the exchange of a virtual
photon and Z-boson in the process of electron-nucleon scatter-
ing.

APV is due to the interference between the exchange of
a virtual photon and a Z-boson in the scattering process,
both of which are illustrated in Fig. 4. The di↵erential
cross section of the scattering process can be written

✓
d�±

ep

d⌦

◆
=

✓
↵em

4mpQ2

Ef

Ei

◆2 ��M±
ep

��2, (5)

where ↵em is the electromagnetic coupling, mp is the pro-
ton mass, and

Q2
⇡ 4EiEf sin

2 (✓f/2) (6)

is the negative square of the 4-momentum transfer be-
tween electron and proton. Here, the electron mass can be
neglected. Ei is the electron’s initial state energy, Ef the
energy of the scattered electron and ✓f the scattering angle
with respect to the beam direction. M

±
ep is the transition

matrix element, at leading order given by the Feynman
diagrams shown in Fig. 4.

The resulting parity-violating helicity asymmetry is
written as

APV =
�GFQ2

4⇡↵em

p
2

⇥
QW(p) � F (Ei, Q

2)
⇤
, (7)

where GF is the Fermi coupling constant. Here, the weak
charge of the proton, QW(p), is defined as the limit of the
asymmetry at zero-momentum transfer, normalized such
that Eq. (7) holds, i.e., F (Ei, Q2 = 0) = 0. At non-zero
momentum transfer, the hadronic structure of the proton
has to be taken into account, parametrized by the Q2- and
energy-dependent function F (Ei, Q2). The function F is
often written as F (Ei, Q2) = Q2B(Q2) and the energy-
dependence not shown explicitly.

Based on a flavour decomposition of the matrix ele-
ments of the electromagnetic and weak neutral currents,
the form factor contribution F (Q2) is usually written as
a sum of three terms

F (Ei, Q
2) ⌘ FEM(Ei, Q

2)+FA(Ei, Q
2)+F S(Ei, Q

2), (8)
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Parity Violating e– Scattering (PVES) — Elastic
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Qweak @ CEBAF (JLab)
hydrogen (completed)

Ee = 1165 MeV       

|Q| = 158 MeV

APV = 2.3 × 10–7       

∆APV = ± 4.1%

∆QW(p) = ± 6.25%

∆sin2θW = ± 0.0011

FFs from fit to ep asymmetries

arXiv:1905.08283
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Qweak @ CEBAF (JLab)
hydrogen (completed)
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|Q| = 158 MeV
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FFs from fit to ep asymmetries

arXiv:1905.08283

LETTERRESEARCH

backgrounds and corrections associated with each of the two halves of 
the experiment, are provided in Methods.

The asymmetry measurement results are Aep = −223.5 ± 15.0 
(statistical) ± 10.1 (systematic) p.p.b. in the first half of the experi-
ment, and Aep = −227.2 ± 8.3 (statistical) ± 5.6 (systematic) p.p.b. in 
the second half. These values are in excellent agreement with each 
other and consistent with our previously published commissioning 
result3. Accounting for correlations in some systematic uncertainties  
between the two measurement periods, the combined result is 
Aep = −226.5 ± 7.3 (statistical) ± 5.8 (systematic) p.p.b. The total 
uncertainty achieved (9.3 p.p.b.) sets a new level of precision for  
parity-violating electron scattering (PVES) from a nucleus.

The relationship between the measured asymmetries Aep and the 
proton’s weak charge Qw

p  is expressed by equation (3), where the  
hadronic-structure-dependent term B(Q2, θ) grows with the momen-
tum transfer Q2. Higher-Q2 data from previous PVES experiments (see 
online references, Methods) were included in a global fit3,7,8 to con-
strain the proton-structure contributions for the short extrapolation 
from our datum to Q2 = 0 in order to determine Qw

p, the intercept of 
equation (3). The average Q2 of this experiment (0.0248 GeV2 c−2) is 
much smaller than that of any other PVES experiments used in this fit, 
with correspondingly smaller contributions from the proton structure. 
The superior precision of the Qweak measurement tightly constrains the 
fit near Q2 = 0, where the connection to Qw

p can be made.
The parameters of the global fit3,7,8 to the PVES data are the  

axial-electron–vector-quark weak-coupling constants C1u and C1d, the 
strange charge radius ρs and strange magnetic moment µs (which char-
acterize the strength of the proton’s electric and magnetic strange-quark 
form factors) and the strength of the neutral weak (Z0 exchange) isovector  
(T = 1) axial form factor =G Z T

A
( 1). The EM form factors GE and GM used 

in the fit were taken from ref. 9; uncertainties in this input were 
accounted for in the result for Qw

p and in its uncertainty.
The ep asymmetries shown in Fig. 2 were corrected1,3 for the energy- 

dependent part of the γZ-box weak radiative correction10–13 and its 
uncertainty. No other electroweak radiative corrections need to be 
applied to determine Qw

p. However, ordinary electromagnetic radiative 
corrections (bremsstrahlung) were accounted for in the asymmetries 
used in the fit, including our datum. Details of the fitting procedure, as 

well as a description of the corrections applied to the asymmetry for 
this experiment, are described in Methods.

The global fit is shown in Fig. 2 together with the ep data, expressed 
as Aep(Q2, θ = 0)/Α0. To isolate the Q2 dependence for this figure,  
the θ dimension was projected to 0° by subtracting [Acalc(Q2, θ) −  
Acalc(Q2, θ = 0)] from the measured asymmetries Aep(Q2, θ), as 
described in refs 3,8. Here Acalc refers to the asymmetries determined 
from the global fit. The fit includes all relevant PVES data for the 
scattering of polarized electrons on protons (ep), deuterons (e2H) and 
4He (e4He); see Methods. The PVES database provides a data-driven 
(as opposed to a more theoretical) constraint on the nucleon structure 
uncertainties in the extrapolation to Q2 = 0. We consider this to be 
the best method to provide our main result (denoted in Table 1 as 

e

e

J

J

p
Z0

Z0

Fig. 1 | Parity-violating electron scattering from the proton. An 
incoming electron, e, with helicity +1 scatters away from the plane of  
the ‘parity-violating mirror’. The image in the parity-violating mirror 
shows the incoming electron with the opposite helicity, −1; instead of 
scattering into the plane of the parity-violating mirror (as it would in a  
real mirror), it scatters out of the plane of the parity-violating mirror.  
The dominant electromagnetic interaction, mediated by the photon  
(γ, blue wavy line), conserves parity. The weak interaction, mediated 
by the neutral Z0 boson (dashed red line), violates parity. The weak 
interaction is studied experimentally by exploiting parity violation through 
reversals of the incident-beam helicity, which mimic the parity-violating 
mirror ‘reflection’.
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Fig. 2 | The reduced asymmetry θ= / = +A A Q Q B Q 0( , )ep 0 w
p 2 2  versus Q2.  

The global fit is illustrated using ep asymmetries from this experiment 
(Qweak 2018), from the commissioning phase of this experiment3 (Qweak 
2013), as well as from the earlier experiments HAPPEX, SAMPLE, PVA4 
and G0 (see Methods), projected to θ = 0° and reduced by a factor A0(Q2) 
appropriate for each datum. The data shown here include the γZ-box 
radiative correction and uncertainty. Inner error bars correspond to one 
standard deviation (s.d.) and include statistical and systematic uncertainties. 
Outer error bars on the data indicate the additional uncertainty estimated 
from the forward-angle projection (for some data points, inner and outer 
error bars coincide). The solid line represents the global fit to the complete 
PVES database (see Methods), and the yellow band indicates the fit 
uncertainty (1 s.d.). The arrowhead at Q2 = 0 indicates the standard-model 
prediction2, = .Q 0 0708(3)w

p , which agrees well with the intercept of the fit 
( = . ± .Q 0 0719 0 0045w

p ). The inset shows a magnification of the region 
around this experiment’s result, at 〈 〉 = . −Q c0 0248 GeV2 2 2.

Table 1 | Results extracted from the asymmetry measured in the 
Qweak experiment

Method Quantity Value Error

PVES fit Qw
p 0.0719 0.0045

ρs 0.20 0.11
µs −0.19 0.14

=GZ T
A

( 1) −0.64 0.30
PVES fit + APV Qw

p 0.0718 0.0044
Qw

n −0.9808 0.0063
C1u −0.1874 0.0022
C1d 0.3389 0.0025
C1 correlation −0.9318

PVES fit + LQCD Qw
p 0.0685 0.0038

Qweak datum only Qw
p 0.0706 0.0047

Standard model Qw
p 0.0708 0.0003

‘PVES fit’ refers to a global fit incorporating the Qweak result and the PVES database, as described 
in Methods. When combined with APV14,15 (to improve the C1d precision), this method is denoted 
as ‘PVES fit + APV’. If the strange form factors in the global fit (without APV) are constrained to 
match LQCD calculations16, we label the result as ‘PVES fit + LQCD’. The method labelled ‘Qweak 
datum only’ uses the Qweak datum, together with electromagnetic9, strange16 and axial18 form 
factors from the literature in lieu of the global fit. Uncertainties are 1 s.d.

N A T U R E | www.nature.com/nature
© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.



need full 1-loop QED under 
experiment-specific conditions

box diagrams (γZ-box)

enhanced 2-loop electroweak 
(γWW-double box)

running weak mixing angle (see later)

unknown neutron distribution 
(neutron skin for heavier nuclei)
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Theory issues in PVES

Blunden et al., arXiv:1102.5334
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Parity Violating e– Scattering (PVES) — Elastic
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P2 @ MESA (JGU Mainz)
hydrogen (CDR)

Ee = 155 MeV       

|Q| = 67 MeV

APV = 4 × 10–8       

∆APV = ± 1.4%

∆QW(p) = ± 1.83%

∆sin2θW = ± 0.00033

FFs from backward angle data

arXiv:1802.04759
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Qweak @ CEBAF (JLab)
hydrogen (completed)

Ee = 1165 MeV       

|Q| = 158 MeV

APV = 2.3 × 10–7       

∆APV = ± 4.1%

∆QW(p) = ± 6.25%

∆sin2θW = ± 0.0011

FFs from fit to ep asymmetries

arXiv:1905.08283

P2 @ MESA (JGU Mainz)
hydrogen (CDR)

Ee = 150 MeV       

|Q| = 67 MeV

APV = 4 × 10–8       

∆APV = ± 1.4%

∆QW(p) = ± 1.83%

∆sin2θW = ± 0.00033

FFs from backward angle data

arXiv:1802.04759



-0.72 -0.715 -0.71 -0.705

[2 geu - ged]AV

0.485

0.49

0.495

0.5

[g
eu

 +
 2

 g
ed

] A
V

P2 (1.7% H asymmetry)
P2 (0.3% C asymmetry)
P2 (0.1% He-3/T ratio)
2018 (all data)
2018 + P2 (H target)
2018 + P2 (H + C targets)
2018 + P2 (all targets)
Standard Model prediction

25.04.2019  14

Effective couplings (Wilson coefficients)
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Parity Violating e– Scattering (PVES) — Elastic
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Qweak @ CEBAF
H (completed)

Ee = 1165 MeV       

|Q| = 158 MeV

APV = 2.3 × 10–7       

∆APV = ± 4.1%

∆QW(p) = ± 6.25%

∆sin2θW = ± 0.0011

FFs from fit

arXiv:1905.08283

P2 @ MESA
H (CDR)

Ee = 155 MeV       

|Q| = 67 MeV

APV = 4 × 10–8       

∆APV = ± 1.4%

∆QW(p) = ± 1.83%

∆sin2θW = ± 0.00033

FFs from backward angles

arXiv:1802.04759

P2 @ MESA
12C (CDR)

Ee = 150 MeV       

APV = 6 × 10–7       

∆APV = ± 0.3%

∆QW(12C) = ± 0.3%

∆sin2θW = ± 0.0007

neutron skin?

only one FF

arXiv:1802.04759
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�16

S 0.02 ± 0.07
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MKK ≳ 3.2 TeV in warped  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MV ≳ 4 TeV in minimal  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Parity Violating e– Scattering (PVES) — DIS
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E122 @ SLAC
D (completed)

|Q| = 0.96 – 1.40 GeV

APV = 1.2 × 10–4       

∆APV = ± 8%

∆sin2θW = ± 0.011

PLB 84, 524 (1979)

PVDIS @ CEBAF
D (completed)

|Q| = 1.04 & 1.38 GeV

APV = 1.6 × 10–4       

∆APV = ± 4.4%

∆sin2θW = ± 0.0051

arXiv:1411.3200

SoLID @ CEBAF
D (pre-CDR)

|Q| = 2.1 – 3.1 GeV

APV = 8 × 10–4       

∆APV = ± 0.6%

∆sin2θW = ± 0.00057

Higher twist?

Isospin violation?

arXiv:1810.00989
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Effective couplings (Wilson coefficients)
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Scale exclusions post Qweak
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Parity Violating e– Scattering (PVES) — Møller
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E158 @ SLC (SLAC)
hydrogen (completed)

Ee = 45 & 48 GeV       

|Q| = 161 MeV

APV = 1.31 × 10–7       

∆APV = ± 13%

∆QW(e) = ± 13%

∆sin2θW = ± 0.0013

hep-ex/0504049

MOLLER @ CEBAF (JLab)
hydrogen (proposal)

Ee = 11.0 GeV       

|Q| = 76 MeV

APV = 3.3 × 10–8       

∆APV = ± 2.4%

∆QW(e) = ± 2.4%

∆sin2θW = ± 0.00027

arXiv:1411.4088
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PVES history

 21
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1 Introduction and physics motivation

In the Standard Model of Elementary Particle Physics
(SM) the weak interaction is the only force that violates
parity. Over the past 30 years, the measurement of parity
violation in weak interactions has been a well established
experimental technique in atomic as well as particle and
nuclear physics. The violation of parity had been postu-
lated by the theoreticians Lee & Yang in 1956 [1]. It was
proven to be an experimental fact in nuclear physics in
1957 in the course of the Wu experiment [2] by a care-
ful analysis of the beta-decay of 60Co. In addition Gar-
win, Lederman and Weinrich had shown that the µ-decay
violates parity [3]. As first pointed out by Zeldovich in
1959 [4], the existence of a neutral partner of the charged
weak interaction responsible for �-decay, should lead to
observable parity violation in atomic physics and in elec-
tron scattering. These ideas preceded the development of
the electroweak theory, and were confirmed experimen-
tally by Prescott in electron scattering at SLAC [5] and
in cesium atoms by Bouchiat [6]. In the rest of this article
we concentrate on parity violation in electron scattering.

Since then, many parity-violating electron scattering
experiments have been performed, all summarized in Fig. 1.
Prescott’s experiment was followed by an experiment of
the Mainz group of Otten and Heil [8] and another one at
MIT-Bates on a 12C target [7]. Their experimental tech-
niques were pioneering and are used still today. They were
also ground-breaking in establishing parity-violation and
making the first measurements of SM parameters from
electron scattering (see the green points in Fig. 1 labeled
“Pioneering”).

It was first pointed out by Kaplan and Manohar in
1988 [9] that one can get access to a possible contribution
of strange quarks to the electromagnetic form factors of
the nucleon by measuring its weak electric and magnetic
form factors in parity-violating electron scattering. This
triggered a whole series of parity-violation electron scat-
tering experiments at the MIT-Bates accelerator, at the
MAMI accelerator in Mainz as well as at JLab’s CEBAF
in Newport News (see [10,11,12,13,14] for review articles,
blue points in Fig. 1 labeled “Strange Quark Studies”).
An accurate measurement of the neutron distribution in

a Corresponding author, maas@uni-mainz.de
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Fig. 1. Overview over past and future electron scattering
experiments. From the very early measurements at SLAC,
at Bates and in Mainz up to today, parity-violating electron
scattering has become a well established technique to explore
hadron physics, nuclear physics and particle physics, depend-
ing on kinematics and target. The point labelled MESA-P2
is the P2 experiment at the MESA accelerator employing a
`H2-Target. The point labeled MESA-12C denotes the P2 ex-
perimental facility with a 12C target.

heavier nuclei and especially the so called “neutron skin”
can be obtained from parity-violating electron scattering
on heavy nuclei like lead. The associated parity-violation
experiments are labeled “Neutron Radius” in Fig. 1. In
recent years, proposals have been worked out, to measure
the weak charge of the proton, the electron or the ra-
tio of quark charges. Those are labeled “Standard Model
Tests” in Fig. 1. The parity-violating electron scattering
experiments at the new Mainz MESA accelerator, are the
subject of this manuscript.

In the P2 experiment, parity-violation in elastic elec-
tron-proton scattering at low momentum transfer, Q2, will
provide experimental access to the proton’s weak charge
QW(p), the analog of the electric charge which determines
the strength of the neutral-current weak interaction. In
the SM, QW(p) is related to the electroweak mixing an-
gle, sin2 ✓W. The weak charge of the proton is particularly
interesting, compared to that of other nuclei, since it is
suppressed in the SM and therefore sensitive to hypothet-
ical new physics e↵ects. The SM also provides a firm pre-
diction for the energy-scale dependence of the running of
sin2 ✓W. This scale dependence, defined in the MS scheme,
is shown in Fig. 2 together with the anticipated sensitivity
of the measurement of the weak mixing angle at P2 com-
pared to other forthcoming determinations (blue points)
and existing measurements (red points).

A precise measurement of the weak charge provides,
therefore, a precision test of the SM and its predictions.
The envisaged measurement of the P2 experiment at low
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2-loop QCD correction
with mb ≠ 0

new measured 
transition vector polarizability

Tho et al.
arXiv:1905.02768

Bernreuther et al.
arXiv:1611.07942
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Weak mixing angle measurements
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0.23149 ± 0.00013

0.23153 ± 0.00004
global fit

Tevatron:
0.23148 ± 0.00033

LHC:
0.23131 ± 0.00033

LEP & SLC:
0.23153 ± 0.00016

average direct



25.04.2019  25

W boson mass measurements

 25
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MW [GeV]

ATLAS

D0 Run II

D0 Run I

CDF Run II

CDF Run I

OPAL

L3

DELPHI

ALEPH

LEP
Tevatron
LHC
world average
SM

average direct

indirect

80.379 ± 0.012 GeV

80.357 ± 0.006 GeV

including
correlated theory errors 



loop factors including enhancement factors NC = NF = 3 or sin–2θW ≈ mt2∕MW2 ≈ 4:

                          8 α(MW)∕π = 0.020 (QED)

                         3 αs(MW)∕π = 0.116 (QCD)

        3 α(MW)∕π sin2θW(MW) = 0.032 (CC)

(3 – 6 s2W + 8 s4W)/π s2W c2W = 0.029 (NC) 

∆SZ = ± 0.0034 (may be combined with ∆αhad),  

∆T = ± 0.0073 (t-b doublet) 

∆U = SW – SZ = ± 0.0051

assuming ∆SZ, ∆T and ∆U to be sufficiently different (uncorrelated) induces theory 
correlations between different observables        Schott & JE, arXiv:1902.05142

Theoretical uncertainties and correlations
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MH – mt
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ΓZ, σhad, Rl, Rq (1σ)
Z pole asymmetries (1σ)
MW (1σ)
direct mt (1σ)
direct MH
all except direct MH (90%)

indirect mt  
 
176.4 ± 1.8 GeV (2.0 σ high)

indirect MH 
 
90+17–15 GeV (1.9 σ low)
including theory error
91+18–16 GeV (1.8 σ low)



Z-Zʹ mixing: modification of Z vector coupling

oblique parameters: STU (also need MW and ΓZ)

new amplitudes: off- versus on-Z pole measurements (e.g. Zʹ)

dark Z: renormalization group evolution (running)
25.04.2019  28

Beyond the SM
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Vacuum Polarization 
in Global Fits

α(MZ)  sin2θW(0)  gμ–2  mb,c



sin2θW(0) and Δα(MZ)
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J
H
E
P
0
3
(
2
0
1
8
)
1
9
6

Energy range λ1 λ2 λ3 λ4

m̄t ≤ µ 9
20

289
80

14
55

9
20

MW ≤ µ < m̄t
21
44

625
176

6
11

3
22

m̄b ≤ µ < MW
21
44

15
22

51
440

3
22

mτ ≤ µ < m̄b
9
20

3
5

2
19

1
5

m̄c ≤ µ < mτ
9
20

2
5

7
80

1
5

m̄s ≤ µ < m̄c
1
2

1
2

5
36 0

m̄d ≤ µ < m̄s
9
20

2
5

13
110

1
20

m̄u ≤ µ < m̄d
3
8

1
4

3
40 0

mµ ≤ µ < m̄u
1
4 0 0 0

me ≤ µ < mµ
1
4 0 0 0

Table 2. Coefficients entering the higher order RGE for the weak mixing angle.

with nq the number of active quarks and N c
i = 3 the color factor for quarks. For leptons

one substitutes N c
i = 1 and α̂s = 0, while Ki = 1 for bosons.

We can relate the RGE of α̂ to that of sin2 θ̂W since both, the γZ mixing tensor

Π̂γZ and the photon vacuum polarization function Π̂γγ are pure vector-current correlators.

Including higher order corrections, the RGE for the Z boson vector coupling to fermion f ,

v̂f = Tf − 2Qf sin
2 θ̂W , where Tf is the third component of weak isospin of fermion f , is

then

µ2 dv̂f
dµ2

=
α̂Qf

24π

[
∑

i

Kiγiv̂iQi + 12σ

(
∑

q

Qq

)(
∑

q

v̂q

)]
. (2.4)

Eqs. (2.1) and (2.4) can be used [2] to obtain

ŝ2(µ) = ŝ2(µ0)
α̂(µ)

α̂(µ0)
+ λ1

[
1− α̂(µ)

α̂(µ0)

]
+

+
α̂(µ)

π

[
λ2

3
ln

µ2

µ2
0

+
3λ3

4
ln

α̂(µ)

α̂(µ0)
+ σ̃(µ0)− σ̃(µ)

]
, (2.5)

where the λi are known [2] constants given in table 2 and the explicit Ki dependence has

disappeared. The σ̃ terms,

σ̃(µ) =
λ4

33− 2nq

5

36

[
(11− 24ζ3)

α̂2
s(µ)

π2
+ b

α̂3
s(µ)

π3

]
, (2.6)
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J
H
E
P
0
3
(
2
0
1
8
)
1
9
6

boson γi fermion γi

real scalar 1 chiral fermion 4

complex scalar 2 Majorana fermion 4

massless gauge boson −22 Dirac fermion 8

Table 1. RGE contributions of different particle types, where the minus sign is indicative for the
asymptotic freedom in non-Abelian gauge theories.

contains a brief discussion of various calculations of α(MZ)). Section 4 describes the

calculation of the singlet contribution to the weak mixing angle, with some details given in

appendix B. In section 5 the flavor separation (contributions of light and strange quarks)

is addressed and threshold masses are calculated. In section 6 theoretical uncertainties are

discussed in detail, and section 7 offers our final results and conclusions.

2 Renormalization group evolution

In an approximation in which all fermions are either massless and active or infinitely heavy

and decoupled, the RGE for the electromagnetic coupling in the MS scheme [24], α̂, can be

written in the form [2],

µ2 dα̂

dµ2
=

α̂2

π

⎡

⎣ 1

24

∑

i

KiγiQ
2
i + σ

(
∑

q

Qq

)2
⎤

⎦ , (2.1)

where the sum is over all active particles in the relevant energy range. The Qi are the

electric charges, while the γi are constants depending on the field type and shown in

table 1. The Ki and σ contain higher-order corrections and are given by [25],

Ki = N c
i

{
1 +

3

4
Q2

i
α̂

π
+

α̂s

π
+

α̂2
s

π2

[
125

48
− 11

72
nq

]

+
α̂3
s

π3

[
10487

1728
+

55

18
ζ3 − nq

(
707

864
+

55

54
ζ3

)
− 77

3888
n2
q

]

+
α̂4
s

4π4

[
2665349

41472
+

182335

864
ζ3 −

605

16
ζ4 −

31375

288
ζ5

−nq

(
11785

648
+

58625

864
ζ3 −

715

48
ζ4 −

13325

432
ζ5

)

−n2
q

(
4729

31104
− 3163

1296
ζ3 +

55

72
ζ4

)
+ n3

q

(
107

15552
+

1

108
ζ3

)]}
, (2.2)

and,

σ =
α̂3
s

π3

[
55

216
− 5

9
ζ3

]
+

α̂4
s

π4

[
11065

3456
− 34775

3456
ζ3 +

55

32
ζ4 +

3875

864
ζ5

− nq

(
275

1728
− 205

576
ζ3 +

5

48
ζ4 +

25

144
ζ5

)]
, (2.3)
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coupled system of equations              Ramsey-Musolf & JE, hep-ph/0409169
Δα(MZ)had errors in sin2θW(0) = κ(0) sin2θW(MZ) add because 

MZ2 ~ gZ2(MZ) v2 ~ [α∕s2W c2W](MZ) GF–1



Dispersive approach: integral over σ(e+e– → hadrons) and τ-decay data

α–1(MZ) = 128.947 ± 0.012                          Davier et al., arXiv:1706.09436

α–1(MZ) = 128.958 ± 0.016                           Jegerlehner, arXiv:1711.06089
α–1(MZ) = 128.946 ± 0.015                  Keshavarzi et al., arXiv:1802.02995

α–1(MZ) = 128.949 ± 0.010     Ferro-Hernández & JE, arXiv:1712.09146
converted from the M̅S ̅scheme and uses e+e– annihilation and τ spectral functions      

PQCD for √s > 2 GeV (using m̅c & m̅b)

(anti)correlation with gµ – 2 at two (three) loop order and with sin2θW(0)

α(MZ)
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mc(mc)
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only experimental input:  
electronic widths of J/ψ and ψ(2S) 

continuum contribution from                                                
self-consistency between sum rules 
→ continuum over-constrained

include ℳ0 → stronger (milder) sensitivity  
to continuum (mc) Luo & JE, hep-ph/0207114
quark-hadron duality needed 
only in finite region (not locally)

m̅c(m̅c) = 1272 ± 8 + 2616 [α̅s(MZ) – 0.1182] MeV

Masjuan, Spiesberger & JE, arXiv:1610.08531



only experimental input:  
electronic widths of J/ψ and ψ(2S) 

continuum contribution from                                                
self-consistency between sum rules 
→ continuum over-constrained

include ℳ0 → stronger (milder) sensitivity  
to continuum (mc) Luo & JE, hep-ph/0207114
quark-hadron duality needed 
only in finite region (not locally)

m̅c(m̅c) = 1272 ± 8 + 2616 [α̅s(MZ) – 0.1182] MeV
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sin2θW(0)

source uncertainty in sin2θW(0)
∆α(3)(2 GeV) 1.2×10–5

flavor separation 1.0×10–5

isospin breaking 0.7×10–5

singlet contribution 0.3×10–5

PQCD 0.6×10–5

Total 1.8×10–5

➡ sin2θW(0) = 0.23861 ± 0.00005Z-pole ± 0.00002theory ± 0.00001αs 

(errors from mc and mb negligible)

Ferro-Hernández  
& JE 

arXiv:1712.09146

Freitas & JE
PDG (2018)
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FIG. 10: Compilation of lattice results for the connected contributions to ahvpµ from individual
charm, strange and light quarks (left to right). In the rightmost panel, the full results, includ-
ing (where available) the contributions from quark-disconnected diagrams and corrections due to
isospin-breaking, are compared to the phenomenological determination of Ref. [55], represented by
the red vertical band. Our result is compared to the calculations labelled FNAL-HPQCD-MILC19
[56–58], PACS19 [59], ETMC19 [54, 60, 61], RBC/UKQCD18 [39], BMW17 [38], as well as our
previous calculation in two-flavour QCD [20] (Mainz/CLS 17).

V. DISCUSSION AND COMPARISON

In this paper we have presented a calculation of the hadronic vacuum polarization con-
tribution to aµ based on gauge ensembles with Nf = 2+1 flavours of O(a) improved Wilson
quarks. Our final result is

ahvpµ = (720.0± 12.4stat ± 9.9syst) · 10�10, (33)

where the first error is statistical, and the second is an estimate of the total systematic
uncertainty, which also accounts for the fact that the corrections due to isospin breaking
have not been included. We thus find that the overall error of our determination is 2.2%. In
Fig. 10 we compare our results to those of several other recent lattice calculations [20, 38,
39, 54, 58, 59]. While our estimate is at the higher end of lattice results, we note that the
direct di↵erence with the result based on dispersion theory of Ref. [55] is 26.6± 16.0, which
amounts to ⇠ 1.7 standard deviations and may signal a slight tension.

There are several ways in which our result can be improved without relying on the obvious
strategy of adding more ensembles and increasing the overall statistics. First, we have seen
in section III B that the use of detailed spectroscopy information in the isovector channel
is a huge advantage, as it nearly halves the statistical uncertainty in the estimate for ahvp,lµ

on ensemble D200. This is the result of either constructing the vector correlator from the
energies and overlaps determined via the GEVP or of using this information in the improved
bounding method. Extending these calculations to more ensembles – in particular those with
physical and near-physical pion masses – will boost the statistical accuracy and reliability
significantly.

Second, we have pointed out that it is advantageous to split the correlator into isovector
and isoscalar components according to Eq. (4) rather than focussing on separating the

Mainz/CLS 19 (Nf  = 3)

Lattice gauge theory:                               A. Gérardin et al., arXiv:1904.03120

PQCD:  (aµhvp)c = (14.6 ± 0.5theory ± 0.2mc ± 0.1αs)×10–10

                   (aµhvp)b = 0.3×10–10                                                       Luo & JE, hep-ph/0101010
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new players: 

coherent ν-scattering

ultra-high precision PVES

APV isotope ratios

ultra-high precision frontier ⟹ fields merge (incl. theory communities):

collider physics

ν-physics

nuclear physics (anapole moments)

astrophysics (neutron skins)

atomic physics (APV, proton radius)

lattice gauge theory (vacuum polarization, …)

Conclusions and outlook
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Standard global fit
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MH 125.14 ± 0.15 GeV

MZ 91.1884 ± 0.0020 GeV

m̅b(m̅b) 4.180 ± 0.021 GeV

∆αhad(3)(2 GeV) (59.0 ± 0.5)×10–4

m̅t(m̅t) 163.28 ± 0.44 GeV 1.00 –0.13 –0.28

m̅c(m̅c) 1.275 ± 0.009 GeV –0.13 1.00 0.45

αS(MZ) 0.1187 ± 0.0016 –0.28 0.45 1.00

other correlations small                             Freitas & JE, PDG 2018



Oblique physics beyond the SM

STU describe corrections to gauge-boson self-energies

T breaks custodial SO(4)

a multiplet of heavy degenerate chiral fermions contributes       
ΔS = NC∕3π ∑i [t3Li − t3Ri]2

extra degenerate fermion family yields ΔS = 2∕3π ≈ 0.21

S and T (U) correspond to dimension 6 (8) operators
�39�39



∆ρ0 = GF ∑i Ci∕(8√2π2) ∆mi2

where ∆mi2 ≥ (m1 – m2)2

despite appearance there is decoupling  
(see-saw type suppression of ∆mi2)

ρ0 = 1.00039 ± 0.00019 (2.0 σ)

(16 GeV)2 ≤ ∑i Ci∕3 ∆mi2 ≤ (48 GeV)2 @ 90% CL

Y = 0 Higgs triplet VEVs v3 strongly disfavored (ρ0 < 1)

consistent with |Y| = 1 Higgs triplets if v3 ~ 0.01 v2

ρ0 fit
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S parameter rules out QCD-like technicolor models

S also constrains extra degenerate fermion families:

➡ NF = 2.75 ± 0.14 (assuming T = U = 0)

compare with Nν = 2.991 ± 0.007 from ΓZ

S fit

�41



STU fit

�42

S 0.02 ± 0.10 1.00 0.92 –0.66

T 0.07 ± 0.12 0.92 1.00 –0.86

U 0.00 ± 0.09 –0.66 –0.86 1.00

sin2θW(MZ) 0.23113 ± 0.00014

αS(MZ) 0.1189 ± 0.0016

MKK ≳ 3.2 TeV in warped extra dimension models 

MV ≳ 4 TeV in minimal composite Higgs models Freitas & JE (PDG 2018)



mt measurements
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central 
value

statistical 
error

systematic 
error

total 
errorTevatron 174.30 0.35 0.54 0.64

ATLAS 172.51 0.27 0.42 0.50
CMS 172.43 0.13 0.46 0.48

CMS Run 2 172.25 0.08 0.62 0.63
grand average 172.74 0.11 0.31 0.33

mt = 172.74 ± 0.25uncorr. ± 0.21corr. ± 0.32QCD GeV = 172.74 ± 0.46 GeV

somewhat larger shifts and smaller errors conceivable in the future                                   
Butenschoen et al., PRL 117 (2016); Andreassen & Schwartz, JHEP 10 (2017)                                

2.8 σ discrepancy between lepton + jet channels from DØ and CMS Run 2 

indirectly from EW fit: mt = 176.4 ± 1.8 GeV (2 σ) Freitas & JE (PDG 2018)

JE, EPJC 75 (2015)



use of result for α(2 GeV) also needs isolation of strange contribution ∆sα

left column assignment assumes OZI rule

expect right column to originate mostly from strange current (ms > mu,d)

quantify expectation using averaged ∆s(gμ–2) from lattices as Bayesian prior 
RBC/UKQCD, JHEP 04 (2016); HPQCD, PRD 89 (2014)

∆sα(1.8 GeV) = (7.09 ± 0.32)×10–4 (threshold mass m̅s = 342 MeV ≈ m̅sdisc)

sin2θW(0): flavor separation

�44

strange quark external current ambiguous external current

Φ KK̅ (non – Φ)

KK̅π [almost saturated by Φ(1680)] KK̅2π,   KK̅3π

ηΦ KK̅η,   KK̅ω



use of result for α(2 GeV) needs singlet piece isolation ∆disc α(2 GeV)

then ∆disc s2̅ = (s2̅ ± 1∕20) ∆disc α(2 GeV) = (– 6 ± 3)×10–6

step function ⇒ singlet threshold mass m̅sdisc ≈ 350 MeV

sin2θW(0): singlet separation
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Figure 1. Examples of a connected (top) and a disconnected (bottom) Feynman diagram.

and bottom quark vector-current correlators amount to about 9 × 10−6 and −9 × 10−6,

respectively. Taking these as conservative bounds on the unknown higher-order terms and

combining them in quadrature results in an estimated truncation error of ±1.3×10−5 in α̂.

The matching conditions of ŝ2 and α̂ can also be related [2],

sin2 θ̂W (m̂f )
− =

α̂(m̂f )−

α̂(m̂f )+
sin2 θ̂W (m̂f )

+ +
QiTi

2Q2
i

[
1−

α̂(m̂f )−

α̂(m̂f )+

]
. (2.9)

Applying the numerical analysis of the previous paragraph to eq. (2.9), we find 2.4× 10−6

and −1.4× 10−6, respectively, and we estimate a truncation error related to the matching

of about ±3× 10−6 in ŝ2.

For completeness we recall that integrating out the W± bosons induces the one-loop

matching condition [2, 28],
1

α̂+
=

1

α̂− +
1

6π
. (2.10)

For ŝ2 this implies

sin2 θ̂W (MW )+ = 1− α̂(MW )+

α̂(MW )−
cos2 θ̂W (MW )−. (2.11)

3 Implementation of experimental input

The perturbative treatment of the previous section cannot be applied at hadronic energy

scales and experimental input is required. This is usually taken from R(s), i.e., the cross

section σ(e+e− → hadrons) normalized to σ(e+e− → µ+µ−). Additional information on

R(s) is encoded in hadronic τ decay spectral functions [32]. The traditional method to
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For completeness we recall that integrating out the W± bosons induces the one-loop

matching condition [2, 28],
1

α̂+
=

1

α̂− +
1

6π
. (2.10)
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R(s) is encoded in hadronic τ decay spectral functions [32]. The traditional method to
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Figure 2. Scale dependence of the singlet contribution to ∆α (solid line) and its step function
approximation (dashed line).

in the perturbative regime. Also shown in figure 2 is the step function approximation of

∆discα(q), with the step defined as the value of q where it reaches half of its asymptotic

value in eq. (4.10). We interpret this as the value where the strange quark decouples from

singlet diagrams, so that m̄disc
s ∼ 350MeV. Our central value of m̄s to be derived in the next

section, m̄s = 342MeV, is numerically very close to this providing evidence for m̄disc
s ≈ m̄s.

Eq. (4.9) and eq. (4.10) refer to quantities in the MS and on-shell schemes, respectively,

and in general these may differ. However, since we are working here in the three quark

theory and the sum of the charges of three light quarks vanishes, the change of schemes is

trivial. We can therefore use eq. (4.10) in eq. (4.9) and obtain,

∆discŝ
2 = (−0.6± 0.3)× 10−5, (4.11)

where the uncertainty combines the errors from eq. (4.9) and the one induced by the lattice

calculation [23].

5 Flavor separation

In this section we perform a flavor separation of the contributions of up-type from down-

type quarks, or — given that up and down quarks are linked by the approximate strong

isospin symmetry — a separation of s from u and d quarks. Our strategy consists of

first using exclusively the experimental electro-production data as tabulated in ref. [16] to

constrain the contribution ∆sα of the strange quark to ∆α. We then exploit the lattice

gauge theory results in refs. [18, 19] to confirm and refine the purely data driven analysis.

Then we introduce the threshold mass m̄q of a quark q as the value of the ’t Hooft scale

where the QCD contribution to the corresponding decoupling relation becomes trivial. m̄c

and m̄b are treated in perturbation theory, while for u, d, and s quarks we derive bounds

using phenomenological and theoretical constraints.
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ττ result includes leptonic branching ratios

ℬτs = 0.0292 ± 0.0004 (∆S = –1) PDG 2018

S(mτ, MZ) = 1.01907 ± 0.0003 JE, Rev. Mex. Fis. 50 (2004)

δNP = 0.003 ± 0.009 (within OPE & OPE breaking) based on (controversial)  
Boito et al., PRD 85 (2012) & PRD 91 (2015); Davier et al., EPJC 74 (2014);                                Pich 
& Rodríguez-Sánchez, PRD 94 (2016)
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of new physics contributions. By far the most precise observable discussed here is the
anomalous magnetic moment of the muon (the electron magnetic moment is measured to
even greater precision and can be used to determine α, but its new physics sensitivity is
suppressed by an additional factor of m2

e/m2
µ, unless there is a new light degree of freedom

such as a dark Z [165] boson). Its combined experimental and theoretical uncertainty is
comparable to typical new physics contributions.

The extraction of αs from the τ lifetime [166] is standing out from other determinations
because of a variety of independent reasons: (i) the τ -scale is low, so that upon
extrapolation to the Z scale (where it can be compared to the theoretically clean
Z lineshape determinations) the αs error shrinks by about an order of magnitude;
(ii) yet, this scale is high enough that perturbation theory and the operator product
expansion (OPE) can be applied; (iii) these observables are fully inclusive and thus free
of fragmentation and hadronization effects that would have to be modeled or measured;
(iv) duality violation (DV) effects are most problematic near the branch cut but there
they are suppressed by a double zero at s = m2

τ ; (v) there are data [37,167] to constrain
non-perturbative effects both within and breaking the OPE; (vi) a complete four-loop
order QCD calculation is available [160]; (vii) large effects associated with the QCD
β-function can be re-summed [168] in what has become known as contour improved
perturbation theory (CIPT). However, while there is no doubt that CIPT shows faster
convergence in the lower (calculable) orders, doubts have been cast on the method by the
observation that at least in a specific model [169], which includes the exactly known
coefficients and theoretical constraints on the large-order behavior, ordinary fixed order
perturbation theory (FOPT) may nevertheless give a better approximation to the full
result. We therefore use the expressions [43,159,160,170],

ττ = !
1 − Bs

τ

Γe
τ + Γµ

τ + Γud
τ

= 290.75 ± 0.36 fs, (1.49)

Γud
τ =

G2
F m5

τ |Vud|2

64π3 S (mτ ,MZ)

(

1 +
3

5

m2
τ − m2

µ

M2
W

)

×

[
1 +

αs (mτ )

π
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α2
s

π2 + 26.37
α3

s

π3 + 127.1
α4

s

π4 +
α̂

π

(
85

24
−

π2

2

)
+ δNP

]
, (1.50)

and Γe
τ and Γµ

τ can be taken from Eq. (1.6) with obvious replacements. The relative
fraction of decays with ∆S = −1, Bs

τ = 0.0292 ± 0.0004, is based on experimental
data since the value for the strange quark mass, m̂s(mτ ), is not well known and
the QCD expansion proportional to m̂2

s converges poorly and cannot be trusted.
S(mτ ,MZ) = 1.01907 ± 0.0003 is a logarithmically enhanced EW correction factor with
higher orders re-summed [171]. δNP collects non-perturbative and quark-mass suppressed
contributions, including the dimension four, six and eight terms in the OPE, as well as
DV effects. One group finds the slightly conflicting values δNP = −0.004± 0.012 [172] and
δNP = 0.020 ± 0.009 [173], based on OPAL [37] and ALEPH [167] τ spectral functions,
respectively. These can be combined to yield the average δNP = 0.0114± 0.0072. Another
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dominant uncertainty from PQCD truncation 
(FOPT vs. CIPT vs. geometric continuation)

αS(4)(mτ) = 0.323+0.018–0.014       

αS(5)(MZ) = 0.1184+0.0020–0.0018

updated from Luo & JE, PLB 558 (2003) in Freitas & JE (PDG 2018)
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