
QED+QCD NNLO corrections to 
Drell Yan Production

Daniel de Florian
ICAS - UNSAM

Argentina 

1st COFI Workshop on Precision Electroweak
July 18 2019



‣Vector Boson production measured with great precision

‣Drell-Yan one of the best understood processes and most precise TH

‣Standard Candle of particle physics

• Luminosity monitor, detector calibration, PDF constrains 

‣Great test for BSM: new gauge interactions, susy, heavy resonances, etc…

‣High resolution for SM :  W mass, width and mixing angle

‣QCD corrections can be rather large:
  NNLO 
  Transverse momentum resummation

Drell Yan Production



TH precision
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QCD NLO

Drell Yan

QCD NNLO

Anastasiou et al

Drell-Yan: W and Z production @NNLO

•  Excellent convergence and accuracy ready to match LHC 
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Features of EW corrections

Relevance and size of EW corrections

generic size O(α) ∼ O(α2
s ) suggests NLO EW ∼ NNLO QCD

but systematic enhancements possible, e.g.

• by photon emission
↪→ kinematical effects, mass-singular log’s ∝ α ln(mµ/Q) for bare muons, etc.

• at high energies
↪→ EW Sudakov log’s ∝ (α/s2W) ln2(MW/Q) and subleading log’s

EW corrections to PDFs at hadron colliders → talks by F.Giuli, G.Sborlini

induced by factorization of collinear initial-state singularities, new: photon PDF

Instability of W and Z bosons

• realistic observables have to be defined via decay products (leptons, γ’s, jets)
• off-shell effects ∼ O(Γ/M) ∼ O(α) are part of the NLO EW corrections

Combining QCD and EW corrections in predictions → talk by A.Vicini

• how to merge QCD and EW results with a proper error estimate
• reweighting procedures in MC’s

Stefan Dittmaier, Standard Model Theory EPS Conference on HEP, Venice, July 5–12, 2017 – 10
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‣Enhanced

Electroweak effects in PDFs

p

...q

γ } X
p

...γ

q̄ } X
p

...γ

q } X

Collinear splittings q → qγ, γ → qq̄ lead to quark mass singularities

• absorption of α lnmq singularities via factorization into redefined PDFs

↪→ O(α) corrections in DGLAP evolution (evaluate, e.g., with APFEL, Bertone et al. ’13)

• O(α) corrections to all PDFs

↪→ typical impact: ∆(PDF) <
∼ 0.3% (1%) for x <

∼ 0.1 (0.4), µfact ∼ MW

• photon PDF ∼
Q2

qα

αs
× gluon PDF ∼ 10−2 × gluon PDF

↪→ inelastic (p breaks up) + elastic (p remains intact) contributions
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‣Partial results at NNLO EWxQCD for inclusive cross section 

Real corrections : Bonciani, Buccioni, Mondini, Vicini (2017)

Master integrals for Virtual corrections : Bonciani, Di Vita, Mastrolia, Schubert (2016)

‣Big effort to obtain EW/QED perturbative corrections for DY

QED NLO:  Baur, Keller, Sakumoto (1997)

EW NLO:  Baur, Brein, Hollik, Schappacher, Wackeroth (2001)

‣Full results at NLO 

α × αs mixed needed to reach below 1% accuracy
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Dittmaier, Huss, Schwinn (2014, 2015,2016)

‣Mixed EWxQCD corrections in the resonance region

MIXED ORDER CONTRIBUTION
σ(1,1)MIXED EWxQCD: Resonance Region: Pole Approximation 

’16: Dittmaier, Huss, Schwinn

Ignacio Fabre - HP2 Freiburg 2018 - 03/12
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2 Calculation of the dominant O(↵s↵) corrections in pole approximation

In this section we identify and calculate the dominant O(↵s↵) corrections to the charged-
current and neutral-current Drell–Yan processes in the vicinity of an intermediate vector-boson
resonance. In Sect. 2.1 we describe the classification of theO(↵s↵) corrections in the framework of
the PA [82]. We identify factorizable contributions of “initial–final” type—i.e. the combination
of QCD corrections to vector-boson production with EW corrections to vector-boson decay—
as dominant source for corrections to distributions dominated by the vector-boson resonance.
The calculation of the building blocks contributing to the initial–final factorizable corrections is
performed in Sect. 2.2. In Sect. 2.3 the di↵erent building blocks of the initial–final contributions
are combined into a formula suitable for numerical evaluation, where all IR singularities are
cancelled explicitly. Finally, in Sect. 2.4 we calculate corrections of “final–final” type, which are
given by pure counterterm contributions and are numerically small.

2.1 Survey of types of O(↵s↵) corrections in pole approximation

The PA for Drell–Yan processes [39,82–85] provides a systematic classification of contributions
to Feynman diagrams that are enhanced by the resonant propagator of a vector boson V = W,Z.
The leading corrections in the expansion around the resonance pole arise from factorizable cor-
rections to W/Z production and decay subprocesses, and non-factorizable corrections that link
production and decay by soft-photon exchange. The PA separates corrections to production
and decay stages in a consistent and gauge-invariant way. This is particularly relevant for the
charged-current Drell-Yan process, where photon radiation o↵ the intermediate W boson con-
tributes simultaneously to the corrections to production and decay of a W boson, and to the
non-factorizable contributions. Applications of di↵erent variants of the PA to NLO EW correc-
tions [39,82,84,85] have been validated by a comparison to the complete EW NLO calculations
and show excellent agreement at the order of some 0.1% in kinematic distributions dominated
by the resonance region.
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(d) Non-factorizable corrections

Figure 1: The four types of corrections that contribute to the mixed QCD–EW corrections in the
PA illustrated in terms of generic two-loop amplitudes. Simple circles symbolize tree structures,
double circles one-loop corrections, and triple circles two-loop contributions.
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initial-initial corrections (on-shell Drell-Yan) 
hard to compute  (assumed to be small)
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‣genuine NNLO corrections (QEDxQCD)

• requires NNLO factorization 
• NNLO singularities
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2 Calculation of the dominant O(↵s↵) corrections in pole approximation

In this section we identify and calculate the dominant O(↵s↵) corrections to the charged-
current and neutral-current Drell–Yan processes in the vicinity of an intermediate vector-boson
resonance. In Sect. 2.1 we describe the classification of theO(↵s↵) corrections in the framework of
the PA [82]. We identify factorizable contributions of “initial–final” type—i.e. the combination
of QCD corrections to vector-boson production with EW corrections to vector-boson decay—
as dominant source for corrections to distributions dominated by the vector-boson resonance.
The calculation of the building blocks contributing to the initial–final factorizable corrections is
performed in Sect. 2.2. In Sect. 2.3 the di↵erent building blocks of the initial–final contributions
are combined into a formula suitable for numerical evaluation, where all IR singularities are
cancelled explicitly. Finally, in Sect. 2.4 we calculate corrections of “final–final” type, which are
given by pure counterterm contributions and are numerically small.
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The PA for Drell–Yan processes [39,82–85] provides a systematic classification of contributions
to Feynman diagrams that are enhanced by the resonant propagator of a vector boson V = W,Z.
The leading corrections in the expansion around the resonance pole arise from factorizable cor-
rections to W/Z production and decay subprocesses, and non-factorizable corrections that link
production and decay by soft-photon exchange. The PA separates corrections to production
and decay stages in a consistent and gauge-invariant way. This is particularly relevant for the
charged-current Drell-Yan process, where photon radiation o↵ the intermediate W boson con-
tributes simultaneously to the corrections to production and decay of a W boson, and to the
non-factorizable contributions. Applications of di↵erent variants of the PA to NLO EW correc-
tions [39,82,84,85] have been validated by a comparison to the complete EW NLO calculations
and show excellent agreement at the order of some 0.1% in kinematic distributions dominated
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(d) Non-factorizable corrections

Figure 1: The four types of corrections that contribute to the mixed QCD–EW corrections in the
PA illustrated in terms of generic two-loop amplitudes. Simple circles symbolize tree structures,
double circles one-loop corrections, and triple circles two-loop contributions.
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO
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corrections in Fig.1.

that also the colour factor T
R vanishes when the similar contribution is analysed in the QCD×QED

case, since the result for [
(c) (2,0)×

(c ∗) (0,2) ]
becomes proportional to Tr[T a]. Therefore, since terms

proportional to both
C
A and

T
R are vanishing, the same occurs for terms proportional to β QCD0

in
the original pure QCD

calculation, consistent with
the fact that no renormalisation

is needed

at this order either for the QED
or QCD

couplings §. Same wise, only a few
contributions survive

in
the products of the type [

(c) (2,0)×
(d ∗) (0,2) ]

and [

(d) (2,0)×
(d ′∗) (0,2) ]

, i.e.
the interference of

amplitudes with
one photon

and with
one gluon

exchange.

This strategy
can

be extended
for all the topologies in

qq̄. In
Table 2 we show

the different

colour factors (after factorising an overall factor of 1/2N
C ) for diagrams contributing to σ (2,0), and

the resulting ones after the abelianisation procedure corresponding to σ (1,1). The replacements in

the colour structures needed
to go from

the NNLO
QCD

coefficients to the QCD×QED
ones can

be directly read from
the entries in

Table 2.

As an
important feature, this method

shows to
be versatile in

order to
obtain

NNLO
QED

corrections to Drell-Yan
as well (i.e. the calculation

of σ (0,2)), if a deeper abelian
limit is consid-

ered
in
this case. Here, by

turning two
gluons into photons from

the topologies of NNLO
QCD

calculation
one can

recover correction
terms up

to second
order in

α, thus completing the set of

QCD⊕QED
NNLO

corrections to
Drell-Yan, in

the sense of Eq.(1).
The corresponding

colour

factors (including electric charges of both quarks and leptons that might appear in the final state)

are also shown
in
Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully
the initial flux

factor, which
de-

pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§
As stated

above, we consider the Born
coupling

between
the

quarks and
the

Z
in
the sense of an

effective

coupling.
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2 Calculation of the dominant O(↵s↵) corrections in pole approximation

In this section we identify and calculate the dominant O(↵s↵) corrections to the charged-
current and neutral-current Drell–Yan processes in the vicinity of an intermediate vector-boson
resonance. In Sect. 2.1 we describe the classification of theO(↵s↵) corrections in the framework of
the PA [82]. We identify factorizable contributions of “initial–final” type—i.e. the combination
of QCD corrections to vector-boson production with EW corrections to vector-boson decay—
as dominant source for corrections to distributions dominated by the vector-boson resonance.
The calculation of the building blocks contributing to the initial–final factorizable corrections is
performed in Sect. 2.2. In Sect. 2.3 the di↵erent building blocks of the initial–final contributions
are combined into a formula suitable for numerical evaluation, where all IR singularities are
cancelled explicitly. Finally, in Sect. 2.4 we calculate corrections of “final–final” type, which are
given by pure counterterm contributions and are numerically small.

2.1 Survey of types of O(↵s↵) corrections in pole approximation

The PA for Drell–Yan processes [39,82–85] provides a systematic classification of contributions
to Feynman diagrams that are enhanced by the resonant propagator of a vector boson V = W,Z.
The leading corrections in the expansion around the resonance pole arise from factorizable cor-
rections to W/Z production and decay subprocesses, and non-factorizable corrections that link
production and decay by soft-photon exchange. The PA separates corrections to production
and decay stages in a consistent and gauge-invariant way. This is particularly relevant for the
charged-current Drell-Yan process, where photon radiation o↵ the intermediate W boson con-
tributes simultaneously to the corrections to production and decay of a W boson, and to the
non-factorizable contributions. Applications of di↵erent variants of the PA to NLO EW correc-
tions [39,82,84,85] have been validated by a comparison to the complete EW NLO calculations
and show excellent agreement at the order of some 0.1% in kinematic distributions dominated
by the resonance region.
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(a) Factorizable initial–initial corrections
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(b) Factorizable initial–final corrections
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(c) Factorizable final–final corrections
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(d) Non-factorizable corrections

Figure 1: The four types of corrections that contribute to the mixed QCD–EW corrections in the
PA illustrated in terms of generic two-loop amplitudes. Simple circles symbolize tree structures,
double circles one-loop corrections, and triple circles two-loop contributions.
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO
QCD

corrections in Fig.1.

that also the colour factor T
R vanishes when the similar contribution is analysed in the QCD×QED

case, since the result for [
(c) (2,0)×

(c ∗) (0,2) ]
becomes proportional to Tr[T a]. Therefore, since terms

proportional to both
C
A and

T
R are vanishing, the same occurs for terms proportional to β QCD0

in
the original pure QCD

calculation, consistent with
the fact that no renormalisation

is needed

at this order either for the QED
or QCD

couplings §. Same wise, only a few
contributions survive

in
the products of the type [

(c) (2,0)×
(d ∗) (0,2) ]

and [

(d) (2,0)×
(d ′∗) (0,2) ]

, i.e.
the interference of

amplitudes with
one photon

and with
one gluon

exchange.

This strategy
can

be extended
for all the topologies in

qq̄. In
Table 2 we show

the different

colour factors (after factorising an overall factor of 1/2N
C ) for diagrams contributing to σ (2,0), and

the resulting ones after the abelianisation procedure corresponding to σ (1,1). The replacements in

the colour structures needed
to go from

the NNLO
QCD

coefficients to the QCD×QED
ones can

be directly read from
the entries in

Table 2.

As an
important feature, this method

shows to
be versatile in

order to
obtain

NNLO
QED

corrections to Drell-Yan
as well (i.e. the calculation

of σ (0,2)), if a deeper abelian
limit is consid-

ered
in
this case. Here, by

turning two
gluons into photons from

the topologies of NNLO
QCD

calculation
one can

recover correction
terms up

to second
order in

α, thus completing the set of

QCD⊕QED
NNLO

corrections to
Drell-Yan, in

the sense of Eq.(1).
The corresponding

colour

factors (including electric charges of both quarks and leptons that might appear in the final state)

are also shown
in
Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully
the initial flux

factor, which
de-

pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§
As stated

above, we consider the Born
coupling

between
the

quarks and
the

Z
in
the sense of an

effective

coupling.
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• QEDxQCD splitting functions DdeF, Rodrigo, Sborlini (16)

• Full QED+QCD NNLO corrections to DY DdeF, M.Der, I.Fabre (18)
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QED+QCD NNLO corrections to 
Splitting Functions
and photon PDFs
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as well). So far, only LO QED kernels were known to perform the evolution of parton densities ⇤.

Modern analysis, performed up to NNLO in QCD and LO in QED show that the photon PDF

contribution is not negligible and needs to be carefully studied for precise predictions at the LHC,

and even more for higher energies as the FCC-hh [16–19]. On the other hand, the contribution

from lepton PDFs is usually extremely suppressed. As stated, those analysis only include QED

contributions to the lowest order, since the NLO combined QCD-QED contributions (i.e., O(↵↵S))

were not available.

The main purpose of this paper is to present, for the first time, explicit expressions for the

Altarelli-Parisi splitting kernels [20] to O(↵↵S). We compute them by profiting from the original

calculation of the NLO QCD corrections performed in Refs. [21–23], conveniently modifying

the colour structures for each topological contribution. We explicitly concentrate on the QED

corrections, without including those arising from Weak bosons, which only become relevant for

extreme kinematical conditions.

Concerning hadronic cross-sections, a full NNLO contribution in the context of QCD+QED

requires the knowledge of the kernels presented in this paper to perform the subtraction of IR

singularities and define the corresponding factorization scheme at this order. Furthermore, until

the full 3-loop (mixed QCD-QED) splitting functions become available, they will be essential to

evolve the parton distributions to a higher accuracy than the one available so far.

The structure of the manuscript is as follows. In Section II, we recall the evolution equations for

the di↵erent parton distributions and the corresponding kernels, introducing the notation required

to present our results. In Section III, we summarize the method used to obtain the correction to

the splitting functions and present the corresponding kernels. Finally, in Section IV, we expose

our conclusions.

II. SPLITTING KERNELS AND PARTON DISTRIBUTION BASIS

We start by writing down the general expression for the evolution of gluon, photon and quark

distributions as [23]
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the space-like region. Evolution equations for antiquarks can be obtained by applying conjugation

invariance. Here we use the notation
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to indicate convolutions. We do not include the lepton distributions in this work, since up to the

order we reach here they basically factorize from the rest of the distributions †. Along this work

we will present the expressions for the splitting functions including QCD and QED corrections.

Each kernel can be expanded as

Pij = aSP
(1,0)
ij + a2SP

(2,0)
ij + a3SP

(3,0)
ij + aP (0,1)

ij + aS aP
(1,1)
ij + ... , (5)

where the upper indices indicate the (QCD,QED) order of the calculation, with aS ⌘
↵S
2⇡ and

a ⌘
↵
2⇡ . Due to the QED corrections, the Altarelli-Parisi splitting kernels can depend on the

electric charge of the initiating quarks (up or down type), such that in general P (n,1)
q ⇠ e2q.

The quark splitting functions are decomposed as

Pqi qk = �ik P
V
qq + P S

qq , (6)

Pqi q̄k = �ik P
V
qq̄ + P S

qq̄ , (7)

P±
q = P V

qq ± P V
qq̄ , (8)

which acts as a definition for P V
qq and P V

qq̄ . In order to minimize the mixing between the di↵erent

parton distributions in the evolution, it is convenient to introduce the following basis [24]:

{uv, dv, sv, cv, bv,�uc,�ds,�sb,�UD,⌃, g, �} , (9)

where

qvi = qi � q̄i , (10)

�uc = u+ ū� c� c̄ ,

�ds = d+ d̄� s� s̄ ,

�sb = s+ s̄� b� b̄ , (11)

�UD = u+ ū+ c+ c̄� d� d̄� s� s̄� b� b̄ , (12)

⌃ =
nFX

i=1

(qi + q̄i) . (13)

† To O(↵) lepton distributions only couple, in a trivial way, to the photon density.

‣DGLAP very well known in QCD : quarks and gluons (colored particles)

‣Parton model content of proton quite 
  more complicated than naive picture
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‣Content for most of them negligible
‣Also decoupled from q/g if only QCD considered
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† To O(↵) lepton distributions only couple, in a trivial way, to the photon density.

‣DGLAP very well known in QCD : quarks and gluons (colored particles)

‣Parton model content of proton quite 
  more complicated than naive picture
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‣Content for most of them negligible
‣Also decoupled from q/g if only QCD considered
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γ(x, Q2)
l(x, Q2)

photon parton distribution function

lepton parton distribution function

neglect heavy particles such as W,Z,H
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bosons, which only become relevant for very extreme kinematical conditions, where their masses

are neglected in comparison to other scales involved in the process.

The structure of the paper is as follows. In Section II we recall the evolution equations for the

di↵erent distributions and the corresponding kernels, introducing the notation required to present

our results. Also, we present there the constraints from sum rules that determine the behaviour of

splitting kernels in the end-point region (i.e. x = 1). In Section III we summarize the algorithm

that we use to obtain the QED corrections to the splitting functions and present the corresponding

kernels. Using these formulae, we study the changes introduced in the AP kernels by both O(↵2)

and O(↵↵S), in Section IV. Finally, conclusions are given in Section V.

II. EVOLUTION EQUATIONS AND DEFINITIONS

In the context of combined QCD–QED contributions, it is mandatory to take into account

lepton distributions. In Ref. [18], we computed the O(↵↵S) contributions to the AP kernels and

we showed that leptons decouple from the QCD sector at that accuracy. Thus, in that case, we

neglected lepton distributions. Moreover, this simplification remains true for O(↵↵n
S
) because the

quark-lepton mixing appears starting at O(↵2). Therefore, here we follow the path established in

Ref. [30] and obtain the exact set of evolution equations for the combined QCD–QED model in a

proper basis.

As usual, the first step consists in writing down the evolution equations for quark, lepton,

gluon and photon distributions. These equations are obtained starting from those available in

Ref.[18] by adding lepton distributions and the corresponding AP kernels, Pij. Using the standard

definition for the convolution operator, i.e.

(f ⌦ g)(x) =

Z
1

x

dy

y
f

✓
x

y

◆
g(y) , (1)

and introducing t = ln (µ2) as the evolution variable, we have

dg

dt
=

X

f

Pgf ⌦ f +
X

f

Pgf̄ ⌦ f̄ + Pgg ⌦ g + Pg� ⌦ � , (2)

d�

dt
=

X

f

P�f ⌦ f +
X

f

P�f̄ ⌦ f̄ + P�g ⌦ g + P�� ⌦ � , (3)

dqi
dt

=
X

f

Pqif ⌦ f +
X

f

Pqif̄ ⌦ f̄ + Pqig ⌦ g + Pqi� ⌦ � , (4)

dli
dt

=
X

f

Plif ⌦ f +
X

f

Plif̄ ⌦ f̄ + Plig ⌦ g + Pli� ⌦ � , (5)
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and similarly for antiparticles by using charge conjugation invariance. Here the sum over fermions

f runs over all the active flavours of quarks (nF ) and leptons (nL). In the previous formulae, µ

represents the factorization scale.

Along this work we will present the expressions for the splitting functions including QCD and

QED corrections. Thus, we expand them according to

Pij = aS P
(1,0)
ij + aP (0,1)

ij + a2
S
P (2,0)
ij + aS aP

(1,1)
ij + a2 P (0,2)

ij + ... , (6)

where the upper indices indicate the (QCD,QED) order of the calculation, while

aS ⌘
↵S

2⇡
, a ⌘

↵

2⇡
, (7)

allow to set the standard normalization of the splitting functions.

The presence of electromagnetic interactions introduces a charge dependence in the splitting

functions. Moreover, due to higher-order QED corrections, a mixing among leptons and QCD

partons might take place, which leads to more complicated evolution equations. In fact, in the

most general case, Eqs. (2)-(5) constitute a system of 20 ⇥ 20 coupled first-order di↵erential

equations. However, notable simplifications are achieved at each order of the truncated expansion

by imposing physical constraints. For instance, at O(↵↵n
S
), the kernels depend on the electric

charge of the initiating fermions (up or down), such that in general P (1,n)
q ⇠ e2q. As we will show

later, at O(↵2), the charge content of the Pql kernels becomes non trivial due to the exchange of

a pair of photons.

The quark splitting functions are decomposed as

Pqi qk = �ik P
V
qq + P S

qq , (8)

Pqi q̄k = �ik P
V
qq̄ + P S

qq̄ , (9)

P±
q = P V

qq ± P V
qq̄ , (10)

which act as a definition of P V
qq and P V
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one gluon is replaced by a photon, we obtain a fermion box with two photons attached to it; the

QED interaction introduces a factor e2q responsible of a charge separation for each quark flavour.

(a)$

(b)$

(c)$

FIG. 1. A sample of diagrams associated with the virtual and real contributions to P (2,0)
qq , in (a) and (b)

respectively. To obtain P (1,1)
qq , one gluon is replaced by a photon. Since there are two ways to perform

the replacement, a factor 2 arises. In (c), P (2,0)
gg is considered with a representative diagram. In this case,

the Abelian limit allows to compute both P (1,1)
�g and P (1,1)

g� . The presence of a fermionic box forces to

take into account the di↵erent quark EM charges.

In the context of the full EW theory, the corrections induced by massive bosons lead to singu-

larities. However, we will not deal with them in this work because it is possible to factorize them

and achieve a fully consistent treatment of IR divergences relying only on QCD-QED splittings. In

other terms, singularities introduced by W and Z bosons can be absorbed into the hard scattering,

thus leaving una↵ected the evolution of PDFs.

We therefore present the (QCD,QED) = (1, 1) expressions of the corresponding splitting ker-

nels. In first place, we obtain
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3x
� (6 + 10x)ln (x)� 2(1 + x)ln2 (x)

�
, (27)
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for photon initiated processes, and

P (1,1)
qg =

TR e2q
2

⇢
4� 9x� (1� 4x)ln (x)� (1� 2x)ln2 (x) + 4ln (1� x)

+ pqg(x)


2ln2

✓
1� x

x

◆
� 4ln

✓
1� x

x

◆
�

2⇡2

3
+ 10

��
, (29)

P (1,1)
�g = TR

 
nFX

j=1

e2qj

! ⇢
�16 + 8x+

20

3
x2 +

4

3x
� (6 + 10x)ln (x)� 2(1 + x)ln2 (x)

�
, (30)

P (1,1)
gg = �TR

 
nFX

j=1

e2qj

!
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for collinear splitting processes with a starting gluon. Notice that QED corrections to the diagonal

splitting kernels P (1,1)
�� and P (1,1)

gg are proportional to the Dirac’s delta function �(1�x) since they

are originated by virtual two-loop contributions to the photon and gluon propagators, respectively.

On the other hand, the quark splitting functions are given by

P S(1,1)
qq = P S(1,1)

qq̄ = 0 , (32)
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qq = �2CF e2q
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P (1,1)
�q = P (1,1)

gq , (36)

where we appreciate that singlet contributions vanish at this order, as anticipated in Sec. II. The

function S2(x) is given by

S2(x) =
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Finally, we establish the consistency of our results by checking the corresponding fermionic and

momentum sum rules for each distribution. Explicitly, the O(↵↵S) contributions to the evolution
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10

There is a subtlety related with the presence of quark loops in pure QCD results. In that case,

gluons couple in the same way to all quark flavours, originating a factor nF . Once we replace

gluons with photons, virtual leptons are also allowed inside the loop. Both for leptons and quarks,

the QED coupling is proportional to their EM charges. In consequence, the replacement

nF !

X

f

e2f , (53)

has to be implemented in all the contributions arising from quark loops in the pure QCD kernels.

Another subtle point that we must carefully treat is the presence of massive EW bosons. As

we mentioned before, we neglect their contribution in this work. This is due to the fact that their

mass is kept strictly non-vanishing, thus acting as an IR-regulator. In other terms, IR-singular

diagrams for processes involving heavy EW bosons can always be treated by making use of QCD–

QED splitting functions and factorizing the massive particle into the hard scattering subprocess.

So, let’s present the explicit results. In first place, kernels involving gluons vanish at this order;

hence,

P (0,2)
fg = 0 , P (0,2)

gf = 0 , P (0,2)
�g = 0 ,
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g� = 0 , P (0,2)

gg = 0 . (54)

Then, we consider those kernels which involve quarks and photons,
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qq̄ = e4q [4(1� x) + 2(1 + x)ln (x) + 2pqq(�x)S2(x)] , (58)

P S(0,2)
qQ = P S(0,2)

qQ̄
= CA e2q e
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where {q,Q} denote di↵erent quark flavours and we defined the function

ps(x) =
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which appears in all the higher-order corrections to the singlet components. The function S2(x)

is given by [28, 33]
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In these formulae, ⇣n is the Riemann zeta function, which verifies ⇣2 = ⇡2/6 and ⇣3 ⇡ 1.202057.

In an analogous way, splitting functions with leptons and photons are given by
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Mixed quark-lepton evolution kernels are given by
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2
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and we notice that they share the same functional dependence, with the exception of the global

normalization (influenced by the average over the quantum numbers of the initial particle). Finally,

for the photon splitting kernel we have
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Mixed quark-lepton evolution kernels are given by
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and we notice that they share the same functional dependence, with the exception of the global

normalization (influenced by the average over the quantum numbers of the initial particle). Finally,

for the photon splitting kernel we have
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Figure 4.1. Representative PI diagrams for various LHC processes: Drell-Yan, vector-boson pair pro-
duction, top-quark pair production, and the associated production of a Higgs with a W boson.
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Figure 4.2. The ratio of photon-initiated contributions to the corresponding quark- and gluon-initiated
ones for neutral current Drell-Yan production as function of the lepton-pair invariant mass Mll in the Z
peak region and central rapidities |yll|  2.5 at

p
s = 13 TeV. We compare NNPDF3.0QED, LUXqed17,

and NNPDF3.1luxQED, with the PI contributions in each case normalized to the central value of the
latter. The NNPDF3.0QED uncertainty band is represented by the red band. For reference, we also
indicate the value of the PDF uncertainties in NNPDF3.1luxQED.

We will compare the predictions of NNPDF3.1luxQED to those of NNPDF3.0QED and
LUXqed17. In all cases we will use the NNLO PDF sets, though the photon PDF depends
only mildly on the perturbative order (see Fig. 3.2). PDF uncertainties for the NNPDF sets
are defined as the 68% confidence level interval and the central value as the midpoint of this
range. This is particularly relevant for NNPDF3.0QED for which, due to non-Gaussianity in
the replica distribution, PDF errors computed as standard deviations can di↵er by up to one
order of magnitude as compared to the 68% CL intervals.

4.1 Drell-Yan production

We begin by examining the role of PI contributions in neutral-current Drell-Yan production. We
will study this process in three di↵erent kinematic regions of the outgoing lepton pair: around
the Z peak, at low invariant masses, and at high invariant masses. We start with the Z peak
region, defined as 60  Mll  120 GeV, where Mll is the lepton-pair invariant mass, and focus
on the central rapidity region |yll|  2.5, relevant for ATLAS and CMS.2 This region provides
the bulk of the Drell-Yan measurements included in modern PDF fits and therefore assessing
the impact of PI contributions is particularly important here.

In Fig. 4.2 we show the ratio of the PI contributions to the corresponding quark- and gluon-
initiated contributions for Drell-Yan production as a function of Mll at

p
s = 13 TeV in the Z

peak region. We compare the predictions of NNPDF3.0QED, LUXqed17, and NNPDF3.1luxQED,
with the PI contributions normalised to the central value of NNPDF3.1luxQED. For reference
we also show the value of the PDF uncertainties in NNPDF3.1luxQED.

We find that PI e↵ects for this process are at the permille level forMll ⇠ MZ but they become
larger as we move away from the Z peak, reaching 3% for Mll = 60 GeV. At the lower edge of the

2
We have verified that similar results hold for the forward rapidity region, 2.0  yll  4.5, relevant for LHCb.
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Figure 3.9. The momentum fraction hxi� carried by photons in the proton (left) and its percentage
uncertainty (right) as a function of Q for NNPDF3.0QED, NNPDF3.1luxQED, and LUXqed17.

accounted for. Indeed, while in NNPDF3.0QED the uncertainties in the photon momentum
fraction range from around 50% to 100%, in NNPDF3.1luxQED the contribution of the photon
PDF to the momentum of the proton is known with an accuracy better than 1% over the entire
range in Q. Nevertheless, the central value of hxi� in NNPDF3.0QED turns out to be rather
close to that of NNPDF3.1luxQED, highlighting the consistency between the two approaches.

hxi� (Q = 1.65GeV) hxi� (Q = mZ)

NNPDF3.0QED (0.3± 0.3)% (0.5± 0.3)%

NNPDF3.1luxQED (0.229± 0.003)% (0.420± 0.003)%

LUXqed17 � (0.421± 0.003)%

Table 3.1. The momentum fraction hxi� carried by photons in the proton, Eq. (3.1), at the initial
parametrization scale Q = Q0 = 1.65 GeV and at typical LHC scale Q = mZ .

In Tab. 3.1 we report the photon momentum fraction Eq. (3.1) both at the initial parametri-
sation scale Q0 = 1.65 GeV and at Q = mZ for the three PDF sets including the associated
uncertainties. While in NNPDF3.0QED the photon momentum fraction at the initial scale
is consistent with zero, in NNPDF3.1luxQED one finds a non-zero photon momentum frac-
tion with very high statistical significance. In particular, the photon momentum fraction in
NNPDF3.1luxQED increases from 0.23% at low scales to 0.42% at Q = mZ , with small uncer-
tainties in both cases. For Q = mZ , the results of NNPDF3.1luxQED are fully consistent with
those of LUXqed17, as also shown in Fig. 3.9.

4 Photon-initiated processes at the LHC

We shall now explore some of the implications of NNPDF3.1luxQED for LHC phenomenology.
Specifically, we shall investigate the application of this new set to the study of Drell-Yan, vector-
boson pair production, top-quark pair production, and the associated production of a Higgs
boson with a W boson. Representative PI diagrams contributing to these processes at the
Born level are shown in Fig. 4.1. Our aim is to assess the relative size of the PI contributions
with respect to quark- and gluon-initiated subprocesses at the

p
s = 13 TeV LHC. See also

Refs. [24, 34, 47–51] for recent studies.
The results presented in this section have been obtained at leading order in both the QCD and

QED couplings using MadGraph5 aMC@NLO interfaced to APPLgrid through aMCfast. We have
used the default values in MadGraph5 aMC@NLO v2.6.0 for the couplings and other electroweak
parameters, as defined in the standard model setup. In particular, we use the default value
↵ = 1/132.51 for the QED coupling and ignore the e↵ects of its running that are beyond the
accuracy of the calculation.
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Figure 4.1. Representative PI diagrams for various LHC processes: Drell-Yan, vector-boson pair pro-
duction, top-quark pair production, and the associated production of a Higgs with a W boson.
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Figure 4.2. The ratio of photon-initiated contributions to the corresponding quark- and gluon-initiated
ones for neutral current Drell-Yan production as function of the lepton-pair invariant mass Mll in the Z
peak region and central rapidities |yll|  2.5 at

p
s = 13 TeV. We compare NNPDF3.0QED, LUXqed17,

and NNPDF3.1luxQED, with the PI contributions in each case normalized to the central value of the
latter. The NNPDF3.0QED uncertainty band is represented by the red band. For reference, we also
indicate the value of the PDF uncertainties in NNPDF3.1luxQED.

We will compare the predictions of NNPDF3.1luxQED to those of NNPDF3.0QED and
LUXqed17. In all cases we will use the NNLO PDF sets, though the photon PDF depends
only mildly on the perturbative order (see Fig. 3.2). PDF uncertainties for the NNPDF sets
are defined as the 68% confidence level interval and the central value as the midpoint of this
range. This is particularly relevant for NNPDF3.0QED for which, due to non-Gaussianity in
the replica distribution, PDF errors computed as standard deviations can di↵er by up to one
order of magnitude as compared to the 68% CL intervals.

4.1 Drell-Yan production

We begin by examining the role of PI contributions in neutral-current Drell-Yan production. We
will study this process in three di↵erent kinematic regions of the outgoing lepton pair: around
the Z peak, at low invariant masses, and at high invariant masses. We start with the Z peak
region, defined as 60  Mll  120 GeV, where Mll is the lepton-pair invariant mass, and focus
on the central rapidity region |yll|  2.5, relevant for ATLAS and CMS.2 This region provides
the bulk of the Drell-Yan measurements included in modern PDF fits and therefore assessing
the impact of PI contributions is particularly important here.

In Fig. 4.2 we show the ratio of the PI contributions to the corresponding quark- and gluon-
initiated contributions for Drell-Yan production as a function of Mll at

p
s = 13 TeV in the Z

peak region. We compare the predictions of NNPDF3.0QED, LUXqed17, and NNPDF3.1luxQED,
with the PI contributions normalised to the central value of NNPDF3.1luxQED. For reference
we also show the value of the PDF uncertainties in NNPDF3.1luxQED.

We find that PI e↵ects for this process are at the permille level forMll ⇠ MZ but they become
larger as we move away from the Z peak, reaching 3% for Mll = 60 GeV. At the lower edge of the

2
We have verified that similar results hold for the forward rapidity region, 2.0  yll  4.5, relevant for LHCb.
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Figure 3.9. The momentum fraction hxi� carried by photons in the proton (left) and its percentage
uncertainty (right) as a function of Q for NNPDF3.0QED, NNPDF3.1luxQED, and LUXqed17.

accounted for. Indeed, while in NNPDF3.0QED the uncertainties in the photon momentum
fraction range from around 50% to 100%, in NNPDF3.1luxQED the contribution of the photon
PDF to the momentum of the proton is known with an accuracy better than 1% over the entire
range in Q. Nevertheless, the central value of hxi� in NNPDF3.0QED turns out to be rather
close to that of NNPDF3.1luxQED, highlighting the consistency between the two approaches.

hxi� (Q = 1.65GeV) hxi� (Q = mZ)

NNPDF3.0QED (0.3± 0.3)% (0.5± 0.3)%

NNPDF3.1luxQED (0.229± 0.003)% (0.420± 0.003)%

LUXqed17 � (0.421± 0.003)%

Table 3.1. The momentum fraction hxi� carried by photons in the proton, Eq. (3.1), at the initial
parametrization scale Q = Q0 = 1.65 GeV and at typical LHC scale Q = mZ .

In Tab. 3.1 we report the photon momentum fraction Eq. (3.1) both at the initial parametri-
sation scale Q0 = 1.65 GeV and at Q = mZ for the three PDF sets including the associated
uncertainties. While in NNPDF3.0QED the photon momentum fraction at the initial scale
is consistent with zero, in NNPDF3.1luxQED one finds a non-zero photon momentum frac-
tion with very high statistical significance. In particular, the photon momentum fraction in
NNPDF3.1luxQED increases from 0.23% at low scales to 0.42% at Q = mZ , with small uncer-
tainties in both cases. For Q = mZ , the results of NNPDF3.1luxQED are fully consistent with
those of LUXqed17, as also shown in Fig. 3.9.

4 Photon-initiated processes at the LHC

We shall now explore some of the implications of NNPDF3.1luxQED for LHC phenomenology.
Specifically, we shall investigate the application of this new set to the study of Drell-Yan, vector-
boson pair production, top-quark pair production, and the associated production of a Higgs
boson with a W boson. Representative PI diagrams contributing to these processes at the
Born level are shown in Fig. 4.1. Our aim is to assess the relative size of the PI contributions
with respect to quark- and gluon-initiated subprocesses at the

p
s = 13 TeV LHC. See also

Refs. [24, 34, 47–51] for recent studies.
The results presented in this section have been obtained at leading order in both the QCD and

QED couplings using MadGraph5 aMC@NLO interfaced to APPLgrid through aMCfast. We have
used the default values in MadGraph5 aMC@NLO v2.6.0 for the couplings and other electroweak
parameters, as defined in the standard model setup. In particular, we use the default value
↵ = 1/132.51 for the QED coupling and ignore the e↵ects of its running that are beyond the
accuracy of the calculation.
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and leptons (l with el = 1). Particles inside each sector are indistinguishable by QCD–QED

interactions. Also, it is useful to define
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fF̄ , (26)
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fF̄ , (27)

where f and F denote the possible fermion subgroups (u, d or l). Notice that in the context of

QCD–QED, it might occur that Plq 6= Pql due to higher-order contributions. However, at O(↵2),

they are the same and the equality can be used to achieve further simplifications. Moreover, at

this order, it is verified that
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fF ⌘ 0 , (28)

due to charge conjugation invariance.

In the most general case, the corresponding QCD–QED combined evolution equations for the
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Figure 4.1. Representative PI diagrams for various LHC processes: Drell-Yan, vector-boson pair pro-
duction, top-quark pair production, and the associated production of a Higgs with a W boson.
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Figure 4.2. The ratio of photon-initiated contributions to the corresponding quark- and gluon-initiated
ones for neutral current Drell-Yan production as function of the lepton-pair invariant mass Mll in the Z
peak region and central rapidities |yll|  2.5 at

p
s = 13 TeV. We compare NNPDF3.0QED, LUXqed17,

and NNPDF3.1luxQED, with the PI contributions in each case normalized to the central value of the
latter. The NNPDF3.0QED uncertainty band is represented by the red band. For reference, we also
indicate the value of the PDF uncertainties in NNPDF3.1luxQED.

We will compare the predictions of NNPDF3.1luxQED to those of NNPDF3.0QED and
LUXqed17. In all cases we will use the NNLO PDF sets, though the photon PDF depends
only mildly on the perturbative order (see Fig. 3.2). PDF uncertainties for the NNPDF sets
are defined as the 68% confidence level interval and the central value as the midpoint of this
range. This is particularly relevant for NNPDF3.0QED for which, due to non-Gaussianity in
the replica distribution, PDF errors computed as standard deviations can di↵er by up to one
order of magnitude as compared to the 68% CL intervals.

4.1 Drell-Yan production

We begin by examining the role of PI contributions in neutral-current Drell-Yan production. We
will study this process in three di↵erent kinematic regions of the outgoing lepton pair: around
the Z peak, at low invariant masses, and at high invariant masses. We start with the Z peak
region, defined as 60  Mll  120 GeV, where Mll is the lepton-pair invariant mass, and focus
on the central rapidity region |yll|  2.5, relevant for ATLAS and CMS.2 This region provides
the bulk of the Drell-Yan measurements included in modern PDF fits and therefore assessing
the impact of PI contributions is particularly important here.

In Fig. 4.2 we show the ratio of the PI contributions to the corresponding quark- and gluon-
initiated contributions for Drell-Yan production as a function of Mll at

p
s = 13 TeV in the Z

peak region. We compare the predictions of NNPDF3.0QED, LUXqed17, and NNPDF3.1luxQED,
with the PI contributions normalised to the central value of NNPDF3.1luxQED. For reference
we also show the value of the PDF uncertainties in NNPDF3.1luxQED.

We find that PI e↵ects for this process are at the permille level forMll ⇠ MZ but they become
larger as we move away from the Z peak, reaching 3% for Mll = 60 GeV. At the lower edge of the

2
We have verified that similar results hold for the forward rapidity region, 2.0  yll  4.5, relevant for LHCb.
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Figure 3.9. The momentum fraction hxi� carried by photons in the proton (left) and its percentage
uncertainty (right) as a function of Q for NNPDF3.0QED, NNPDF3.1luxQED, and LUXqed17.

accounted for. Indeed, while in NNPDF3.0QED the uncertainties in the photon momentum
fraction range from around 50% to 100%, in NNPDF3.1luxQED the contribution of the photon
PDF to the momentum of the proton is known with an accuracy better than 1% over the entire
range in Q. Nevertheless, the central value of hxi� in NNPDF3.0QED turns out to be rather
close to that of NNPDF3.1luxQED, highlighting the consistency between the two approaches.

hxi� (Q = 1.65GeV) hxi� (Q = mZ)

NNPDF3.0QED (0.3± 0.3)% (0.5± 0.3)%

NNPDF3.1luxQED (0.229± 0.003)% (0.420± 0.003)%

LUXqed17 � (0.421± 0.003)%

Table 3.1. The momentum fraction hxi� carried by photons in the proton, Eq. (3.1), at the initial
parametrization scale Q = Q0 = 1.65 GeV and at typical LHC scale Q = mZ .

In Tab. 3.1 we report the photon momentum fraction Eq. (3.1) both at the initial parametri-
sation scale Q0 = 1.65 GeV and at Q = mZ for the three PDF sets including the associated
uncertainties. While in NNPDF3.0QED the photon momentum fraction at the initial scale
is consistent with zero, in NNPDF3.1luxQED one finds a non-zero photon momentum frac-
tion with very high statistical significance. In particular, the photon momentum fraction in
NNPDF3.1luxQED increases from 0.23% at low scales to 0.42% at Q = mZ , with small uncer-
tainties in both cases. For Q = mZ , the results of NNPDF3.1luxQED are fully consistent with
those of LUXqed17, as also shown in Fig. 3.9.

4 Photon-initiated processes at the LHC

We shall now explore some of the implications of NNPDF3.1luxQED for LHC phenomenology.
Specifically, we shall investigate the application of this new set to the study of Drell-Yan, vector-
boson pair production, top-quark pair production, and the associated production of a Higgs
boson with a W boson. Representative PI diagrams contributing to these processes at the
Born level are shown in Fig. 4.1. Our aim is to assess the relative size of the PI contributions
with respect to quark- and gluon-initiated subprocesses at the

p
s = 13 TeV LHC. See also

Refs. [24, 34, 47–51] for recent studies.
The results presented in this section have been obtained at leading order in both the QCD and

QED couplings using MadGraph5 aMC@NLO interfaced to APPLgrid through aMCfast. We have
used the default values in MadGraph5 aMC@NLO v2.6.0 for the couplings and other electroweak
parameters, as defined in the standard model setup. In particular, we use the default value
↵ = 1/132.51 for the QED coupling and ignore the e↵ects of its running that are beyond the
accuracy of the calculation.
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and leptons (l with el = 1). Particles inside each sector are indistinguishable by QCD–QED

interactions. Also, it is useful to define

�P S
fF ⌘ P S

fF � P S
fF̄ , (26)

P̄ S
fF ⌘ P S

fF + P S
fF̄ , (27)

where f and F denote the possible fermion subgroups (u, d or l). Notice that in the context of

QCD–QED, it might occur that Plq 6= Pql due to higher-order contributions. However, at O(↵2),

they are the same and the equality can be used to achieve further simplifications. Moreover, at

this order, it is verified that

�P S
fF ⌘ 0 , (28)

due to charge conjugation invariance.

In the most general case, the corresponding QCD–QED combined evolution equations for the

distributions in the optimized basis are given by:

dqvi
dt

= P�
qi ⌦ qvi +

nFX

j=1

�P S
qiqj ⌦ qvj +�P S

qil ⌦

 
nLX

j=1

lvj

!
, (29)

dlvi
dt

= P�
l ⌦ lvi +

nFX

j=1

�P S
lqj ⌦ qvj +�P S

ll ⌦

 
nLX

j=1

lvj

!
, (30)

for valence distributions,

d⌃

dt
=

P+

u + P+

d

2
⌦ ⌃+

P+

u � P+

d

2
⌦�UD +

nuP̄ S
uu + ndP̄ S

dd + (nu + nd)P̄ S
ud

2
⌦ ⌃

+
nuP̄ S

uu � ndP̄ S
dd � (nu � nd)P̄ S

ud

2
⌦�UD +

�
nuP̄

S
ul + ndP̄

S
dl

�
⌦ ⌃l

+ 2(nuPug + ndPdg)⌦ g + 2(nuPu� + ndPd�)⌦ � , (31)

d⌃l

dt
= nL

P̄ S
lu + P̄ S

ld

2
⌦ ⌃+ nL

P̄ S
lu � P̄ S

ld

2
⌦�UD +

�
P+

l + nLP̄
S
ll

�
⌦ ⌃l

+ 2nL(Plg ⌦ g + Pl� ⌦ �) , (32)

for the singlets and

d{�uc,�ct}

dt
= P+

u ⌦ {�uc,�ct} , (33)

d{�ds,�sb}

dt
= P+

d ⌦ {�ds,�sb} , (34)

d�l
2

dt
= P+

l ⌦�l
2
, (35)
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FIG. 4. The ratio of common PDF sets to our LUXqed result,
along with the LUXqed uncertainty band (light red). The CT14
and MRST bands correspond to the range from the PDF mem-
bers shown in brackets (68% cl. in CT14’s case). The NNPDF
bands span from max(µr � �r, r16) to µr + �r, where µr is
the average (represented by the blue line), �r is the standard
deviation over replicas, and r16 denotes the 16th percentile
among replicas. Note the di↵erent y-axes for the panels.

estimate of the uncertainty in the resonance region taken
as the di↵erence between the CLAS and CB fits (RES);
a systematic uncertainty due to the choice of the transi-
tion scale between the HERMES F2 fit and the pertur-
bative determination from the PDFs, obtained by reduc-
ing the transition scale from 9 to 5 GeV2 (M); missing
higher order e↵ects, estimated using a modification of
Eq. (6), with the upper bound of the Q

2 integration set
to µ

2 and the last term adjusted to maintain ↵
2(↵sL)n

accuracy (HO); a potential twist-4 contribution to FL

parametrised as a factor (1 + 5.5 GeV2
/Q

2) [57] for
Q

2 � 9GeV2 (T). One-sided errors are all symmetrised.
Our final uncertainty, shown as a solid line in Fig. 3, is
obtained by combining all sources in quadrature and is
about 1-2% over a large range of x values.

In Fig. 4 we compare our LUXqed result for the MS f�/p

to determinations available publicly within LHAPDF [58].
Of the model-based estimates, CT14qed inc [28] and
MRST2004 [21], CT14qed inc is in good agreement with
LUXqed within its uncertainties. Its model for the in-
elastic component is constrained by ep ! e� + X data
from ZEUS [29] and includes an elastic component. Note
however that, for the neutron, CT14qed inc neglects the
important neutron magnetic form factor. As for the
model-independent determinations, NNPDF30 [59], which

FIG. 5. �� luminosity in pp collisions as a function of the
�� invariant mass M , at four collider centre-of-mass energies.
The NNPDF30 results are shown only for 8 and 100 TeV. The
uncertainty of our LUXqed results is smaller than the width of
the lines.

notably extends NNPDF23 [22] with full treatment of
↵(↵sL)n terms in the evolution [60], almost agrees with
our result at small x. At large x its band overlaps with
our result, but the central value and error are both much
larger.
Similar features are visible in the corresponding ��

partonic luminosities, defined as

dL��

d lnM2
=

M
2

s

Z
dz

z
f�/p(z,M

2) f�/p

✓
M

2

zs
,M

2

◆
, (9)

and shown in Fig. 5, as a function of the �� invariant
mass M , for several centre-of-mass energies.
As an application, we consider pp ! HW

+(! `
+
⌫) +

X at
p
s = 13 TeV, for which the total cross section with-

out photon-induced contributions is 91.2 ± 1.8 fb [61],
with the error dominated by (non-photonic) PDF uncer-
tainties. Using HAWK 2.0.1 [62], we find a photon-induced
contribution of 5.5+4.3

�2.9 fb with NNPDF30, to be compared
to 4.4± 0.1 fb with LUXqed.
In conclusion, we have obtained a formula (i.e. Eq. (6))

for the MS photon PDF in terms of the proton structure
functions, which includes all terms of order ↵L (↵sL)n,
↵ (↵sL)n and ↵

2
L
2 (↵sL)n. Our method can be eas-

ily generalised to higher orders in ↵s and holds for any
hadronic bound state. Using current experimental in-
formation on F2 and FL for protons we obtain a pho-
ton PDF with much smaller uncertainties than existing
determinations, as can be seen from Fig. 4. The pho-
ton PDF has a substantial contribution from the elas-
tic form factor (⇠ 20%) and from the resonance region
(⇠ 5%) even for high values of µ ⇠ 100�1000 GeV.
Our photon distribution, incorporating quarks and glu-
ons from PDF4LHC15 nnlo 100 [44] and evolved with a
QED-extended version of HOPPET is available as part of

fitting strategy. Then in Sect. 3 we present the NNPDF3.1luxQED set, including a discussion
of the momentum fraction of the proton carried by the photon, and in Sect. 4 we discuss some
of its phenomenological implications for PI processes at the LHC. In Sect. 5 we summarise and
discuss how our results and the code used to produce them are made publicly available. The
full breakdown of the �2/Ndat values in NNPDF3.1luxQED and its comparison with those in
NNPDF3.1 is collected in Appendix A.

2 Fit settings

In this section we describe the fit configuration of the NNPDF3.1luxQED global analysis. We
begin with a review of the input experimental dataset. We then discuss the theoretical frame-
work, including a short summary of the relevant aspects of the LUXqed formalism along with
the treatment of QED e↵ects in the DGLAP evolution and the DIS structure functions. Finally,
we present the strategy adopted to include the photon PDF in the global fit accounting for the
LUXqed theoretical constraints.

2.1 Experimental data

The NNPDF3.1luxQED analysis is based on the same dataset as the recent NNPDF3.1 global
fit [16]. This dataset includes fixed-target [53–60] and HERA [20] inclusive DIS measurements;
charm and bottom cross-sections from HERA [61]; fixed-target Drell-Yan production [62–65];
Tevatron gauge boson and inclusive jet production [66–70]; along with electroweak boson produc-
tion, inclusive jet, and tt̄ cross-sections from ATLAS [71–85], CMS [86–97] and LHCb [98–102].
We refer to Ref. [16] for details about the implementation of each experiment.

For consistency, in this study we use exactly the same dataset as in NNPDF3.1, and in
particular the same choice of kinematic cuts. Note that a number of those cuts were determined
with the aim of minimising the potential e↵ects from EW corrections and PI contributions. This
choice implies that the kinematic regions more sensitive to PI e↵ects are deliberately cut away.
In addition, we do not include some recent measurements with known sensitivity to the photon
PDF, such as the ATLAS high-mass Drell-Yan measurement at 8 TeV [40], since these were not
part of the NNPDF3.1 dataset.

2.2 The LUXqed formalism

We briefly review the LUXqed formalism for the determination of the photon PDF, focusing on
those features relevant to its implementation in a global analysis. For a comprehensive discussion
we refer the reader to Refs. [41,42]. In the LUXqed procedure, the photon PDF can be expressed
in terms of the lepton-proton scattering inclusive structure functions F2 and FL by means of an
exact QED calculation as follows:

x�(x, µ) =
1

2⇡↵(µ)

Z 1

x

dz

z

(Z µ2/(1�z)

Q2
min

dQ2

Q2
↵2(Q2)

"
� z2FL(x/z,Q

2)

+

 
zP�q(z) +

2x2m2
p

Q2

!
F2(x/z,Q

2)

#
� ↵2(µ)z2F2(x/z, µ

2)

)
+O

�
↵↵s,↵

2
�
,

(2.1)

where mp is the proton mass, µ is the factorisation scale, x and z are the momentum fractions, ↵
the running QED coupling, and P�q the photon-quark splitting function. The lower integration
limit in the Q2 integral is given by Q2

min = (m2
px

2)/(1� z).
Note that the integral in z in Eq. (2.1) extends up to z = 1. Therefore the LUXqed photon

has an explicit dependence upon the elastic component of the structure functions, proportional
to �(1� z). This component can be expressed in terms of the electric and magnetic form factors
GE and GM . In [41, 42], the elastic component of �(x, µ) is determined using the form factors
extracted from a fit to world data by the A1 collaboration [103] for Q2

 10 GeV2. The dipole
model is then used to extrapolate the form factors to larger values of Q2. A corresponding un-
certainty due to the treatment of the large-Q2 extrapolation region is included in the evaluation
of the photon PDF.
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FIG. 4. The ratio of common PDF sets to our LUXqed result,
along with the LUXqed uncertainty band (light red). The CT14
and MRST bands correspond to the range from the PDF mem-
bers shown in brackets (68% cl. in CT14’s case). The NNPDF
bands span from max(µr � �r, r16) to µr + �r, where µr is
the average (represented by the blue line), �r is the standard
deviation over replicas, and r16 denotes the 16th percentile
among replicas. Note the di↵erent y-axes for the panels.

estimate of the uncertainty in the resonance region taken
as the di↵erence between the CLAS and CB fits (RES);
a systematic uncertainty due to the choice of the transi-
tion scale between the HERMES F2 fit and the pertur-
bative determination from the PDFs, obtained by reduc-
ing the transition scale from 9 to 5 GeV2 (M); missing
higher order e↵ects, estimated using a modification of
Eq. (6), with the upper bound of the Q

2 integration set
to µ

2 and the last term adjusted to maintain ↵
2(↵sL)n

accuracy (HO); a potential twist-4 contribution to FL

parametrised as a factor (1 + 5.5 GeV2
/Q

2) [57] for
Q

2 � 9GeV2 (T). One-sided errors are all symmetrised.
Our final uncertainty, shown as a solid line in Fig. 3, is
obtained by combining all sources in quadrature and is
about 1-2% over a large range of x values.

In Fig. 4 we compare our LUXqed result for the MS f�/p

to determinations available publicly within LHAPDF [58].
Of the model-based estimates, CT14qed inc [28] and
MRST2004 [21], CT14qed inc is in good agreement with
LUXqed within its uncertainties. Its model for the in-
elastic component is constrained by ep ! e� + X data
from ZEUS [29] and includes an elastic component. Note
however that, for the neutron, CT14qed inc neglects the
important neutron magnetic form factor. As for the
model-independent determinations, NNPDF30 [59], which
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uncertainty of our LUXqed results is smaller than the width of
the lines.

notably extends NNPDF23 [22] with full treatment of
↵(↵sL)n terms in the evolution [60], almost agrees with
our result at small x. At large x its band overlaps with
our result, but the central value and error are both much
larger.
Similar features are visible in the corresponding ��

partonic luminosities, defined as
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and shown in Fig. 5, as a function of the �� invariant
mass M , for several centre-of-mass energies.
As an application, we consider pp ! HW

+(! `
+
⌫) +

X at
p
s = 13 TeV, for which the total cross section with-

out photon-induced contributions is 91.2 ± 1.8 fb [61],
with the error dominated by (non-photonic) PDF uncer-
tainties. Using HAWK 2.0.1 [62], we find a photon-induced
contribution of 5.5+4.3

�2.9 fb with NNPDF30, to be compared
to 4.4± 0.1 fb with LUXqed.
In conclusion, we have obtained a formula (i.e. Eq. (6))

for the MS photon PDF in terms of the proton structure
functions, which includes all terms of order ↵L (↵sL)n,
↵ (↵sL)n and ↵

2
L
2 (↵sL)n. Our method can be eas-

ily generalised to higher orders in ↵s and holds for any
hadronic bound state. Using current experimental in-
formation on F2 and FL for protons we obtain a pho-
ton PDF with much smaller uncertainties than existing
determinations, as can be seen from Fig. 4. The pho-
ton PDF has a substantial contribution from the elas-
tic form factor (⇠ 20%) and from the resonance region
(⇠ 5%) even for high values of µ ⇠ 100�1000 GeV.
Our photon distribution, incorporating quarks and glu-
ons from PDF4LHC15 nnlo 100 [44] and evolved with a
QED-extended version of HOPPET is available as part of

fitting strategy. Then in Sect. 3 we present the NNPDF3.1luxQED set, including a discussion
of the momentum fraction of the proton carried by the photon, and in Sect. 4 we discuss some
of its phenomenological implications for PI processes at the LHC. In Sect. 5 we summarise and
discuss how our results and the code used to produce them are made publicly available. The
full breakdown of the �2/Ndat values in NNPDF3.1luxQED and its comparison with those in
NNPDF3.1 is collected in Appendix A.

2 Fit settings

In this section we describe the fit configuration of the NNPDF3.1luxQED global analysis. We
begin with a review of the input experimental dataset. We then discuss the theoretical frame-
work, including a short summary of the relevant aspects of the LUXqed formalism along with
the treatment of QED e↵ects in the DGLAP evolution and the DIS structure functions. Finally,
we present the strategy adopted to include the photon PDF in the global fit accounting for the
LUXqed theoretical constraints.

2.1 Experimental data

The NNPDF3.1luxQED analysis is based on the same dataset as the recent NNPDF3.1 global
fit [16]. This dataset includes fixed-target [53–60] and HERA [20] inclusive DIS measurements;
charm and bottom cross-sections from HERA [61]; fixed-target Drell-Yan production [62–65];
Tevatron gauge boson and inclusive jet production [66–70]; along with electroweak boson produc-
tion, inclusive jet, and tt̄ cross-sections from ATLAS [71–85], CMS [86–97] and LHCb [98–102].
We refer to Ref. [16] for details about the implementation of each experiment.

For consistency, in this study we use exactly the same dataset as in NNPDF3.1, and in
particular the same choice of kinematic cuts. Note that a number of those cuts were determined
with the aim of minimising the potential e↵ects from EW corrections and PI contributions. This
choice implies that the kinematic regions more sensitive to PI e↵ects are deliberately cut away.
In addition, we do not include some recent measurements with known sensitivity to the photon
PDF, such as the ATLAS high-mass Drell-Yan measurement at 8 TeV [40], since these were not
part of the NNPDF3.1 dataset.

2.2 The LUXqed formalism

We briefly review the LUXqed formalism for the determination of the photon PDF, focusing on
those features relevant to its implementation in a global analysis. For a comprehensive discussion
we refer the reader to Refs. [41,42]. In the LUXqed procedure, the photon PDF can be expressed
in terms of the lepton-proton scattering inclusive structure functions F2 and FL by means of an
exact QED calculation as follows:

x�(x, µ) =
1

2⇡↵(µ)

Z 1
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where mp is the proton mass, µ is the factorisation scale, x and z are the momentum fractions, ↵
the running QED coupling, and P�q the photon-quark splitting function. The lower integration
limit in the Q2 integral is given by Q2

min = (m2
px

2)/(1� z).
Note that the integral in z in Eq. (2.1) extends up to z = 1. Therefore the LUXqed photon

has an explicit dependence upon the elastic component of the structure functions, proportional
to �(1� z). This component can be expressed in terms of the electric and magnetic form factors
GE and GM . In [41, 42], the elastic component of �(x, µ) is determined using the form factors
extracted from a fit to world data by the A1 collaboration [103] for Q2

 10 GeV2. The dipole
model is then used to extrapolate the form factors to larger values of Q2. A corresponding un-
certainty due to the treatment of the large-Q2 extrapolation region is included in the evaluation
of the photon PDF.

4

‣Large uncertainty on 
 (QED dominant) photon distribution

photon PDF can be expressed in terms of the 
structure functions F2 and FL by means of 
an exact QED calculation 

• Until LUXqed 

Manohar, Nason, Salam, Zanderighi (2016,2017)

involve low Q2

elastic/resonance region
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Figure 16. Ratio of the gluon and u-quark PDF in this paper
(LUXqed17 plus PDF4LHC15 nnlo 100) to the corresponding PDF4LHC15 nnlo 100 [51]
distributions at µ = 100GeV, shown as the solid blue line. The solid orange region is the original
PDF4LHC15 nnlo 100 error band, and the dashed blue lines represent our error band. In the case
of the up-quark distribution, we also show in green the impact of using µmatch = 6 GeV instead of
our default of 10 GeV.

resulting set, LUXqed17 plus PDF4LHC15 nnlo 100, is valid only for scales µ � 10 GeV

(below this scale, LHAPDF interpolates the LUXqed17 partons to zero).

Since we include QED e↵ects in the DGLAP evolution, at scales other than µmatch all

partons acquire QED-induced modifications, of order (↵L)n(↵sL)m for the quarks, with

n � 1, m � 0. The changes in the gluon and up-quark PDFs at scale µ = 100 GeV are

illustrated in Fig. 16. In the case of the up-quark PDF, we also show the e↵ect of reducing

µmatch from our default of 10 GeV to 6 GeV, demonstrating that the impact is minimal

compared to the overall uncertainty on the up-quark distribution.

As discussed in Sec. 10.1, it is not advisable to directly use Eqs. (6.16a, 7.12, 7.19)

to evaluate the photon PDF at scales as low as µmatch, because of the presence of higher

twist e↵ects that are di�cult to control. On the other hand, if we evaluate the photon

PDF at a scale µeval � µmatch, the O (↵L) modifications to the quark distributions from

DGLAP evolution must be taken into account in order to correctly treat contributions of

order (↵L)2(↵sL)n (n � 0) in the photon distribution. We do so technically as follows,

keeping in mind that our base PDF4LHC15 nnlo 100 PDF is based on fits that have neither

QED evolution, nor QED corrections in coe�cient functions. First we evaluate the photon

distribution at scale µeval � µmatch, using a high-Q2
F2 calculated without QED e↵ects.

We then evolve the photon distribution down to the scale µmatch, using a special variant of

DGLAP evolution in which all QED contributions to Pqi and Pgi are set to zero, for all par-

ton flavours i. With this procedure, the quark and gluon densities remain identical to those

of the original PDF set. These unchanged distributions are then used in the evaluation of

P�q terms for the photon evolution. We perform the matching at scale µmatch, as described

above, and finally evolve back up in scale using DGLAP evolution including the full set

of QED contributions. We stress that when evolving back up to the µeval scale, all par-

tons will acquire corrections of relative order (↵L)n, with n � 1. In particular the photon
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‣Full fit including QED+QCD corrections
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Figure 2.1. Left: comparison of the L�� luminosity at
p
s = 13 TeV, computed starting from

NNPDF3.1luxQED at Q0 = 1.65 GeV and then evolving upwards using di↵erent types of QED cor-
rections in the DGLAP splitting functions. Right: comparison between the DIS splitting functions F2,
FL, and xF3 at Q = 100 GeV with and without QED e↵ects included.

comparisons of Sect. 4. Nevertheless, the approach presented in this work is fully general, and
future NNPDF analyses with QED corrections will include collider measurements characterised
by sizeable PI contributions.

2.4 Fitting strategy

The determination of the NNPDF3.1luxQED set is performed by means of an iterative proce-
dure. The starting point is a prior set of quark and gluon PDFs, in this case NNPDF3.1. From
this PDF set, the high-Q2 inelastic component of the photon PDF is computed at Q = 100 GeV
using Eq. (2.1), while for the other components the same inputs as in Ref. [42] are adopted. The
resulting photon PDF is then evolved down to the parametrisation scale Q0 = 1.65 GeV and
used as a fixed input in a refit of quark and gluon PDFs.

In this refit, the DGLAP evolution equations consistently include QED e↵ects, the PI contri-
bution to the DIS structure functions is taken into account, and the momentum sum rule reads

Z 1

0
dx x (⌃(x,Q0) + g(x,Q0) + �(x,Q0)) = 1 . (2.2)

This procedure, schematically illustrated in Fig. 2.2, is repeated until convergence is reached, in
the sense that a stable photon PDF, and thus stable quark and gluon PDFs, are obtained. We
consider stable the results of two consecutive iterations where the central value of the photon
PDF varies by less than 5% of its uncertainty.

As usual in the NNPDF approach, PDF uncertainties are represented by means of an en-
semble of Nrep Monte Carlo replicas. Each replica is required to meet a set of quality criteria,
discussed in Ref. [38], with fits failing these criteria being discarded. As the present study in-
volves an iterative procedure, one must start with a sample of replicas large enough such that
once all nite iterations have been completed a significant number of replicas still survives. To
this end, here we use a prior sample of Nrep = 500 replicas.

Each replica will lead to di↵erent high-Q2 DIS structure functions and therefore, by virtue
of Eq. (2.1), to a di↵erent photon PDF that is used as an external constraint in the following fit.
The resulting quark and gluon PDFs are then used as an input to the following iteration of the
fitting procedure, until convergence is reached. As the NNPDF3.1 dataset is (by construction)
relatively insensitive to the photon PDF, the convergence is rapid and results are stable already
after the second iteration. In future analyses, when hadronic measurements sensitive to PI
contributions will be included, convergence is likely to be slower.

There are two main di↵erences between our strategy and the direct application of Eq. (2.1)
to NNPDF3.1. Firstly, the influence of the photon PDF in the DGLAP evolution equations and
in the DIS structure functions is consistently taken into account during the fit of the quark and
gluon PDFs. Secondly, the contribution of the photon PDF to the total momentum fraction is
properly treated by imposing the momentum sum rule Eq. (2.2) during the fits. While these
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Figure 4.1. Representative PI diagrams for various LHC processes: Drell-Yan, vector-boson pair pro-
duction, top-quark pair production, and the associated production of a Higgs with a W boson.
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Figure 4.2. The ratio of photon-initiated contributions to the corresponding quark- and gluon-initiated
ones for neutral current Drell-Yan production as function of the lepton-pair invariant mass Mll in the Z
peak region and central rapidities |yll|  2.5 at

p
s = 13 TeV. We compare NNPDF3.0QED, LUXqed17,

and NNPDF3.1luxQED, with the PI contributions in each case normalized to the central value of the
latter. The NNPDF3.0QED uncertainty band is represented by the red band. For reference, we also
indicate the value of the PDF uncertainties in NNPDF3.1luxQED.

We will compare the predictions of NNPDF3.1luxQED to those of NNPDF3.0QED and
LUXqed17. In all cases we will use the NNLO PDF sets, though the photon PDF depends
only mildly on the perturbative order (see Fig. 3.2). PDF uncertainties for the NNPDF sets
are defined as the 68% confidence level interval and the central value as the midpoint of this
range. This is particularly relevant for NNPDF3.0QED for which, due to non-Gaussianity in
the replica distribution, PDF errors computed as standard deviations can di↵er by up to one
order of magnitude as compared to the 68% CL intervals.

4.1 Drell-Yan production

We begin by examining the role of PI contributions in neutral-current Drell-Yan production. We
will study this process in three di↵erent kinematic regions of the outgoing lepton pair: around
the Z peak, at low invariant masses, and at high invariant masses. We start with the Z peak
region, defined as 60  Mll  120 GeV, where Mll is the lepton-pair invariant mass, and focus
on the central rapidity region |yll|  2.5, relevant for ATLAS and CMS.2 This region provides
the bulk of the Drell-Yan measurements included in modern PDF fits and therefore assessing
the impact of PI contributions is particularly important here.

In Fig. 4.2 we show the ratio of the PI contributions to the corresponding quark- and gluon-
initiated contributions for Drell-Yan production as a function of Mll at

p
s = 13 TeV in the Z

peak region. We compare the predictions of NNPDF3.0QED, LUXqed17, and NNPDF3.1luxQED,
with the PI contributions normalised to the central value of NNPDF3.1luxQED. For reference
we also show the value of the PDF uncertainties in NNPDF3.1luxQED.

We find that PI e↵ects for this process are at the permille level forMll ⇠ MZ but they become
larger as we move away from the Z peak, reaching 3% for Mll = 60 GeV. At the lower edge of the

2
We have verified that similar results hold for the forward rapidity region, 2.0  yll  4.5, relevant for LHCb.
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Figure 4.1. Representative PI diagrams for various LHC processes: Drell-Yan, vector-boson pair pro-
duction, top-quark pair production, and the associated production of a Higgs with a W boson.
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Figure 4.2. The ratio of photon-initiated contributions to the corresponding quark- and gluon-initiated
ones for neutral current Drell-Yan production as function of the lepton-pair invariant mass Mll in the Z
peak region and central rapidities |yll|  2.5 at

p
s = 13 TeV. We compare NNPDF3.0QED, LUXqed17,

and NNPDF3.1luxQED, with the PI contributions in each case normalized to the central value of the
latter. The NNPDF3.0QED uncertainty band is represented by the red band. For reference, we also
indicate the value of the PDF uncertainties in NNPDF3.1luxQED.

We will compare the predictions of NNPDF3.1luxQED to those of NNPDF3.0QED and
LUXqed17. In all cases we will use the NNLO PDF sets, though the photon PDF depends
only mildly on the perturbative order (see Fig. 3.2). PDF uncertainties for the NNPDF sets
are defined as the 68% confidence level interval and the central value as the midpoint of this
range. This is particularly relevant for NNPDF3.0QED for which, due to non-Gaussianity in
the replica distribution, PDF errors computed as standard deviations can di↵er by up to one
order of magnitude as compared to the 68% CL intervals.

4.1 Drell-Yan production

We begin by examining the role of PI contributions in neutral-current Drell-Yan production. We
will study this process in three di↵erent kinematic regions of the outgoing lepton pair: around
the Z peak, at low invariant masses, and at high invariant masses. We start with the Z peak
region, defined as 60  Mll  120 GeV, where Mll is the lepton-pair invariant mass, and focus
on the central rapidity region |yll|  2.5, relevant for ATLAS and CMS.2 This region provides
the bulk of the Drell-Yan measurements included in modern PDF fits and therefore assessing
the impact of PI contributions is particularly important here.

In Fig. 4.2 we show the ratio of the PI contributions to the corresponding quark- and gluon-
initiated contributions for Drell-Yan production as a function of Mll at

p
s = 13 TeV in the Z

peak region. We compare the predictions of NNPDF3.0QED, LUXqed17, and NNPDF3.1luxQED,
with the PI contributions normalised to the central value of NNPDF3.1luxQED. For reference
we also show the value of the PDF uncertainties in NNPDF3.1luxQED.

We find that PI e↵ects for this process are at the permille level forMll ⇠ MZ but they become
larger as we move away from the Z peak, reaching 3% for Mll = 60 GeV. At the lower edge of the

2
We have verified that similar results hold for the forward rapidity region, 2.0  yll  4.5, relevant for LHCb.
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‣One example of photon initiated processes : Drell-Yan

‣Photon Initiated effects very small at Z, but larger away from peak

3% at Mll=60 GeV larger than pdf DY uncertainty

NNPDF collaboration Bertone, Carraza, Hartland, Rojo (2018)
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Figure 3.5. Comparison of the total quark singlet (left) and gluon PDFs (right) between NNPDF3.1
and NNPDF3.1luxQED at Q = 100 GeV, normalised to the central value of the former.
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Figure 3.6. Same as Fig. 3.5, now comparing the quark singlet and gluon of NNPDF3.1luxQED with
those of LUXqed17, which correspond closely to the PDF4LHC15 NNLO set.

built as a combination of three di↵erent PDF sets, namely CT14, MMHT14, and NNPDF3.0,
it exhibits larger uncertainties that the individual sets. We find good compatibility between
the singlet and gluon of NNPDF3.1luxQED and LUXqed17, with the PDF errors of the former
being rather smaller. These reduced uncertainties are particularly noticeable for the medium
and large-x gluon PDF, due to the several gluon-sensitive experiments included in NNPDF3.1
such as top-quark pair distributions [125] and the Z boson pT [126].

3.3 Partonic luminosities

Next we compare partonic luminosities integrated over rapidity as a function of the final-state
invariant mass MX for photon-photon and photon-quark initial states (see [48] for the defini-
tions used). In Fig. 3.7 we compare the L�� luminosity obtained with the NNPDF3.0QED,
NNPDF3.1luxQED, and LUXqed17 sets for a centre-of-mass energy of

p
s = 13 TeV. From the

left panel of Fig. 3.7 we observe good agreement between NNPDF3.0QED and NNPDF3.1luxQED.
The two sets agree within uncertainties over the entire mass range considered, except for L�� at
MX ⇠

< 30 GeV where NNPDF3.1luxQED overshoots NNPDF3.0QED.
Evident once again is the e↵ect of the LUXqed constraints on the photon PDF uncertainty,

with the errors of just a few percent as compared to the determination that does not account
for them. From Fig. 3.7 we also see that there is good agreement between LUXqed17 and
NNPDF3.1luxQED both at the level of central values and of uncertainties. Only at MX ⇠

> 1
TeV NNPDF3.1luxQED tends to be a few percent larger than LUXqed17. Similar considerations
hold for the Lq� luminosities.

Following the PDF-level comparisons presented in Sect. 3.1, it is instructive to also consider
the ratios of the photon-photon luminosity over gluon-gluon and over quark-antiquark lumi-
nosities, L��/Lgg and L��/Lqq̄. These ratios are interesting since they provide an estimate of
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‣Impact of QED in quark and gluon pdfs

small for the quark singlet
below 1%

larger for the gluon (within band)

-1% around x=0.01
+5% at x=0.5

‣Effect explained by photon PDF carrying ~0.5% of proton momentum
‣Mostly for gluon since quark singlet more constrained by DIS



Very recent

‣Full fit including QED+QCD corrections with photon pdf based on LUXqed
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Figure 9: The ratio of valence quarks, related to one another by isospin, of the neutron to
that of the proton at the input scale Q2

0 = 1 GeV2. On the left is uV,(n)/dV,(p), and on the
right is dV,(n)/uV,(p), both as functions of x.

where ∆{d, u}V,(n) are as defined above. Though of less apparent interest, these relations
pertain to the discussion in Section 3.2, where the neutron photon PDF is considered as
primary sensitive to distributions of the type q + q̄ during the evolution. In anticipation of
this, we note that ∆{d, u}V,(n) lead to differences between the isospin related u and d singlet
distributions between hadrons of only O(1%), since the ∆qV terms are proportional to the
contributions to the valence quarks that arise solely from QED evolution, which are O(α)
suppressed. In practice, relating these distributions to one another by isospin symmetry still
remains a good approximation. This will underpin our development of a photon PDF of the
neutron in the next section.

For the valence distributions, in practice, the magnitude of isospin violation is seen to be
a few percent, becoming significant especially at low and high x, where all distributions tend
towards 0, as shown in Fig. 9. Of note is the fact that the discrepancy between the predicted
ratio of valence quarks and the näıve isospin assumption remains at the ∼ 1% level, even
for the peak of the valence distributions (at x ∼ 1

3 , x ∼ 2
3)). This effect is seen to increase

during the evolution, with differences of ∼ 5% at Q = 100 GeV2.
Finally, although the primarily interest in this paper for the development of QED cor-

rected neutron PDFs is to provide a manner of relating the PDFs to deuterium scattering
experiments used to constrain the partons, we also wish to highlight the potential relevance
of this set in the determination of nuclear PDFs. In particular, the assumption made in
modern determinations of nuclear PDFs (such as those of EPPS [45] and nCTEQ [46]) is to
fit to data with the assumption that the u and d quark type distributions in the neutron and
proton are related to one another by isospin symmetry. With the development of this set, we
propose that this assumption need not be applied strictly and that with the introduction of
QED effects, the small amounts of isospin violation shown in Fig. 9 may be of relevance when
the determination of nuclear PDFs reach the O(5%) level. While current determinations do
not reach this level of precision, a QED corrected relationship between proton and neutron
PDFs may provide better fits to the available data, and is of interest given that recent work
has begun to adopt quark flavour dependence in fits [47].
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‣QED introduces isospin breaking (proton           neutron)
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Figure 13: A comparison of the total Neutron and Photon PDFs at Q = 1 GeV (left) and
Q = 100 GeV (right).

where the final term accounts for all other flavours, whose contributions are assumed to be
identical for the neutron and the proton.

At the level of approximation adopted, the expression given above is expected to be
accurate to O(α), with errors of O(ααS + α2). Anticipating results from the next section,
it is seen that these higher orders induce changes in the resultant photon of ∼ 3% at high
x, while the uncertainties on the CLAS fit and the PDFs themselves each introduce a ∼
1% uncertainty on the photon PDF at low and high x respectively. Therefore, one can
conservatively estimate the uncertainty of the photon PDF of the neutron to be O(5%) at
high x and O(2− 3%) at low x where the PDF and higher order uncertainties dominate.

As seen in Fig. 13, at the input scale the photon PDF in the neutron is a factor of ∼ 2
smaller than in the proton case, while for Q = 1002 GeV2 the PDFs are comparable in size.
This is as expected, since the ratio of charges used to re-weight the proton contributions are
O(1), and as γ(el)

(p) becomes less significant in the evolution, as seen in Fig. 4, the inelastic
contribution dominates. This is seen in Fig. 14, which shows the ratio of the charged-weighted
quark singlets (ΣC) between the proton and neutron, and the ratio of γ(inel)

(n) /γ(inel)
(p) (x,Q2) at

the same scale. As shown above for the input, the isospin invariance demonstrated at low x
in the sea quarks means that the valence properties of the hadrons are less relevant at higher
scales, leading to a photon PDF of the neutron that is comparable to that of the proton.

4 Results

We now discuss the effect of adding QED corrections to the global PDF analysis. First, in
subsection 4.1, we present the changes to the PDFs due to including the QED corrections
into the input and the evolution and we show the proton PDFs obtained from the new
global analysis. In subsection 4.2.1 we discuss the global fit quality and in 4.2.2 we present
the photon PDF and compare with other contemporary analyses. Also, in subsection 4.2.3
we show the QED corrected structure functions. In subsection 4.2.4 We briefly outline the
impact of QED corrections on the best-fit value of αS. Subsection 4.2.5 then finishes with a
presentation of the photon-photon luminosities in pp collisions. In subsection 4.3 we quantify
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‣also photon pdf larger for proton
  than for neutron ~2x momentum 

and the integrand contains all QED splitting contributions to the valence distributions. Note
that an implicit overall factor of the quark electric charge, e2qi, is contained in P−(QED)

qi .
To parameterise the isospin violating components between the proton and the neutron,

we define:

∆dV,(n)(x,Q
2) = dV,(n)(x,Q

2)− uV,(p)(x,Q
2)

∆uV,(n)(x,Q
2) = uV,(n)(x,Q

2)− dV,(p)(x,Q
2),

(42)

where näıve pointwise isospin conservation would lead both of these expressions to evaluate
to 0. For isospin violation generated by QED splittings, we assume that

∆dV,(n)(x,Q
2) ∝ u(QED)

V,(p) (x,Q2), ∆uV,(n)(x,Q
2) ∝ d(QED)

V,(p) (x,Q2). (43)

In particular, we assume that provided that the momentum and number conservation rules
(eqs. (14), (38)) are obeyed by the constant of proportionality, the only further step needed
in relating the valence distributions of the proton to that of the neutron is the charge re-
weighting of the relevant valence distributions, q(QED)

V,(p) , to correct for charge proportional
terms in the evolution. Then, we may rewrite eq. (42) in the form of the following equations:

∆dV,(n)(x,Q
2
0) = ϵ

(

1−
e2d
e2u

)

u(QED)
V,(p) (x,Q2

0), (44)

∆uV,(n)(x,Q
2
0) = ϵ

(

1−
e2u
e2d

)

d(QED)
V,(p) (x,Q2

0). (45)

where ϵ is fixed to conserve momentum at input.
In order to satisfy momentum conservation, eq. (14), at input for the neutron, one needs

the neutron photon distribution at input. This defines the constant of proportionality, ϵ, by:

ϵ =

∫ 1

0 dxx(γ(p)(x)− γ(n)(x))
∫ 1

0 dxx(34u
(QED)
V,(p) (x)− 3d(QED)

V,(p) (x))
(46)

where all the distributions are evaluated at Q2
0 = 1 GeV2. This follows a procedure similar

to that adopted in [10].
This expression implicitly depends on the assumption that the remaining partons are

then related to one another in the standard manner, assuming that the antiquark (or sea)
distributions are still well approximated by

(ū)(n)(x,Q
2
0) = (d̄)(p)(x,Q

2
0), (d̄)(n)(x,Q

2
0) = (ū)(p)(x,Q

2
0) (47)

with all other quark flavours and the gluon being related identically between hadrons.
Using eqs. (44) and (45) the u and d singlet distributions are then related to one another

between hadrons by:

(d+ d̄)(n)(x,Q
2) = (u+ ū)(p)(x,Q

2) + ∆dV,(n)(x,Q
2) (48)

(u+ ū)(n)(x,Q
2) = (d+ d̄)(p)(x,Q

2) + ∆uV,(n)(x,Q
2), (49)
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• In summary, some QED effects from PDFs might exceed the 1% level

best fit value for αS to be reduced to accommodate the modification in eq. (61). Näıvely,
one may expect the magnitude of this reduction to compensate for the magnitude of the
modification term e2qα/CF ∼ 10−3. Though small, this is similar to the global fit uncertainty
on αS, and the effects of QED may therefore be significant in its determination.

This was also investigated in the development of the original MRST QED set [10], where
it was found that despite the above considerations, between the pure QCD and QCD+QED
fit, αS(MZ) remained essentially unchanged. The reason found for this was that the fit
(especially the NMC and HERA data) preferred a larger value for the gluon at low x, which
is sensitive to αS(MZ) since dF2/d lnQ2 ∝ αSPqg ⊗ g(Q2). However, the momentum carried
by the photon detracts from that carried by the small-x gluon and as a result, the change to
the gluon at small x has a tendency to require a larger value of αS(MZ) than would otherwise
be obtained. This pulls in a direction opposite to the reduction of αS(MZ) as described above,
and reduces the magnitude by which one might anticipate a change after refitting with the
effects of QED.

With the updated QED parton framework, we find that αS(MZ) experiences a reduction
from 0.1181 in the pure NNLO QCD case to 0.1180 in the fit with QED, while at NLO the
result is unchanged within the numerical precision of the fit. Although at NNLO this does
represent a small reduction, in neither case is allowing αS to be free seen to improve the total
fits by any significant degree, with ∆χ2 < 1. However, in future global fits, the inclusion of
QED effects in the partons may come to be significant as the accuracy of such measurements
are improved.

4.2.5 Photon-photon luminosity

A sense of the relevance of the photon PDF to particle production at colliders such as the
LHC may be determined from an inspection of the γγ luminosity expected at these energies
(14 TeV), shown in Fig. 26. As seen in Fig. 22, our photon and that of other sets based on
the LUXqed formulation show good agreement, and therefore our predicted γγ luminosity,
dLγγ/d lnM2, bears a strong resemblance to others in the literature (see e.g. Fig. 19 in [22]).
Also shown in Fig. 27 is the expected luminosity for a High-Energy LHC proposal with
(CoM) energy

√
s =27 TeV, and a Future Circular Collider with

√
s =100 TeV, where the

total γγ luminosity is comparable to that of Σi(qiq̄i + q̄iqi) at present LHC CoM energies (14
TeV).

Furthermore, as our photon PDF is separable by its elastic and inelastic components, we
are able to distinguish between γ(inel)γ(inel) and γ(el)γ(el) contributions to the overall lumi-
nosity. The latter is of particular interest in the context of photon-initiated central exclusive
production (CEP – see e.g. [89,90]). In this process the protons collide peripherally, exchang-
ing only photons while remaining in tact, such that they can be detected and their kinematic
properties reconstructed in dedicated proton tagging detectors installed in association with
ATLAS [91] (AFP) and CMS [92] (CT–PPS).

The cross section for this CEP process can be calculated within the so–called Equivalent
Photon Approximation [16], in which the photon flux associated with the colliding beam

of charged particles may be expressed in terms of the elastic structure functions F (el)
2,L , in a

manner similar to that considered in this paper. The γ(el)γ(el) luminosity, represented in Fig.
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Figure 25: The ratio of the Charged and Neutral Current F2 and Charged Current xF3 for
the proton, with and without the effects of QED, both at Q2 = 104 GeV2. (Left) the effects
of näıve inclusion of QED splitting kernels without the refitting of the partons (in which the
artificial reduction in the low x gluon and hence the sea quarks has an enhanced effect, as
discussed in the text). (Right) The ratio of Structure Functions after refitting the partons,
with modest effects observed in F2 CC and NC.

4.2.4 Effects of QED on αS determination in the global PDF fit

In addition to the fit described above, we have also performed a simultaneous fit to the strong
coupling , αS(MZ). The value typically used during the evolution and the comparison to data
is taken as a fixed value αS(MZ) = 0.118, which reflects a combination of both the best fit
value exclusively from our fit to data, and the independent inclusion of the world average of
αS(MZ) = 0.1181± 0.0011 [88], as discussed in Section 5.1 of [27].

In principle, one might expect that the value of αS(MZ) found after refitting with the
effects of QED included will be somewhat less than that in a pure QCD fit. This is because
at leading order, the effect on the q + q̄ distributions during the evolution, particularly at
high x, is due to gluon emission, q → qg, which leads to a slight reduction of the singlet.
In a pure QCD fit, the parameters that provide the best fit are a combination of both the
input distribution and a value of αS(MZ) which drives gluon emission at a rate (determined

by P (QCD)
qq ) in the evolution such that the PDFs at higher scales are best fit to the data.

At LO in QED however, the electromagnetic coupling α plays virtually the same role
in the evolution of the singlet distributions, diminishing the high x content due to photon
emissions q → qγ. Therefore at LO, one can consider the inclusion of QED as an enhancement
to Pqq with an increased effecting coupling:

αS → α′ =
(

αS +
e2qα

CF

)

. (61)

In a fit that includes the coupling constants as free parameters, one expects that α′, rather
than αS would tend towards a value that best models the loss of the singlet during evolution
to emission (whether to a photon or gluon). Since αS is the only free parameter in the fit
(where we adopt the world best measurement value for α [88]), one naturally expects the
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• but gluon momentum loss by photon requires larger   and compensateαs

other parameter values are taken from a fit using purely QCD kernels, the extra momentum
provided by xγ(x,Q2

0) at input is compensated by a reduction of Ag, which diminishes the
gluon contribution at low x. Such an effect disrupts the delicate cancellation between the
terms described above. This is seen to reduce the overall gluon momentum during the
evolution, as well as that of the quark singlet distributions, as the latter at low x are primarily
driven by DGLAP emission from the gluon. Therefore, a reduction in g is expected and
observed to have a knock-on effect in the same region, as shown in Fig. 15 (left).
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Figure 15: The percentage change in the u, d, s, g partons at Q = 100 GeV due to QED
evolution with (right) and without (left) refitting to data.

In Fig. 15 (right) show the effect of on the quarks of refitting, described in more detail in
Section 4.1. We can see that the exaggerated effects of the evolution at low x are compensated
by the other parameters of the gluon, as discussed above. On the other hand, the behaviour of
the partons at high x, which shows a small reduction in the singlet distributions are a genuine
effect due to the inclusion of the QED contribution to Pqq. In particular, this reduction is
primarily a natural consequence of the q → q + γ emission, which at high x has the effect of
reducing the quark singlet momenta, with corresponding increases in xγ(x,Q2).

We note that although the s distribution experiences a larger magnitude of change due
to QED than that of the other partons, this effect is a consequence of the s+ s̄ distribution
being less well constrained by the data, and therefore more sensitive to the effects of refitting,
rather than having an enhanced sensitivity to the effects of QED.

In Figs. 16 - 18 we show the ratio of the PDFs with and without QED effects, including
the corresponding PDF uncertainties. We can see that upon refitting the singlet (q + q̄)
and gluon PDFs all lie within the PDF uncertainties of the pure QCD fit, with the central
values and uncertainties remaining only modestly affected, with O(2%) reduction for the
s + s̄ distribution, (with a slight increase in the reduction at high x, due to the effect of
QED splittings mentioned above). The up valence quark, uV and to a lesser extent the down
valence quark dV , are most sensitive to QED effects, with a O(2 − 5%) change at low x in
their central values, though this is relatively marginal given the large uncertainties (∼ 20%)
in the valence quark PDFs in this region.

In Fig. 19 we see the details of the momentum carried by each of the partons as a function
of Q2 for both the proton and neutron. At input the fractional momentum carried by the
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We note that although the s distribution experiences a larger magnitude of change due
to QED than that of the other partons, this effect is a consequence of the s+ s̄ distribution
being less well constrained by the data, and therefore more sensitive to the effects of refitting,
rather than having an enhanced sensitivity to the effects of QED.

In Figs. 16 - 18 we show the ratio of the PDFs with and without QED effects, including
the corresponding PDF uncertainties. We can see that upon refitting the singlet (q + q̄)
and gluon PDFs all lie within the PDF uncertainties of the pure QCD fit, with the central
values and uncertainties remaining only modestly affected, with O(2%) reduction for the
s + s̄ distribution, (with a slight increase in the reduction at high x, due to the effect of
QED splittings mentioned above). The up valence quark, uV and to a lesser extent the down
valence quark dV , are most sensitive to QED effects, with a O(2 − 5%) change at low x in
their central values, though this is relatively marginal given the large uncertainties (∼ 20%)
in the valence quark PDFs in this region.

In Fig. 19 we see the details of the momentum carried by each of the partons as a function
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V+q+q.
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Thi s expr essi on has been der i ved i n t he c. m. f r ame of t he i ncomi ng par t ons, wher e
s; denot es t he i nvar i ant mass of t he vect or boson combi ned wi t h one of t he f i nal
st at e par t ons i . I n many cases i t i s mor e conveni ent t o eval uat e t he t hr ee- par t i cl e
phase- space i nt egr al s i n ot her L. or ent z f r ames l i ke t he c. m. f r ame of t he t wo
out goi ng par t ons [ 21, 23, 24, 34] or t he c. m. f r ame of t he vect or boson and one of
t he out goi ng par t ons [ 35] . I n or der t o per f or mt he angul ar i nt egr at i ons t he mat r i x
el ement 1. , g 12 has t o be decomposed i n such a way t hat onl y t wo f act or s cont ai n

A

Fi g. 7. Anni hi l at i on gr aphs cont r i but i ng t o t he subpr ocess q + W- V+q +q.
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Fi g. 5 . The one- l oop cor r ect i ons t o t he pr ocess q + q - V+ g. The di agr ams cor r espondi ng t o t he
one- l oop cor r ect i on t o t he subpr ocess q( q) + g - ) , V+ q( q) can be obt ai ned vi a cr ossi ng.

ver t ex gr aphs i n f i g. 4 cont ai ni ng t he t r i angl e f er mi on l oop. These gr aphs onl y
cont r i but e i n t he case of Z- pr oduct i on wi t h massi ve quar ks i n t he l oop. Not i ce t hat
one al ways has t o sumover al l f l avour s i n a quar k f ami l y i n or der t o cancel t he
anomal y ar i si ng f r omt hi s t ype of gr aphs .

The t wo- body phase- space i nt egr al s emer gi ng f r omf i g. 5 const i t ut e t he easi est
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wher e s i s t he c. m. ener gy of t he i ncomi ng par t ons and ® i s t he angl e bet ween one
of t he i ncomi ng and t he out goi ng par t on. The ampl i t ude 1, g12 cont ai ns al l
one- l oop i nt egr al s. The scal ar l oop i nt egr al s can be f ound i n appendi x F of r ef .
[ 24] . I t t ur ned out t hat we had t o eval uat e 89 i nt egr al s of t he ki nd i n eq. ( 2. 23) ,
whi ch however do not f or m an i ndependent set . Di st i ngui shi ng t hem i n sof t
( si ngul ar at s =Q2 ) and har d ( r egul ar at s =Q2 ) gl uon i nt egr al s we count 8 and 81
r espect i vel y. Agai n t he gr aph cont ai ni ng t he f er mi on l oop i n f i g. 5 onl y cont r i but es
i n t he case of Z- pr oduct i on wi t h a massi ve quar k l oop. As f or t he t wo- l oop
di agr amof f i g. 4 one has t o sumover t he member s of a quar k f ami l y i n or der t o
cancel t he anomal y.

The most di f f i cul t and l abor i ous par t of t he cal cul at i on i s due t o t he pur el y
r adi at i ve subpr ocesses gi ven i n f i gs . 6- 9 whi ch cont ai n t hr ee par t i cl es i n t he f i nal
st at e . They i nvol ve t he cal cul at i on of t he t hr ee- body phase- space i nt egr al s of t he
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( 2) Two f er mi on t r ace mat r i x el ement s, wher e one of t he t r aces cont ai ns bot h
ver t i ces of t he f or m( 2. 22) . They appear i n t he t er ms A2, B2, C2, D2, E2 and F2 i n
f i gs . 7- 9;

( 3) Two f er mi on t r ace mat r i x el ement s, i n whi ch each t r ace cont ai ns one ver t ex
of t he t ype gi ven above . Cont r i but i ons of t hese t ype or i gi nat e f r om t he combi na-
t i ons AB, CDand EF i n f i gs . 7- 9.

Tr aces of t ypes ( 1) and ( 2) can be per f or med by ant i commut i ng t he ys wi t h al l
Di r ac mat r i ces y, , , so t hat t he mat r i x el ement i s pr opor t i onal t o t he one obt ai ned
f or a vi r t ual phot on ( V=y) mul t i pl i ed by v? + a2. Tr aces of t ype ( 3) have t o be
deal t wi t h mor e car e. However , si nce t he par t oni c st r uct ur e f unct i ons Wcor r e-
spondi ng t o t he combi nat i ons ment i oned i n ( 3) ar e mani f est l y col l i near l y f i ni t e, t he
t r ace can be cal cul at ed i n f our di mensi ons . I n t hi s case t he vect or - vect or ( vi vj ) and
t he axi al - axi al ( ai aj ) par t s of t he mat r i x el ement ar e i n gener al not equal t o each
ot her .

Af t er havi ng comput ed t he t r aces we have t o i nt egr at e t he mat r i x el ement s over
al l i nt er nal - l oop and f i nal - st at e moment a whi ch i s t he most di f f i cul t par t of t he
cal cul at i on. I n t hi s paper we t ake al l par t ons t o be massl ess . The case of massi ve
quar ks ( e. g. when heavy f l avour s ar e pr oduced i n t he f i nal st at e) wi l l be di scussed
at t he end of t hi s sect i on. Even i f t he par t ons ar e massl ess t he i nt egr al s ar e ver y
numer ous and f ar f r om t r i vi al . Thi s i n par t i cul ar hol ds f or t he t wo- l oop i nt egr al s
appear i ng i n t he quar k f or m f act or ( f i g . 4) and t he t hr ee- body phase- space
i nt egr al s showi ng up i n t he cal cul at i on of t he gr aphs i n f i gs . 5- 9. Some of t hem
even have t o be expanded up t o or der E4 .

St ar t i ng wi t h t he t wo- l oop gr aphs i n f i g. 4 we had t o eval uat e 107 di f f er ent t ypes
of scal ar i nt egr al s [ 32] . Not e t hat t hey ar e not l i near l y i ndependent . The i r r e-
duci bl e set cont ai ns 36 el ement s onl y and can be f ound i n r ef . [ 33] . Apar t f r omone
mi spr i nt i n t he scal ar i nt egr al cor r espondi ng t o di agr am4Ci n t he appendi x of r ef .
[ 33] , we agr ee wi t h t hei r r esul t . The f i nal r esul t f or t he quar k f or m f act or i s
pr esent ed i n eq. ( 2. 49) of r ef . [ 21] ( see al so appendi x Aof r ef . [ 23] ) . Thi s r esul t
agr ees wi t h t he one quot ed i n r ef . [ 18] . Fi nal l y we woul d l i ke t o comment on t he

Fi g. 4. The t wo- l oop cor r ect i ons t o t he pr ocess q +4 - ; V.

‣QCD NNLO for (inclusive) DY has been available for quite some time

small corrections by Harlander, Kilgore (2002)



‣It is possible to use the NNLO QCD result to obtain the QEDxQCD 
  mixed terms and the QED2 the first EW and mixed order contributions to Drell-Yan pair production in the general expansion

dσ =
∑

i,j

αi
sα

jdσ(i,j), (1)

where pure EW dσ(0,j) and QCD dσ(i,0) corrections, as well as mixed order contributions, which
combine effects of the two interactions, arise.

So far, QCD corrections to the total cross- section have been calculated at next-to leading
order (NLO) in ref [12], and at next-to-next-to leading order (NNLO) in an inclusive way, in
refs. [13–15]. Exclusive results have also been presented up to NNLO QCD accuracy [16–21].
Additionally, threshold calculations have been performed at next-to-next-to-next-to-leading-order
(N3LO) and next-to-next-to-next-to-leading-logarithmic (N3LL) accuracy in refs. [22, 23].

On the other hand, concerning the EW contributions, exclusive computations for NLO-EW
corrections to CC-DY are available in refs. [24–26] and for NC-DY, in refs. [27,28]. Finally, progress
towards the computation of NNLO-EW has been accomplished in recent years too [29–32]. Due
to the lack of the full calculation of the NNLO mixed-order terms O(ααs), different approaches
have been followed to approximately combine the QCD and QED/EW corrections [33–37], by
either assuming the full factorisation or the additive combination of the strong and electroweak
contributions. Particularly, recent partial exclusive results have been presented for the resonance
region, by using the pole approximation [38–40].

The contributions for a general (i.e. including the decay of the gauge boson) perturbative cal-
culation of Drell-Yan can be roughly characterised into the following subsets: on one hand, purely
factorisable terms that arise due to initial state (production, from the initial state partons) and final
state (decay, from the final state leptons) emission and, on the other hand, non-factorisable terms
originated by soft photon exchange between the production and the decay. The non-factorisable
O(ααs) terms have been shown [38–40] to have a negligible impact on the cross section, allowing
to treat effectively Drell-Yan in the (resonant) limit of the decoupling between the production and
decay processes, at least for the achieved experimental accuracy. The results presented in [40] also
rely on the assumption that the missing initial-initial state factorisable O(ααs) contributions are
very small.

The computation of the so far unknown mixed QCD×QED O(ααs) corrections to the inclusive
on-shell production of a Z boson in hadronic collisions is exactly the main goal of this paper†.
Those contributions are by themselves a gauge-invariant set of the complete Drell-Yan cross section
calculation at O(ααs), even for CC-DY. Furthermore, counting with analytical expressions for
the total cross section can be useful to establish a subtraction method to compute differential
distributions for different observables at O(ααs) by extending, for example, the qT− subtraction
method [41] originally developed for pure QCD corrections.

In principle a full computation of QCD×QED O(ααs) terms involves, as in any NNLO calcu-
lation, the evaluation of double-virtual, single-virtual plus one parton emission and double parton
emission contributions, where parton in general refers to quarks, antiquarks, gluons, and photons.

†In order to separate the QED contributions computed here from the weak induced effects, we consider the
coupling between the Z boson and the quarks as an effective coupling and do not take into account self-energy
insertions in the Z (and eventually γ) propagator.
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general expansion in both couplings

“Full NNLO” means i + j = 2
(2,0)
(1,1)
(0,2)

QCD2

QED2

QEDxQCD

‣Abelianization procedure

QCD QED

(1,1)

(0,2) (0,2)

(1,1)

Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD
corrections in Fig.1.

that also the colour factor TR vanishes when the similar contribution is analysed in the QCD×QED
case, since the result for

[

(c)(2,0) × (c∗)(0,2)
]

becomes proportional to Tr[T a]. Therefore, since terms

proportional to both CA and TR are vanishing, the same occurs for terms proportional to βQCD
0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed
at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive
in the products of the type

[

(c)(2,0) × (d∗)(0,2)
]

and
[

(d)(2,0) × (d′∗)(0,2)
]

, i.e. the interference of
amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different
colour factors (after factorising an overall factor of 1/2NC) for diagrams contributing to σ(2,0), and
the resulting ones after the abelianisation procedure corresponding to σ(1,1). The replacements in
the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can
be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED
corrections to Drell-Yan as well (i.e. the calculation of σ(0,2)), if a deeper abelian limit is consid-
ered in this case. Here, by turning two gluons into photons from the topologies of NNLO QCD
calculation one can recover correction terms up to second order in α, thus completing the set of
QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour
factors (including electric charges of both quarks and leptons that might appear in the final state)
are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-
pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Same kinematical structure                      change of color factors
for Abelian contributions



example: qqbar channel

‣Identify Topologies and compute Color factorsABELIANISATIONExample:      channelqq̄
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(2,0) (2,0)
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(2,0) (2,0)

STEP 1: Identify topologies and colour factors 
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ABELIANISATIONExample:      channelq q̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 1: Identify topologies and colour factors 

| (a)(2,0) |2 ∼ 1
2N2c

Tr[TbTaTaTb] = 1
2Nc

C2
F

[(a)(2,0)(a′�*)(2,0)] ∼ 1
2N2c

Tr[TbTaTbTa] = 1
2Nc

CF (CF − CA

2 )
[(b)(2,0)(a*)(2,0)] ∼ 1

2N2c
f abcTr[TcTaTb] = − 1

2Nc
CF

CA

2
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(c)(2,0)
2

∼ nFTR

C2
F

CFCA

nFTR



ABELIANISATIONExample:      channelqq̄
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STEP 2: Exchange gluon per photon and recalculate 
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‣Replace one gluon by a photonABELIANISATIONExample:      channelqq̄
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| (a)(1,1) |2 ∼ [(a)(1,1)(a′ �*)(1,1)] ∼
e2

q

N2c
Tr[TaTa] =

e2
q

Nc
CF

1
2Nc

C2
F and

1
2Nc

CF (CF − CA

2 ) →
e2

q

Nc
CF

− 1
2Nc

CF
CA

2 → 0

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

↵s↵
<latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit><latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit><latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit><latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit>



ABELIANISATIONExample:      channelqq̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 2: Exchange gluon per photon and recalculate 

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

‣Replace one gluon by a photonABELIANISATIONExample:      channelqq̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 2: Exchange gluon per photon and recalculate 

(1,1)

(0,2) (0,2)

(1,1)

(1,1)

(0,2) (0,2)

(1,1)

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

ABELIANISATIONExample:      channelqq̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 2: Exchange gluon per photon and recalculate 

(1,1)

(0,2) (0,2)

(1,1)

(1,1)

(0,2) (0,2)

(1,1)

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

ABELIANISATIONExample:      channelqq̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 2: Exchange gluon per photon and recalculate 

(1,1)

(0,2) (0,2)

(1,1)

(1,1)

(0,2) (0,2)

(1,1)

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

ABELIANISATIONExample:      channelqq̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 2: Exchange gluon per photon and recalculate 

(1,1)

(0,2) (0,2)

(1,1)

(1,1)

(0,2) (0,2)

(1,1)

| (a)(1,1) |2 ∼ [(a)(1,1)(a′ �*)(1,1)] ∼
e2

q

N2c
Tr[TaTa] =

e2
q

Nc
CF

1
2Nc

C2
F and

1
2Nc

CF (CF − CA

2 ) →
e2

q

Nc
CF

− 1
2Nc

CF
CA

2 → 0

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

ABELIANISATIONExample:      channelqq̄
STEP 3: Find replacements of colour factors

{CA → 0, TR → 0, C2
F → 2 e2

q CF}

(1,1)

(0,2) (0,2)

(1,1)

(2,0) (2,0)

(2,0) (2,0)

Ignacio Fabre - HP2 Freiburg 2018 - 08/12

ABELIANISATIONExample:      channelqq̄
STEP 3: Find replacements of colour factors

{CA → 0, TR → 0, C2
F → 2 e2

q CF}

(1,1)

(0,2) (0,2)

(1,1)

(2,0) (2,0)

(2,0) (2,0)

Ignacio Fabre - HP2 Freiburg 2018 - 08/12

ABELIANISATIONExample:      channelqq̄
STEP 3: Find replacements of colour factors

{CA → 0, TR → 0, C2
F → 2 e2

q CF}

(1,1)

(0,2) (0,2)

(1,1)

(2,0) (2,0)

(2,0) (2,0)

Ignacio Fabre - HP2 Freiburg 2018 - 08/12

↵s↵
<latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit><latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit><latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit><latexit sha1_base64="2a7y+6Kul7nV0qkVGit7dqVX+V8="></latexit>



ABELIANISATIONExample:      channelqq̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 2: Exchange gluon per photon and recalculate 

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

‣Replace two gluon by photonsABELIANISATIONExample:      channelqq̄

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

(2,0) (2,0)

STEP 2: Exchange gluon per photon and recalculate 

(1,1)

(0,2) (0,2)

(1,1)

(1,1)

(0,2) (0,2)

(1,1)

Ignacio Fabre - HP2 Freiburg 2018 - 07/12

↵2
<latexit sha1_base64="IyywJiH0jINvKG5lsH8Eeo6ppn4=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXdOOygn1AG8tkOmmHTiZxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xTqVgsbvQ0oX6ER4KFjGBtpG4f82SMb91BuYLs83rV9aoQ2QjVHNfJiVvzzjzoGCVHBSzRHJTf+8OYpBEVmnCsVM9BifYzLDUjnM5K/VTRBJMJHtGeoQJHVPnZ/N4ZPDHKEIaxNCU0nKvfJzIcKTWNAtMZYT1Wv71c/MvrpTqs+xkTSaqpIItFYcqhjmH+PBwySYnmU0MwkczcCskYS0y0iahkQvj6FP5P2q7tINu59iqNi2UcRXAEjsEpcEANNMAVaIIWIICDB/AEnq0769F6sV4XrQVrOXMIfsB6+wQU7o/+</latexit><latexit sha1_base64="IyywJiH0jINvKG5lsH8Eeo6ppn4=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXdOOygn1AG8tkOmmHTiZxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xTqVgsbvQ0oX6ER4KFjGBtpG4f82SMb91BuYLs83rV9aoQ2QjVHNfJiVvzzjzoGCVHBSzRHJTf+8OYpBEVmnCsVM9BifYzLDUjnM5K/VTRBJMJHtGeoQJHVPnZ/N4ZPDHKEIaxNCU0nKvfJzIcKTWNAtMZYT1Wv71c/MvrpTqs+xkTSaqpIItFYcqhjmH+PBwySYnmU0MwkczcCskYS0y0iahkQvj6FP5P2q7tINu59iqNi2UcRXAEjsEpcEANNMAVaIIWIICDB/AEnq0769F6sV4XrQVrOXMIfsB6+wQU7o/+</latexit><latexit sha1_base64="IyywJiH0jINvKG5lsH8Eeo6ppn4=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXdOOygn1AG8tkOmmHTiZxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xTqVgsbvQ0oX6ER4KFjGBtpG4f82SMb91BuYLs83rV9aoQ2QjVHNfJiVvzzjzoGCVHBSzRHJTf+8OYpBEVmnCsVM9BifYzLDUjnM5K/VTRBJMJHtGeoQJHVPnZ/N4ZPDHKEIaxNCU0nKvfJzIcKTWNAtMZYT1Wv71c/MvrpTqs+xkTSaqpIItFYcqhjmH+PBwySYnmU0MwkczcCskYS0y0iahkQvj6FP5P2q7tINu59iqNi2UcRXAEjsEpcEANNMAVaIIWIICDB/AEnq0769F6sV4XrQVrOXMIfsB6+wQU7o/+</latexit><latexit sha1_base64="IyywJiH0jINvKG5lsH8Eeo6ppn4=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFSYxtHVXdOOygn1AG8tkOmmHTiZxZiKU0J9w40IRt/6OO//GSVtBRQ9cOJxzL/feEyScKY3Qh1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0Ek8vc79xTqVgsbvQ0oX6ER4KFjGBtpG4f82SMb91BuYLs83rV9aoQ2QjVHNfJiVvzzjzoGCVHBSzRHJTf+8OYpBEVmnCsVM9BifYzLDUjnM5K/VTRBJMJHtGeoQJHVPnZ/N4ZPDHKEIaxNCU0nKvfJzIcKTWNAtMZYT1Wv71c/MvrpTqs+xkTSaqpIItFYcqhjmH+PBwySYnmU0MwkczcCskYS0y0iahkQvj6FP5P2q7tINu59iqNi2UcRXAEjsEpcEANNMAVaIIWIICDB/AEnq0769F6sV4XrQVrOXMIfsB6+wQU7o/+</latexit>

(1,1)

(0,2) (0,2)

(1,1)

Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD
corrections in Fig.1.

that also the colour factor TR vanishes when the similar contribution is analysed in the QCD×QED
case, since the result for

[

(c)(2,0) × (c∗)(0,2)
]

becomes proportional to Tr[T a]. Therefore, since terms

proportional to both CA and TR are vanishing, the same occurs for terms proportional to βQCD
0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed
at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive
in the products of the type

[

(c)(2,0) × (d∗)(0,2)
]

and
[

(d)(2,0) × (d′∗)(0,2)
]

, i.e. the interference of
amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different
colour factors (after factorising an overall factor of 1/2NC) for diagrams contributing to σ(2,0), and
the resulting ones after the abelianisation procedure corresponding to σ(1,1). The replacements in
the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can
be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED
corrections to Drell-Yan as well (i.e. the calculation of σ(0,2)), if a deeper abelian limit is consid-
ered in this case. Here, by turning two gluons into photons from the topologies of NNLO QCD
calculation one can recover correction terms up to second order in α, thus completing the set of
QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour
factors (including electric charges of both quarks and leptons that might appear in the final state)
are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-
pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Colour factors in qq̄

diagram α2
s α× αs α2

|(a)|2 C2
F 2e2qCF e4q

(d)× (d∗) CFTR 0 CA e2i e
2
j

(c)× (c∗) nF CFTR 0 e2q

[

NC

∑

kϵQ

e2k +
∑

kϵL

e2k

]

(a)× (a′∗) C2
F − CF CA

2 2e2qCF e4q

(d)× (d′∗) C2
F − CF CA

2 2e2qCF e4q

(b)× (a∗) −CF CA

2 0 0

(c)× (d∗) C2
F − CF CA

2 2e2qCF e4q

Table 1: Colour factors corresponding to qq̄ channel for each contribution to NNLO QCD⊕QED
corrections to Drell-Yan, up to an overall 1

2NC
factor. Focusing on α2 factors, the third column

includes sums over sets of quark (Q) and lepton (L) final state charges, while ei and ej refer to
different quark flavour charges in the scattering.

to σ(1,1) can be obtained from the qg calculation for NNLO QCD corrections, by choosing the ini-
tial or final state gluon, respectively, to perform the abelianisation and following the procedure
detailed above. Particularly, in the case of γg channel, we have performed the explicit calculation
of the fixed order corrections, finding perfect agreement with the result obtained by applying the
abelianisation procedure.

3 Results and Phenomenology

In general the cross section can be written as

dσZ

dQ2
= τσZ(Q

2,M2
Z)WZ(τ, Q

2), (2)

where σZ is the point-like LO cross section,
√
S is the hadronic centre-of-mass energy, Q the

invariant mass of the produced Z, τ = Q2

S and WZ(τ, Q2) is the hadronic structure function.

The point-like cross section that appears in Eq.(2) is defined as

σZ(Q
2,M2

Z) =
πα

4MZ sin2 θW cos2 θW

1

NC

ΓZ→X

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

, (3)

where NC = 3 is the number of quark colours, θW is the weak mixing angle (with sin2 θW = 0.23),
MZ = 91.187 GeV and ΓZ are the mass and width of the Z, and ΓZ→X is the partial width due
to the decay of the Z to X (e.g. for leptonic decay, X = ℓℓ̄). The narrow-width approximation
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD
corrections in Fig.1.

that also the colour factor TR vanishes when the similar contribution is analysed in the QCD×QED
case, since the result for

[

(c)(2,0) × (c∗)(0,2)
]

becomes proportional to Tr[T a]. Therefore, since terms

proportional to both CA and TR are vanishing, the same occurs for terms proportional to βQCD
0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed
at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive
in the products of the type

[

(c)(2,0) × (d∗)(0,2)
]

and
[

(d)(2,0) × (d′∗)(0,2)
]

, i.e. the interference of
amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different
colour factors (after factorising an overall factor of 1/2NC) for diagrams contributing to σ(2,0), and
the resulting ones after the abelianisation procedure corresponding to σ(1,1). The replacements in
the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can
be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED
corrections to Drell-Yan as well (i.e. the calculation of σ(0,2)), if a deeper abelian limit is consid-
ered in this case. Here, by turning two gluons into photons from the topologies of NNLO QCD
calculation one can recover correction terms up to second order in α, thus completing the set of
QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour
factors (including electric charges of both quarks and leptons that might appear in the final state)
are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-
pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Colour factors in qq̄

diagram α2
s α× αs α2

|(a)|2 C2
F 2e2qCF e4q

(d)× (d∗) CFTR 0 CA e2i e
2
j

(c)× (c∗) nF CFTR 0 e2q

[

NC

∑

kϵQ

e2k +
∑

kϵL

e2k

]

(a)× (a′∗) C2
F − CF CA

2 2e2qCF e4q

(d)× (d′∗) C2
F − CF CA

2 2e2qCF e4q

(b)× (a∗) −CF CA

2 0 0

(c)× (d∗) C2
F − CF CA

2 2e2qCF e4q

Table 1: Colour factors corresponding to qq̄ channel for each contribution to NNLO QCD⊕QED
corrections to Drell-Yan, up to an overall 1

2NC
factor. Focusing on α2 factors, the third column

includes sums over sets of quark (Q) and lepton (L) final state charges, while ei and ej refer to
different quark flavour charges in the scattering.

to σ(1,1) can be obtained from the qg calculation for NNLO QCD corrections, by choosing the ini-
tial or final state gluon, respectively, to perform the abelianisation and following the procedure
detailed above. Particularly, in the case of γg channel, we have performed the explicit calculation
of the fixed order corrections, finding perfect agreement with the result obtained by applying the
abelianisation procedure.

3 Results and Phenomenology

In general the cross section can be written as

dσZ

dQ2
= τσZ(Q

2,M2
Z)WZ(τ, Q

2), (2)

where σZ is the point-like LO cross section,
√
S is the hadronic centre-of-mass energy, Q the

invariant mass of the produced Z, τ = Q2

S and WZ(τ, Q2) is the hadronic structure function.

The point-like cross section that appears in Eq.(2) is defined as

σZ(Q
2,M2

Z) =
πα

4MZ sin2 θW cos2 θW

1

NC

ΓZ→X

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

, (3)

where NC = 3 is the number of quark colours, θW is the weak mixing angle (with sin2 θW = 0.23),
MZ = 91.187 GeV and ΓZ are the mass and width of the Z, and ΓZ→X is the partial width due
to the decay of the Z to X (e.g. for leptonic decay, X = ℓℓ̄). The narrow-width approximation
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ABELIANISATIONExample:      channelq q̄
STEP 3: Find replacements of colour factors

{CA → 0, TR → 0, C2
F → 2 e2

q CF}
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βQCD
0 =

11CA −4 TR n f

3 → 0 (βQCD
0 =

11CA −4 TR n f

3 → βQED
0 )
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Figure 1: Some of the diagrams contributing to NNLO QCD corrections to Drell-Yan.

different colour factors, according to the configurations of colour matrix traces in the calculation
of each contribution to the partonic cross section.

For example, terms corresponding to the calculation of
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2
in NNLO QCD result pro-

portional to 1
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T bT aT aT b
]

= 1
2NC

C2
F , where the N2

C in the denominator arises due to the

average over the colour factor of the incoming quarks and the symmetry factor 1/2 is due to
the appearance of two identical gluons in the final state. For the case of

[
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]

both abelian and non-abelian contributions appear resulting in a factor 1
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T bT aT bT a
]
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CF (CF − CA/2) and, when considering terms from
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, they result propor-
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]

= − 1
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(CFCA/2), a purely non-abelian

contribution.

Once colour factors are characterised for each term, we choose a gluon in the diagram, replace
it by a photon and recalculate the colour structure, thus obtaining modified diagrams with the
corresponding new factors for QCD×QED corrections. These are shown in Fig.2. Naturally,
all the diagrams of type (b) (i.e. topologies containing at least one 3-gluon-vertex), which always
contribute to second order for the NNLO QCD calculation in this process, vanish when considering
the abelian limit.

Taking this into account, we find that the modified factors for
∣

∣(a)(1,1)
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2
and

[

(a)(1,1) × (a′∗)(1,1)
]

are both given by
e2q
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e2q
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CF , where we have included the charge of the quark for the

QED coupling, while the non-abelian one obviously vanishes. Here we may notice that all the
colour factors proportional to CA, which corresponds to non-abelian part of the calculation, could
be thrown out when considering the abelian limit, while the ones proportional to C2

F are to be
replaced by 2e2qCF , thus obtaining QCD×QED factors in each case. It is worth noticing by
performing the same analysis for the topology shown in Fig.1c, i.e. the production of a qq̄ pair,
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD
corrections in Fig.1.

that also the colour factor TR vanishes when the similar contribution is analysed in the QCD×QED
case, since the result for

[

(c)(2,0) × (c∗)(0,2)
]

becomes proportional to Tr[T a]. Therefore, since terms

proportional to both CA and TR are vanishing, the same occurs for terms proportional to βQCD
0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed
at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive
in the products of the type

[

(c)(2,0) × (d∗)(0,2)
]

and
[

(d)(2,0) × (d′∗)(0,2)
]

, i.e. the interference of
amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different
colour factors (after factorising an overall factor of 1/2NC) for diagrams contributing to σ(2,0), and
the resulting ones after the abelianisation procedure corresponding to σ(1,1). The replacements in
the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can
be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED
corrections to Drell-Yan as well (i.e. the calculation of σ(0,2)), if a deeper abelian limit is consid-
ered in this case. Here, by turning two gluons into photons from the topologies of NNLO QCD
calculation one can recover correction terms up to second order in α, thus completing the set of
QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour
factors (including electric charges of both quarks and leptons that might appear in the final state)
are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-
pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Table 1: Colour factors corresponding to qq̄ channel for each contribution to NNLO QCD⊕QED
corrections to Drell-Yan, up to an overall 1

2NC
factor. Focusing on α2 factors, the third column

includes sums over sets of quark (Q) and lepton (L) final state charges, while ei and ej refer to
different quark flavour charges in the scattering.

to σ(1,1) can be obtained from the qg calculation for NNLO QCD corrections, by choosing the ini-
tial or final state gluon, respectively, to perform the abelianisation and following the procedure
detailed above. Particularly, in the case of γg channel, we have performed the explicit calculation
of the fixed order corrections, finding perfect agreement with the result obtained by applying the
abelianisation procedure.

3 Results and Phenomenology

In general the cross section can be written as

dσZ

dQ2
= τσZ(Q

2,M2
Z)WZ(τ, Q

2), (2)

where σZ is the point-like LO cross section,
√
S is the hadronic centre-of-mass energy, Q the

invariant mass of the produced Z, τ = Q2

S and WZ(τ, Q2) is the hadronic structure function.

The point-like cross section that appears in Eq.(2) is defined as

σZ(Q
2,M2

Z) =
πα

4MZ sin2 θW cos2 θW

1

NC

ΓZ→X

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

, (3)

where NC = 3 is the number of quark colours, θW is the weak mixing angle (with sin2 θW = 0.23),
MZ = 91.187 GeV and ΓZ are the mass and width of the Z, and ΓZ→X is the partial width due
to the decay of the Z to X (e.g. for leptonic decay, X = ℓℓ̄). The narrow-width approximation
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Figure 3: K-factors for the different distributions as defined in Eq.(6). The (blue) dashed line
corresponds to KNLO

QED , the (blue) dotted line to KNNLO
QED , the solid line to the mixed KNNLO

QCD×QED

and the (black) dotted line to the pure NNLO QCD corrections KNNLO
QCD .

used along this paper consists on making the following replacement

1

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

→
π

MZΓZ
δ(Q2 −M2

Z). (4)

ensuring the decoupling of the production and decay mechanisms. The hadronic structure function
appearing in (2) can be written as a sum of contributions of different orders

WZ(τ, Q
2) =

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx δ(τ − xx1x2)
∑

i, j

(αs

4π

)i ( α

4π

)j
w(i,j)

Z (x, x1, x2, Q
2), (5)

where the dependence on the factorisation µF and renormalisation µR scales is implicit.

The analytic expressions for the inclusive cross section of Drell-Yan Z-production at QCD⊕QED
NNLO are presented in the Appendices. In this section we study the phenomenology of the total
inclusive cross section, i.e. in all the decay channels of the Z, within the narrow-width approxi-
mation. To this end, a specific code was written which makes use of the LHAPDF [44] package
to interpolate sets of parton distribution functions.

For the phenomenological study, unless explicitly stated, we set the renormalisation and fac-
torisation scales to µR = µF = MZ . For both interactions, we set the running coupling at the
corresponding renormalisation scale (i.e. α(MZ) ∼ 1

128
¶) and always use the parton distributions

¶For the sake of simplicity we make the same choice for the value of the coupling between quarks and the Z

boson in the Born cross section in Eq.(3).
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Colour factors in qq̄

diagram α2
s α× αs α2
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F 2e2qCF e4q

(d)× (d∗) CFTR 0 CA e2i e
2
j
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kϵQ

e2k +
∑

kϵL

e2k

]
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F − CF CA
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F − CF CA

2 2e2qCF e4q

(b)× (a∗) −CF CA

2 0 0

(c)× (d∗) C2
F − CF CA

2 2e2qCF e4q

Table 1: Colour factors corresponding to qq̄ channel for each contribution to NNLO QCD⊕QED
corrections to Drell-Yan, up to an overall 1

2NC
factor. Focusing on α2 factors, the third column

includes sums over sets of quark (Q) and lepton (L) final state charges, while ei and ej refer to
different quark flavour charges in the scattering.

to σ(1,1) can be obtained from the qg calculation for NNLO QCD corrections, by choosing the ini-
tial or final state gluon, respectively, to perform the abelianisation and following the procedure
detailed above. Particularly, in the case of γg channel, we have performed the explicit calculation
of the fixed order corrections, finding perfect agreement with the result obtained by applying the
abelianisation procedure.

3 Results and Phenomenology

In general the cross section can be written as

dσZ

dQ2
= τσZ(Q

2,M2
Z)WZ(τ, Q

2), (2)

where σZ is the point-like LO cross section,
√
S is the hadronic centre-of-mass energy, Q the

invariant mass of the produced Z, τ = Q2

S and WZ(τ, Q2) is the hadronic structure function.

The point-like cross section that appears in Eq.(2) is defined as

σZ(Q
2,M2

Z) =
πα

4MZ sin2 θW cos2 θW

1

NC

ΓZ→X

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

, (3)

where NC = 3 is the number of quark colours, θW is the weak mixing angle (with sin2 θW = 0.23),
MZ = 91.187 GeV and ΓZ are the mass and width of the Z, and ΓZ→X is the partial width due
to the decay of the Z to X (e.g. for leptonic decay, X = ℓℓ̄). The narrow-width approximation
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ABELIANISATION

Example:      channel

qq̄

STEP 3: Find replacements of colour factors

{CA → 0, TR → 0, C 2
F → 2 e 2

q CF}
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO
QCD

corrections in Fig.1.

that also the colour factor T
R vanishes when the similar contribution is analysed in the QCD×QED

case, since the result for [
(c) (2,0)×

(c ∗) (0,2) ]
becomes proportional to Tr[T a]. Therefore, since terms

proportional to both
C
A and

T
R are vanishing, the same occurs for terms proportional to β QCD0

in
the original pure QCD

calculation, consistent with
the fact that no renormalisation

is needed

at this order either for the QED
or QCD

couplings §. Same wise, only a few
contributions survive

in
the products of the type [

(c) (2,0)×
(d ∗) (0,2) ]

and [

(d) (2,0)×
(d ′∗) (0,2) ]

, i.e.
the interference of

amplitudes with
one photon

and with
one gluon

exchange.

This strategy
can

be extended
for all the topologies in

qq̄. In
Table 2 we show

the different

colour factors (after factorising an overall factor of 1/2N
C ) for diagrams contributing to σ (2,0), and

the resulting ones after the abelianisation procedure corresponding to σ (1,1). The replacements in

the colour structures needed
to go from

the NNLO
QCD

coefficients to the QCD×QED
ones can

be directly read from
the entries in

Table 2.

As an
important feature, this method

shows to
be versatile in

order to
obtain

NNLO
QED

corrections to Drell-Yan
as well (i.e. the calculation

of σ (0,2)), if a deeper abelian
limit is consid-

ered
in
this case. Here, by

turning two
gluons into photons from

the topologies of NNLO
QCD

calculation
one can

recover correction
terms up

to second
order in

α, thus completing the set of

QCD⊕QED
NNLO

corrections to
Drell-Yan, in

the sense of Eq.(1).
The corresponding

colour

factors (including electric charges of both quarks and leptons that might appear in the final state)

are also shown
in
Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully
the initial flux

factor, which
de-

pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§
As stated

above, we consider the Born
coupling

between
the

quarks and
the

Z
in
the sense of an

effective

coupling.
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Figure 4: Ratio R between the exact and the factorisation approximation for the mixed
QCD×QED contributions. The inset plot shows the ratio of the cross section computed exactly
and with the factorisation approximation for the mixed term.

to NNLO (QCD) accuracy [3–5,45] with the corresponding QED corrections from LUXqed [10,11].
In Fig.3 we plot the K-factors for different orders as a way to quantify the size of the QED and
QCD corrections to Drell-Yan at different centre-of-mass energies.

Here the K-factor is defined as the ratio of the cross-section computed at a given order over
the previous one, i.e.

KNLO
QED =

σ(0,0) + ασ(0,1)

σ(0,0)

KNNLO
QCD =

σ(0,0) + αs σ(1,0) + α2
s σ

(2,0)

σ(0,0) + αs σ(1,0)
(6)

KNNLO
QED =

σ(0,0) + ασ(0,1) + α2 σ(0,2)

σ(0,0) + ασ(0,1)

KNNLO
QCD×QED =

σ(0,0) + ασ(0,1) + αs σ(1,0) + ααs σ(1,1)

σ(0,0) + α σ(0,1) + αs σ(1,0)
.

As can be observed, the NNLO QCD corrections are of the same (∼ 5 per mille level) order,
but typically with the opposite sign, as the NLO QED corrections, as expected from the simple
counting α2

s ∼ α. The mixed QCD×QED turn out to be positive and below the per mille level over
the whole range of energies spanned in the plot. Interestingly, due to the particular dependence
of the NNLO QCD corrections with the energy, with a sign change around

√
S ∼ 18 TeV, for the

LHC at
√
S ∼ 14 TeV the mixed QCD×QED corrections are only a factor of ∼ 3.5 smaller than

the pure NNLO QCD contributions. Furthermore, for lower centre-of-mass energies
√
S ∼ 2 TeV

the mixed terms almost reach the per mille level and are just a factor of 5 smaller than the NLO

8

Figure 3: K-factors for the different distributions as defined in Eq.(6). The (blue) dashed line
corresponds to KNLO

QED , the (blue) dotted line to KNNLO
QED , the solid line to the mixed KNNLO

QCD×QED

and the (black) dotted line to the pure NNLO QCD corrections KNNLO
QCD .

used along this paper consists on making the following replacement

1

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

→
π

MZΓZ
δ(Q2 −M2

Z). (4)

ensuring the decoupling of the production and decay mechanisms. The hadronic structure function
appearing in (2) can be written as a sum of contributions of different orders

WZ(τ, Q
2) =

∫ 1

0

dx1

∫ 1

0

dx2

∫ 1

0

dx δ(τ − xx1x2)
∑

i, j

(αs

4π

)i ( α

4π

)j
w(i,j)

Z (x, x1, x2, Q
2), (5)

where the dependence on the factorisation µF and renormalisation µR scales is implicit.

The analytic expressions for the inclusive cross section of Drell-Yan Z-production at QCD⊕QED
NNLO are presented in the Appendices. In this section we study the phenomenology of the total
inclusive cross section, i.e. in all the decay channels of the Z, within the narrow-width approxi-
mation. To this end, a specific code was written which makes use of the LHAPDF [44] package
to interpolate sets of parton distribution functions.

For the phenomenological study, unless explicitly stated, we set the renormalisation and fac-
torisation scales to µR = µF = MZ . For both interactions, we set the running coupling at the
corresponding renormalisation scale (i.e. α(MZ) ∼ 1

128
¶) and always use the parton distributions

¶For the sake of simplicity we make the same choice for the value of the coupling between quarks and the Z

boson in the Born cross section in Eq.(3).
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‣              QED NLO ~ QCD NNLO (opposite sign) around 5 per-mille 

‣Mixed QEDxQCD below the per-mille level (max. ~ 2 TeV)

‣At 14 TeV QCD NNLO ~ 3.5 mixed QEDxQCD 

‣ QED2 ∼ 𝒪(10−5)
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‣Previous work based on “factorization” of mixed effects

QED ones, showing that the elementary counting of couplings can fail under certain kinematical
conditions. The pure NNLO QED terms, also plotted in Fig.3, are negative but the corrections
always remain at the O(10−5) level.

Even though for this particular observable the mixed QCD×QED contributions are small, it is
interesting to study how well they can be approximated by the factorisation assumption on QED
plus QCD corrections, where it is assumed that κfact =

[

KNLO
QED ×KNLO

QCD

]

O(ααs)
= ααs

σ(0,1)σ(1,0)

σ(0,0)σ(0,0) ,

compared to the exact case κmixed = ααs
σ(1,1)

σ(0,0) . For that purpose, in Fig.4 we plot the following
quantity

R =
κmixed

κfact
=

σ(0,0)σ(1,1)

σ(0,1)σ(1,0)
, (7)

which is the ratio between the exact and the approximated factorised contribution. As it can
be observed, the factorisation approach fails to reproduce the correct behaviour of the mixed
contribution typically by a factor of two or more. Of course, given the size of the corrections,
the effect of the factorised treatment of these contributions is small at the level of the cross
section, as shown in the inset plot of Fig.4, where we show the ratio between the cross section
computed exactly and within the factorisation approach, but the situation might not hold for
other observables or even for more exclusive distributions in Drell-Yan.

Figure 5: Contribution to the mixed QCD×QED K-factor from the different channels. Here the
label q accounts for both quarks and antiquarks and qq represents the sum of qq̄ and qq.

In Fig.5 we show the contribution to the mixed QCD×QED K-factor from the different chan-
nels. It is noticeable that the photon initiated contributions are rather small, mostly due to the
size of the photon pdf in the proton, as can be observed by comparing qγ and qg contributions,
which share the same partonic coefficient apart from the colour factor. It is also clear that the
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‣Factorization approach fails by more than a factor of 2
‣Effect in cross section small (because QED small)
‣Might be worse for some distributions
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In Fig.5 we show the contribution to the mixed QCD×QED K-factor from the different chan-
nels. It is noticeable that the photon initiated contributions are rather small, mostly due to the
size of the photon pdf in the proton, as can be observed by comparing qγ and qg contributions,
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Conclusions 

‣Full QED+QCD NNLO corrections to DY (on-shell Z production)

Future

‣Fully differential NNLO QCD+QED DY calculation
‣Final state (photon) radiation from leptonic decays

‣QED NLO ~ QCD NNLO (opposite sign) around 5 per-mille 

‣Mixed QEDxQCD below the per-mille level

‣At 14 TeV QCD NNLO ~ 3.5 mixed QEDxQCD (QCD cancellation) 

‣Factorization approach for mixed QEDxQCD fails by factor of 2

Cancellation between qq and qg channels

‣Very stable under scale variations at NNLO

‣QED+QCD NNLO DGLAP kernels
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why qT resummation?
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 The recoiling gluon is forced to be either soft
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‣If transverse momentum large              expansion is safeO(MZ)
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‣If transverse momentum large              expansion is safeO(MZ)

‣No matter how small the coupling constant, perturbative expansion fails in the 
kinematical region where the bulk of the data appears! Resummation needed



(dσ̂(fin.)) is free of such contributions.

The resummation procedure is carried out in the impact-parameter (b) space conjugated to
qT . The resummed component is then obtained by performing the inverse Bessel transformation
with respect to b:

dσ̂(res.)
a1a2→F

dq2T
(qT ,M, ŝ;µF ) =

M2

ŝ

∫ ∞

0

db
b

2
J0(b qT )WF

a1a2(b,M, ŝ;µF ) , (2)

where J0(x) is the 0th-order Bessel function. The resummation structure ofWF
a1a2 can be organized

in an exponential form by considering the Mellin N -moments WF
a1a2,N

† with respect to z = M2/ŝ
at fixed M . In the simplified flavour-diagonal case (a1a2 = cc̄) it reads:

WF
N(b,M ;µF ) = σ̂(0)

F (M)HF
N(αS;M

2/µ2
R,M

2/µ2
F ,M

2/Q2)× exp
{
GN(αS, L;M

2/µ2
R,M

2/Q2)
}
,

(3)

where σ̂(0)
F is the lowest-order partonic cross section, L = log(Q2b2/b20 + 1) is the logarithmic

expansion parameter, Q is the resummation scale [31] and b0 = 2e−γE (with γE = 0.5772 . . . the
Euler-Mascheroni constant). In Eq. (3) we explicitly introduced the renormalization scale µR and
the perturbative QCD coupling αS = αS(µ2

R).

The universal form factor exp {GN} includes (and resums to all orders) the large logarithmic
terms αn

SL
m (1 ≤ m ≤ 2n). It can be systematically expanded in powers of αS as follows:

GN(αS, L) = L g(1)(αSL) + g(2)N (αSL) +
αS

π
g(3)N (αSL) +

∞∑

n=4

(αS

π

)n−2
g(n)N (αSL) , (4)

where the term Lg(1) collects the leading logarithmic (LL) contributions, the function g(2)N controls

the NLL contributions, g(3)N includes the NNLL terms and so forth.

All the perturbative terms that behave as constants in the limit b → ∞ are included in the
process dependent hard-collinear function HF

N which has a customary perturbative expansion:

HF
N(αS) = 1 +

αS

π
HF (1)

N +
(αS

π

)2
HF (2)

N +
∞∑

n=3

(αS

π

)n
HF (n)

N . (5)

We now discuss how to extend the QCD resummation formalism in order to include and
consistently resum the large logarithmic QED corrections of the type αnLm (1 ≤ m ≤ 2n). We
start form Eq. (1) and we consider also the inclusion of the photon parton density fγ/h(x, µ2

F ).
The Eq. (3) have then to be replaced by the following generalized expressions ‡:

W ′F
N (b,M ;µF ) = σ̂(0)

F (M)H′FN (αS,α;M
2/µ2

R,M
2/µ2

F ,M
2/Q2)×exp

{
G ′N(αS,α, L;M

2/µ2
R,M

2/Q2)
}
,

(6)

†The N -moments of a generic function h(z) are defined as hN =
∫ 1
0 dz zN−1h(z).

‡In order to simplify the expressions in this Section we do not explicitly introduce an additional dependence on
perturbative scales in QED (i.e. we fix them to be equal to the corresponding QCD ones).
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qT resummation in QCD at partonic level

d σ̂
dq2T

= d σ̂(res)

dq2T
+ d σ̂(fin)

dq2T
;

In the impact parameter space: qT ≪M ⇔ Mb≫1, logM/qT ≫1 ⇔ logMb≫ 1

d σ̂(res)

dq2
T

=
M2

ŝ

∫
d2b
4π

e ib·qT W(b,M),

In the Mellin space (with respect to z = M2/ŝ) we have:

WN(b,M) = σ̂(0) HN(αS)× exp
{
GN(αS , L)

}

with L ≡ log(M2b2)

G(αS , L) = L g
(1)(αSL) + g

(2)(αSL) +
αS

π
g
(3)(αSL) + · · · H(αS ) = 1 +

αS

π
H(1) +

(
αS

π

)2
H(2)+ · · ·

LL (∼αn
SL

n+1): g (1), (σ̂(0)); NLL (∼αn
SL

n): g (2), H(1); NNLL (∼αn
SL

n−1): g (3), H(2);

Resummed result at small qT matched with corresponding fixed “finite” part at large

qT : uniform accuracy for qT ≪ M and qT ∼ M.
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Matching

The partonic cross section is decomposed as:

dσ̂ab

dq2
T

=
dσ̂(res.)

ab

dq2
T

+
dσ̂(fin.)

ab

dq2
T

The resummed and perturbative results have to be properly
matched to avoid double counting

dσ̂(fin.)
ab

dq2
T

=
[dσ̂ab

dq2
T

]

f .o.
−

[dσ̂(res.)
ab

dq2
T

]

f .o.

↗
fix. order contr.

↖
exp. of res. component

Both terms are separately divergent as qT → 0: the singu-
larity has to cancel in the sum

• The fixed order contribution is evaluated with our
HIGGSJET NLO program

• The expansion of resummed result is analytically trans-
formed back to qT space

– In the standard approach we simply have:
lnn M2

Hb2/b20 → 1/q2
T lnn−1 M2

H/q2
T

– In our approach:
lnn

(
1 + M2

Hb2/b20
)
→ K(n−1)

1 (b0qT/MH)

where K(n)
1 (z) ≡

(
∂Kν(z)

∂ν

)

ν=1

are the n-derivatives of the modified Bessel function
of the second kind

Matching works well up to very small qT

M.Grazzini, CERN 28− 3− 2003 21

Matching

The partonic cross section is decomposed as:

dσ̂ab

dq2
T

=
dσ̂(res.)

ab

dq2
T

+
dσ̂(fin.)

ab

dq2
T

The resummed and perturbative results have to be properly
matched to avoid double counting

dσ̂(fin.)
ab

dq2
T

=
[dσ̂ab

dq2
T

]

f .o.
−

[dσ̂(res.)
ab

dq2
T

]

f .o.

↗
fix. order contr.

↖
exp. of res. component

Both terms are separately divergent as qT → 0: the singu-
larity has to cancel in the sum

• The fixed order contribution is evaluated with our
HIGGSJET NLO program

• The expansion of resummed result is analytically trans-
formed back to qT space

– In the standard approach we simply have:
lnn M2

Hb2/b20 → 1/q2
T lnn−1 M2

H/q2
T

– In our approach:
lnn

(
1 + M2

Hb2/b20
)
→ K(n−1)

1 (b0qT/MH)

where K(n)
1 (z) ≡

(
∂Kν(z)

∂ν

)

ν=1

are the n-derivatives of the modified Bessel function
of the second kind

Matching works well up to very small qT

M.Grazzini, CERN 28− 3− 2003 21

‣partonic cross-section decomposed as

with

‣resummation achieved after Fourier transform

‣where the large Log becomes

LL NLL NNLL N…NLL

Sudakov form factorHard factor



DYqT results: qT spectrum of Z boson at the Tevatron

D0 data for the Z qT spectrum compared
with perturbative results.

Uncertainty bands obtained varying
µR , µF , Q independently:

1
2 ≤{µF/mZ , µR/mZ , 2Q/mZ , µF/µR ,Q/µR}≤2

Significant reduction of scale dependence
from NLL to NNLL for all qT .

Good convergence of resummed results:
NNLL and NLL bands overlap (contrary to
the fixed-order case).

Good agreement between data and resummed
predictions (without any model for
non-perturbative effects).
The perturbative uncertainty of the
NNLL results is comparable
with the experimental errors.
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Conclusions

Overview on qT resummation formalism: qq̄ annihilation and gluon fusion
processes, hard-collinear factors and universality.

NNLL+NNLO qT -resummation for Drell-Yan and Higgs production with
full final-state kinematical dependence. Public numerical codes HqT/DYqT
and HRes/DYRes available.

New DYTurbo numerical code: significant enhancement in time
performance and numerical precision.

Extension of the QCD qT resummation formalism to deal with the
simultaneous QCD and QED emissions

Phenomenological studies up to NLL+NLO for Z production at Tevatron
and LHC: QED effects at O(+1%) level. QED coupling scale ambiguity
reduced by roughly a factor 2 including NLL+NLO corrections.

Preliminary results for combined QCD and QED resummation from initial
and final states and phenomenological study of W± production at the
LHC.
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where the form factor G ′N(αS,α, L) in Eq. (6) has a double perturbative expansion in powers of
αS and α

G ′N (αS,α, L) = GN(αS, L) + L g′(1)(αL) + g′(2)N (αL) +
∞∑

n=3

(α
π

)n−2
g′(n)N (αL)

+ g′(1,1)(αSL,αL) +
∞∑

n,m=1

n+m̸=2

(αS

π

)n−1 (α
π

)m−1

g′(n,m)
N (αSL,αL) , (7)

where α = α(µR) is the electromagnetic coupling evaluated at the renormalization scale µR. The

term Lg′(1) collects the LL contributions in QED, the function g′(2)N controls the NLL QED and so

forth, while the terms g′(1,1)(αSL,αL) and g′(n,m)
N (αSL,αL) include respectively the leading and

subleading mixed QCD-QED corrections. The extension of the Eq. (5) has an analogous double
perturbative expansion in powers of αS and α:

H′FN (αS,α) = HF
N(αS) +

α

π
H′F (1)

N +
∞∑

n=2

(α
π

)n
H′F (n)

N

+
∞∑

n,m=1

(αS

π

)n (α
π

)m
H′F (n,m)

N , (8)

where the pure QED corrections are controlled by the coefficients H′F (n)
N while the mixed QCD-

QED ones are contained in the coefficients H′F (n,m)
N .

The LL and NLL functions g′(1) and g′(2)N in Eq. (7) have the same functional form of the
corresponding QCD ones

g′(1)(αL) =
A′(1)q

β ′0

λ′ + ln(1− λ′)

λ′
, (9)

g′(2)N (αL) =
B̃′(1)q,N

β ′0
ln(1− λ′)−

A′(2)q

β ′20

(
λ′

1− λ′
+ ln(1− λ′)

)

+
A′(1)q β ′1
β ′30

(
1

2
ln2(1− λ′) +

ln(1− λ′)

1− λ′
+

λ′

1− λ′

)
, (10)

while the novel function g′(1,1)(αSL,αL), which controls the mixed QCD-QED correction at leading
logarithmic accuracy, reads

g′(1,1)(αSL,αL) =
A(1)

q β0,1
β2
0β
′
0

h(λ,λ′) +
A′(1)q β ′0,1
β ′20 β0

h(λ′,λ) , (11)

(12)

with

h(λ,λ′) = −
λ′

λ− λ′
ln(1− λ) + ln(1− λ′)

[
λ(1− λ′)

(1− λ)(λ− λ′)
+ ln

(
−λ′(1− λ)

λ− λ′

)]

− Li2

(
λ

λ− λ′

)
+ Li2

(
λ(1− λ′)

λ− λ′

)
, (13)
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QED corrections

‣include QED corrections in Sudakov form factor

‣include QED corrections in Hard factor
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‣g’ and H’ also obtained by abelianization of QCD results

LL QED NLL QED

NLL QED

NLL mixed

mixed (not included)

where λ = 1
πβ0 αS L, λ′ =

1
πβ
′
0 αL, and β0, β ′0, β

′
1, β0,1, β

′
0,1 are the coefficients of the QCD and

QED β functions:

d lnαS(µ2)

d lnµ2
= β(αS(µ

2),α(µ2)) = −
∞∑

n=0

βn
(αS

π

)n+1
−

∞∑

n,m+1=0

βn,m
(αS

π

)n+1 (α
π

)m
, (14)

d lnα(µ2)

d lnµ2
= β ′(α(µ2),αS(µ

2)) = −
∞∑

n=0

β ′n

(α
π

)n+1
−

∞∑

n,m+1=0

β ′n,m

(α
π

)n+1 (αS

π

)m
. (15)

In Eqs. (14,15) we have consistently included the mixed QCD-QED contributions to the running
of the QCD and QED couplings through the coefficient βn,m and β ′n,m. The explicit expressions
of the coefficients β0, β ′0, β

′
1, β0,1, β

′
0,1 are:

β0 =
1

12
(11CA − 2nf) , β0,1 = −

N (2)
q

8
, (16)

β ′0 = −
N (2)

3
, β ′1 = −

N (4)

4
, β ′0,1 = −

CFCAN
(2)
q

4
, (17)

where we have defined

N (n) = Nc

nf∑

q=1

enq +
nl∑

l=1

enl , (18)

N (n)
q =

nf∑

q=1

enq (19)

with Nc = 3 the number of colours, CA = Nc, CF = (N2
c − 1)/(2Nc), nf (nl) the number of quark

(lepton) flavours and eq (el) the quark (lepton) electric charges (eq = 2/3 for up-type quarks,
eq = −1/3 for down-type quarks, el = 1 for leptons).

The coefficients A′(1)q and A′(2)q , which have been obtained from the corresponding coefficients
in QCD [28, 36] through an Abelianization algorithm [37, 38], read

A′(1)q = e2q , A′(2)q = −
5

9
e2q N

(2) (20)

while the coefficient B̃′(1)q,N is

B̃′(1)q,N = B′(1)q + 2γ′(1)qq,N , (21)

with

B′(1)q = −
3

2
e2q , (22)

γ′(1)qq,N = e2q

(
3

4
+

1

2N(N + 1)
− γE − ψ0(N + 1)

)
, (23)

γ′(1)qγ,N =
3

2
e2q

N2 +N + 2

N(N + 1)(N + 2)
. (24)
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Figure 3: The qT spectrum of Z boson at the LHC (
√
s = 13 TeV). Left panel: NNLL+NNLO QCD

results are combined with the LL (red dashed) and NLL+NLO (blue solid) QED effects together
with the corresponding QED uncertainty bands. The bands are obtained as in Figs. 1 and 2.

is proportional to α, while at NLL+NLO the scale uncertainty is dominated by the Q′ dependence.

The integral over qT of the predictions with NLL+NLO QED effects are in agreement (for fixed
values of renormalization and factorization scales) with the corresponding NLO QED contributions
to the total cross section at the O(0.1%) level ¶, thus checking the numerical accuracy of our
implementation.

We now turn to consider on-shell Z production in pp collisions at the LHC energies. In Fig. 2
(left panel) we present our results for LHC Run I (

√
s = 8 TeV) and in Fig. 3 (left panel) the

results for LHC Run II (
√
s = 13 TeV). The effects of the QED contributions at the LHC are

qualitatively similar and quantitatively slightly smaller with respect to the case of the Tevatron.
At the LHC a lower sensitivity to QED contributions is expected due to the enhanced importance
of the qg channel with respect to the qq̄ channel.

From the left panels of Figs. 2 and 3 we observe that the QED effects at LL accuracy, for central
value of the scales, give a negative O(1%) contribution in the small qT region (qT ∼< 8 − 10 GeV)
and a positive O(0.5%) contribution in the qT region 10∼<qT ∼< 40 GeV. The NLL+NLO QED
effects are at the level of O(0.5%) and positive for the entire qT region considered (qT ∼< 40 GeV).
The NLO QED contribution to the total cross section is equal to +0.3%.

By considering the perturbative uncertainty shown in the lower-left panels of Figs. 2 and 3,
we observe that the LL QED effects have an uncertainty of around 2% in the small qT region
(qT ∼< 10 GeV) which increases up to 2.5 − 3% in the intermediate qT region (30∼<qT ∼< 40 GeV).
The inclusion of the NLL+NLO QED corrections reduces the scale variation band by roughly a
factor 1.5-2. As in the Tevatron case the QED uncertainty is dominated by the renormalization
(resummation) scale dependence at LL (NLL+NLO).

¶The NLO QED (O(α2)) corrections to the total cross section and to the finite component dσ̂(fin.) of the qT
distribution have been obtained through the Abelianization of the calculations in Ref.[2] and in Ref.[22] respectively.
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where ψ0(N) is the digamma function and γ′(1)ab,N are the leading-order (LO) anomalous dimensions
in QED §.

The LL mixed QCD-QED corrections are included in the g′(1,1)(αSL,αL) function which de-

pends on the coefficients A(1)
q = CF , A

′(1)
q , β0, β ′0, β0,1, β

′
0,1. We note that these logarithmic terms

do not contribute to the O(ααS) fixed order corrections and their dominant contribution is of the
order αα2

SL
3.

In order to reach the complete NLL+NLO accuracy for QED, the functions H′F (1)
a1a2,N

and the

finite component of the partonic cross sections dσ̂(fin.)
a1a2 at the first non-trivial order are needed.

The hard-collinear functions H′F (1)
a1a2,N

read

H′F (1)
qq̄←qq̄,N =

e2q
2

(
2

N(N + 1)
− 8 + π2

)
, (25)

H′F (1)
qq̄←γq,N = H′F (1)

qq̄←qγ,N =
3 e2q

(N + 1)(N + 2)
, (26)

H′F (1)
qq̄←γγ,N = H′F (1)

qq̄←qq,N = H′F (1)
qq̄←q̄q̄,N = 0. (27)

The explicit perturbative scale dependence of the formulae in Eqs. (9,10,25) is the same as the
corresponding one in QCD (see Eqs. (22,23,46) of Ref.[31]).

3 Numerical results

In this Section we present selected numerical results, by explicitly considering the transverse-
momentum distribution of on-shell Z bosons in hadronic collisions. We start our analysis from
the resummed results in QCD at NNLL+NNLO as implemented in the DYqT numerical code
[39, 40] and we include the QED corrections up to NLL+NLO.

As for the electroweak couplings, we use the following input parameters: α(m2
Z) = 1/127.95,

sin2 θW = 0.23129 and mZ = 91.1876 GeV [41]. The electromagnetic coupling α is evaluated at
1-loop and 2-loops respectively at LO and NLO in QED. The hadronic cross section is computed
using the NNPDF3.1QED parton distribution function (PDF) set at NNLO in QCD [42, 43], which
includes the photon PDF as determined within the LUX method [44, 45] as well as the LO QED
effects in the evolution of the parton densities. The strong coupling αS is evaluated at 3-loop
order with αS(m2

Z) = 0.118 within the MS renormalization scheme. We work with nl = 3 charged
leptons and nf = 5 flavours of light quarks in the massless approximation.

We set the central value of the renormalization, factorization and resummation scales at
µR = µF = 2Q = mZ . We provide an estimate of the perturbative uncertainties of the cal-
culation due to missing higher-order QED terms performing the variation of the renormalization
(µ′R) and resummation (Q′) scales associated to the QED contributions. Specifically, the variation
of µ′R and Q′ around their central value can be used to estimate the effects of yet uncalculated

§The QED anomalous dimension γ
′(1)
qγ,N is required at the NLL in the general multiflavour case (see Appendix

A of Ref. [31]).
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Figure 2: The qT spectrum of Z boson at the LHC (
√
s = 8 TeV). Left panel: NNLL+NNLO QCD

results are combined with the LL (red dashed) and NLL+NLO (blue solid) QED effects together
with the corresponding QED uncertainty bands. The bands are obtained as in Fig. 1.

section to higher values of qT . This physical effect to the qT distribution is expected and it is
due to the contribution to the Z recoil generated by soft and collinear photon emissions to all
orders in QED. The NLL+NLO QED effects at central value of the scales µ′R = 2Q′ = mZ are
of O(0.5%) level and they are positive for the entire qT region considered (qT ∼< 40 GeV). Thanks
to the perturbative unitarity of the resummation formalism, the contribution to the integrated qT
distribution of the NLL+NLO QED result exactly coincides with the NLO QED correction to the
total cross section which is equal to +0.3%.

By considering the scale variation band, we observe that the LL QED effects have an un-
certainty of around 2% in the small qT region (qT ∼< 6 GeV) which increases up to 4% in the
intermediate qT region (30∼<qT ∼< 40 GeV). The inclusion of the NLL+NLO QED corrections re-
duces the scale variation band by roughly a factor 2. In order to better illustrate the dependence
on the QED scales, in Fig. 1 (right panel) we separately consider µ′R and Q′ variations. The upper
plot corresponds to the variation of µ′R by a factor 2 around the central value and the lower plot
corresponds to an analogous variation of Q′. As expected from the QED running of α, the qT
distribution decreases (increases) by decreasing (increasing) the value of µ′R. The µ′R scale depen-
dence is flat and at the level of 2% at LL and it decreases to around 0.5−1% at NLL+NLO. The Q′

dependence does not affect the integral of the qT distribution which is constrained by perturbative
unitarity. The resummation scale dependence at LL is about 1% for qT ∼< 5 GeV, it reduces up to
0.1% for qT ∼ 10 GeV and it increases again up to about 2% for qT ∼ 30−40 GeV. The reduction
of the Q′ dependence in the region qT ∼ 10 GeV is due to the crossing (necessary in order to fulfill
unitarity) between the predictions with Q′ = mZ and Q′ = mZ/4. This accidental cancellation
suggests that the Q′ variation band at LL might underestimates the perturbative uncertainty of
the prediction in the region around qT ∼ 10 GeV. In fact at NLL+NLO the Q′ dependence for
qT ∼> 4 GeV is constant and at O(1%) level. Below the peak the Q′ dependence rapidly increases.
We note that in the region qT ∼< 3 GeV the qT distribution is steeply falling to zero. We finally
observe that at LL the scale variation is mainly driven by µ′R because the Born-level cross section
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‣LL QED effects uncertainty 2-3%
‣reduced by ~factor of 1.5/2 by NLL QED

‣NLL+NLO QED effects not negligible and around +1% (rather flat)
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