
PROGRESS IN SUBTRACTION SCHEMES

Parton Showers and Resummation 2019, Vienna, June 2019

KIRILL MELNIKOV (TTP KIT)



�2FIXED ORDER CALCULATIONS

d� =

Z
dx1dx2fi(x1)fj(x2)d�ijF

✓
1 +O

✓
⇤QCD

Q

◆◆

<latexit sha1_base64="rJSql4nK32PDelxOTxK+WNM79qE="></latexit>

We can describe hard collisions at the LHC in terms of quark and gluon cross sections 
thanks to the collinear factorization theorem

Collins, Soper, Sterman

Whenever the process does not involve very large scale hierarchies, and the observable is 
not strongly sensitive to infrared physics, fixed order calculations provide a robust and 
reliable framework to obtain precision predictions at the LHC.

Non-perturbative corrections set the limit of perturbative calculation: for generic 
observables at the LHC scale, they can be at the percent level. Since αs ~ 0.1, this means 
that we can reliably compute up to NNLO.

The LHC is already now able to measure some standard candles at the few percent level 
(DY), and in the future it is expected that few-percent precision measurements could be 
possible for several complex final states. 

Fixed order calculations also serve as an important ingredient for resummation and parton 
shower predictions: matching/merging, extraction of perturbative coefficients… 



�3NNLO CALCULATIONS: AMPLITUDES

To compute NNLO corrections to pp → X, one needs two-loop matrix elements for f f → X, 
one-loop matrix elements for f f → X+f, and tree-level matrix elements for f f → X+f f

IMPROVED UNDERSTANDING OF QCD AS A QUANTUM FIELD THEORY

Processes with fixed number of final state particles are sensitive to long-distance physics,  computation of QCD corrections 
requires us to consider both virtual and real-emission corrections. 

Real correctionsVirtual corrections Real and virtual 
Z
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Both types of contributions are difficult to deal with, especially if we think about interesting 2 -> 3  processes that also 
may involve massive particles (3-jet production, vector boson + 2 jets, Higgs + 2 jets, diphoton + jets, ttH,  ttZ etc.).

It is impossible to describe hadron collisions without computing  Feynman diagrams … Lets talk about how these 
computations are done.   
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Over the past years, there has been a lot of progress in two-loop amplitude calculations. 
Both analytic and numerical approaches have been developed, and right now we know 
almost all relevant scattering amplitudes for 2 → 2 reactions. 
First 2 → 3 results are now appearing. 

NNLO Corrections also require 1-loop amplitudes to be evaluated very close to degenerate 
kinematics. Nevertheless, it seems that at least in some cases current one-loop providers 
are able to cope with this situation. For example, OpenLoops results have been used for 
the calculations of NNLO corrections to di-boson processes 



�4NNLO CALCULATIONS: SUBTRACTIONS

IMPROVED UNDERSTANDING OF QCD AS A QUANTUM FIELD THEORY

Processes with fixed number of final state particles are sensitive to long-distance physics,  computation of QCD corrections 
requires us to consider both virtual and real-emission corrections. 

Real correctionsVirtual corrections Real and virtual 
Z
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Both types of contributions are difficult to deal with, especially if we think about interesting 2 -> 3  processes that also 
may involve massive particles (3-jet production, vector boson + 2 jets, Higgs + 2 jets, diphoton + jets, ttH,  ttZ etc.).

It is impossible to describe hadron collisions without computing  Feynman diagrams … Lets talk about how these 
computations are done.   

�13

Apart from loop amplitude, at NNLO one also needs a framework to deal with extra real 
emission.

Real emission corrections are finite in the bulk of the allowed phase-space, but infra-red 
and collinear divergencies appear upon integration over energies and angles of the 
emitted partons.

To obtain fully differential results, we need to extract these singularities without 
performing the integration over the resolved phase space. The more extra emissions one 
has to consider, the more complicated this problem is.

For a long time, this was the main bottleneck for computing NNLO predictions. For 
example, di-jet amplitudes have been known for almost 20 years, but NNLO predictions 
for di-jet production only became available two years ago.  



�5THE NNLO REVOLUTION

Over the past few years, several techniques have been developed to deal with the real-
emission problem. This, combined with the availability of 2-loop amplitudes, lead to a 
large number of NNLO predictions for important 2→2 LHC processes. 

2002 2004 2006 2008 2010 2012 2014 2016 2018

W/Z total, H total, Harlander, Kilgore

H total, Anastasiou, Melnikov

H total, Ravindran, Smith, van Neerven

WH total, Brein, Djouadi, Harlander

H diff., Anastasiou, Melnikov, Petriello

H diff., Anastasiou, Melnikov, Petriello

W diff., Melnikov, Petriello

W/Z diff., Melnikov, Petriello

H diff., Catani, Grazzini

W/Z diff., Catani et al.

VBF total, Bolzoni, Maltoni, Moch, Zaro

WH diff., Ferrera, Grazzini, Tramontano

γ-γ, Catani et al.

Hj (partial), Boughezal et al.

ttbar total, Czakon, Fiedler, Mitov

jj (partial), Currie, Gehrmann-De Ridder, Glover, Pires

ZH diff., Ferrera, Grazzini, Tramontano

ttbar diff., Czakon, Fiedler, Mitov

Hj, Boughezal et al.
Wj, Boughezal, Focke, Liu, Petriello
Hj, Boughezal et al.
VBF diff., Cacciari et al.
Zj, Gehrmann-De Ridder et al.
Hj, Caola, Melnikov, Schulze

Zj, Boughezal et al.
WH diff., ZH diff., Campbell, Ellis, Williams
γ-γ, Campbell, Ellis, Li, Williams
ptZ, Gehrmann-De Ridder et al.
MCFM at NNLO, Boughezal et al.
single top, Berger, Gao, C.-Yuan, Zhu
ptH, Chen et al.
ptZ, Gehrmann-De Ridder et al.
jj, Currie, Glover, Pires
γX, Campbell, Ellis, Williams
γj, Campbell, Ellis, Williams
VH, H->bb, Ferrera, Somogyi, Tramontano
single top, Berger, Gao, Zhu
VH, H->bb, Caola, Luisoni, Melnikov, Roentsch
ptW, Gehrmann-De Ridder et al.
VBF diff., Cruz-Martinez, Gehrmann, Glover, Huss

Wj, Zj, Gehrmann-De Ridder et al.
γj, Chen et al.

H->bbj, Mondini, Williams
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Currently, going beyond 2 → 2 is prevented by the lack of 2-loop amplitudes.
However, even when they would become available, it will require a lot of effort to obtain 
NNLO predictions using existing methods.



�6NNLO: WHAT DID WE LEARN?

1.They work! In general, NNLO QCD improves the agreement between theory and data 
(WW, WZ, Z+j, di-photons, top pairs);

2.It is important to have NNLO QCD computations for fiducial cross sections measured in 
experiments; corrections to inclusive cross sections and to fiducial cross sections may be 
quite different (Higgs production in WBF, single top with decay, WW pairs); 
extrapolations some time lead to ``wrong’’ result (WW pairs, top pt);

3.NNLO QCD computations work in ``hard kinematic regions’’. For an object with an 
invariant mass O(100) GeV, ``hard’’ means down to transverse momenta of O(30) GeV. 
This requires NNLO. Resummations are important but with NNLO results available, 
they become relevant at low(er) transverse momenta (Z/H pt studies);

4.Thanks to these computations, it becomes possible to get information about physics that 
otherwise it is not accessible.



�7NNLO: STEALTHY STOPS RELOADED 

Thanks to their masses, spins of tops and anti-top remain entangled all the way through the moment 
of their decay. This effect leads to a small shape change in the ∆φll distribution. 

The presence of stops with masses comparable to the top quark can, with some effort, be detected in 
that distribution. 

Accurate description of this distribution in the SM requires corrections to top quark production and 
decay; recently it was extended to NNLO in the narrow width approximation. 

TOP QUARK SPIN CORRELATIONS: STEALTHY STOPS, RELOADED

Thanks to their masses, spins of top and anti-top remain entangled all the way through the moment of their decay.  
This effect leads to a small shape change in the                  distribution of the charged  leptons from  top decays.  The 
presence of stops with masses comparable to top quarks can, with some effort, be detected in that distribution.  
Accurate description of this distribution in the  SM requires corrections to top production and decay; recently it was 
extended to NNLO in the narrow width approximation. 3
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FIG. 1: NNLO QCD predictions for the fiducial (top) and
inclusive selections (bottom) of the normalized ��`` distri-
bution versus ATLAS data [20]. Uncertainty bands are from
7-point scale variation.

III. RESULTS

In this work we calculate two di↵erential distributions,
namely, the two leptons’ angular di↵erence in the trans-
verse plane ��`` and their rapidity di↵erence |�⌘``|.

We have two selection criteria for each distribution.
The first one, called inclusive, does not assume any se-
lection cuts. The second one, called fiducial, is based on
the ATLAS selection cuts [20]: an electron and a muon
of opposite electric charge with pT > 27(25) GeV for the
harder (softer) lepton and |⌘| < 2.5. In addition, we re-
quire at least two jets (at least one of which is a b-flavored
jet) with pT > 25 GeV and |⌘| < 2.5. All jets are defined
with the anti-kT algorithm [64] with R = 0.4.

The normalized fiducial and inclusive ��`` and |�⌘``|
distributions are shown in fig. 1 and fig. 3, respectively.
Each curve is normalized with respect to the correspond-
ing visible cross-section, i.e. the integral under it equals
unity. The ��`` distribution is compared with the pub-
lished ATLAS data [20]; the |�⌘``| one is not since the
corresponding data has not been published yet.

A number of observations can be made from fig. 1.
The most interesting feature is the di↵erent behavior of
the NNLO/NLO ��`` K-factor between the fiducial and
inclusive cases. With respect to the inclusive case, in
the fiducial case the K-factor is much larger, the NNLO
distribution is in good agreement with data and the scale
uncertainty is much larger. Notably, the NNLO inclusive
prediction does not agree well with data.

Since both the fiducial and inclusive data originate

from the same measurement it is not a priori clear why
the NNLO calculation would agree with only one of them.
In our view the most plausible explanation for this dis-
crepancy lies in the extrapolation of the fiducial measure-
ment to the full phase space.

Such a conclusion should not come as a complete sur-
prise since the extrapolation to full phase space is per-
formed with event generators that have accuracy di↵erent
than the one in the present work. In fact an early indica-
tion about the importance of higher order corrections in
top quark production came from the long standing top
quark pT discrepancy, namely, that NLO-accurate event
generators do not model well the LHC top quark pT dis-
tribution while the NNLO QCD correction significantly
improves the agreement with data.

A. Anatomy of higher order corrections to ��``

In the following we o↵er a detailed analysis quantifying
a number of possible contributions to this observable. We
show that they are too small to a↵ect the behavior of this
observable in the SM.
Is the NNLO correction large? NLO analyses [20] in-

dicate that higher order e↵ects are likely not going to
bridge the 3.2� discrepancy with the ATLAS ��`` data.
Yet we see that the NNLO QCD prediction agrees well
with data in the fiducial region. From this one cannot
directly conclude that the NNLO correction is unusually
large. The reason is that our NNLO prediction uses scales
di↵erent than the ones in most event generators.

For our preferred choice of scales we find that the fidu-
cial NNLO/NLO K-factor is no larger than 5%. This
is perfectly reasonable NNLO correction which, more-
over, is consistent with the NLO scale uncertainty band.
The NLO/LO K-factor is larger by a factor of about 3.
In the inclusive case one observes smaller K-factors and
less scale variation which is reasonable to expect since
the observable is more inclusive. We note that in both
cases the smallness of the LO uncertainty band is due to a
cancellation between the normalization factor and is not
representative of the true uncertainty in the di↵erential
distribution.

We conclude that the behavior of ��`` is consistent
with good perturbative convergence. The NNLO cor-
rection plays an important role: in the fiducial case it
reduces the scale uncertainty by more than a factor of
two and modifies the slope of the theory prediction in a
direction that improves the agreement with data.
Choice of scales. All calculations in this work are per-

formed with three scales: the one in eq. (3) as well as
µF,R = mt and µF,R = mt/2. As can be seen in fig. 2
the result with scale mt/2 behaves similarly to the one
in eq. (3) and is even closer to data. On the other hand,
the calculation with scale mt has larger NNLO/NLO K-
factor and the agreement with data in the fiducial case
is not as good as for the other two scales.

To understand this behavior we recall that the scale
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Figure 14: The inclusive (a) �� and (b) �⌘ distributions compared to the sum of the SM and SUSY predictions,
for mt̃1 = 170 GeV and 210 GeV, and m�̃0

1
= 0.5 GeV as well as the �� in regions of �⌘: (c) |�⌘ | < 1.5, (d)

1.5 < |�⌘ | < 2.5, and (e) 2.5 < |�⌘ | < 4.5. The dark uncertainty bands in the ratio plots represent the statistical
uncertainties while the light uncertainty bands represent the statistical and systematic uncertainties added in quadrature.
The systematic uncertainties include contributions from leptons, jets, missing transverse momentum, background
modelling, pile-up modelling and luminosity, but not PDF or tt̄ modelling uncertainties.
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Note that the NNLO QCD corrections to                are caused by 
corrections to the  production and not to the decay. 
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Decay                     with a 100 % branching fraction is assumed

�12
TOP QUARK SPIN CORRELATIONS: STEALTHY STOPS, RELOADED

Thanks to their masses, spins of top and anti-top remain entangled all the way through the moment of their decay.  
This effect leads to a small shape change in the                  distribution of the charged  leptons from  top decays.  The 
presence of stops with masses comparable to top quarks can, with some effort, be detected in that distribution.  
Accurate description of this distribution in the  SM requires corrections to top production and decay; recently it was 
extended to NNLO in the narrow width approximation. 3
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FIG. 1: NNLO QCD predictions for the fiducial (top) and
inclusive selections (bottom) of the normalized ��`` distri-
bution versus ATLAS data [20]. Uncertainty bands are from
7-point scale variation.

III. RESULTS

In this work we calculate two di↵erential distributions,
namely, the two leptons’ angular di↵erence in the trans-
verse plane ��`` and their rapidity di↵erence |�⌘``|.

We have two selection criteria for each distribution.
The first one, called inclusive, does not assume any se-
lection cuts. The second one, called fiducial, is based on
the ATLAS selection cuts [20]: an electron and a muon
of opposite electric charge with pT > 27(25) GeV for the
harder (softer) lepton and |⌘| < 2.5. In addition, we re-
quire at least two jets (at least one of which is a b-flavored
jet) with pT > 25 GeV and |⌘| < 2.5. All jets are defined
with the anti-kT algorithm [64] with R = 0.4.

The normalized fiducial and inclusive ��`` and |�⌘``|
distributions are shown in fig. 1 and fig. 3, respectively.
Each curve is normalized with respect to the correspond-
ing visible cross-section, i.e. the integral under it equals
unity. The ��`` distribution is compared with the pub-
lished ATLAS data [20]; the |�⌘``| one is not since the
corresponding data has not been published yet.

A number of observations can be made from fig. 1.
The most interesting feature is the di↵erent behavior of
the NNLO/NLO ��`` K-factor between the fiducial and
inclusive cases. With respect to the inclusive case, in
the fiducial case the K-factor is much larger, the NNLO
distribution is in good agreement with data and the scale
uncertainty is much larger. Notably, the NNLO inclusive
prediction does not agree well with data.

Since both the fiducial and inclusive data originate

from the same measurement it is not a priori clear why
the NNLO calculation would agree with only one of them.
In our view the most plausible explanation for this dis-
crepancy lies in the extrapolation of the fiducial measure-
ment to the full phase space.

Such a conclusion should not come as a complete sur-
prise since the extrapolation to full phase space is per-
formed with event generators that have accuracy di↵erent
than the one in the present work. In fact an early indica-
tion about the importance of higher order corrections in
top quark production came from the long standing top
quark pT discrepancy, namely, that NLO-accurate event
generators do not model well the LHC top quark pT dis-
tribution while the NNLO QCD correction significantly
improves the agreement with data.

A. Anatomy of higher order corrections to ��``

In the following we o↵er a detailed analysis quantifying
a number of possible contributions to this observable. We
show that they are too small to a↵ect the behavior of this
observable in the SM.
Is the NNLO correction large? NLO analyses [20] in-

dicate that higher order e↵ects are likely not going to
bridge the 3.2� discrepancy with the ATLAS ��`` data.
Yet we see that the NNLO QCD prediction agrees well
with data in the fiducial region. From this one cannot
directly conclude that the NNLO correction is unusually
large. The reason is that our NNLO prediction uses scales
di↵erent than the ones in most event generators.

For our preferred choice of scales we find that the fidu-
cial NNLO/NLO K-factor is no larger than 5%. This
is perfectly reasonable NNLO correction which, more-
over, is consistent with the NLO scale uncertainty band.
The NLO/LO K-factor is larger by a factor of about 3.
In the inclusive case one observes smaller K-factors and
less scale variation which is reasonable to expect since
the observable is more inclusive. We note that in both
cases the smallness of the LO uncertainty band is due to a
cancellation between the normalization factor and is not
representative of the true uncertainty in the di↵erential
distribution.

We conclude that the behavior of ��`` is consistent
with good perturbative convergence. The NNLO cor-
rection plays an important role: in the fiducial case it
reduces the scale uncertainty by more than a factor of
two and modifies the slope of the theory prediction in a
direction that improves the agreement with data.
Choice of scales. All calculations in this work are per-

formed with three scales: the one in eq. (3) as well as
µF,R = mt and µF,R = mt/2. As can be seen in fig. 2
the result with scale mt/2 behaves similarly to the one
in eq. (3) and is even closer to data. On the other hand,
the calculation with scale mt has larger NNLO/NLO K-
factor and the agreement with data in the fiducial case
is not as good as for the other two scales.

To understand this behavior we recall that the scale
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Figure 14: The inclusive (a) �� and (b) �⌘ distributions compared to the sum of the SM and SUSY predictions,
for mt̃1 = 170 GeV and 210 GeV, and m�̃0

1
= 0.5 GeV as well as the �� in regions of �⌘: (c) |�⌘ | < 1.5, (d)

1.5 < |�⌘ | < 2.5, and (e) 2.5 < |�⌘ | < 4.5. The dark uncertainty bands in the ratio plots represent the statistical
uncertainties while the light uncertainty bands represent the statistical and systematic uncertainties added in quadrature.
The systematic uncertainties include contributions from leptons, jets, missing transverse momentum, background
modelling, pile-up modelling and luminosity, but not PDF or tt̄ modelling uncertainties.
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Note that the NNLO QCD corrections to                are caused by 
corrections to the  production and not to the decay. 
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Decay                     with a 100 % branching fraction is assumed
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�8NNLO: TECHNIQUES AND LIMITATIONS

Several methods have been developed to deal with real emission at NNLO:
``qt’’ slicing [Catani, Grazzini]
``Antenna subtraction’’ [Gehrmann-de Ridder, Gehrmann, Glover et al]
``Jettiness’’ slicing [Boughezal et al, Gaunt et al]
``Sector decomposition & FKS’’ subtraction [Czakon, Heymes, Caola, Röentsch, KM]
``Projection-to-Born’’ [Cacciari et al]
``Colorful’’ [del Duca et al]
``Local analytic subtraction’’ [Magnea et al]
``Geometric’’ [Herzog]

The underlined methods can — in principle — deal with arbitrary processes. 

In practice, the complexity grows very fast with the number of color particle at the Born 
level. Even simple 2→2 calculations involving colored initial and final state require 
significant computing power. 

2→2
105-107

-

2→3

-
-

CPU HOURS FOR FULLY DIFFERENTIAL RESULTS

NNLO
N3LO

2→1
100-500

-

Even with large computing farms, these requirements are likely to severely limit the 
breadth of high-precision phenomenological studies for complex processes.

An optimal method, able to efficiently deal with complex processes has yet to emerge



�9NNLO: SLICING VS SUBTRACTION

Similarly to what happened at NLO, two different strategies have been adopted to deal 
with real-emission singularities:
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PHASE-SPACE SLICING

• conceptually simple, straightforward implementation
• must be very careful with residual δ dependence (especially in differential distributions)
• highly non-local → severe numerical cancellations  

SUBTRACTION

• in principle can be fully local → better efficiency / reliability 
• requires knowledge of subtraction terms, and their integration 



�10NNLO: SLICING TECHNIQUES
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Starting point of a NkLO calculation: find a variable δ that separates resolved/unresolved 
phase space. E.g.: qt [Catani, Grazzini], N-jettiness [Boughezal et al, Gaunt et al].

In the unresolved region, use soft-collinear approximation to integrate over unresolved 
momenta. Typically, result obtained from expanding a resummation formula. Currently, 
this information is only known numerically for processes involving jets or massive 
particles (soft function).

In the resolved region, only need Nk-1LO corrections to X+J.

Problem: individual contributions are 
logarithmically divergent ~ ln2k-1 δ.

Power corrections of order δ ln2k-1 δ. At 
higher order, very small δ required.

Good control at small δ difficult to achieve. 

Because of this issue, eventually abandoned 
at NLO

3

10-6 10-5 10-4 10-3 10-210-5

10-4

10-3

10-2

10-1

FIG. 1. Estimate of the missing power corrections ��(⌧cut) below ⌧cut for the NLO (green), NNLO (blue), and N3LO (orange)
contributions without including (solid) and including (dashed) the leading power correction in the subtractions. On the left,
the estimate is relative to the full NnLO contribution itself, on the right relative to the LO cross section. The bands show a
factor of three variation in the estimate around the solid lines. A similar variation should be considered to apply to the dashed
lines, but for simplicity is not shown.

the perturbative structure of the dominant power correc-
tions is given by

⌧N
d�(2,n)

d⌧N
= ⌧N

2n�1X

m=0

C
(2,n)
m lnm ⌧N ,

�
(2,n)(⌧cut) = ⌧cut

2n�1X

m=0

A
(2,n)
m lnm ⌧cut , (9)

where the A(2,n)
m coe�cients are straightforwardly related

to the C
(2,n)
m0 coe�cients by integration.

Hence, the dominant behaviour of the power correc-
tion is ↵s ⌧cut ln ⌧cut at NLO and ↵

2
s ⌧cut ln

3
⌧cut at NNLO,

and so forth. While these corrections vanish in the limit
⌧cut ! 0, they do so slower and slower at higher orders
due to the strong logarithmic enhancement, requiring
very small values of ⌧cut to be used in the subtractions.
In Fig. 1 we show an estimate of the error due to missing
power corrections ��(⌧cut) as a function of ⌧cut, based
on the form of their leading-logarithmic term relative to
the leading-power ↵

n
s coe�cient �

(0,n) (on the left) and
relative to the LO cross section (on the right, assuming
a 10% correction at each order in ↵s). The bands show a
variation of the estimate by a factor of three. We see that
for a fixed value of the cuto↵, the size of the missing terms
grows rapidly with the loop order. On the other hand,
in practice reducing ⌧cut comes at the price of a reduced
numerical stability in the NLO N +1-jet calculation and
quickly increasing computational time required to obtain
small statistical uncertainties in the Monte-Carlo integra-
tion. The typical values used in current implementations
are in the ⌧cut ' 10�3 to 10�4 range.

A possibility to greatly improve the numerical stabil-
ity of the subtraction, which was already put forth in
Ref. [46], is to explicitly compute the dominant power

corrections and include them in the subtractions. The
dashed lines in Fig. 1 show an estimate of the error
�(�cut) when including the leading-logarithmic power

correction, C(2,k)
2k�1

, in the subtractions �
sub(⌧cut). Based

on this simple estimate, for small values of ⌧cut, this
can reduce the error by about an order of magnitude, or
equivalently for fixed error allow one to raise ⌧cut by an
order of magnitude. This trend continues with each log-
arithm that is added to the subtraction. Therefore, both
the numerical stability and accuracy of the subtraction
can be significantly improved by computing the power
corrections. Note that the power corrections would give
an O(1) error to the N3LO coe�cient even for very small
values of ⌧cut, and therefore to make the application fea-
sible at this order it will be absolutely essential to include
the leading-power corrections in the subtractions.
The goal of this paper is to analytically calculate the

leading-logarithmic (LL) terms C(2,1)
1

and C
(2,2)
3

at NLO
and NNLO for 0-jettiness, which is equivalent to beam
thrust [55, 72], for qq̄-initiated Drell-Yan-like processes.
Like at leading power, this is made feasible by virtue
of the fact that TN is a physical observable. Our cal-
culation will be performed in SCET, which features a
systematic power expansion. To ensure that we have
identified all sources for the power corrections we exploit
the recently determined complete basis of hard scatter-
ing operators for e

+
e
�

! dijets and Drell-Yan from qq̄

annihilation [73]. We will emphasize more generally how
SCET can be used to analytically compute power cor-
rections for physical resolution variables. By calculating
the LL terms exactly, we will also be able to numerically
extract the next-to-leading logarithmic (NLL) contribu-
tions from the full fixed-order results. We study in detail
their e↵ect on improving N -jettiness subtractions. Our
numerical results also confirm the naive scaling estimates
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�11NNLO: SLICING RELOADED
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Despite being abandoned long time ago for NLO, slicing techniques have been used for 
NNLO calculations. This is due at least in part to the following reasons:

1.within this approach, one can use existing NLO results for the CPU-intensive ``X+J’’ part 
of the calculation. The availability of very efficient tools for NLO calculations allowed to 
obtain stable enough results for several key reactions like V/H, VV, single-top, top 
decay, H/V+J, H→bb decay, top pair production;

2.despite being very CPU-intensive, we now have large computing facilities;

3.NNLO corrections are typically small, so often an O(20%-50%) error on the NNLO 
coefficient only results in a percent-level error on the total cross-section;

4.at NNLO, a simple-enough subtraction framework analogous to Catani-Seymour or FKS 
has yet to emerge.

Nevertheless, slicing techniques are very delicate and if one wants to use them it is very 
important to always make sure that power corrections are under control. In general, their 
impact becomes more difficult to control in processes with a non-trivial color structure (see 
e.g. Campbell et al. (2019)), and in delicate fiducial regions (e.g. isolation). 



�12NNLO SLICING: RECENT RESULTS

Recently, slicing the qt formalism was extended to processes involving massive particles. 
This allowed for the calculation of NNLO corrections to top pair production within this 
approach [Catani et al (2019)].
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Figure 1: NNLO corrections ��NNLO normalized to the Top++ result as a function of rcut in the
various channels. The blue bands represent our final extrapolated result with its uncertainty.

in a separate publication. We have presented numerical results in pp collisions at 8 TeV and 13 TeV
and compared them to the corresponding results obtained with the numerical program Top++.
We find good agreement within the numerical uncertainties. Our computation represents the first
complete application of the qT subtraction formalism to the hadroproduction of a colourful high-
mass system at NNLO. The computation can be naturally extended to di↵erential distributions
and by applying arbitrary IR safe cuts on the tt̄ pair and the associated QCD radiation. More
details on the calculation and additional results will be presented elsewhere.
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So far, results have been obtained for the total cross section, and are in agreement with the 
ones obtained using a subtraction formalism [Czakon et al].

For the total cross section, a detailed study showed that power corrections are under good 
control. 

C
at

an
i e

t a
l (

20
19

)



�13NNLO SLICING: IMPROVEMENTS

The use of slicing techniques for complex processes or at higher orders would likely 
require improvements. Roughly, they can be divided in three categories:

1.Devise ``optimal’’ slicing parameters, as they can lead to better performances. For 
example, even within N-jettiness slicing it is well-known that different N-jettiness 
definitions perform very differently. In general, one would want a variable that restricts 
all radiation to be soft and collinear;

2.devise more differential slicing approaches. In principle, a fully differential slicing 
technique can be easily upgraded to a fully-fledged subtraction;

3.develop a better understanding of power corrections.

Recently, there has been a lot of activity on (3). Conceptually, this is non trivial because it 
corresponds to understanding factorization properties of QCD at next-to-leading power.  

The first power corrections have been obtained using (SCET-assisted) fixed-order 
calculations. So far, results are only known for color singlet production [Boughezal et al, 
Moult et al, Ebert et al], and also in this case their structure is not completely understood. 
Analogous results for qt have been obtained [Ebert et al].
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Figure 10. Same as fig. 8 for the hadronic T definition.

LL coe�cient is numerically suppressed, while in contrast its NLL coe�cient is quite larger.

Due to this unusual behavior, the NLL result is required to consistently reduce the power

corrections as compared with the leading-power result. In the qq̄ channel there is no a1 term,

and significant improvement is apparent from including a0.

The analogous results for the fitted nonsingular spectrum and the residual power correc-

– 43 –

For the qg channel, large cancellations between L and NL power corrections. Important to 
understand to which extent this is accidental.

It will be important to generalize these results to NNLO and to processes involving color 
in the initial and final states.  
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Slicing problems are overcome with subtraction. One devise a subtraction term S that a) 
reproduces the matrix element in the soft-collinear limit and b) is simple enough to be 
integrated for generic configurations of the resolved phase space. 

At least in principle, subtraction are local: singularities are subtracted point-by-point in 
the phase space and not on average. 

Because of this, there are no issues about power corrections etc., and the technique should 
perform much better. 

Historically, subtractions outperformed slicing at NLO. 

Subtraction scheme however suffer from some drawbacks:

1. it is non trivial to identify a good subtraction function

2. integration of the subtraction terms can be (prohibitively) difficult

3. it is non-straightforward to reuse existing NLO results for the ``X+J’’ part of the 
calculation
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Currently, two different fully-fledged subtraction schemes exist for LHC processes:

1. antenna subtraction [Gehrmann-de Ridder, Gehrmann, Glover et al]. 
• Basic idea: construct an approximation to the full matrix element valid over the whole 

phase space and simple enough to integrate it. In this respect, very similar to Catani-
Seymour, although based on antennas and not dipoles. 

• Method is fully analytic, but there is a degree of non-locality (azimuthal averages). 
Although in practice this is not a problem, it may somewhat affect performances.

• Large number of subtraction terms.
• Led to many phenomenological results (H+J, V+J, di-jet, VBF, DIS…).

2. FKS+sector decomposition [Czakon, Heymes, Caola, Röntsch, KM].
• Basic idea: partition the phase space like in FKS, in each sector parametrize in terms of 

energies and angles and subtract all the divergences like in FKS.
• Method is fully general, and can deal with massive partons easily.
• In its original formulation, some spurious singularity was subtracted, leading to 

unnecessary complications. This made subtraction terms quite difficult. Their 
integration was done numerically.  

• Led to many phenomenological results (top pairs+decay, single top, top decay, b 
decay, H+J…).
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Apart from antenna and FKS+sector decompositions, other techniques developed and 
used for phenomenological applications. For example

1.Projection-to-Born [Cacciari et al]. Fully local and fully analytic, but requires the 
knowledge of NNLO corrections inclusive over QCD radiation but differential in the 
Born phase space. Applied to VBF, DIS@N3LO (+with antennas)

2.Colorful [del Duca et al]. In principle, generic but currently only developed for e+ e- 
processes. Local subtraction, but at least so far semi-numerical. Applied to e+ e- → 3j, 
H→bb̅,…

Currently, no fully validated framework having the following properties exists

1. fully local

2. fully analytic

3. ``simple’’ and completely generic

In principle, such a scheme should outperform existing results. 

Apart from practical considerations, developing a framework with these features is an 
interesting theoretical problem in QCD. Can shed more light on the structure of soft/
collinear radiation, and shed light on fixed-order/resummation/parton shower 
connections.
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Compared to NLO, one new feature appears at NNLO: overlapping singularities.

At NLO: only 2-particle invariants can vanish, sij  ~ Ej [1-cos(θij)] ≡ xE xθ. Singularities 
completely factorized.Z

|M|2d� ⇠
Z ⇥

x2
Ex✓|M|2

⇤ dxE
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E
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At NNLO, 3-particle invariants can vanish, sijk ~ Σ Ei Ej cos(θij). This leads to overlapping 
singularities. Schematically: Z
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xa
i x

b
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⇤ dxi
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i

dxj
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<latexit sha1_base64="6crt3Vs1CG8K/OUPCuZaPJaAEwY="></latexit>

This means that the xi → 0 limit at fixed xj and the xj → 0 limit at fixed xi are different. In 
general, this is a physical feature and not an artefact. E.g:

orx
x1

2
3

θ12 < θ23 ≪ 1 θ23 < θ12 ≪ 1
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Overlapping singularities makes subtraction more difficult at NNLO.
In CS-like approaches (i.e. Antenna), they must be carefully reproduced by the 
subtraction function. It is non-trivial to devise proper simple enough subtraction 
function that don’t contain extra spurious singularities. 

In FKS-like approaches, the xi > xj and xj > xi cases are dealt with separately (``sector 
decomposition’’)

Another complication of NNLO is that double real or virtual emission has in general a 
more complicated color structure. 

Nevertheless, for double-real emission off massless particles all the non-trivial structures 
are still dipole-like ~ Ti Tj. 

In (real-)virtual corrections however, 3-particle correlations fijk appear for processes 
involving more than than three partons at the Born level. 

This implies that any subtraction scheme is complete if

1.  it is known for color singlet pp → X production and decay (II)
2.  it is known for color singlet X → jj decay (FF)
3.  it is known for DIS-like processes p + X*  → j + X (IF)
4.  non-trivial fijk color correlations are understood
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In the recent past, several new schemes have been proposed with the goal to obtain a 
generic, local and analytic framework for NNLO calculations. 

One example is the ``geometric’’ approach [F. Herzog]. It is based on 
the following:
1. identify singular regions directly in the sij space;

2.  use this to construct a local slicing scheme in the sij space;

3. promote the slicing to a full subtraction.

In this framework, overlapping singularities are removed by 
explicitly ordering all possible limits.

Recontres de Blois
5 June 2019

R. Röntsch (CERN)
Subtraction methods at NNLO
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Geometric Subtraction

● Identify singular regions in sij space.

● Construct slicing scheme:

➢ Slicing parameter depends on 
Feynman diagrams!

● Promote to local subtraction scheme.

● Explicit ordering of limits to remove overlapping 
singularities.

● Proof-of-concept: pole structure for H→gg (nf=0).

[Herzog ‘18]

A nice feature of this approach is that the integration of the countersterms is simple. 

Its main drawback is that it is based on looking at the structure of individual Feynman 
diagrams. Every diagram is treated differently. This makes the underlying IR structure of 
the amplitude hidden. 

Currently, this approach is at the proof-of-concept stage. So far, it has been used to 
reproduce the known pole-structure of the double-real correction to H→gg in pure 
gluodynamics (nf = 0).
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Another example of new schemes is the so-called ``local analytic sector subtraction’’ 
scheme [Magnea et al].

The origina idea of this approach is to combine FKS partition with Catani-Seymour 
parametrization of the phase space. It is constructed in the following way:

1. the phase space is partitioned in different regions in a FKS-like approach. Partitions are 
engineered to automatically remove overlapping singularities: different orderings are 
treated in different partitions;

2. in each partition, a simple CS-like parametrization is used. This leads to very simple 
counterterms, whose analytic integration is straightforward.

The method is fully local and fully analytic, and combine different approaches in an 
interesting way. 

The final result has the expected dipole-like structure, although soft radiation is not 
treated globally but split into the various FKS sectors.

Currently, the framework has been used to reproduce the nf contribution to V→jj decay, 
although extension to the more complex initial-state case is underway. 
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The last new scheme I will discuss is the ``nested soft-collinear subtraction’’ scheme 
[Caola, Röntsch, KM].

The starting point of this approach is the original FKS+sector decomposition approach.

Its crucial observation is that the original approach contains overlapping singularities of 
the form 

1

Ei✓ik + Ej✓jk
<latexit sha1_base64="0iw4il62rIETUPybZQbNmMybuB8="></latexit>

If one assumes the ordering Ei > Ej , such that Ej = x1 Ei, and θjk > θik, such that θik = x2 θjk, 
this becomes 

1

Ei✓jk
⇥ 1

x1 + x2
<latexit sha1_base64="Drk1AZdKh+uhl+pv/gQFtTIcai4="></latexit>

The x1 + x2 term leads to a non-trivial soft/collinear overlapping singularity.

In the original FKS+sector decomposition approach (cf. STRIPPER), this was dealt with by 
sector decomposition like all the other overlapping singularities. 

However, this overlap is unphysical.
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Indeed, such an overlap would violate color coherence, which states that for any physical 
quantity

1. soft gluons are only sensitive to the charges of the system;

2. if a bunch of partons become collinear, soft gluons can only resolve the total color 
charge of the collinear system.

U. Vienna
7 May 2019

R. Röntsch
Nested soft-collinear subtractions for infrared singularities at NNLO
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Color coherence
● On-shell, gauge-invariant QCD scattering amplitudes : color coherence.

● Used in resummation & parton showers; not manifest in subtractions.

● Soft gluon cannot resolve details of collinear splittings; only sensitive to total 
color charge.

No overlap between soft and collinear limits -- can be treated 
independently:

● Regularize soft singularities first, then collinear singularities.

● Energies and angles decouple.

It is easy to show that this implies that no non-trivial soft/collinear overlaps can appear in 
physical quantities. 

They appear at intermediate stages in the original FKS+sector decomposition approach 
because singularities were identified by looking at individual propagator rather than at 
on-shell gauge-invariant matrix elements. 
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In the nested soft-collinear subtraction scheme, the non-physical soft collinear overlaps 
are removed.

As a consequence, soft and collinear singularities are completely factorized, and can be 
dealt with independently one by one, in a nested way. 

Specifically, the subtraction proceeds as follows. 

1. all soft singularities are subtracted globally, without introducing any sector. 

The soft counterterms are simple enough that they can be analytically integrated for 
arbitrary (massless) processes [Caola, Delto, Frellesvig, KM (2018)];

2. FKS partitions are introduced to separate different collinear regions. In each partitions, 
(physical) collinear overlaps are removed using sector decomposition. 

Also in this case, the counterterms are very simple and have been analytically integrated 
for all possible cases [Delto, Melnikov (2019)]. 

At the end, the singularity structure is very transparent, and relatively compact. All the 
singularities (double-soft/single-soft/triple-collinear/double-collinear) are subtracted 
independently, one after the other, in a nested way. 



�25THE NESTED SUBTRACTION SCHEME

This scheme has several attracting features:

•  it is fully analytic, fully local and it can in principle be applied to arbitrary processes;

•  it is in some sense ``minimal’’, i.e. it contains the minimal number of subtraction 
needed to regulate physical QCD amplitudes. This may become relevant for high 
multiplicity processes;

•  it is flexible. Contrary to the original FKS, is not tied to a particular parametrization. 
Currently, the original FKS+sector decomposition parametrization is used for 
convenience, but one could explore different parametrizations. 

Similarly, overlapping singularities do not necessarily require sector decomposition, but 
could be dealt with using different approaches. 

For example, they could be dealt with at the FKS-partition level, in which case this formalism 
would become very similar to the local analytic subtraction one.

Currently, the scheme has been fully validated for initial state production [Caola, Röntsch, 
KM (2019)] and final state production [Caola, Delto, Röntsch, KM, arXiv:1906.xxxx]. 

Results for the initial-final case are known, and are currently under validation [Asteriadis, 
Caola, Delto, Röntsch, KM, arXiv:19xx.xxxx].
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Apart from theoretical considerations, from a purely practical point of view, a good 
NNLO framework should be:
1. reliable. Corrections should be computable to arbitrary accuracy;
2. efficient.
It is reasonable to expect that at fully local fully analytic scheme could fulfil these 
requirements. Within the nested soft-collinear scheme, one can test it in simple processes. 

1. reliable → pick a process where analytic results are known, and compare to very 
high accuracy

Channel Color structures Numerical result (nb) Analytic result (nb)
qiq̄i ! gg – 8.351(1) 8.3516
qiq̄i ! qj q̄j CFTRnup, CFTRndn -2.1378(5) -2.1382

CF (CA � 2CF ) �4.8048(3) · 10�2
�4.8048 · 10�2

CFTR 5.441(7)·10�2 5.438·10�2

qiqj ! qiqj (i 6= �j) CFTR 0.4182(5) 0.4180
CF (CA � 2CF ) �9.26(1) · 10�4

�9.26 · 10�4

qig + gqi – -9.002(9) -8.999
gg – 1.0772(1) 1.0773

Table 1: Different contributions to the NNLO coefficient for on-shell Z production at the
13 TeV LHC with µR = µF = 2mZ . All the color factors are included in the numerical
results. The residual Monte-Carlo integration error is shown in brackets. See text for
details.

structures independently. We show results for a single fixed factorization and renormal-
ization scale µ = 2mZ , although we have performed the same check for different scales as
well. We note that these inputs are not chosen for their phenomenological relevance, but
rather to provide stringent checks on our results.

We summarize our findings in Table 1. It shows that our framework allows for extremely
high precision results, with numerical errors at the per mille level or better9. These results
are always fully compatible with the analytic ones within the numerical uncertainties.
We remind the reader that these numbers refer to the NNLO coefficients, which implies
absolute precision on the physical cross section. Analogous results for the case of Higgs
production for equal renormalization and factorization scales µR = µF = mH/2 are shown
in Tab. 2. Again, we find it convenient to perform numerical checks for different partonic
channels independently. Also in this case, our numerical results have tiny uncertainties
and are in perfect agreement with the analytic values obtained from Ref. [21].

Having fully validated our results, we now briefly investigate the performance of the
framework when applied to the computation of physically relevant predictions. Specifically,
we explore the computational effort required to obtain predictions for physical quantities
at the per mille level. We start by considering inclusive Higgs production, at the 13 TeV
LHC. For this study, we set µR = µF = mH . Running for less than an hour on a single
core of a standard laptop, we obtain

�
LO
H = 17.03(0) pb; �

NLO
H = 30.25(1) pb; �

NNLO
H = 39.96(2) pb. (5.1)

As one can see from Eq. (5.1) the numerical uncertainty on the full NNLO cross section
is below one per mille. The result is in full agreement10 with the benchmark predictions
reported in Ref. [28].

9
The larger error in some channels is caused by non-negligible cancellations between different contribu-

tions to the final result.
10

The different LO cross section w.r.t. Ref. [28] is due to a different choice of LO PDFs.
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Figure 2: Comparison of the NNLO QCD contribution d�NNLO
/dQ computed in this paper

with the analytic results in Ref. [50].

percent precision on the NNLO correction leads to almost absolute precision for physical
cross sections and simple kinematic distributions. We will further illustrate this point
below. Before doing so, we note that we found a similar level of agreement for individual
color structures and for individual contributions to the final result. We also note that
although we report results for a single scale choice here, using the results in the previous
sections and the known amplitudes for qq̄ ! e

+
e
� + X, it is easy to check analytically

the scale dependence of our result against the one reported in Ref. [50]. Full agreement is
found.

As we mentioned in the Introduction, one of the important issues for current NNLO
QCD computations is their practicality. For example, with the increasing precision of
Drell-Yan measurements, one may require very accurate theoretical predictions for fiducial
volume cross sections. It is then important to clarify whether a given implementation of the
NNLO QCD corrections can produce results that satisfy advanced stability requirements
and, if so, how much CPU time is needed to achieve them.

To illustrate this aspect of our computational scheme, we show the rapidity distribu-
tion of the dilepton pair, the rapidity distribution of a lepton, and the lepton transverse
momentum distribution in Fig. 3. The plots on the left and on the right provide identi-
cal information: the upper panes show next-to-leading and next-to-next-to-leading order
predictions for the respective observable, and the lower panes the ratio of the NNLO to
NLO distributions. The difference between the plots on the left and the plots on the right
is the CPU time required to obtain them; it changes from O(10) CPU hours for the plots
on the left, to O(100) CPU hours for the plots on the right. The different run times are
reflected in different bin-to-bin fluctuations seen in both plots. The bin-to-bin fluctuations
for the two rapidity distributions are at the percent-level or better in the plots on the
left, and they become practically unobservable in the plots on the right. The situation
is slightly worse for the transverse momentum of the lepton. However, this observable
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Very accurate results for DY NNLO corrections. Similar results for X→qq̅, gg decay processes.
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2. efficient: Higgs and DY production in 1 hour on a standard laptop (1 core)

Channel Color structures Numerical result (nb) Analytic result (nb)
qiq̄i ! gg – 8.351(1) 8.3516
qiq̄i ! qj q̄j CFTRnup, CFTRndn -2.1378(5) -2.1382

CF (CA � 2CF ) �4.8048(3) · 10�2
�4.8048 · 10�2

CFTR 5.441(7)·10�2 5.438·10�2

qiqj ! qiqj (i 6= �j) CFTR 0.4182(5) 0.4180
CF (CA � 2CF ) �9.26(1) · 10�4

�9.26 · 10�4

qig + gqi – -9.002(9) -8.999
gg – 1.0772(1) 1.0773

Table 1: Different contributions to the NNLO coefficient for on-shell Z production at the
13 TeV LHC with µR = µF = 2mZ . All the color factors are included in the numerical
results. The residual Monte-Carlo integration error is shown in brackets. See text for
details.

scale µ = 2mZ , although we have performed the same check for different scales as well. We
note that these inputs are not chosen for their phenomenological relevance, but rather to
provide stringent checks on our results.

We summarize our findings in Table 1. It shows that our framework allows for extremely
high precision results, with numerical errors at the per mille level or better9. These results
are always fully compatible with the analytic ones within the numerical uncertainties.
We remind the reader that these numbers refer to the NNLO coefficients, which implies
absolute precision on the physical cross section. Analogous results for the case of Higgs
production for equal renormalization and factorization scales µR = µF = mH/2 are shown
in Tab. 2. Again, we find it convenient to perform numerical checks for different partonic
channels independently. Also in this case, our numerical results have tiny uncertainties
and are in perfect agreement with the analytic values obtained from Ref. [21].

Having fully validated our results, we now briefly investigate the performance of the
framework when applied to the computation of physically relevant predictions. Specifically,
we explore the computational effort required to obtain predictions for physical quantities
at the per mille level. We start by considering inclusive Higgs production, at the 13 TeV
LHC. For this study, we set µR = µF = mH . Running for less than an hour on a single
core of a standard laptop, we obtain

�
LO
H = 15.42(1) pb; �

NLO
H = 30.25(1) pb; �

NNLO
H = 39.96(2) pb. (5.1)

As one can see from Eq. (5.1) the numerical uncertainty on the full NNLO cross section
is below one per mille. The result is in full agreement10 with the benchmark predictions
reported in Ref. [28].

9
The larger error in some channels is caused by non-negligible cancellations between different contribu-

tions to the final result.
10

The different LO cross section w.r.t. Ref. [28] is due to a different choice of LO PDFs.
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Channel Numerical result (pb) Analytic result (pb)
gg ! gg 9.397(1) 9.398
gg ! qq̄ -1.243(2) -1.243
qg + gq 0.7865(8) 0.7861

qq̄ 1.145(1) · 10�2 1.146 · 10�2

qq 2.139(3) · 10�2 2.140 · 10�2

qq
0 5.967(5) · 10�2 5.970 · 10�2

Table 2: Different contributions to the NNLO coefficient for on-shell H production at the
13 TeV LHC with µR = µF = mH/2. The residual Monte-Carlo integration error is shown
in brackets. The labels qq and qq

0 refer to quark initial states with identical and different
flavors, respectively. See text for details.

We now move to fiducial cross sections. We consider pp ! Z/�
⇤
! e

�
e
+ production

in the fiducial volume defined by symmetric lepton cuts studied in Ref. [28]. Specifically,
we require that the transverse momentum and rapidity of each lepton satisfy

pT,` > 25 GeV |⌘`| < 2.47, (5.2)

and that the invariant mass of the lepton pair is in a window 66 GeV < me�e+ < 116 GeV.
In this case, we use µR = µF = mZ . Running on a single core of a standard laptop for
about an hour, we obtain

�
LO
DY = 650.4± 0.1 pb; �

NLO
DY = 700.2± 0.3 pb; �

NNLO
DY = 734.8± 1.4 pb. (5.3)

We note that in this case the error is at the few per mille level. We compared the NNLO
K-factor against the benchmark result presented in Ref. [28], and found agreement within
the numerical precision.

As a final comment, we note that although the processes studied here are very simple,
which makes it difficult to predict how the framework will perform for more complicated
ones, these results are very encouraging.

6 Conclusions

In this paper, we presented compact analytic formulas that describe fully-differential pro-
duction of color-singlet final states in hadron collisions. We studied final states that, at
leading order, can be produced either in qq̄ or in gg annihilation.

Our calculation employs the nested soft-collinear subtraction scheme that we developed
earlier in Ref. [16]. However, compared to its original formulation, we found it useful to
modify it to allow for a simpler analytic integration of the triple-collinear limits. We
explained the required changes in Section 2.

We validated our results by using them to numerically compute NNLO QCD contri-
butions to total cross sections of Z and H production in proton collisions and comparing
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Higgs total cross section:

pp → 2l, symmetric cuts:

pp → γ* → 2l, differential distributions [old semi-numerical code]
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Figure 3: Upper panes: Rapidity distribution of the vector boson, rapidity distribution of
a lepton and pT distribution of a lepton at different orders of perturbation theory. Lower
panes: the ratio of NNLO/NLO prediction for a given observable. Plots on the left: the
runtime of O(10) CPU hours; plots on the right: the runtime of O(100) CPU hours. Note
that the dip in the ratio of NNLO/NLO lepton pT distribution at pT ⇠ 25 GeV is a physical
feature and not a fluctuation.

is rather delicate in the �
⇤ case, as each bin receives contributions from a large range of

invariant masses. The introduction of a Z boson propagator will localize the bulk of the
cross section in a much smaller invariant mass window, and lead to improved stability in
this case.12 Nevertheless, the results shown in Fig. 3 imply that the numerical implementa-
tion of our subtraction scheme allows for high precision computations, while also delivering

12
The state-of-the-art comparison of this and other observables in Drell-Yan production between differ-

ent NNLO codes was presented in Ref. [51].
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�28THE NESTED SUBTRACTION SCHEME: PERFORMANCE

Efficiency will become more and more important for complex final states. 
Phenomenological applications inversely proportional to the time needed to obtain results: 
more complex result, and richer phenomenological structure (observables…).

A ``simple’’ complex problem: VH, H→bb̅@NNLO.
Although this process is by far simpler than a genuine process with color in the initial and 
final states, it can give us a rough idea of performances in more complex scenarios.
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Figure 6: Same as Fig. 4, but for the transverse momentum of the bb̄ system that is used to

reconstruct the Higgs boson. See text for further details.

NNLO distribution.

To understand the relative impact of different contributions, we again split the full NNLO

into two different parts, �dec. and �NLO⇥NLO, and display them separately in Fig. 7. For

values of p?,bb̄ larger than p
cut

?,W
, the approximate NNLO is larger than the full NNLO by

about O(5% � 10%), independent of whether or not the cut on the W boson transverse

momentum is applied, due to the corrections from both NLOprod ⇥ NLOdec and the NNLO

decay. When the p?,W cut is imposed, the slight increase at low values of p?,bb̄ is the result

of a cancellation between the somewhat larger contributions from the NNLO decay and

the NLOprod ⇥ NLOdec. We also note that the NLOprod ⇥ NLOdec contribution smears the

Sudakov shoulder.

It is also interesting to study the angular separation �Rbb̄ =

q
�⌘

2

bb̄
+��

2

bb̄
of the b- and

b̄-jets that are used to reconstruct the Higgs boson; the corresponding distributions without

(left pane) and with (right pane) the p?,W cut are shown in Fig. 8. The impact of the

W boson transverse momentum cut on the angular separation of the jets is dramatic, as

the comparison of left and right panes shows. The shift to lower values of �Rbb̄ is again

expected, as imposing the p?,W cut selects boosted Higgs kinematics whose decay products

are closer together. Both with and without the p?,W cut, the NLO corrections modify the

shape of �Rbb̄ distributions significantly, while the NNLO corrections have a much smaller

impact.

Another distribution that is subject to large modifications if the cut on the vector boson
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Figure 5: The invariant mass of a b-jet and a b̄-jet that best approximates the Higgs boson mass.

The p
W

? > 150 GeV cut is applied. Left pane: only NNLO corrections to decay are included. Right

pane: NLO corrections to the production and NLO corrections to the decay are included. Lower

panes – ratio to approximate NNLO. See text for further details.

We define

�dec. =Br(H ! bb̄) d�
(0)

�
d�

(2)
� d�

(1)
�
,

�NLO⇥NLO =Br(H ! bb̄) d�
(1)

�
d�

(1)
� d�

(0)
�
,

(25)

such that d�
NNLO,approx

WH(bb̄)
+ �dec. + �NLO⇥NLO = d�

NNLO

WH(bb̄)
. We display the two distributions

in Fig. 5. As we said already, the radiation in the decay does not populate the mbb̄ region to

the right of mH , so that the O(�15%) correction at such values of the bb̄ invariant mass comes

exclusively from the NLOprod ⇥NLOdec contribution. On the other hand, for mbb̄ < mH the

NNLO corrections to the decay play a dominant role, increasing the distribution by about

40%, as compared to the O(20%) increase from NLOprod ⇥ NLOdec.

Next, we consider the transverse momentum of the bb̄ system whose invariant mass provides

the best approximation to the Higgs boson mass. The NNLO and approximate NNLO

distributions for this observable are compared in Fig. 6; the cut p?,W > 150 GeV is applied

to events displayed in the right pane. It follows from Fig. 6 that the cut on the W boson

transverse momentum re-shapes the distribution, pushing its maximum to larger values.

Again, this is easily understood by observing that the p?,W cut implies the requirement

p?,bb̄ > 150 GeV at LO. In addition, if the cut on the W transverse momentum is applied,

both the full and the approximate NNLO calculations develop a Sudakov shoulder below

p?,bb̄ = p
cut

?,W
= 150 GeV. We note that this feature is somewhat less prominent in the full
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Stable result with reasonably small computing resources. 



�29NNLO SUBTRACTION: PARTON SHOWER AND RESUMMATION

Apart from their theoretical appeal, ``simple’’ subtraction schemes can also shed more light 
on the IR structure of perturbative QCD.
Can be informed by resummation, and provide interesting fully differential information to 
them. 
Better understanding of subtraction schemes could also lead to more physical matching/
merging schemes and perhaps even more accurate showers.
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So far, discussion mostly 
focused on finding ``a’’ 
subtraction scheme, but 
interest in a better 
understanding of the 
underlying IR structure (see 
e.g. [Magnea et al (2018)])



�30CONCLUSIONS

NNLO calculations are at the core of the precision program at the LHC.

They require multi-loop amplitude, and efficient subtraction schemes.

In the recent past, there has been a lot of developments on both. 

In particular, we now have several subtraction schemes for fully differential NNLO 
calculations. Some of them are in principle generic (Sector decomposition+FKS, antenna, 
Jettiness slicing).

As processes become more and more complex, very efficient subtraction schemes are 
required. So far, an optimal NNLO framework has not yet emerged.

Several proposals for better schemes in the recent past (geometric, local analytic subtraction, 
nested subtraction). They are very promising, but not yet fully developed.

Developing local and analytic subtraction schemes is also an interesting theoretical 
problem in QCD.

A clear organization of soft/collinear information is needed for fixed-order, resummation 
and parton shower approaches. ``Clean’’ NNLO formalisms seem in direct correspondence 
with resummation approaches. They are not all-orders, but are fully local. Perhaps, one can 
learn from both approaches to improve on them. 


