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Irreducible representations of SU(N) on V" V a vector space

1. Background g% W
e Focus: Invariant theory, Young projection operators \ 1
e Birdtracks: graphical representation of invariants - &
<

e Hermitian projection operators of SU(N): KS & MOL&;{
e Unitary transition operators between equivalent rewesﬁata

2. Modern results @Q
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Representations of S, and SU(N) on V&

@ For any v € V®" the action of p € S,, on the components
vii2-In of v is defined as

p(vi=in) .= b 112 1) (1)

@ For any U € SU(N) with defining representation y(U) on V,
the induced product representation on V®" (also denoted by
U) is

(UV)ilmik = V(U)iljl N U)ikjk vl (2)

These actions commute on V®" so every p € S, is an invariant of
SU(N),
UpU'=p (3)

Elements of S, are all the invariants of SU(N) on V©®"



Ancestry of Young tableaux over V&#

add box / to a tableau in 9;_4
o tableau is left-aligned and top-aligned
@ numbers increase in each row

@ numbers increae in each column
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Young projection operators

Young projector eg is quasi-idempotent
@ Antisymmetrize over numbers in the same row
@ Symmetrize over numbers in the same column

2
o-[34
eo = SeAo
zé(id5+(12)) . % (s + (34))
So
% %(idg, ~(13) ~ (15) ~ (35) + (135) + (153)) - (ids — (24)
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Young projection operators

Young projector eg is quasi-idempotent
@ Antisymmetrize over numbers in the same row
@ Symmetrize over numbers in the same column

2
©=|3|4| — Yo =apeg is idempotent

eo = SeAo
zé(id5+(12)) . % (s + (34))
So
% %(idg, ~(13) ~ (15) ~ (35) + (135) + (153)) - (ids — (24)
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Representations of SU(N) and Young projection operators

@ Acting permutation on tensor components
amounts to acting a product of Kronecker
deltas:

(123)Vi1i2i3 — B2 — g2 §B §i |23
J1 J2 3



Representations of SU(N) and Young projection operators

@ Acting permutation on tensor components

amounts to acting a product of Kronecker ‘
deltas: p. Cvitanovi¢:
"Group Theory -
(].23)Vi1i2i3 — B 512 613 S\ 23 Birdtracks, Lie's
J3 and Exceptlonal
Groups"

52, 8% 8% = Eé%n = (123).

13 J3



Representations of SU(N) and Young projection operators

@ Acting permutation on tensor components

amounts to acting a product of Kronecker '
deltas: p. Cvitanovi¢:
"Group Theory -
(].23)Vi1i2i3 — B 512 613 S\ 23 Birdtracks, Lie's
J3 and Exceptlonal
Groups"

52, 8% 8% = ié%n = (123) .

13 J3

@ Symmetrizers and antisymmetrizers

TC=5 (). A5 (=-2))



Representations of SU(N) and Young projection operators

@ Acting permutation on tensor components

amounts to acting a product of Kronecker '
deltas: p. Cvitanovi¢:
"Group Theory -
(].23)Vi1i2i3 — B 512 613 S\ 23 Birdtracks, Lie's
J3 and Exceptlonal
Groups"

52, 8% 8% = ié%n = (123).

13 J3

@ Symmetrizers and antisymmetrizers

TC=5 (). A5 (=-2))

@ Young projection operators from tableaux
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Multiplets from Tableaux

A bigger example:

7]

‘OO‘-& [SSE =

o Yo

Wishlist of Properties: Young Yo
ldempotency: Yo - Yo = Yo v
Transversality: Yo - Yo = 000 Yo X
Completeness: Y ocq Yo =id, v




Multiplets from Tableaux

A bigger example:
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J. A-Z and H. Weigert, arXiv:1610.10088 (based on Keppeler & Sjédahl, arXiv:1307.6147)
Wishlist of Properties: Young Yo | Herm. Young Pg
ldempotency: Yo - Yo = Yo v v
Transversality: Yg - Yo = 0ge Yo X v
Completeness: Y ocq Yo =id, v v

—> Replace Yg by Pg




Parent Map & Ancestor tableaux

For any Young tableau © consisting of n boxes, © € 9}, parent
tableau ©(y) is obtained by removing | n

6
©=|21|5 — @(1): 2

Parent map: 7: 9, — 9,1, 7(©) = ©(y)



Parent Map & Ancestor tableaux

For any Young tableau © consisting of n boxes, © € 9}, parent
tableau ©(y) is obtained by removing | n

6
©=|21|5 — @(1): 2
4
Parent map: @ : 9, — 9%-1, ©(©) = @(1)
Repeated application:
316 13 113 T3
215 I 1205 5 |2 N >
4 4
—— ~——— ~—— SI6))
© ) S(2)

©(m) is the ancestor of © m generations back.



Keppeler-SJOdahl (KS) COnStruCt'on S. Keppeler and M. Sjédahl, arXiv:1307.6147

Iterative construction using tableau ancestry:

1. If © € 95 (2 boxes),
Po=Yo .

2. If © € 95, with n > 2 (> 2 boxes),

Pe = Pe,, Yo Po,,

(Po,,, embedded in V7).



Keppeler-SJOdahl (KS) COnStruCt'on S. Keppeler and M. Sjédahl, arXiv:1307.6147

Iterative construction using tableau ancestry:

1. If © € 95 (2 boxes),
Po=Yo .

2. If © € 95, with n > 2 (> 2 boxes),

Pe = Pe,, Yo Po,,

(Po,,, embedded in V7).

Properties of KS operators:
@ idempotent
@ complete

@ transversal



KS PrO_]eCtOI' EXample S. Keppeler and M. Sjédahl, arXiv:1307.6147
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KS PrO_]eCtOI’ EXample S. Keppeler and M. Sjédahl, arXiv:1307.6147

o = i - P = o

—_—— — :@(3)
=Oq) =0O(2)

Pey) = Yo,



KS PrO_]eCtor EXample S. Keppeler and M. Sjédahl, arXiv:1307.6147

o = i - P = o

—_—— — :@(3)
=Oq) =0O(2)

Pey) = Yo,

Pop) = Yo, Yo, Yo,
—— ——
Pos) Pos)



KS Projector Example

S. Keppeler and M. Sjédahl, arXiv:1307.6147

4 2[4 1]2
o— N N | =,
3|5 3 3 . |
—_——— —— :@(3)
p v =9 =92
O3 ~ "0
Pewn) = You) Yor Yo,
—— ——
Pes) Pes)
Pou) = \Ye(a) Yo Ye@)/ You) \Y@w) Yo Yo,
=Po(y =Pog)



KS PrO_]eCtor Example S. Keppeler and M. Sjédahl, arXiv:1307.6147

e:1§4i>12i>12\L>

LY L N——
— N—— =03
e —vY =Oq) =©()
3 = "Op)
Pop) = Yo, Yo, Yo,
—— ——
Pos) Pos)

Pou) = \Ye(a) Yo Ye@)/ You) \Y9(3) Yo Y%)j

—Pg, Py
°@) @)
Pe = Yoy, Yo, Yor;) Yoy, Yoy, Yor, You Yo Yo, Yo, Yo, Yoy, Yor, Yor, Yo

=Pey =Pe(y

_ 128 - 303 e O 5 O b § O e 8 B
9 N e e e e e e e e e e —
Yem Ye) Ye Ye YQJ Yeu) Ye Yo Y9<3) Ye(:) Yem Yem Yeta) Ye) Ye

Po Poq,



MOLD advantage

Young tableau

1
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5|8
9

o Keppeler-Sjodahl operator: (arXiv:1307.6147)




MOLD advantage

Young tableau

2 4|7\
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5|8
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o Keppeler-Sjodahl operator: (arXiv:1307.6147)




MOLD advantage

Young tableau

2 4|7\

1
3
5|8
9

o Keppeler-Sjodahl operator: (arXiv:1307.6147)
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MOLD advantage

Young tableau

2 4|7\

1
3
5|8
9

o Keppeler-Sjodahl operator: (arXiv:1307.6147)

@ MOLD operator: (arXiv:1610.10088)
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MeaSU re Of LeXIC3| DISOI’deI’ J. A-Z and H. Weigert, arXiv:1610.10088

Lexically ordered tableau: We say that a tableau is lexically
ordered if wither the row-word (read row-wise from top to bottom)
or the column-word (read column-wise from left to right) is in

lexical order

7]8] +]6]

’OO|U1 W =

’-l>|w N| =

ordered not ordered



MeaSU re Of LeXIC3| DISOI’deI’ J. A-Z and H. Weigert, arXiv:1610.10088

Lexically ordered tableau: We say that a tableau is lexically
ordered if wither the row-word (read row-wise from top to bottom)
or the column-word (read column-wise from left to right) is in
lexical order

7]8] 4] 6]

’-l>|w N | -
’OO|U1 W =

ordered not ordered

Measure of Lexical disorder (MOLD) is the minimum number
of applications of 7 needed to arrive at a lexically ordered Young
tableau.
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MOLD COI’]StI’UCtIOh J. A-Z and H. Weigert, arXiv:1610.10088

Utilize the partial order of a tableau to obtain Hermitian projector:
For a tableau © € 9, with MOLD m
1. Find the ancestor O,
Zlfewnﬁ
o row-ordered, start with the symmetrizer S@(m)
e column-ordered, start with the antisymmetrizer S@(m)
on the outside of the operator

3. Moving inwards, alternate symmetrizers and antisymmetrizers,
always going up one generation until ©(q)
4. The central part of the operator is either

S@A@S@ or A@S@A@

keeping alternation between symmetrizers and antisymmetrizer



MOLD COﬂStrUCtIOﬂ J. A-Z and H. Weigert, arXiv:1610.10088

Utilize the partial order of a tableau:

4 . [il2lal L. [1]2

w
w
w

Po = Bo-Se, Ao, Se Ae Se Ae, Se,
dr =
S S
-(——— _—  —

AP N 7 S N
S A@) S@ Ao S@ A@ S@()



MOLD construction

Utilize the partial order of a tableau:

0=

4

J. A-Z and H. Weigert, arXiv:1610.10088




Ancestry of Hermitian Young projection operators over V&4
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Equivalent Representations

Schur's Lemma:

Let V; and V; be two irreducible G-modules of a group G. Let
Tjj: Vi = V; be a G-homomorphism. Then

1. Tj is a G-isomorphism if and only if V; and V; carry equivalent
representations of G, or

2. Tj is the zero map.

Tjj is called the transition operator.



Equivalent Representations

Schur’'s Lemma:
Let V; and V; be two irreducible G-modules of a group G. Let
Tjj: Vi = V; be a G-homomorphism. Then

1. Tj is a G-isomorphism if and only if V; and V; carry equivalent
representations of G, or
2. Tj is the zero map.

Tjj is called the transition operator.

@ Each projection operator P; : V; — V; defines an irreducible
SU(N)-module V; on V&K

@ Projection operators corresponding to Young tableaux of the

same shape correspond to equivalent irreducible representations
of SU(N)



Tra nSItIOﬂ OperatOI’S T@(D J. A-Z and H. Weigert, arXiv:1610.08802

4 13
©=|2 and =

Too = fz@

° TooPo = Too =PoTos
(] qu) T@¢ = Pq;

Properties:

o TooThe = Po
where T(j)cb = Too
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Ancestry of Hermitian Young projection operators over V&4
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Conclusion

Summary:

@ Representation theory of SU(N) on V®" is well-developed, but
still open questions

@ MOLD: efficient construction algorithm for Hermitian Young
projection operators and unitary transition operators (in the
birdtrack formalism)

QOutlook:

@ Projection and transition operators of SU(N) on mixed product
spaces (e.q. V&M ® (V*)¥")?
@ Representations of SO(N) and other Lie groups?
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