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Collinear Drop:
Class of observables that do not depend on energetic   
   collinear radiation in a jet.  

Puts focus on soft radiation.

Motivation:

Test treatment of perturbative soft radiation in Monte Carlo Sim.

More sensitive to hadronization.  Provide new tests for
  hadronization models by comparing to collinear drop data.

Can be made sensitive or insensitive to underlying event/MPI

•

Provide a probe for jet quenching and medium effects in 
heavy-ion collisions

•

Study color charge and correlations 
   (eg. quark vs. gluon vs. Z,  connection to rest of event, …)

perhaps
drop

drop

keep



Outline

• Jet Substructure,  Soft Drop grooming

• Partonic Factorization & NLL Resummation with SCET

• Conclude

• Collinear Drop (CD) -  exploring soft phase space in jets

• Analysis of CD using MC simulations and SCET

• Factorization for Soft Drop Jet Mass



remove soft contamination 
from jets 

tagging subjets 

grooming jets •

•

vs. vs.

boosted particles have
collimated decay products

Jet Substructure

collinear drop•



Soft Drop Grooming Larkoski, Marzani, Soyez, Thaler (1402.2657)

Recluster jet with CA

Groom soft radiation 

z > zcut ��

two grooming parameters

min(pTi, pTj)
pTi + pTj

> zcut

��Rij

R0

��

(generalization of mMDT: Butterworth et.al., Dasgupta et.al.)

}
}
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Figure 1. Schematic of CA clustering and soft drop grooming algorithm. On the right the branches that
fail to satisfy the soft drop criteria, shown in gray, are discarded.

This is illustrated in Fig. 1 where ⇥sd = 1�⇥sd represents the pass/fail test being applied by the
soft drop groomer. Once Eq. (2.1) or Eq. (2.2) is satisfied all subsequent constituents in the tree
are kept, thus setting a new jet radius Rg < R for the groomed jet.

In the limit Rij ⌧ 1, with jet constituents close to the jet axis, we can rewrite Eq. (2.1) in
terms of the energies Ei = pT i cosh ⌘i and polar angles ✓ij ⌧ 1, so that the pp formula becomes

min[Ei, Ej ]

(Ei + Ej)
> z̃cut ✓�ij , (2.3)

where here we introduced the shorthand notation

z̃cut = zcut
cosh� ⌘J

R�
0

(pp case) . (2.4)

To obtain this result we used R2

ij ' cosh ⌘i cosh ⌘j ✓2ij and cosh ⌘i = cosh ⌘j + O(✓ij) ' cosh(⌘J)

to write the extra factors in terms of the jet’s rapidity ⌘J . For e+e�, the result in the ✓ij ⌧ 1

limit takes the same form in Eq. (2.3), but with

z̃cut = zcut

✓
p

2 sin
⇣Ree

0

2

⌘◆��

(e+e� case) . (2.5)

With our definitions of z̃cut in Eqs. (2.4) and (2.5), the formula in Eq. (2.3) applies both for pp

and e+e� when ✓ij ⌧ 1. For our analysis we will always assume

z̃cut ⌧ 1 . (2.6)

With soft drop grooming the jet mass is defined by starting with the constituents of the jet of
radius R and summing only over the constituents Jsd that remain after soft-drop has been applied,

m2

J =

✓ X

i2Jsd

pµi

◆2

. (2.7)

In Fig. 2 we show a Pythia8 Monte Carlo prediction for this groomed jet mass spectrum
with zcut = 0.1 and � = 2. We distinguish three relevant regions of the spectrum: the soft drop
nonperturbative region (SDNP) to the far left (left of the magenta dashed line), the soft drop
operator expansion region (SDOE) in the middle (between the dashed lines), and the ungroomed
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test for subjets:

� = 0 � > 0
more grooming less grooming

less grooming more grooming
zcut = 0.1 zcut = 0.2

zcut :

� :



Soft Drop Factorization Frye, Larkoski, Schwartz, Yan (1603.09338)

isolates measurement 
from rest of event

drop

keep
keep m2

J}
groomed 
jet mass

mJ

Q
sum large logs from 
ratios of scales

Qcut = Qzcut2�

�
m2

J

Q

�1+�
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Q
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cut



Soft Drop Factorization Frye, Larkoski, Schwartz, Yan (1603.09338)

Collinear-Soft
function

}
m2

J

Q2
� zcut � 1

d�

dm2
J

=
�

i=q,g

Ni(�J , zcut,�, R, µ) P SD
i (m2

J , Q, zcut,�, µ)

P SD
i = Q

1
1+�

cut

�
dk+ Ji

�
m2

J �Qk+, µ
�

SCi

�
k+Q

1
1+�

cut ,�, µ
�

normalization,
   contains

}
soft drop jet mass 

spectrum

Jet
function

SG(Qzcut,�, R, µ)

• Single scale in Collinear-Soft function

• No non global logarithms for the 
  spectrum

• Enables NNLL, … precision

Qcut = Qzcut2�



Soft Drop Jet Mass

Larkoski, Marzani, Soyez, Thaler 2014

Pert. QCD at mLL
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Fig. 2 Resummed and match theoretical predictions for the Soft Drop jet mass distribution, for two different values of the angular exponent b = 1
(left) and b = 2 (right), zcut = 0.1 and R = 0.8. The colours correspond to different accuracy of the calculation, as detailed in the legend.

where the 1 in the numerator corresponds to the pt shift and
the fm,i term corresponds to mass-shift effects, with

fm,q =
1+3zSD +2z

2
SD(3LSD �2)

4
, (14)

fm,g =
1+2zSD +3z

2
SD(2LSD �1)

4
+

n f TR

CA

zSD(1� zSD).

This time, both sources of corrections give an effect propor-

tional to LUE
pt

�
pt

m

� 2b�4
2+b , which increase with b and has the

expected LUE pt/m
2 behaviour in the limit b ! •.

In Fig. 1, we compare our analytic findings (dashed lines)
with the Monte-Carlo simulations, obtained with Pythia 8.223
[20] (Monash 13 [21] tune, solid lines). We consider both
hadronisation corrections (left) and UE effects (right), for a
range of b values. UE effects are seen to be much smaller
than hadronisation corrections. In the region where Lhadr,UE ⌧
m ⌧ pt , our analytic calculation captures the main features
observed in the simulations, including the increase with b
and the global trend in r . At smaller mass, Pythia simula-
tions exhibit a peak in the hadronisation corrections which
is beyond the scope of our power-correction calculation.

Even if the above analytic approach to estimating NP ef-
fects is helpful for a qualitative understanding, it is unclear
how reliable it would be for phenomenology. For example,
hadron masses, which are neglected here, would have an ad-
ditional effect, even at large mass. Thus, the analytic esti-
mates can, at best, be trusted up to a fudge factor and ana-
lytic results can not be trusted at small mass (see also [22]).

As for our mMDT calculation [5], for our final predic-
tions, we have therefore decided to estimate NP corrections
using different Monte-Carlo simulations: Herwig 6.521 [23]
with the tune AUET2 [24], Pythia 6.428 [25] with the Z2 [26]
and Perugia 2011 [27] tunes, and Pythia 8.223 [20] with

the 4C [28] and Monash 13 [21] tunes. For each Monte-
Carlo, we compute the ratio between the full simulation and
the parton level. The average result is taken as the average
NP correction, and the envelope as the uncertainty which is
added in quadrature to the perturbative uncertainty.

Final predictions and conclusions. Our final predictions, are
presented for b = 1 (left) and b = 2 (right) in Fig 2. To
highlight our key observations, we present our final results
at NLL matched to NLO and including NP corrections (la-
belled NLL+NLO+NP), as well as pure perturbative results
(NLL+NLO) and results obtained when matching to LO only
(NLL+LO). The most striking feature that we observe is that
matching to NLO not only affects quite significantly the cen-
tral value of our prediction, but also significantly reduces the
uncertainty across the entire spectrum.

Then, we see that NP corrections remain small over a
large part of the spectrum, although they start being sizeable
at larger mass when the angular exponent b increases. The
fact that Soft Drop observables can be computed precisely in
perturbative QCD, with small NP corrections, makes them
interesting for further phenomenological studies, including
other observables like angularities or attempts to extract the
strong coupling constant from fits to the data.

Finally, we note that these predictions have recently been
compared to experimental results obtained by the ATLAS
collaboration in Ref. [7]. A good overall agreement between
data and theory is observed, especially in the region where
NP corrections are small.
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Figure 11: NLL matched (left) and NNLL matched (right) distributions for hardest jet e(2)
2

in pp ! Z + j events with soft drop grooming zcut = 0.1 and � = 0 and � = 1. Estimates

of theoretical uncertainties are represented by the shaded bands. For soft drop with � = 1,

the dotted lines represent the extent of the theoretical uncertainties when the variation of

the two-loop non-cusp anomalous dimension is included. The distributions in the two upper

figures are normalized to the total cross section (in femtobarns), while in the bottom figures,

the distributions integrate to the same value over the range e(2)
2

2 [0.001, 0.1]. Note the

reduction in uncertainties as one moves from NLL to NNLL, and also as one considers the

normalized distribution.

NNLL, we have also explicitly shown the additional uncertainty due to the two-loop non-cusp

anomalous dimension of the collinear-soft function. In going from NLL to NNLL accuracy,

the relative size of the scale uncertainty bands decreases by about a factor of 2 or 3 for both

choices of normalization of the distributions. However, normalizing the distributions over

the range e(2)
2

2 [0.001, 0.1] dramatically reduces residual scale uncertainties; at NNLL, these
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Also:    Kang, Liu, Lee, Ringer 2018,  Baron, Marzani, Theeuwes 2018



]2)ungroomed
T

 / psoft drop[(m
10

log
4.5− 4− 3.5− 3− 2.5− 2− 1.5− 1− 0.5−

]2 )
un

gr
oo

m
ed

T
 / 

p
so

ft 
dr

op
[(m

10
 / 

d 
lo

g
σ

) d
 

re
su

m
σ

(1
 / 0.1

0.2

0.3

0.4

0.5

0.6

0.7
ATLAS

-1= 13 TeV, 32.9 fbs

 > 600 GeVlead
T

 R=0.8, ptanti-k

 = 0.1
cut

 = 2, zβSoft drop, 

Data
Pythia 8.1
Sherpa 2.1
Herwig++ 2.7
LO+NNLL, large NP effects
LO+NNLL
NLO+NLL+NP

]2 )
un

gr
oo

m
ed

T
 / 

p
so

ft 
dr

op
[(m

10
 / 

d 
lo

g
σ

) d
 

re
su

m
σ

(1
 / 

0.2

0.4

0.6

0.8 ATLAS
-1= 13 TeV, 32.9 fbs

 > 600 GeVlead
T

 R=0.8, ptanti-k
 = 0.1

cut
 = 0, zβSoft drop, 

4− 3− 2− 1−

0.5
1

1.5

4− 3− 2− 1−
0.5

1
1.5

Data
Pythia 8.1
Sherpa 2.1
Herwig++ 2.7
LO+NNLL, large NP effects
LO+NNLL
NLO+NLL+NP

Ra
tio

 to
 D

at
a

]2)ungroomed
T

 / psoft drop[(m
10

log
4.5− 4− 3.5− 3− 2.5− 2− 1.5− 1− 0.5−

]2 )
un

gr
oo

m
ed

T
 / 

p
so

ft 
dr

op
[(m

10
 / 

d 
lo

g
σ

) d
 

re
su

m
σ

(1
 / 0.1

0.2

0.3

0.4

0.5

0.6

0.7
ATLAS

-1= 13 TeV, 32.9 fbs

 > 600 GeVlead
T

 R=0.8, ptanti-k

 = 0.1
cut

 = 2, zβSoft drop, 

Data
Pythia 8.1
Sherpa 2.1
Herwig++ 2.7
LO+NNLL, large NP effects
LO+NNLL
NLO+NLL+NP

]2 )
un

gr
oo

m
ed

T
 / 

p
so

ft 
dr

op
[(m

10
 / 

d 
lo

g
σ

) d
 

re
su

m
σ

(1
 / 

0.1

0.2

0.3

0.4

0.5

0.6
ATLAS

-1= 13 TeV, 32.9 fbs
 > 600 GeVlead

T
 R=0.8, ptanti-k

 = 0.1
cut

 = 1, zβSoft drop, 

4− 3− 2− 1−

0.5
1

1.5

4− 3− 2− 1−
0.5

1
1.5

Data
Pythia 8.1
Sherpa 2.1
Herwig++ 2.7
LO+NNLL, large NP effects
LO+NNLL
NLO+NLL+NP

Ra
tio

 to
 D

at
a

Ra
tio

 to
 D

at
a

]2)ungroomed
T

 / psoft drop[(m
10

log
4.5− 4− 3.5− 3− 2.5− 2− 1.5− 1− 0.5−

]2 )
un

gr
oo

m
ed

T
 / 

p
so

ft 
dr

op
[(m

10
 / 

d 
lo

g
σ

) d
 

re
su

m
σ

(1
 / 0.1

0.2

0.3

0.4

0.5

0.6

0.7
ATLAS

-1= 13 TeV, 32.9 fbs

 > 600 GeVlead
T

 R=0.8, ptanti-k

 = 0.1
cut

 = 2, zβSoft drop, 

Data
Pythia 8.1
Sherpa 2.1
Herwig++ 2.7
LO+NNLL, large NP effects
LO+NNLL
NLO+NLL+NP

]2 )
un

gr
oo

m
ed

T
 / 

p
so

ft 
dr

op
[(m

10
 / 

d 
lo

g
σ

) d
 

re
su

m
σ

(1
 / 

0.2

0.4

0.6

ATLAS
-1= 13 TeV, 32.9 fbs

 > 600 GeVlead
T

 R=0.8, ptanti-k
 = 0.1

cut
 = 2, zβSoft drop, 

4− 3− 2− 1−

0.5
1

1.5

4− 3− 2− 1−
0.5

1
1.5

Data
Pythia 8.1
Sherpa 2.1
Herwig++ 2.7
LO+NNLL, large NP effects
LO+NNLL
NLO+NLL+NP

Ra
tio

 to
 D

at
a

Ra
tio

 to
 D

at
a

Ra
tio

 to
 D

at
a

Figure 3: The unfolded log10(⇢2) distribution for anti-kt R = 0.8 jets with plead
T > 600 GeV, after the soft drop

algorithm is applied for � 2 {0, 1, 2}, in data compared to P�����, S�����, and H�����++ particle-level,
and NLO+NLL+NP [40] and LO+NNLL [41, 42] theory predictions. The LO+NNLL calculation does not
have non-perturbative (NP) corrections; the region where these are expected to be large is shown in a open
marker, while regions where they are expected to be small are shown with a filled marker. All uncertainties
described in the text are shown on the data; the uncertainties from the calculations are shown on each one.
The distributions are normalized to the integrated cross section, �resum, measured in the resummation region,
�3.7 < log10(⇢2) < �1.7. The NLO+NLL+NP cross-section in this resummation regime is 0.14, 0.19, and 0.21
nb for � = 0, 1, 2, respectively [40].
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Figure 3: The unfolded log10(⇢2) distribution for anti-kt R = 0.8 jets with plead
T > 600 GeV, after the soft drop

algorithm is applied for � 2 {0, 1, 2}, in data compared to P�����, S�����, and H�����++ particle-level,
and NLO+NLL+NP [40] and LO+NNLL [41, 42] theory predictions. The LO+NNLL calculation does not
have non-perturbative (NP) corrections; the region where these are expected to be large is shown in a open
marker, while regions where they are expected to be small are shown with a filled marker. All uncertainties
described in the text are shown on the data; the uncertainties from the calculations are shown on each one.
The distributions are normalized to the integrated cross section, �resum, measured in the resummation region,
�3.7 < log10(⇢2) < �1.7. The NLO+NLL+NP cross-section in this resummation regime is 0.14, 0.19, and 0.21
nb for � = 0, 1, 2, respectively [40].
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Figure 11: Normalized cross section for the ungroomed jets for two pT bins. The data are shown
by the black points, with dark grey bands for the statistical uncertainty (Stat. unc.) and with
light grey bands for the total uncertainty (stat.+sys. unc., added in quadrature). The predictions
from PYTHIA8, HERWIG++, and POWHEG + PYTHIA are shown with dashed black, dash-dot-
dotted magenta, and dash-dotted green histograms, respectively, with no uncertainties shown.
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Figure 12: Normalized cross section for the groomed jets for two pT bins. The data are shown by
the black points, with dark grey bands for the statistical uncertainty (Stat. unc.) and with light
grey bands for the total uncertainty (stat.+sys. unc., added in quadrature). The predictions
from PYTHIA8, HERWIG++, and POWHEG + PYTHIA are shown with dashed black, dash-dot-
dotted magenta, and dash-dotted green histograms, respectively, with no uncertainties shown.
The predictions from Ref. [17] (Frye et. al.) are shown with blue squares. The uncertainties in-
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variations, since nonperturbative corrections have been considered directly in the calculation.
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Nonperturbative Corrections to Soft Drop Jet Mass

Focus on the region where the soft drop 
stopping subjet is perturbative:               
Soft drop operator expansion region. 

Consider the perturbative modes in the EFT and 
determine the leading nonperturbative mode in 
the SDOE region:

Derive the leading power corrections to the partonic cross section:

• 3 universal hadronic parameters (indep. of zcut, beta, R, Q, and mJ)

• Perturbatively calculable Matching coefficients. 

• LL resummation of matching coefficients in the coherent branching formalism

See also a related talk on Friday, 2pm 
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Collinear Drop

Examples:

1) jet algorithm based    

Demand that contributions from collinear region are at least exponentially suppressed

(zcut1,�1) (zcut2,�2)

stronger
grooming

(z1,�1)

(z2,�2)

Rg1 Rg2

Figure 1. Illustration of the particles kept in the collinear drop sample, displaying for simplicity a

set of angular ordered emissions from a single branch. The soft drop parameters SD1 = (zcut 1,�1)
determine what soft wide-angle red particles are dropped, while the soft drop parameters SD2 enforce

collinear drop by determining which green collinear particles are dropped. The collinear drop observ-

able is then defined on the remaining orange particles, roughly contained between the two groomed

jet radii Rg1 and Rg2 .

The results from using Eqs. (2.7) and (2.8) will agree for observables O that are linear in their
contributions from constituents, which is true of many observables of interest. For observables
that are not even approximately linear, one should use only particles in the complement set
as in Eq. (2.7).

As an explicit example of the above construction we consider the collinear drop jet mass,
�m2, which can be defined as

�m2 = m2
SD1

�m2
SD2

. (2.9)

Here mSDi is the groomed jet mass with the soft drop condition SDi,

m2
SDi

= p2SDi
, where pµSDi

=
X

j2jetSDi

pµj . (2.10)

Defining �pµ = pµSD1
� pµSD2

we have

�m2 = 2pSD2 ·�p+ (�p)2 = 2pSD2 ·�p+ . . . = Qn ·�p+ . . . , (2.11)

where the ellipses denote contributions power-suppressed by mSD/Q ⌧ 1. Thus we see that
in the region of interest, where the jet mass is much smaller than the energy of the jet, �m2

is to a very good approximation a linear observable, and Eqs. (2.7) and (2.8) both lead to the
same leading description. Here �m2 probes the lightcone projection of the particle momenta
n ·�p for those particles which are roughly between the two groomed jet radii Rg1 and Rg2 ,
but which technically are dynamically determined on a jet-by-jet basis.

In later sections we will use Monte Carlo to explore the physics that �m2 can be used to
probe, and show that analytic resummed expressions can be obtained for the d�/d�m2 cross
section using factorization in SCET.

2.2 Collidear Drop from Jet Shapes

In our construction of collinear drop observables in Sec. 2.1, the definition intrinsically relied on
a clustering algorithm that is inherent in the jet grooming. Another way of defining a collinear
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groom jet
twice and take 
complement

geometric angular distance ✓ij between particles. The parameters R0 (or Ree
0 ) set a reference

angular scale in the soft drop condition, and are usually taken to be equal to the initial
jet radius R. In Eq. (2.2) zcut is a dimensionless soft drop parameter which sets an upper
momentum cutoff for the removal of soft branches, and the parameter � provides a weight
factor which for � > 0 makes the cutoff stronger for branches separated by a wider angle.

In the small angle limit the physics of the soft drop constraint is universal between the
pp and e+e� cases. Approximating cosh ⌘ ' cosh ⌘J where ⌘J is the jet’s pseudo-rapidity, we
have �R = ✓ cosh ⌘J +O(✓2), and the ratios on the LHS of Eq. (2.2) are also both equal to a
common parameter zij . The soft drop condition therefore becomes

zij > z̃cut ✓
�
ij (2.4)

where following Ref. [60] we have defined a parameter z̃cut that differs for pp and e+e� colli-
sions. In particular, z̃cut = zcut(

p
2 sin

�
Ree

0 /2)
��� for e+e�, and z̃cut = zcut(cosh ⌘J/R0)� for

pp. An additional definition that will be useful later on is

Qcut ⌘ 2� z̃cutQ . (2.5)

To setup an adjustable sample of soft particles on which to define a collinear drop
observable, we consider an initial jet that has been groomed with soft drop parameters
SD1 = (zcut 1,�1) and then we remove all particles that are kept by a stronger soft drop
grooming given by parameters SD2 = (zcut 2,�2). Intuitively this implies taking zcut 1  zcut 2
and �1 � �2, such that SD2 grooms the jet more aggressively than SD1. Technically we only
require that the SD2 jet constituents are a subset of the SD1 jet constituents,

{jetSD2
} ⇢ {jetSD1

} . (2.6)

The sample used to define collinear drop observables is then taken to be the particles which
are groomed away by SD2 but not by SD1, i.e., in the complement set {jetSD1

} \ {jetSD2
}.

Fig. 1 gives an illustration of this with two soft drop settings. Note that {jetSD2
} contains the

energetic collinear radiation, and removing these particles is the crucial ingredient for collinear
drop. In contrast, if so desired, the parameters of SD1 can be relaxed so that {jetSD2

} is the
full jet, which enables a better probe of underlying event and pileup. In contrast, choosing a
non-trivial SD1 enables collinear drop to primarily probe soft radiation associated to the jet.
Thus we see that this definition of a collinear drop observable can be adjusted depending on
the type of soft radiation one wants to look at.

Given this setup we can then directly define a collinear drop observable OCD using only
particles from the complement set

OCD = O
⇥
{jetSD1

} \ {jetSD2
}
⇤
, (2.7)

or alternatively by considering the difference of groomed jet observables each defined by one
of the sets of grooming parameters,

OCD = OSD1 �OSD2 . (2.8)
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soft drop 1  &  soft drop 2

geometric angular distance ✓ij between particles. The parameters R0 (or Ree
0 ) set a reference

angular scale in the soft drop condition, and are usually taken to be equal to the initial
jet radius R. In Eq. (2.2) zcut is a dimensionless soft drop parameter which sets an upper
momentum cutoff for the removal of soft branches, and the parameter � provides a weight
factor which for � > 0 makes the cutoff stronger for branches separated by a wider angle.

In the small angle limit the physics of the soft drop constraint is universal between the
pp and e+e� cases. Approximating cosh ⌘ ' cosh ⌘J where ⌘J is the jet’s pseudo-rapidity, we
have �R = ✓ cosh ⌘J +O(✓2), and the ratios on the LHS of Eq. (2.2) are also both equal to a
common parameter zij . The soft drop condition therefore becomes

zij > z̃cut ✓
�
ij (2.4)

where following Ref. [60] we have defined a parameter z̃cut that differs for pp and e+e� colli-
sions. In particular, z̃cut = zcut(

p
2 sin

�
Ree

0 /2)
��� for e+e�, and z̃cut = zcut(cosh ⌘J/R0)� for

pp. An additional definition that will be useful later on is

Qcut ⌘ 2� z̃cutQ . (2.5)

To setup an adjustable sample of soft particles on which to define a collinear drop
observable, we consider an initial jet that has been groomed with soft drop parameters
SD1 = (zcut 1,�1) and then we remove all particles that are kept by a stronger soft drop
grooming given by parameters SD2 = (zcut 2,�2). Intuitively this implies taking zcut 1  zcut 2
and �1 � �2, such that SD2 grooms the jet more aggressively than SD1. Technically we only
require that the SD2 jet constituents are a subset of the SD1 jet constituents,

{jetSD2
} ⇢ {jetSD1

} . (2.6)

The sample used to define collinear drop observables is then taken to be the particles which
are groomed away by SD2 but not by SD1, i.e., in the complement set {jetSD1

} \ {jetSD2
}.

Fig. 1 gives an illustration of this with two soft drop settings. Note that {jetSD2
} contains the

energetic collinear radiation, and removing these particles is the crucial ingredient for collinear
drop. In contrast, if so desired, the parameters of SD1 can be relaxed so that {jetSD2

} is the
full jet, which enables a better probe of underlying event and pileup. In contrast, choosing a
non-trivial SD1 enables collinear drop to primarily probe soft radiation associated to the jet.
Thus we see that this definition of a collinear drop observable can be adjusted depending on
the type of soft radiation one wants to look at.

Given this setup we can then directly define a collinear drop observable OCD using only
particles from the complement set

OCD = O
⇥
{jetSD1

} \ {jetSD2
}
⇤
, (2.7)

or alternatively by considering the difference of groomed jet observables each defined by one
of the sets of grooming parameters,

OCD = OSD1 �OSD2 . (2.8)
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(zcut2

Figure 1. Illustration of the particles kept in the collinear drop sample, displaying for simplicity a

set of angular ordered emissions from a single branch. The soft drop parameters SD1 = (zcut 1,�1)
determine what soft wide-angle red particles are dropped, while the soft drop parameters SD2 enforce

collinear drop by determining which green collinear particles are dropped. The collinear drop observ-

able is then defined on the remaining orange particles, roughly contained between the two groomed

jet radii Rg1 and Rg2 .

The results from using Eqs. (2.7) and (2.8) will agree for observables O that are linear in their
contributions from constituents, which is true of many observables of interest. For observables
that are not even approximately linear, one should use only particles in the complement set
as in Eq. (2.7).

As an explicit example of the above construction we consider the collinear drop jet mass,
�m2, which can be defined as

�m2 = m2
SD1

�m2
SD2

. (2.9)

Here mSDi is the groomed jet mass with the soft drop condition SDi,

m2
SDi

= p2SDi
, where pµSDi

=
X

j2jetSDi

pµj . (2.10)

Defining �pµ = pµSD1
� pµSD2

we have

�m2 = 2pSD2 ·�p+ (�p)2 = 2pSD2 ·�p+ . . . = Qn ·�p+ . . . , (2.11)

where the ellipses denote contributions power-suppressed by mSD/Q ⌧ 1. Thus we see that
in the region of interest, where the jet mass is much smaller than the energy of the jet, �m2

is to a very good approximation a linear observable, and Eqs. (2.7) and (2.8) both lead to the
same leading description. Here �m2 probes the lightcone projection of the particle momenta
n ·�p for those particles which are roughly between the two groomed jet radii Rg1 and Rg2 ,
but which technically are dynamically determined on a jet-by-jet basis.

In later sections we will use Monte Carlo to explore the physics that �m2 can be used to
probe, and show that analytic resummed expressions can be obtained for the d�/d�m2 cross
section using factorization in SCET.

2.2 Collidear Drop from Jet Shapes

In our construction of collinear drop observables in Sec. 2.1, the definition intrinsically relied on
a clustering algorithm that is inherent in the jet grooming. Another way of defining a collinear
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  other observables)

eg.

•
•
•

�1 = �2, zcut1 < zcut2

�1 > �2, zcut1 = zcut2

drop

drop

keep

�1 > �2, zcut1 < zcut2 , …



Collinear Drop

Examples:

2) jet shape based

Demand that contributions from collinear region are at least exponentially suppressed

drop observable is with a so-called jet shape, defined by directly summing over observed final
state particles in a pre-determined jet with rapidity yjet and azimuthal angle �jet. The precise
values for this jet axis depend on the algorithm used to determine the jets.2

With a single sum over particles we can define the following jet shapes

for e+e� collisions: ⌧! =
X

i2jet
zi !(✓i, ✓0) , where zi =

Ei

Ejet
, (2.12)

for pp collisions: ⌧! =
X

i2jet
zi !(�Ri, ✓0) , where zi =

pT i

pjetT

,

where the function !(✓, ✓0) � 0 is an angular weight factor depending on a fixed parameter
✓0. Here ✓i is the angular distance of particle i to the jet-axis, and �Ri is the angular distance
from the jet-axis in the rapidity-azimuthal plane, defined as in Eq. (2.3) but with yj ! yjet
and �j ! �jet. The definitions in Eq. (2.12) are generalizations of the classic angularity jet
shapes [50, 51]. To ensure these are collinear drop jet shapes we demand, for some angular
distance parameter ✓0 within which the majority of collinear particles are contained, that

!(✓  ✓0, ✓0) ' 0 . (2.13)

Here ' 0 could be an exact equality, or indicate that the contribution from this region is
exponentially suppressed relative to the dominant contributions. To ensure collinear safety
we take linear dependence on zi in Eq. (2.12), and we can impose the condition that !(✓, ✓0)

is continuous as ✓ ! ✓0 from above. Since soft emissions have zi ! 0 in the soft limit, ⌧! is
always infrared safe.

We can also define collinear drop observables which involve correlations between two or
more particles in the jet. For example, as a collinear drop extension of the 2-point energy
correlation function [63] we can define

e(�)CD
2 =

X

i,j2jet
i<j

zi zj ✓
�
ij !(✓i, ✓0)!(✓j , ✓0) , (2.14)

with similar extensions for higher point energy correlation functions. Here the extra multi-
plicative factors of !(✓i, ✓0) ensure that only comparisons that do not involve collinear particles
give non-negligible contributions in the sum.

The above construction still leaves considerable freedom in specifying the function !(✓, ✓0)

whose choice is needed to fully specify the collinear drop observable. One potentially desirable
feature is to also induced a suppression for wide-angle soft particles near the jet boundary, in
order to mimic some of the features of jet grooming in the jet shape variable. This can be
accomplished by demanding that !(✓, ✓0) ' 0 in a region of ✓ about ✓ = R.

2This jet axis can be chosen as a conventional jet axis like anti-kT or a soft-recoil free axis [61] such as the
Winner-Take-All axis [62].
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eg. energy fraction in an angular region

drop observable is with a so-called jet shape, defined by directly summing over observed final
state particles in a pre-determined jet with rapidity yjet and azimuthal angle �jet. The precise
values for this jet axis depend on the algorithm used to determine the jets.2

With a single sum over particles we can define the following jet shapes

for e+e� collisions: ⌧! =
X

i2jet
zi !(✓i, ✓0) , where zi =

Ei

Ejet
, (2.12)

for pp collisions: ⌧! =
X

i2jet
zi !(�Ri, ✓0) , where zi =

pT i

pjetT

,

where the function !(✓, ✓0) � 0 is an angular weight factor depending on a fixed parameter
✓0. Here ✓i is the angular distance of particle i to the jet-axis, and �Ri is the angular distance
from the jet-axis in the rapidity-azimuthal plane, defined as in Eq. (2.3) but with yj ! yjet
and �j ! �jet. The definitions in Eq. (2.12) are generalizations of the classic angularity jet
shapes [50, 51]. To ensure these are collinear drop jet shapes we demand, for some angular
distance parameter ✓0 within which the majority of collinear particles are contained, that

!(✓  ✓0, ✓0) ' 0 . (2.13)

Here ' 0 could be an exact equality, or indicate that the contribution from this region is
exponentially suppressed relative to the dominant contributions. To ensure collinear safety
we take linear dependence on zi in Eq. (2.12), and we can impose the condition that !(✓, ✓0)

is continuous as ✓ ! ✓0 from above. Since soft emissions have zi ! 0 in the soft limit, ⌧! is
always infrared safe.

We can also define collinear drop observables which involve correlations between two or
more particles in the jet. For example, as a collinear drop extension of the 2-point energy
correlation function [63] we can define

e(�)CD
2 =

X

i,j2jet
i<j

zi zj ✓
�
ij !(✓i, ✓0)!(✓j , ✓0) , (2.14)

with similar extensions for higher point energy correlation functions. Here the extra multi-
plicative factors of !(✓i, ✓0) ensure that only comparisons that do not involve collinear particles
give non-negligible contributions in the sum.

The above construction still leaves considerable freedom in specifying the function !(✓, ✓0)

whose choice is needed to fully specify the collinear drop observable. One potentially desirable
feature is to also induced a suppression for wide-angle soft particles near the jet boundary, in
order to mimic some of the features of jet grooming in the jet shape variable. This can be
accomplished by demanding that !(✓, ✓0) ' 0 in a region of ✓ about ✓ = R.

2This jet axis can be chosen as a conventional jet axis like anti-kT or a soft-recoil free axis [61] such as the
Winner-Take-All axis [62].
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Not CD: large � angularity , (1-T)-(C/6) , … have polynomial angular 
suppression



Figure 2. Phase space regions in the plane of energy fraction (z) and polar angle from the jet axis (✓),
where the white regions are those that are kept. The left panel shows the result for soft drop where

the orange shaded region is eliminated. The right panel shows the result for collinear drop where in

addition the red shaded region is eliminated. In SCET the relevant degrees of freedom are collinear

(C) modes, collinear-soft (CS) modes, and global soft (GS) modes, shown by solid dots.

The hierarchies in Eq. (2.27) require additional resummation, which we also carry out using
our factorization based resummation approach. For simplicity we will restrict our results to
NLL order5, though the factorization formula we have derived can be used for resummation at
higher orders, and makes the procedure for this systematic. Indeed, in e+e� collisions several
event shape observables have been resummed at next-to-next-to-next-to-leading logarithmic
accuracy [40, 69–71] using SCET based techniques.

3 Soft Drop Factorization and the Groomed-Ungroomed Transition

Since the collinear drop observable �m2 is defined using soft-drop jet masses, we first sum-
marize in Sec. 3.1 key ingredients of the factorization of soft-drop jet mass [72, 73], which are
relevant for our factorization of �m2. Extensions required for small-R resummation of jet
masses were studied in Refs. [74–78], and we discuss the analogous extension for soft-drop jet
mass in Sec. 3.2. Then in Sec. 3.3 we discuss how to handle the mass region where the tran-
sition from soft drop being effective to ineffective happens, developing corresponding profile
scales, since to the best of our knowledge this has not yet been done in the SCET framework.

3.1 Review of Soft Drop Modes and Factorization for e+e�

In this section we review the modes used to carry out resummation for soft drop in SCET
following the analysis of Ref. [73] for hemisphere jets in e+e� with m2

SD/Q
2
⌧ zcut ⌧ 1. For

5Note that since our results are presented for generic choices for �1,2 we refer to them as NLL. For the
special case of � = 0 there is not a double logarithmic series in the groomed m2

J (or in �m2) [47], and hence
these NLL terms are actually the leading-logs.
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Focus on first example with two Soft Drops

(z1,�1)

(z2,�2)

Rg1 Rg2

Figure 1. Illustration of the particles kept in the collinear drop sample, displaying for simplicity a

set of angular ordered emissions from a single branch. The soft drop parameters SD1 = (zcut 1,�1)
determine what soft wide-angle red particles are dropped, while the soft drop parameters SD2 enforce

collinear drop by determining which green collinear particles are dropped. The collinear drop observ-

able is then defined on the remaining orange particles, roughly contained between the two groomed

jet radii Rg1 and Rg2 .

The results from using Eqs. (2.7) and (2.8) will agree for observables O that are linear in their
contributions from constituents, which is true of many observables of interest. For observables
that are not even approximately linear, one should use only particles in the complement set
as in Eq. (2.7).

As an explicit example of the above construction we consider the collinear drop jet mass,
�m2, which can be defined as

�m2 = m2
SD1

�m2
SD2

. (2.9)

Here mSDi is the groomed jet mass with the soft drop condition SDi,

m2
SDi

= p2SDi
, where pµSDi

=
X

j2jetSDi

pµj . (2.10)

Defining �pµ = pµSD1
� pµSD2

we have

�m2 = 2pSD2 ·�p+ (�p)2 = 2pSD2 ·�p+ . . . = Qn ·�p+ . . . , (2.11)

where the ellipses denote contributions power-suppressed by mSD/Q ⌧ 1. Thus we see that
in the region of interest, where the jet mass is much smaller than the energy of the jet, �m2

is to a very good approximation a linear observable, and Eqs. (2.7) and (2.8) both lead to the
same leading description. Here �m2 probes the lightcone projection of the particle momenta
n ·�p for those particles which are roughly between the two groomed jet radii Rg1 and Rg2 ,
but which technically are dynamically determined on a jet-by-jet basis.

In later sections we will use Monte Carlo to explore the physics that �m2 can be used to
probe, and show that analytic resummed expressions can be obtained for the d�/d�m2 cross
section using factorization in SCET.

2.2 Collidear Drop from Jet Shapes

In our construction of collinear drop observables in Sec. 2.1, the definition intrinsically relied on
a clustering algorithm that is inherent in the jet grooming. Another way of defining a collinear
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Figure 7. Regions kept by Collinear Drop in the plane of energy fraction (z) and polar angle from the

jet axis (✓). Results are shown for four different values of {zcut 1,�1} and {zcut 2,�2}, along with the

corresponding modes needed for the SCET calculation. In the top two panels we have two collinear-

soft (CS) modes and two global soft (GS) modes, while in the lower panels one or both of these pairs

are combined into a single mode.

The displayed term is the first term in the leading logarithmic series, while the terms not
displayed are power suppressed in the limit we are considering as indicated. We will use
SCET to resum these logarithmically enhanced terms to all orders in ↵s, including terms up
to the next-to-leading-logarithms, �m2d�/d�m2
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Figure 2. Phase space regions in the plane of energy fraction (z) and polar angle from the jet axis (✓),
where the white regions are those that are kept. The left panel shows the result for soft drop where

the orange shaded region is eliminated. The right panel shows the result for collinear drop where in

addition the red shaded region is eliminated. In SCET the relevant degrees of freedom are collinear

(C) modes, collinear-soft (CS) modes, and global soft (GS) modes, shown by solid dots.

The hierarchies in Eq. (2.27) require additional resummation, which we also carry out using
our factorization based resummation approach. For simplicity we will restrict our results to
NLL order5, though the factorization formula we have derived can be used for resummation at
higher orders, and makes the procedure for this systematic. Indeed, in e+e� collisions several
event shape observables have been resummed at next-to-next-to-next-to-leading logarithmic
accuracy [40, 69–71] using SCET based techniques.

3 Soft Drop Factorization and the Groomed-Ungroomed Transition

Since the collinear drop observable �m2 is defined using soft-drop jet masses, we first sum-
marize in Sec. 3.1 key ingredients of the factorization of soft-drop jet mass [72, 73], which are
relevant for our factorization of �m2. Extensions required for small-R resummation of jet
masses were studied in Refs. [74–78], and we discuss the analogous extension for soft-drop jet
mass in Sec. 3.2. Then in Sec. 3.3 we discuss how to handle the mass region where the tran-
sition from soft drop being effective to ineffective happens, developing corresponding profile
scales, since to the best of our knowledge this has not yet been done in the SCET framework.

3.1 Review of Soft Drop Modes and Factorization for e+e�

In this section we review the modes used to carry out resummation for soft drop in SCET
following the analysis of Ref. [73] for hemisphere jets in e+e� with m2

SD/Q
2
⌧ zcut ⌧ 1. For

5Note that since our results are presented for generic choices for �1,2 we refer to them as NLL. For the
special case of � = 0 there is not a double logarithmic series in the groomed m2

J (or in �m2) [47], and hence
these NLL terms are actually the leading-logs.
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Figure 6. Single emission phase space regions that are kept and eliminated by collinear drop for the

measurement of �m2
. The values of zcut 1 and zcut 2 are exaggerated for visibility.

splitting. This gives

d�(↵s)
i

d�m2
=

X

j,k

Z
dz

dk?
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Pi!j,k(z) �(�m2
��m2(z, k?)) ⇥CD ⇥alg. , (4.1)

where �m2(z, k?) = k2?/[z(1�z)], and the constraint imposed by the jet algorithm is given by
⇥alg. = ⇥(R� ✓) = ⇥

�
pR

p
z(1� z)��m

�
. Here ✓ = k?/[pz(1� z)] = �m/

⇥
p
p
z(1� z)

⇤
,

and the equalities involving �m use the relation imposed by the �-function. The constraint
⇥CD is the collinear drop condition which restricts the phase space to a soft region,

⇥CD = ⇥
⇣
min(z, 1� z)� zcut 1
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R

⌘�1
⌘
⇥
⇣
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�min(z, 1� z)
⌘
. (4.2)

These constraints leave two strips in the phase space as shown in Fig. 6. Since zcut 1 < zcut 2 ⌧

1, the allowed regions for z either satisfy z ⌧ 1 or (1� z) ⌧ 1, implying that one of the two
final state particles must be soft.

If z ⌧ 1 then integration region is
⇣ �m2
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And for (1 � z) ⌧ 1 there is the mirror image region obtained from z ! 1 � z. Performing
the integrals the singular term at O(↵s) involves a logarithm,
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Up to one loop the bare functions therefore have the following integral expressions,
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The complement constraint 1�⇥SD2 is effectively equivalent to �⇥SD2 because of the scaleless
integral for the 1 term, therefore the calculation is the same as the one for soft drop jet mass
with an addition minus sign. We find
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Renormalized SCj and DCj functions are obtained in the MS scheme by removing all 1/✏2

and 1/✏ terms here by suitable convolutions with counterterms.
In Ref. [73] an all orders argument was given for the dependence of SCj on only the

combination k+Q
1

1+�
cut . This same argument applies also for the dependence of DCj on the

combination given in its first argument.
Putting the contributions to the �m2 measurement together leads to the following fac-

torized result for PCD
j ,

PCD
j (�m2, Q, z̃cut i,�i, µ) (4.28)
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The hierarchies in Eq. (2.27) require additional resummation, which we also carry out using
our factorization based resummation approach. For simplicity we will restrict our results to
NLL order5, though the factorization formula we have derived can be used for resummation at
higher orders, and makes the procedure for this systematic. Indeed, in e+e� collisions several
event shape observables have been resummed at next-to-next-to-next-to-leading logarithmic
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Since the collinear drop observable �m2 is defined using soft-drop jet masses, we first sum-
marize in Sec. 3.1 key ingredients of the factorization of soft-drop jet mass [72, 73], which are
relevant for our factorization of �m2. Extensions required for small-R resummation of jet
masses were studied in Refs. [74–78], and we discuss the analogous extension for soft-drop jet
mass in Sec. 3.2. Then in Sec. 3.3 we discuss how to handle the mass region where the tran-
sition from soft drop being effective to ineffective happens, developing corresponding profile
scales, since to the best of our knowledge this has not yet been done in the SCET framework.
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the following multiplicative RG equations,
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where �SCi(↵s) and �DCi(↵s) are zero at one-loop.
Putting the contributions to the �m2 measurement together leads to the following fac-

torized result for PCD
j ,

PCD
j (�m2, Q, z̃cut i,�i, µ) (4.29)
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,

which is a convolution of the collinear-soft function and the dropped collinear-soft function.
The minus sign in DCj in Eq. (4.27) can be interpreted as the subtraction of the probability
contributed from the CS2 collinear-soft mode. In the convolution of collinear-soft functions
the CS2 mode subtracts its phase space region from the CS1 result, thus implementing the full
collinear drop constraint. Again, it is convenient to study the factorized expression in Laplace
space using Eq. (3.9). In this case the convolution becomes a product

P̃CD
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,

where P̃CD
j , S̃Ci, and D̃Ci are all dimensionless, and in the last line we have defined modified

functions that have a logarithms as their first argument.
From Eq. (4.28) the y dependence of the RGE cancels out for the product P̃CD

j = S̃CiD̃Ci,
thus properly enabling its µ dependence to be canceled by that of NCD

j , ensuring that the
cross section is µ independent. Thus the RGE for NCD

j is also multiplicative
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Here �N
CD
j (↵s) = �SCj (↵s)+ �DCj (↵s), and also vanishes at O(↵s). At NLL order we observe

that the anomalous dimension for NCD
j is fully consistent with µ dependent contributions

from the two global soft functions, times a µ independent factor HCD
j ,
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In particular, adding the terms in the anomalous dimensions in Eq. (4.17) gives
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thus reproducing Eq. (4.31). Beyond NLL, the µ independence of HCD
j in Eq. (4.32) will

imply that �N
CD
j (↵s) = �SGj (↵s) + �S̄Gj (↵s) beyond O(↵s).

Note how the lnR contributions in the individual anomalous dimensions cancel when the
are summed in Eq. (4.33). For collinear drop additional contributions to Ni from outside of
the jet are not needed to satisfy the RG consistency, unlike the case for soft drop. This occurs
because the collinear drop constraint effectively makes the jet behave like an “unmeasured jet”
(a jet of radius R that is tagged by the jet algorithm, without making further measurements).
For example, taking radius R dijets in an e+e� collision with a cut ⇤ on energy in the veto
region outside the jets, we have
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�J , R) = Hqq̄(Q,µ)Junmeas

q (QR,µ)Junmeas
q (QR,µ)Sunmeas

q,dijet (R,⇤, µ) , (4.34)

where Hqq̄ is the standard dijet quark hard function, Junmeas
q is the unmeasured jet function,

and Sunmeas
q,dijet is an unmeasured soft function for the two quark induced dijets. The subscript

j = q indicates that we carry out the collinear drop jet mass measurement on one of the quark
jets. This combination is µ independent on its own, as can be seen from the perturbative
results in Ref. [79]. Since we are not interested in summing logarithms of R, for our purposes
the required HCD

j for pp collisions can simply be calculated in fixed order perturbation theory
and integrated against the initial state parton distribution functions.

For the collinear drop jet mass factorization theorem with resummation we write

d�

d�m2
=

X

j=q,g

NCD
j (�J , R, z̃cut i,�i, µgs1, µgs2, µ) P

CD
j (�m2, Q, z̃cut i,�i, µcs1, µcs2, µ) .

(4.35)

This notation indicates that in NCD
j we have resummation from µgs1 to µ for SGj and from

µgs2 to µ for S̄Gj . And that for PCD
j we have resummation from µcs1 to µ for SDj and from

µcs2 to µ for CDj . The choice of µ is arbitrary and cancels exactly between the two resummed
functions (and for this µ, this occurs without any residual dependence from truncations).
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More explicitly, combining definitions we have
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with an analogous result for pcs2. The characteristic energy and angular scales are
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2+�i . (4.21)

Note that to have a non-trivial contribution to �m2 requires a non-trivial phase space for
collinear-soft modes, which is ensured by the equivalent conditions:

Ecs2 > Ecs1 , ✓cs2 < ✓cs1 . (4.22)

Thus we see that the SD2 collinear-soft mode lives at smaller angles. The corresponding
canonical scales for the two collinear-soft scales are
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Here we always have µcs1 < µcs2. These results can also be written as
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✓
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0 1
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�m2zcut i
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�m2
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◆ �i
2(2+�i)
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where the last equality is only true when taking R = R0. The first equality shows that the
canonical scale choice for µcsi is independent of ⌘J .

The modes SD1 and SD2 contribute to the �m2 measurement. For individual soft drop jet
masses m2

SD1
and m2

SD2
there are contributions from both collinear modes (pc) and collinear-

soft modes (pcsi), m2
SD1

= (pc + pcs1)2 = p2c + Qn · pcs1 + . . ., and m2
SD2

= (pc + pcs2)2 =

p2c +Qn ·pcs2+ . . ., where the ellipses denote terms that are power suppressed. When we take
the difference to obtain �m2 the dependence on p2c cancels. Thus the leading power collinear
drop measurement is given by �m2 = Q (n · pcs1 � n · pcs2). Therefore the collinear drop jet
mass observable measures a concrete projection of soft radiation within the jet. To define the
momenta pcsi we must include the collinear drop phase space constraints as in Eq. (4.8), and
implement the power counting for the hierarchical case.

The SD1 modes give a collinear-soft function SCi which is identical to that for soft drop,
since these modes have smaller energy and larger angle, and hence have ⇥SD2 = 0 in Eq. (4.8).
In addition the SD2 modes give a dropped collinear-soft function DCi whose measurement
constraint sets ⇥SD1 = 1, which effectively gives the opposite phase space constraint to SCi.
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from the shaded regions to the event normalization. For a single emission these regions are
determined by

⇥
(gs)
CD =

h
⇥

(gs)
SD1

�⇥
(gs)
SD2

i
, (4.9)

where ⇥(gs)
SDi

= 1�⇥(gs)
SDi

impose the constraints with approximations appropriate for global-soft
radiation.

A key difference between the various panels in Fig. 7 is whether the two restrictions present
for collinear drop (labeled soft dropped and anti-soft dropped) are themselves hierarchically
separated or not. In the upper two panels the choice of parameters makes the constraints
hierarchically separated, so we have distinct collinear-soft and global-soft modes on the soft
drop and anti-soft drop boundaries. In the lower two panels one or both of the collinear-
soft and global-soft modes merge into a single mode because the constraints are no longer
fully hierarchical. In general this distinction will affect the form and results derived from the
factorization theorem, however we will see that at NLL order the description is continuous
across these cases.

We will begin by discussing the factorization structure of PCD
i in the hierarchical case in

the next section, followed by sections discussing various aspects of this result. The general-
ization to non-hierarchical cases is left to Sec. 4.4, and turns out to be very simple at NLL
order.

4.2.1 Collinear Drop �m2 with Hierarchical Constraints

Since the soft drop and anti-soft drop constraints are hierarchically separated, we can factorize
the collinear drop constraint such that each boundary condition is individually satisfied by
the modes that live on that boundary.

Generalizing our soft drop discussion, in the hierarchical case we have two sets of global-
soft modes, whose scaling is

pgs1 ⇠ (Qz0cut 1)

✓
R2

4 cosh2 ⌘J
, 1,

R

2 cosh ⌘J

◆
, pgs2 ⇠ (Qz0cut 2)

✓
R2

4 cosh2 ⌘J
, 1,

R

2 cosh ⌘J

◆
,

(4.10)

where

z0cut i ⌘ z̃cut i

✓
R

cosh ⌘J

◆�i

= zcut i

✓
R

R0

◆�i

. (4.11)

We assume z0cut 1  z0cut 2 so the GS2 modes are always more energetic, Egs2 � Egs1. For later
convenience we also define

Qcut i ⌘ 2�i z̃cut iQ . (4.12)

The corresponding scales where there are no large logarithms for the two global soft modes
are p2gs1 ' µ2

gs1 and p2gs2 ' µ2
gs2, where

µgs1 = Q0
cut1 ⌘ pTRzcut 1

⇣ R

R0

⌘�1

, µgs2 = Q0
cut2 ⌘ pTRzcut 2

⇣ R
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⌘�2

, (4.13)
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product is RG
invariant 

(unlike Soft Drop)



Resummation
Solving the anomalous dimension equations in Eq. (4.28) the resummed result for PCD

j is

PCD
j (�m2, Q, z̃cut i,�i, µcs1, µcs2, µ) (4.36)

= exp
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There are no non-global logarithms in the collinear-soft functions SCj and DCj , so the same
holds for PCD

j . Note that the dependence on the jet rapidity ⌘J cancels in the combinations

Q
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1+�1
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1+�2
cut2 and Q

�1
1+�2
cut2 /Q which appear in Eq. (4.36). Solving the anomalous dimension

equations in Eq. (4.17) the resummed result for NCD
j is
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From the resummed expressions we can see that the canonical scale choices in Eqs. (4.13)
and (4.23) remove all the logarithms that are not contained in the K, !, or !F evolution
kernels. These solutions sum the desired large logarithms.

4.2.2 Collinear Drop �m2 with �1 = �2

The special case where we take �1 = �2 is interesting because the result does not contain a
leading double logarithmic series. This is analogous to the behavior of soft drop in the � = 0

limit where it reduces to the minimal-mass-drop (MMD) grooming, and there is no double
logarithmic series. For MMD the grooming removes the soft mSD dependent logarithm from
the series, replacing it by a logarithm of zcut. In the collinear drop case the radiation is always
soft, and the leading double logarithmic series is absent for any value of �1 = �2 = �. This
gives an entire family of observables without a double logarithmic series.

To demonstrate the cancellation of the double logarithms, take �1 = �2 = � in Eq. (4.36),
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Up to NLL this same formula smoothly gives the non-hierarchical cases

Simple to derive for fully hierarchical case:

Only consider NLL here
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Figure 8. Illustration of the merging of µgs1 and µcs1 which happens at the transition between SD1

grooming being effective to ineffective at (�m2
cut 1)

1/2
from Eq. (4.40). The upper endpoint of the

spectrum occurs at (�m2
cut 2)

1/2
at the far right where all the curves meet, which depends on the

collinear drop parameter zcut 2 via Eq. (4.43).

which gives
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Since at LL only this ratio appears inside K(µcs1, µcs2) and !(µcs1, µcs2) in Eq. (4.38), and
other !F appear only beyond LL, we see that the LL terms involving double logarithms of
�m2 are not present.
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Figure 11. Impact of Collinear Drop versus Soft Drop figures for comparison (� = 1, zcut = 0.1 and

0.2 and also � = 0 for CD).
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Figure 12. Impact of Collinear Drop versus Soft Drop figures for comparison (� = 1, zcut = 0.1 and

0.2 and also � = 0 for CD).

(left panel) and linear (right panel) scales. Again we see that for jets with large masses, soft
drop is not effective and the distribution approaches the ungroomed one. On the other hand,
the long tail we have seen previously in small values of log10(m2/p2T ) in fact corresponds to
the Sudakov peak of groomed jet mass distribution, resulting in the two-peak structure on
linear scale. We will discuss in more details how this interesting structure develops in the
context of quark gluon jet discrimination.

The green curve in Figure 12 corresponds to the collinear drop observable constructed
using two soft drop masses with � = 0 and two values of zcut = 0.01 and 0.05. We see that
collinear drop enhances the two-peak structure of the distribution and makes it a more distinct
feature. Also, the collinear drop observable removes the large mass region of the distribution
as the observable value is zero when soft drop is ineffective. We will see in the next section
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the Sudakov peak of groomed jet mass distribution, resulting in the two-peak structure on
linear scale. We will discuss in more details how this interesting structure develops in the
context of quark gluon jet discrimination.

The green curve in Figure 12 corresponds to the collinear drop observable constructed
using two soft drop masses with � = 0 and two values of zcut = 0.01 and 0.05. We see that
collinear drop enhances the two-peak structure of the distribution and makes it a more distinct
feature. Also, the collinear drop observable removes the large mass region of the distribution
as the observable value is zero when soft drop is ineffective. We will see in the next section
how this weakens the dependence on jet reconstruction algorithm.

Motivate ATLAS one step further from what they have measured (done).
Figure 21 shows the collinear drop observables constructed using soft drop masses with

varying � (left and bottom panels) and zcut (right panel) as in Figure 4. As was pointed
out previously, collinear drop suppresses large mass region. Furthermore, it gives an upper
bound around log10(R

2zcut2) instead of an upper bound that depends on the jet reconstruction
algorithm. The left panel uses the soft drop jet masses which were measured by ATLAS. A
peculiar feature of a small shoulder near log10(m2/p2T ) ⇡ �2 in Pythia simulations is enhanced
by collinear drop, which exists only at hadron level but not at parton level therefore a signature
of hadronization and MPI. Note the common upper bound of around log10(m

2/p2T ) = �1.2

with the fixed zcut = 0.1. On the other hand, in the right panel we see the variable upper bound
with the varying parameter �2. The bottom panel shows an collinear drop observable which
selects very soft and wide-angle particles with light grooming, and the effect of hadronization
and MPI is dramatic. Figure ?? shows the collinear drop observables constructed using the
complement of soft drop jets as in Figure 4. We see again that the upper bound of the
distribution is set by log10(R

2zcut2) and collinear drop enhances the effect of hadronization
and MPI.

Angularity figures with different ↵, showing the difference between power law suppression
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(left panel) and linear (right panel) scales. Again we see that for jets with large masses, soft
drop is not effective and the distribution approaches the ungroomed one. On the other hand,
the long tail we have seen previously in small values of log10(m2/p2T ) in fact corresponds to
the Sudakov peak of groomed jet mass distribution, resulting in the two-peak structure on
linear scale. We will discuss in more details how this interesting structure develops in the
context of quark gluon jet discrimination.

The green curve in Figure 12 corresponds to the collinear drop observable constructed
using two soft drop masses with � = 0 and two values of zcut = 0.01 and 0.05. We see that
collinear drop enhances the two-peak structure of the distribution and makes it a more distinct
feature. Also, the collinear drop observable removes the large mass region of the distribution
as the observable value is zero when soft drop is ineffective. We will see in the next section
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the Sudakov peak of groomed jet mass distribution, resulting in the two-peak structure on
linear scale. We will discuss in more details how this interesting structure develops in the
context of quark gluon jet discrimination.

The green curve in Figure 12 corresponds to the collinear drop observable constructed
using two soft drop masses with � = 0 and two values of zcut = 0.01 and 0.05. We see that
collinear drop enhances the two-peak structure of the distribution and makes it a more distinct
feature. Also, the collinear drop observable removes the large mass region of the distribution
as the observable value is zero when soft drop is ineffective. We will see in the next section
how this weakens the dependence on jet reconstruction algorithm.

Motivate ATLAS one step further from what they have measured (done).
Figure 21 shows the collinear drop observables constructed using soft drop masses with

varying � (left and bottom panels) and zcut (right panel) as in Figure 4. As was pointed
out previously, collinear drop suppresses large mass region. Furthermore, it gives an upper
bound around log10(R

2zcut2) instead of an upper bound that depends on the jet reconstruction
algorithm. The left panel uses the soft drop jet masses which were measured by ATLAS. A
peculiar feature of a small shoulder near log10(m2/p2T ) ⇡ �2 in Pythia simulations is enhanced
by collinear drop, which exists only at hadron level but not at parton level therefore a signature
of hadronization and MPI. Note the common upper bound of around log10(m

2/p2T ) = �1.2

with the fixed zcut = 0.1. On the other hand, in the right panel we see the variable upper bound
with the varying parameter �2. The bottom panel shows an collinear drop observable which
selects very soft and wide-angle particles with light grooming, and the effect of hadronization
and MPI is dramatic. Figure ?? shows the collinear drop observables constructed using the
complement of soft drop jets as in Figure 4. We see again that the upper bound of the
distribution is set by log10(R

2zcut2) and collinear drop enhances the effect of hadronization
and MPI.

Angularity figures with different ↵, showing the difference between power law suppression
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Figure 15. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations.

Figure 16. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations. MPI
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Figure 16. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations. MPI
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Figure 14. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations.

distribution is set by log10(R
2zcut2) and collinear drop enhances the effect of hadronization

and MPI.
Angularity figures with different ↵, showing the difference between power law suppression

of collinear region, versus the stronger collinear drop suppression.

5.3 Hadronization and MPI for �m2

1. What does hadronization do for collinear drop?

2. What does MPI do for collinear drop?

3. Hadronization and MPI in Annulus Energy fraction plots

Reorganize plots so that we have a) Partonic, Hadronic, Had+MPI for SD jet, and b)
Partonic, Hadronic, Had+MPI for full jet. For a) think about what values of zcut are effective
and decreasing the impact of MPI.

Annulus energy fraction figures with different ring regions, showing nontrivial dependence
on the ring width of nonperturbative effects.
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of collinear region, versus the stronger collinear drop suppression.

5.3 Hadronization and MPI for �m2

1. What does hadronization do for collinear drop?

2. What does MPI do for collinear drop?

3. Hadronization and MPI in Annulus Energy fraction plots

Reorganize plots so that we have a) Partonic, Hadronic, Had+MPI for SD jet, and b)
Partonic, Hadronic, Had+MPI for full jet. For a) think about what values of zcut are effective
and decreasing the impact of MPI.

Annulus energy fraction figures with different ring regions, showing nontrivial dependence
on the ring width of nonperturbative effects.
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Endpoint of Evolution & Nonperturbative region
 (SCET, compared to MC)

Stop SCET evolution at 

�m2 � 0
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as
µcs1 � µ0

µcs2 � µ0take
CD has a non-trivial 
contribution
in                 bin �m2 � 0

Figure 2. Phase space regions in the plane of energy fraction (z) and polar angle from the jet axis (✓),
where the white regions are those that are kept. The left panel shows the result for soft drop where

the orange shaded region is eliminated. The right panel shows the result for collinear drop where in

addition the red shaded region is eliminated. In SCET the relevant degrees of freedom are collinear

(C) modes, collinear-soft (CS) modes, and global soft (GS) modes, shown by solid dots.

The hierarchies in Eq. (2.27) require additional resummation, which we also carry out using
our factorization based resummation approach. For simplicity we will restrict our results to
NLL order5, though the factorization formula we have derived can be used for resummation at
higher orders, and makes the procedure for this systematic. Indeed, in e+e� collisions several
event shape observables have been resummed at next-to-next-to-next-to-leading logarithmic
accuracy [40, 69–71] using SCET based techniques.

3 Soft Drop Factorization and the Groomed-Ungroomed Transition

Since the collinear drop observable �m2 is defined using soft-drop jet masses, we first sum-
marize in Sec. 3.1 key ingredients of the factorization of soft-drop jet mass [72, 73], which are
relevant for our factorization of �m2. Extensions required for small-R resummation of jet
masses were studied in Refs. [74–78], and we discuss the analogous extension for soft-drop jet
mass in Sec. 3.2. Then in Sec. 3.3 we discuss how to handle the mass region where the tran-
sition from soft drop being effective to ineffective happens, developing corresponding profile
scales, since to the best of our knowledge this has not yet been done in the SCET framework.

3.1 Review of Soft Drop Modes and Factorization for e+e�

In this section we review the modes used to carry out resummation for soft drop in SCET
following the analysis of Ref. [73] for hemisphere jets in e+e� with m2

SD/Q
2
⌧ zcut ⌧ 1. For

5Note that since our results are presented for generic choices for �1,2 we refer to them as NLL. For the
special case of � = 0 there is not a double logarithmic series in the groomed m2

J (or in �m2) [47], and hence
these NLL terms are actually the leading-logs.
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Figure 20. Collinear Drop figures with � = 1 from Pythia and Vincia simulations.
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Figure 21. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations with different

x0.
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Figure 20. Collinear Drop figures with � = 1 from Pythia and Vincia simulations.
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Figure 21. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations with different

x0.
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Sensitivity to Hadronization & MPI (MC)
Figure 15. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations.
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Figure 16. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations. MPI
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Figure 15. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations.
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Figure 16. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations. MPI
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Soft Drop grooming protects against large MPI effects•
Interesting hadronization corrections•



Quark and Gluon Components for Dijet
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Figure 17. Collinear Drop figures with zcut = 0.1 or � = 0 from Pythia simulations. qg

Figure 18. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations. qg

5.4 Quark and Gluon Discrimination

1. Soft drop and collinear drop decomposed into quark and gluon components, showing the
flavor dependence.

6 Conclusions and Outlook

They disentangle contributions from hard, collinear radiation and systematically probe the
color coherence of soft radiation within jets. For typical QCD jet observables, their distribu-
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Figure 19. Collinear Drop figures with � = 1 from Pythia and Vincia simulations. qg

Figure 20. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations.
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Figure 19. Collinear Drop figures with � = 1 from Pythia and Vincia simulations. qg

Figure 20. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations.
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Figure 21. Collinear Drop figures with � = 1 from Pythia and Vincia simulations.

Figure 22. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations with different

x0.

– 46 –

Figure 19. Collinear Drop figures with � = 1 from Pythia and Vincia simulations. qg
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Figure 20. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations.

– 45 –

Figure 18. Collinear Drop figures with � = 1 from Pythia and Vincia simulations. qg
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Figure 19. Collinear Drop figures with zcut = 0.1 from Pythia and Vincia simulations.

– 45 –



Summary:  

Future:  

• Collinear Drop:   direct probe for soft (& collinear-soft) radiation

• Tool for MC,  testing softer momentum regions in the shower 
   and hadronization models

• Interesting observable for color correlations (quark vs. gluon, ISR)

• Improve partonic SCET predictions (NNLL+NLO)

• Universality for hadronization?  (extend Soft Drop results)

• Study slices through soft phase space with other 
Collinear-Drop  observables (eg. angularities)

• Add Herwig.  Systemize the study of various features. 
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