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Outline

• Basics of Collisions
• Parton Model
• DIS 
• Where are PDFs coming from?
• PDF’s evolution: DGLAP equations
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Parton Model. Question:

1) point-like projectile on the object (e.g.  electron on a proton: Deep Inelastic Scattering - DIS)
2) smash the two objects (proton-(anti)proton collisions: e.g. Drell-Yan)

Partons:  R. Feynman, 1969. A way to analyze high-energy hadron collisions.
Any hadron (for example, a proton) can be considered a composition of a number 
of point-like constituents.

The parton model was immediately applied to DIS by Bjorken and Paschos.

How do we probe the inner structure of objects (hadrons, e.g. protons)? 

?

3



Basics of Collisions

• Rutherford’s scattering 
non-relativistic projectile with very heavy target (no recoil) 

For example, we can apply this to e-p+ → e-p+ collisions

e.m. coupling

for elastic scattering

Deflection of electrons from a central potential (of a ``heavy’’ proton)
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Basics of Collisions

• Mott’s scattering
(mp>>me) relativistic correction with recoil of the target: if the proton were a point-charge  
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<latexit sha1_base64="MkIe7a1bvN2GOyO+nYUMdqPgskM="></latexit>

In the LAB frame.

Here we have that E << mp and mp>>me
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Basics of Collisions

• ep → ep   vs e𝜇 → e𝜇
Similar to spin-1/2 relativistic scattering of electrons on muons (me= 0)

• Variant of the Mott’s formula with E >> me ,

• Basically QED does not ``distinguish’’ between a muon and a proton

(up to the charge sign) in the elastic scattering limit
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<latexit sha1_base64="mzhk2h70imQlN/sH1Xv3HO36Bz4="></latexit>

q = (k � k0)
<latexit sha1_base64="NhosgE3inxBYPRaXK+OOGLXSN4s=">AAAB9XicbVBNS8NAEN34WetX1aOXxSLUgyWpgl6EohePFewHtGnZbCftks0m7m6UEvo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPC/mTGnb/raWlldW19ZzG/nNre2d3cLefkNFiaRQpxGPZMsjCjgTUNdMc2jFEkjocWh6wc3Ebz6CVCwS93oUgxuSgWA+o0QbqftwVQpOg24nliyEk16haJftKfAicTJSRBlqvcJXpx/RJAShKSdKtR071m5KpGaUwzjfSRTEhAZkAG1DBQlBuen06jE+Nkof+5E0JTSeqr8nUhIqNQo90xkSPVTz3kT8z2sn2r90UybiRIOgs0V+wrGO8CQC3GcSqOYjQwiVzNyK6ZBIQrUJKm9CcOZfXiSNStk5K1fuzovV6yyOHDpER6iEHHSBqugW1VAdUSTRM3pFb9aT9WK9Wx+z1iUrmzlAf2B9/gCJ2pHj</latexit>

|~k| = E, |~k0| = E0
<latexit sha1_base64="gGGagdCBNVDRRHrH6dPiLcMKON0=">AAACF3icbZDLSgMxFIYzXmu9jbp0EyyCCxlmqqAboSiCywr2Am0tmfRMG5q5kGQKZdo+hRtfxY0LRdzqzrcxbUfQ1gOBj/8/h5PzuxFnUtn2l7GwuLS8sppZy65vbG5tmzu7ZRnGgkKJhjwUVZdI4CyAkmKKQzUSQHyXQ8XtXo39Sg+EZGFwp/oRNHzSDpjHKFFaaprWoN4DmnSHA3yBr4/xaIR/lPt6JJgPEyNl3DRztmVPCs+Dk0IOpVVsmp/1VkhjHwJFOZGy5tiRaiREKEY5DLP1WEJEaJe0oaYxID7IRjK5a4gPtdLCXij0CxSeqL8nEuJL2fdd3ekT1ZGz3lj8z6vFyjtvJCyIYgUBnS7yYo5ViMch4RYTQBXvayBUMP1XTDtEEKp0lFkdgjN78jyU85ZzYuVvT3OFyzSODNpHB+gIOegMFdANKqISougBPaEX9Go8Gs/Gm/E+bV0w0pk99KeMj2/n3p8f</latexit>
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<latexit sha1_base64="/GkvmT1cFrbbiNs37O4uYe+ruZ8=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQRUsSBd0IRSm4KVSwD2jSMplO2qGThzMToYR8gxt/xY0LRdy6cuffOG2z0NYDl3s4515m7nEjRoU0jG8tt7S8srqWXy9sbG5t7+i7e00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLSckfXE7/1QLigYXAnxxFxfDQIqEcxkkrq6Scl2+MIJ/ddK00sWFMNXsKZVi1Vu3bEqU/SpJb29KJRNqaAi8TMSBFkqPf0L7sf4tgngcQMCdExjUg6CeKSYkbSgh0LEiE8QgPSUTRAPhFOMj0phUdK6UMv5KoCCafq740E+UKMfVdN+kgOxbw3Ef/zOrH0LpyEBlEsSYBnD3kxgzKEk3xgn3KCJRsrgjCn6q8QD5GKQ6oUCyoEc/7kRdK0yuZp2bo9K1ausjjy4AAcgmNggnNQATegDhoAg0fwDF7Bm/akvWjv2sdsNKdlO/vgD7TPH5HOnM4=</latexit>



Basics of Collisions

• …but the proton is not a point-charge: Rosenbluth’s scattering
spin-1/2 relativistic projectile scattering on non-point like target with spin-1/2 (proton) 

d�

d⌦
=

✓
d�

d⌦

◆

Mott


G2

M (Q2)
Q2

2M2
tan2

✓

2
+

G2
E(Q

2) +G2
M (Q2)Q2/4M2

1 +Q2/4M2

�
E0

E
<latexit sha1_base64="Lu0ORogq8V8ibommeA+BnVCs6xo="></latexit>

in terms of the magnetic and electric form factors. 

In terms of F1 and F2 form factors it reads
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𝑀 is the proton mass

Q2 = �q2 = 4E0E sin2 ✓/2
<latexit sha1_base64="cpt74NBPBVnVAW78bc7Nz62rA+I=">AAACCXicbVDLSgMxFM3UV62vUZdugkV0Y50ZC7oRilJw2YJ9QF9k0rQNzWTG5I5QSrdu/BU3LhRx6x+4829MHwttPXC5h3PuJbnHjwTX4DjfVmJpeWV1Lbme2tjc2t6xd/fKOowVZSUailBVfaKZ4JKVgINg1UgxEviCVfz+zdivPDCleSjvYBCxRkC6knc4JWCklo2LTQ9f4dP7Scvmj/O4rrlsenXoMSBnXstOOxlnArxI3BlJoxkKLfur3g5pHDAJVBCta64TQWNIFHAq2ChVjzWLCO2TLqsZKknAdGM4uWSEj4zSxp1QmZKAJ+rvjSEJtB4EvpkMCPT0vDcW//NqMXQuG0MuoxiYpNOHOrHAEOJxLLjNFaMgBoYQqrj5K6Y9oggFE17KhODOn7xIyl7GPc94xWw6dz2LI4kO0CE6QS66QDl0iwqohCh6RM/oFb1ZT9aL9W59TEcT1mxnH/2B9fkDbyeXBg==</latexit>

GM (Q2) = F1(Q
2) + 2MF2(Q

2)
<latexit sha1_base64="SIXG6FjaxJ11EZ5cNKApT7Tg25Y=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWJgm6EoqBuCi3YB7QxTKaTdujkwcxEKKFrN/6KGxeKuPUL3Pk3TtMstPXAwLnn3Mude9yIUSEN41vLLSwuLa/kVwtr6xubW/r2TlOEMcekgUMW8raLBGE0IA1JJSPtiBPku4y03OHVxG89EC5oGNzJUURsH/UD6lGMpJIcff/GqZbq99YRvIDXjjmlxxasqspKK0cvGmUjBZwnZkaKIEPN0b+6vRDHPgkkZkiIjmlE0k4QlxQzMi50Y0EihIeoTzqKBsgnwk7SU8bwUCk96IVcvUDCVP09kSBfiJHvqk4fyYGY9Sbif14nlt65ndAgiiUJ8HSRFzMoQzjJBfYoJ1iykSIIc6r+CvEAcYSlSq+gQjBnT54nTatsnpSt+mmxcpnFkQd74ACUgAnOQAXcghpoAAwewTN4BW/ak/aivWsf09acls3sgj/QPn8AhsqVtg==</latexit>

GE(Q
2) = F1(Q

2)� F2(Q
2)Q2/2M

<latexit sha1_base64="n8XsL73iFnXG8T7zo/v2ROSaxQY=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAU6sI6Mwq6EYpidSO0YC/QjkMmzbShmcyQZIRS+gRufBU3LhRx69qdb2Pa6UJbDyR8/P85JOf3IkalMs1vI7WwuLS8kl7NrK1vbG5lt3fqMowFJjUcslA0PSQJo5zUFFWMNCNBUOAx0vD6l2O/8UCEpCG/U4OIOAHqcupTjJSW3Gz+2r0qVO/tA3gOy66V4GHZtRPS15F9m3GzObNoTgrOgzWFHJhWxc1+tTshjgPCFWZIypZlRsoZIqEoZmSUaceSRAj3UZe0NHIUEOkMJ+uMYF4rHeiHQh+u4ET9PTFEgZSDwNOdAVI9OeuNxf+8Vqz8M2dIeRQrwnHykB8zqEI4zgZ2qCBYsYEGhAXVf4W4hwTCSic4DsGaXXke6nbROi7a1ZNc6WIaRxrsgX1QABY4BSVwAyqgBjB4BM/gFbwZT8aL8W58JK0pYzqzC/6U8fkDsIOW0g==</latexit>

Momentum transferred to the proton 

Magnetic form factor

Electric form factor

Electromagnetic current between proton states:
spin-1/2 parametrization 

The form factors cannot be calculated from first principles.
They are functions extracted from measured differential cross sections.

At larger Q, the functional form of GE and GM reflects the fact that the proton is an extended object with an inner 
structure.

their Fourier transform gives info about
the magnetic and charge spatial distribution
of the proton.

hN, p0|jµ(0)|N, pi = ū(p0)
⇥
F1(Q

2)�µ + F2(Q
2)i�µ⌫q

⌫
⇤
u(p)

<latexit sha1_base64="lWNuKFcaGDmm9TDi0GT47wmdXME="></latexit>
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Bloom et al, PRL 1969

DIS data from SLAC which performed an experiment with high-energy electron beams (7-18 GeV). 
Scattering of electrons from a hydrogen target at 60 and 100 .

Resonance region

Deep 
Inelastic region

W 2 = (P + q)2 = P 2 + 2P · q + q2 = M2 + 2M⌫ �Q2
<latexit sha1_base64="DTcwLceyPuAioedPielcUlMBvgA="></latexit>

𝐸 = 7 GeV
𝜃 = 6°

𝐸 = 16 𝐺𝑒𝑉,
𝜃 = 6°

𝐸 = 17.7 𝐺𝑒𝑉,
𝜃 = 10°

W 2 >> M2
proton

<latexit sha1_base64="0hyfBxrM++Pj6/InncuTnyPRLf8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIo6KoU3bgRKtgHtGmYTCft0MlMmJkINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954wYVRpx/m2lpZXVtfWCxvFza3tnV17b7+hRCoxqWPBhGyFSBFGOalrqhlpJZKgOGSkGQ6vJ37zgUhFBb/Xo4T4MepzGlGMtJEC+xA2ux6sVOBtkCVSaMHHXS+wS07ZmQIuEjcnJZCjFthfnZ7AaUy4xgwp1XadRPsZkppiRsbFTqpIgvAQ9UnbUI5iovxsev0YnhilByMhTXENp+rviQzFSo3i0HTGSA/UvDcR//PaqY4u/YzyJNWE49miKGVQCziJAvaoJFizkSEIS2puhXiAJMLaBFY0IbjzLy+Shld2z8re3XmpepXHUQBH4BicAhdcgCq4ATVQBxg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBn9iUEA==</latexit>

9



When the proton breaks apart (in DIS), the parametrization

is no longer good. Need to parametrize photon–proton–X interactions, where X is anything the proton can break up into. 

Thus, it makes sense to parametrize the cross section (instead of the vertex) in terms of the momentum transfer q
and the proton momentum P. 

Leptonic tensor

Hadronic tensor

Pū(p0)
⇥
F1(Q

2)�µ + F2(Q
2)i�µ⌫q

⌫
⇤
u(p)

<latexit sha1_base64="ouUpEim1or8x1uuyCI3Cr/6k8kE="></latexit>
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Deep Inelastic Scattering

In deep inelastic collisions, 𝐸′ and 𝜃 are independent (double diff. Xsec)

e+ p ! e+X
<latexit sha1_base64="6zqdl8SHbfIfKeKyzG2DwYoxsJg=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL4tFEISSVEGPRS8eK9gPaEPZbDft0s0m7G6UEurFv+LFgyJe/Rfe/Ddu2hy09cHA470ZZub5MWdKO863VVhaXlldK66XNja3tnfs3b2mihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRdea37qlULBJ3ehxTL8QDwQJGsDZSzz6g6BTFqCvZYKixlNEDypQ26tllp+JMgRaJm5My5Kj37K9uPyJJSIUmHCvVcZ1YeymWmhFOJ6VuomiMyQgPaMdQgUOqvHT6wQQdG6WPgkiaEhpN1d8TKQ6VGoe+6QyxHqp5LxP/8zqJDi69lIk40VSQ2aIg4UhHKIsD9ZmkRPOxIZhIZm5FZIglJtqEVjIhuPMvL5JmteKeVaq35+XaVR5HEQ7hCE7AhQuowQ3UoQEEHuEZXuHNerJerHfrY9ZasPKZffgD6/MHltGVDA==</latexit>

This expression contains the Mott cross-section as a factor and is analogous to the Rosenbluth formula. 
It isolates the unknown shape of the nucleon target in two structure functions W1 and W2, 
which are relativistic invariant functions of two independent variables ν and q2. The structure functions correspond 
to the two possible polarization states of the virtual photon: longitudinal and transverse. 
Longitudinal polarization exists only because photon is virtual.
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<latexit sha1_base64="yUIV6IVDdXXpAVz5h0nU1nUGrwI="></latexit>

𝑾

𝑋

W 2 >> M2
proton

<latexit sha1_base64="0hyfBxrM++Pj6/InncuTnyPRLf8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIo6KoU3bgRKtgHtGmYTCft0MlMmJkINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954wYVRpx/m2lpZXVtfWCxvFza3tnV17b7+hRCoxqWPBhGyFSBFGOalrqhlpJZKgOGSkGQ6vJ37zgUhFBb/Xo4T4MepzGlGMtJEC+xA2ux6sVOBtkCVSaMHHXS+wS07ZmQIuEjcnJZCjFthfnZ7AaUy4xgwp1XadRPsZkppiRsbFTqpIgvAQ9UnbUI5iovxsev0YnhilByMhTXENp+rviQzFSo3i0HTGSA/UvDcR//PaqY4u/YzyJNWE49miKGVQCziJAvaoJFizkSEIS2puhXiAJMLaBFY0IbjzLy+Shld2z8re3XmpepXHUQBH4BicAhdcgCq4ATVQBxg8gmfwCt6sJ+vFerc+Zq1LVj5zAP7A+vwBn9iUEA==</latexit>

𝑝

𝛾*

• 𝐸9, 𝜃 experimentally easy to understand
• 𝑥, 𝑄< Lorentz invariant 11



Continuum (at large W) contribution to the Xsec sizeable 
even at large Q: indication of point like objects 
inside the proton

Bjorken scaling: the structure functions depend on E’ and 𝜃
in one specific functional form

𝑝
quasi Q-independent

12

0 < x < 1
<latexit sha1_base64="+HscOAo3C61u1Z4vRZDjdKUXJ5U=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioEWKoI1lBC8JJEfY2+wlS/Z2j909MRz5DTYWitj6g+z8N26SKzTxwcDjvRlm5oUJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0tU0WoTySXqhNiTTkT1DfMcNpJFMVxyGk7HN/O/PYjVZpJ8WAmCQ1iPBQsYgQbK/lu/anu9csVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7BSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINPscDZiixPCJJZgoZm9FZIQVJsbmU7IheMsvr5JWrepdVGv3l5XGTR5HEU7gFM7BgytowB00wQcCDJ7hFd4c4bw4787HorXg5DPH8AfO5w/GxY4B</latexit>



𝑝

! = 1/x
<latexit sha1_base64="PN53P9QSP54nR+Mkq0gV79t2ckI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8xd0o6EUIevEYwTwwWcLsZJIMmccyMyuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1090VxZwZ6/vf3tLyyuraem4jv7m1vbNb2NuvG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLhzcRvPFJtmJL3dhTTUOC+ZD1GsHXSQ1sJ2sdXwelTp1D0S/4UaJEEGSlChmqn8NXuKpIIKi3h2JhW4Mc2TLG2jHA6zrcTQ2NMhrhPW45KLKgJ0+nFY3TslC7qKe1KWjRVf0+kWBgzEpHrFNgOzLw3Ef/zWontXYYpk3FiqSSzRb2EI6vQ5H3UZZoSy0eOYKKZuxWRAdaYWBdS3oUQzL+8SOrlUnBWKt+dFyvXWRw5OIQjOIEALqACt1CFGhCQ8Ayv8OYZ78V79z5mrUteNnMAf+B9/gDUEZBc</latexit>

x = ⇠
<latexit sha1_base64="QPh77KPuXG08Hw7J6q3UKzFiZiE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFdy20C4lm2bb0GyyJFlpWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKllqgj1ieRStUOsKWeC+oYZTtuJojgOOW2Fo7uZ33qiSjMpHs0koUGMB4JFjGBjJX980x2zXrniVt050CrxclKBHI1e+avblySNqTCEY607npuYIMPKMMLptNRNNU0wGeEB7VgqcEx1kM2PnaIzq/RRJJUtYdBc/T2R4VjrSRzazhiboV72ZuJ/Xic10XWQMZGkhgqyWBSlHBmJZp+jPlOUGD6xBBPF7K2IDLHCxNh8SjYEb/nlVdKsVb2Lau3hslK/zeMowgmcwjl4cAV1uIcG+ECAwTO8wpsjnBfn3flYtBacfOYY/sD5/AG7/46i</latexit>

Bjorken scaling

If the proton were point-like:  

that is the Rosenbluth formula with GE and GM = 1. It can be rewritten as

What is the form of W1 and W2 in this case?

Almost no variation with Q!

Bjorken scaling
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But the proton is not point-like and to account for the Bjorken scaling we assume the proton is made of point-like constituents

P xi P

pi = xiP
<latexit sha1_base64="d6CuxRxrpiMG3mU01vAu2MkdFKw=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0ItQ9OKxgv2A7VKyabYNzW6WZFYspT/DiwdFvPprvPlvTNs9aOtAwuO9N8zMC1MpDLrut7Oyura+sVnYKm7v7O7tlw4Om0ZlmvEGU1LpdkgNlyLhDRQoeTvVnMah5K1weDvVW49cG6GSBxylPIhpPxGRYBQt5addQa7Jk/3r3VLZrbizIsvAy0EZ8rL+r05PsSzmCTJJjfE9N8VgTDUKJvmk2MkMTykb0j73LUxozE0wnq08IaeW6ZFIafsSJDP2d8eYxsaM4tA6Y4oDs6hNyf80P8PoKhiLJM2QJ2w+KMokQUWm95Oe0JyhHFlAmRZ2V8IGVFOGNqWiDcFbPHkZNKsV77xSvb8o127yOApwDCdwBh5cQg3uoA4NYKDgGV7hzUHnxXl3PubWFSfvOYI/5Xz+ANozkFE=</latexit>

inelastic scattering as an incoherent sum of elastic scatterings on proton constituents 
which are massless almost free (asymptotic freedom) 

Infinite momentum frame: proton is Lorentz contracted 
like a pancake (partons = chocolate chips). 

0 ⇡ p0
2
i = (pi + q)2 = (xiP + q)2 = x2

iM
2
i + 2xiP · q + q2

<latexit sha1_base64="8zkEVyUldueXIaqwVSOd69lJ8vU="></latexit>

xi =
Q2

2P · q
<latexit sha1_base64="4HzlBfflK4D00eycfUXO+9hNpcc=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclSQKuhGKbly2YB/QxjCZTNqhk0mcmYglZOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyTgVmDRxzGLR8ZEkjHLSVFQx0kkEQZHPSNsfXo399j0Rksb8Ro0S4kaoz2lIMVJa8syDB4/CC9gLBcJZ49bJM6few0Gs4F0OIfTMilW1JoDzxC5IBRSoe+ZXL4hxGhGuMENSdm0rUW6GhKKYkbzcSyVJEB6iPulqylFEpJtN/sjhkVYCGMZCF1dwov6eyFAk5SjydWeE1EDOemPxP6+bqvDczShPUkU4ni4KUwZVDMehwIAKghUbaYKwoPpWiAdIR6J0dGUdgj378jxpOVX7pOo0Tiu1yyKOEtgHh+AY2OAM1MA1qIMmwOARPINX8GY8GS/Gu/ExbV0wipk98AfG5w+aSZfa</latexit>

electron-parton elastic scattering

Mandelstam variables

14



Parton Distribution Function of the Nucleon

PDF: probability that a parton i is emitted by 
the proton, which carries a longitudinal 
fraction 𝜉 of proton’s momentum.

Xsec in the parton
model

Unpolarized Parton Distribution functions of the proton

Qi = charge of the quark

15



Parton Distribution Function of the Nucleon

PDF: probability that a parton i is emitted by 
the proton, which carries a longitudinal 
fraction 𝜉 of proton’s momentum.

Xsec in the parton
model

Unpolarized Parton Distribution functions of the proton

Lorentz invariant formulation

16



Physical justification of PDFs

• the momentum sloshes around among proton constituents at time 
scales
• these time scales are much slower than the time scales ∼1/Q that the 

photon probes. The separation of scales Q ≫ ΛQCD allows us to treat 
the parton wavefunctions within the proton as being decoherent, 
giving the probabilistic interpretation. 
• to actually prove that this decoherence occurs, amounts to a proof of 

factorization. 
• PDFs are non perturbative objects.

⇡ ⇤�1
QCD ⇡ M�1

p
<latexit sha1_base64="wh+ujG2xD8ERjPPZ85S3wu3AN+Q=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQxJJUQZfFunCh0IJ9QBPDZDpth06SYWYilpCPcOOvuHGhiFsX7vwbp20W2npg4HDOPdy5x+eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mjKKBSYNHLFItH0kCaMhaSiqGGlzQVDgM9Lyh9Wx37onQtIovFUjTtwA9UPaoxgpLXnmkYM4F9GDc60zXeQl9eplepcc22lmwBsv4VPFM4tWyZoAzhM7I0WQoeaZX043wnFAQoUZkrJjW1y5CRKKYkbSghNLwhEeoj7paBqigEg3mRyVwgOtdGEvEvqFCk7U34kEBVKOAl9PBkgN5Kw3Fv/zOrHqnbsJDXmsSIini3oxgyqC44ZglwqCFRtpgrCg+q8QD5BAWOkeC7oEe/bkedIsl+yTUrl+WqxcZHXkwR7YB4fABmegAq5ADTQABo/gGbyCN+PJeDHejY/paM7IMrvgD4zPH94knrE=</latexit>
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Comparing powers of y, we obtain 

Callan-Gross relation

The experimentally observed F2 
structure function of deep inelastic 
electron–nucleon scattering .

18Look at the x range



How do we access u and d PDFs?
19
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G. Salam

21Look again at the x-range



But the proton wave function fluctuates! 

Antiquark distributions

u, d = valence quarks

s, c, b, ub, db, sb, … = sea quarks  

22



In principle we should expect

For a proton (uud) we have the valence quark sum rules 
Z 1

0
dx [u(x)� ū(x)] = 2

<latexit sha1_base64="0vcagJhZg4uAiOAYEVqxOndZUyg=">AAACF3icbVDLSgMxFM3UV62vqks3wSLUhWWmCroRim5cVrAP6Iwlk2ba0ExmSO5Iy9C/cOOvuHGhiFvd+Temj4W2Hrhwcs695N7jx4JrsO1vK7O0vLK6ll3PbWxube/kd/fqOkoUZTUaiUg1faKZ4JLVgINgzVgxEvqCNfz+9dhvPDCleSTvYBgzLyRdyQNOCRipnS+5XELbvndwZ4BdwQJoJcXBMT7Brk9UmozMw1W82wMPX+JyO1+wS/YEeJE4M1JAM1Tb+S+3E9EkZBKoIFq3HDsGLyUKOBVslHMTzWJC+6TLWoZKEjLtpZO7RvjIKB0cRMqUBDxRf0+kJNR6GPqmMyTQ0/PeWPzPayUQXHgpl3ECTNLpR0EiMER4HBLucMUoiKEhhCpudsW0RxShYKLMmRCc+ZMXSb1cck5L5duzQuVqFkcWHaBDVEQOOkcVdIOqqIYoekTP6BW9WU/Wi/VufUxbM9ZsZh/9gfX5A6X+nbY=</latexit>

Z 1

0
dx

⇥
d(x)� d̄(x)

⇤
= 1

<latexit sha1_base64="9dxyUfrvAkpS2GPAZKqPy2hqa0Y=">AAACF3icbVDLSsNAFJ34rPVVdelmsAi6MCQq6EYounFZwT6giWEymbSDk0mYuRFL6F+48VfcuFDEre78G6ePhVoPXDhzzr3MvSfMBNfgOF/WzOzc/MJiaam8vLK6tl7Z2GzqNFeUNWgqUtUOiWaCS9YADoK1M8VIEgrWCm8vhn7rjinNU3kN/Yz5CelKHnNKwEhBxfa4hMC5cXF0jz3BYuhEe/f7+AB7IVFFNDAPT/FuD3x8ht2gUnVsZwQ8TdwJqaIJ6kHl04tSmidMAhVE647rZOAXRAGngg3KXq5ZRugt6bKOoZIkTPvF6K4B3jVKhONUmZKAR+rPiYIkWveT0HQmBHr6rzcU//M6OcSnfsFllgOTdPxRnAsMKR6GhCOuGAXRN4RQxc2umPaIIhRMlGUTgvv35GnSPLTdI/vw6rhaO5/EUULbaAftIRedoBq6RHXUQBQ9oCf0gl6tR+vZerPex60z1mRmC/2C9fENbiidkw==</latexit>

Momentum sum rules

?

Something is missing here!
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In principle we should expect

For a proton (uud) we have the valence quark sum rules 
Z 1

0
dx [u(x)� ū(x)] = 2

<latexit sha1_base64="0vcagJhZg4uAiOAYEVqxOndZUyg=">AAACF3icbVDLSgMxFM3UV62vqks3wSLUhWWmCroRim5cVrAP6Iwlk2ba0ExmSO5Iy9C/cOOvuHGhiFvd+Temj4W2Hrhwcs695N7jx4JrsO1vK7O0vLK6ll3PbWxube/kd/fqOkoUZTUaiUg1faKZ4JLVgINgzVgxEvqCNfz+9dhvPDCleSTvYBgzLyRdyQNOCRipnS+5XELbvndwZ4BdwQJoJcXBMT7Brk9UmozMw1W82wMPX+JyO1+wS/YEeJE4M1JAM1Tb+S+3E9EkZBKoIFq3HDsGLyUKOBVslHMTzWJC+6TLWoZKEjLtpZO7RvjIKB0cRMqUBDxRf0+kJNR6GPqmMyTQ0/PeWPzPayUQXHgpl3ECTNLpR0EiMER4HBLucMUoiKEhhCpudsW0RxShYKLMmRCc+ZMXSb1cck5L5duzQuVqFkcWHaBDVEQOOkcVdIOqqIYoekTP6BW9WU/Wi/VufUxbM9ZsZh/9gfX5A6X+nbY=</latexit>

Z 1

0
dx

⇥
d(x)� d̄(x)

⇤
= 1

<latexit sha1_base64="9dxyUfrvAkpS2GPAZKqPy2hqa0Y=">AAACF3icbVDLSsNAFJ34rPVVdelmsAi6MCQq6EYounFZwT6giWEymbSDk0mYuRFL6F+48VfcuFDEre78G6ePhVoPXDhzzr3MvSfMBNfgOF/WzOzc/MJiaam8vLK6tl7Z2GzqNFeUNWgqUtUOiWaCS9YADoK1M8VIEgrWCm8vhn7rjinNU3kN/Yz5CelKHnNKwEhBxfa4hMC5cXF0jz3BYuhEe/f7+AB7IVFFNDAPT/FuD3x8ht2gUnVsZwQ8TdwJqaIJ6kHl04tSmidMAhVE647rZOAXRAGngg3KXq5ZRugt6bKOoZIkTPvF6K4B3jVKhONUmZKAR+rPiYIkWveT0HQmBHr6rzcU//M6OcSnfsFllgOTdPxRnAsMKR6GhCOuGAXRN4RQxc2umPaIIhRMlGUTgvv35GnSPLTdI/vw6rhaO5/EUULbaAftIRedoBq6RHXUQBQ9oCf0gl6tR+vZerPex60z1mRmC/2C9fENbiidkw==</latexit>

Momentum sum rules

THE GLUON
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25Image Credits: Derek Leinweber

Computer simulations of the energy density of the gluon field fluctuation

http://www.physics.adelaide.edu.au/theory/staff/leinweber/


Wait: PDFs now depend on x and Q ?

To discuss gluons we must go beyond the
leading order picture, and bring in more subtle 
features of QCD dynamics.

x
26



In fact, Bjorken scaling is actually violated at low x HERA DIS data 

27



PDF evolution: DGLAP equations

Hadronic tensor

Let’s go back to the DIS Xsec

partonic version of x

Let’s rewrite it as hard scattering

28



Let’s consider the partonic version of the hadronic tensor, given by                                   integrated over final states 

At LO, after the Lorentz contractions, 

Callan –Gross relation

pµi
<latexit sha1_base64="H5aMdtFp+i6kLs9uyj/M0j1OdZg=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK9kPatWTTbBuaZEOSFcrSX+HFgyJe/Tne/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4dNk6Sa0AZJeKLbETaUM0kblllO20pTLCJOW9HoZuq3nqg2LJH3dqxoKPBAspgRbJ30oHrsMeuKdNIrlf2KPwNaJkFOypCj3it9dfsJSQWVlnBsTCfwlQ0zrC0jnE6K3dRQhckID2jHUYkFNWE2O3iCTp3SR3GiXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGpUkslmS+KU45sgqbfoz7TlFg+dgQTzdytiAyxxsS6jIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAgIBneIU3T3sv3rv3MW9d8fKZI/gD7/MHKUyQpA==</latexit>

uark

uark

pµf
<latexit sha1_base64="VM9P0oMIrJT00AktlMUGdRS/PxA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8cK9kPatWTTbBuaZEOSFcrSX+HFgyJe/Tne/Dem7R609cHA470ZZuZFijNjff/bW1ldW9/YLGwVt3d29/ZLB4dNk6Sa0AZJeKLbETaUM0kblllO20pTLCJOW9HoZuq3nqg2LJH3dqxoKPBAspgRbJ30oHrxY9YV6aRXKvsVfwa0TIKclCFHvVf66vYTkgoqLeHYmE7gKxtmWFtGOJ0Uu6mhCpMRHtCOoxILasJsdvAEnTqlj+JEu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGNSpZZKMl8UpxzZBE2/R32mKbF87AgmmrlbERlijYl1GRVdCMHiy8ukWa0E55Xq3UW5dp3HUYBjOIEzCOASanALdWgAAQHP8ApvnvZevHfvY9664uUzR/AH3ucPJK6QoQ==</latexit>

qµ
<latexit sha1_base64="RuT/oU4N2XYMNvtj3INTrUfsJh0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkDbOT2WTIPNaZWSEs+QgvHhTx6vd482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kmtx4esK9JJr1T2K/4MaJkEOSlDjnqv9NXtK5IKKi3h2JhO4Cc2zLC2jHA6KXZTQxNMRnhAO45KLKgJs9m5E3TqlD6KlXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTGV2HGZJJaKsl8UZxyZBWa/o76TFNi+dgRTDRztyIyxBoT6xIquhCCxZeXSbNaCc4r1buLcu06j6MAx3ACZxDAJdTgFurQAAIjeIZXePMS78V79z7mrStePnMEf+B9/gCrx4/J</latexit>

O(↵0
s)

<latexit sha1_base64="WCqnm2C3kJ6ljU0YUgKFVGr4lYQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCrosunFnBfuAJoab6aQdOnkwMxFqKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPX7CmVSW9W0UlpZXVteK66WNza3tHXN3ryXjVBDaJDGPRccHSTmLaFMxxWknERRCn9O2P7ya+O0HKiSLozs1SqgbQj9iASOgtOSZB5lDgOObccUBngzAk/fWiWeWrao1BV4kdk7KKEfDM7+cXkzSkEaKcJCya1uJcjMQihFOxyUnlTQBMoQ+7WoaQUilm02vH+NjrfRwEAtdkcJT9fdEBqGUo9DXnSGogZz3JuJ/XjdVwYWbsShJFY3IbFGQcqxiPIkC95igRPGRJkAE07diMgABROnASjoEe/7lRdKqVe3Tau32rFy/zOMookN0hCrIRueojq5RAzURQY/oGb2iN+PJeDHejY9Za8HIZ/bRHxifP1ORlH0=</latexit>
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At NLO we have other Feynman diagrams contributing

Soft and Collinear divergence

IR Soft and collinear divergence. 
UV divergences cancelled by renormalization

virtual
real emission real emission

𝑀𝑆: we need a prescription
to deal with singularities.

In D dim, D = 4-𝜀

30



Putting all the contributions together the double           poles cancel out 

DGLAP splitting function at LO.
(Dokshitzer, Gribov, Lipatov, Altarelli, Parisi)

Plus distribution

1/"2
<latexit sha1_base64="5BWk+f9odFW//MpRo5X2qtFUpVs=">AAAB+HicbVBNTwIxEJ3FL8QPVj16aSQmnnAXTfRI9OIRE/lIYCXd0oWGbrtpuyRI+CVePGiMV3+KN/+NBfag4EsmeXlvJjPzwoQzbTzv28mtrW9sbuW3Czu7e/tF9+CwoWWqCK0TyaVqhVhTzgStG2Y4bSWK4jjktBkOb2d+c0SVZlI8mHFCgxj3BYsYwcZKXbfon3dGWNFEMy7FY6XrlryyNwdaJX5GSpCh1nW/Oj1J0pgKQzjWuu17iQkmWBlGOJ0WOqmmCSZD3KdtSwWOqQ4m88On6NQqPRRJZUsYNFd/T0xwrPU4Dm1njM1AL3sz8T+vnZroOpgwkaSGCrJYFKUcGYlmKaAeU5QYPrYEE8XsrYgMsMLE2KwKNgR/+eVV0qiU/Yty5f6yVL3J4sjDMZzAGfhwBVW4gxrUgUAKz/AKb86T8+K8Ox+L1pyTzRzBHzifP0FYktQ=</latexit>
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At fixed x the 1/𝜀 pole does not cancel. We need to consider differences of cross sections to get a finite answer

Q0 is arbitrary. Renormalization Group Equation (RGE). Let’s define, for every scale Q 

DGLAP equation

Ŵ0
<latexit sha1_base64="qFVA4btum11qqeZjkNyU/GVj1OI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTm9EkbT7br9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIGBhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx83ao9t</latexit>

Inserting           back into                         we obtain  Wµ⌫(x,Q)
<latexit sha1_base64="jjlWOgJSdyJ11mBaSiAJzCxMMi4=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUpSBV0W3bhswT6giWUynbRDJ5MwD7XEfoobF4q49Uvc+TdO2yy09cCFwzn3cu89QcKoVI7zbeVWVtfWN/Kbha3tnd09u7jfkrEWmDRxzGLRCZAkjHLSVFQx0kkEQVHASDsYXU/99j0Rksb8Vo0T4kdowGlIMVJG6tnF9l3qRRp6XE9g+fG0cdKzS07FmQEuEzcjJZCh3rO/vH6MdUS4wgxJ2XWdRPkpEopiRiYFT0uSIDxCA9I1lKOISD+dnT6Bx0bpwzAWpriCM/X3RIoiKcdRYDojpIZy0ZuK/3ldrcJLP6U80YpwPF8UagZVDKc5wD4VBCs2NgRhQc2tEA+RQFiZtAomBHfx5WXSqlbcs0q1cV6qXWVx5MEhOAJl4IILUAM3oA6aAIMH8AxewZv1ZL1Y79bHvDVnZTMH4A+szx/KCJMJ</latexit>

finite!!!
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At NLO in QCD, we also have the following diagram contributing to F2(x, Q)

Therefore DGLAP equations are mixed together and we have 2 Nf + 1 coupled integro-differential equations

LO DGLAP Splitting functions

33

Pij(x, µ
2) =

↵s(µ2)

4⇡
P (0)
ij (x) +

✓
↵s(µ2)

4⇡

◆2

P (1)
ij (x) +

✓
↵s(µ2)

4⇡

◆3

P (2)
ij (x) + . . .

<latexit sha1_base64="cE0waLhHV+FPdD55rX5v66NHXPM="></latexit>



initial conditions determined through the fit to data.

We can use a different basis in the PDF space to decompose the equations in a useful way

DGLAP:  2 Nf +1 coupled integro-differential equations

qS(x,Q
2) =

nfX

i=1

⇥
qi(x,Q

2) + q̄(x,Q2)
⇤

<latexit sha1_base64="oX2ZUCoztQY5rJuXhaxakBsfMg8="></latexit>

q±ij(x,Q
2) = (qi ± q̄i)� (qj ± q̄j)

<latexit sha1_base64="5zSe44tHOLpBBe/Dys58rZJccQs="></latexit>

qV (x,Q
2) =

nfX

i=1

⇥
qi(x,Q

2)� q̄(x,Q2)
⇤

<latexit sha1_base64="m2pa6zC1tl92PyUY9KJ/PcDlqxU="></latexit>

g(x,Q2)
<latexit sha1_base64="a2GO3g4aAgvBAGnYVXJKFYcebPc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpQkCnosevHYgv2ANpbNdtMu3Wzi7kYsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zM82POlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryRzdTv/VIpWKRuNPjmHohHggWMIK1kdqD8tNZ/d497RVLdsWeAS0TJyMlyFDrFb+6/YgkIRWacKxUx7Fj7aVYakY4nRS6iaIxJiM8oB1DBQ6p8tLZ vRN0YpQ+CiJpSmg0U39PpDhUahz6pjPEeqgWvan4n9dJdHDlpUzEiaaCzBcFCUc6QtPnUZ9JSjQfG4KJZOZWRIZYYqJNRAUTgrP48jJpuhXnvOLWL0rV6yyOPBzBMZTBgUuowi3UoAEEODzDK7xZD9aL9W59zFtzVjZzCH9gff4AoWePCw==</latexit>

Singlet

Non-Singlet
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Different numerical codes to solve DGLAP 
evolution available on the market 
• Pegasus: Mellin space, symbolic moment-space solutions on a one-fits-all 

Mellin inversion contour, A. Vogt; CPC 170 (2005);
• Candia: x-space, recursive solutions, C. Corianò, M.G., A. Cafarella, NPB748 

(2006), CPC 179 (2008);
• Hoppet: x-space, Runge-Kutta, G. Salam, J. Rojo, CPC 180 (2009);
• QCDNum: x-space, eqns numerically solved on a discrete n×m grid in x and 

µ2 , M. Botje, CPC 182 (2011);
• Apfel: x-space Runge-Kutta + higher order interpolations, V. Bertone, S. 

Carrazza, J. Rojo, CPC 185, (2014);
• CHILIPDF: x-space Chebyshev interpolation, M. Diehl, R. Nagar, F. 

Tackmann, 1906.10059 [hep-ph]
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Q=2 GeV Q=100 GeV

36
PDF’s evolution from Q = 2 GeV up to Q = 100 GeV



LO 1973
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Higher orders are difficult to calculate  

Here is the result for the quantum 
corrections to the splitting 
functions in QCD

LO

Pij(x, µ
2) =

↵s(µ2)

4⇡
P (0)
ij (x) +

✓
↵s(µ2)

4⇡

◆2

P (1)
ij (x) +

✓
↵s(µ2)

4⇡

◆3

P (2)
ij (x) + . . .

<latexit sha1_base64="cE0waLhHV+FPdD55rX5v66NHXPM="></latexit>



It took 24 years to calculate the third term in the Pij perturbative expansion

38
NNLO: next-to-next-to leading order.     NNNLO: work is in progress  



Parton Distribution Functions (PDFs) of the proton map out the longitudinal momentum  
distribution of proton’s constituent quarks and gluons (aka partons).

When protons collide at very high energies, PDFs can be interpreted as the probability 
for finding a parton in the proton with a certain longitudinal momentum fraction x at 
resolution energy scale Q.

39

Concluding remarks: Proton’s inner structure



Resolving in energy

at energy scale Q0 at energy scale Q > Q0

40

High energy collisions at the LHC provide us with a tool to investigate the 
proton’s PDFs and the dynamics of quarks and gluons



PDFs are determined by global analyses of world experimental data using a 
variety of statistical methods.

They represent one of the major sources of uncertainties
for theory predictions and simulations at the LHC

PDFs cannot 
be fully determined 
analytically!
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THANK YOU!



BACK UP
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Further reading and references

• Collins Soper Sterman, Factorization of Hard Processes in QCD, hep-ph/0409313

• G. Sterman, Quantum Field theory;
• J. Collins,  Perturbative QCD;
• T. Muta, Foundations of Quantum Chromodynamics;
• M .Peskin, D. Schroeder, An introduction to QFT;
• Greiner, Schramm, Stein, QCD;
• Full details of the calculation in slide 30-32 can be found in: M. D. Schwartz, 

Quantum Field Theory and the Standard Model;
• T.-P. Cheng and L.F. Li, Gauge theory of the elementary particles;
• T. Plehn, TASI Lectures 2008 
• G. Salam, 2009 European School of High-Energy Physics, Bautzen 
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The proton is an extended object

Very well known experimentally

hr2i =
Z

dx3r2j0(x)
<latexit sha1_base64="XhkwRTBZ4F6Tnzv4x3tmxcEq8hY=">AAACE3icbZC7TsMwFIYdrqXcAowsFhVSYaiSFgkWpAoWxiLRi9SkkeO6ranjRLaDWkV9BxZehYUBhFhZ2Hgb3DQDtPySpU//OUc+5/cjRqWyrG9jaXlldW09t5Hf3Nre2TX39hsyjAUmdRyyULR8JAmjnNQVVYy0IkFQ4DPS9IfX03rzgQhJQ36nxhFxA9TntEcxUtryzFOHId5nBIpOGTpixpfQoVzB7qhTSf17zyqOTjyzYJWsVHAR7AwKIFPNM7+cbojjgHCFGZKybVuRchMkFMWMTPJOLEmE8BD1SVsjRwGRbpLeNIHH2unCXij007uk7u+JBAVSjgNfdwZIDeR8bWr+V2vHqnfhJpRHsSIczz7qxQyqEE4Dgl0qCFZsrAFhQfWuEA+QQFjpGPM6BHv+5EVolEt2pVS+PStUr7I4cuAQHIEisME5qIIbUAN1gMEjeAav4M14Ml6Md+Nj1rpkZDMH4I+Mzx9jB5vu</latexit>

Asymptotically we have that:

where in the case of the proton 𝑛 = 3 is in agreement with the data

Spatial distribution
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Kinematics 1 - Elastic electron proton scattering kinematic 
kµ = (E,~ki), k0µ = (E0,~k0i), pµ = (M,~0)

<latexit sha1_base64="u+Jf2JePEb1fiF8Ul8QfFHKV8gw="></latexit>

(q + p)2 = q2 + 2q · p+M2 = M2
<latexit sha1_base64="A1iQQDhGiGL6zsSTO6lHBJSCfhk=">AAACDHicbVDNSgMxGMz6W+tf1aOXYBEqhbK7CnoRil68CBXsD7Tbks1m29BsdptkhbL0Abz4Kl48KOLVB/Dm25hu96CtAwnDzHwk37gRo1KZ5rextLyyurae28hvbm3v7Bb29hsyjAUmdRyyULRcJAmjnNQVVYy0IkFQ4DLSdIfXU7/5QISkIb9X44g4Aepz6lOMlJZ6hWJpVI5Ouja8hKOuXbZHHeyFCkawDG9TVd86ZVbMFHCRWBkpggy1XuGr44U4DghXmCEp25YZKSdBQlHMyCTfiSWJEB6iPmlrylFApJOky0zgsVY86IdCH65gqv6eSFAg5ThwdTJAaiDnvan4n9eOlX/hJJRHsSIczx7yYwZVCKfNQI8KghUba4KwoPqvEA+QQFjp/vK6BGt+5UXSsCvWacW+OytWr7I6cuAQHIESsMA5qIIbUAN1gMEjeAav4M14Ml6Md+NjFl0yspkD8AfG5w+KvZd+</latexit>

in the elastic scattering limit

2M(E � E0) = �q2
<latexit sha1_base64="vQVdenHItygETZ3ZeSIZIubUqkU=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBctSRR0IxSl4EaoYB/QpmUynbRDJ5M4MxFK6MZfceNCEbd+hjv/xmmbhbYeuHA4517uvceLGJXKsr6NzNLyyupadj23sbm1vWPu7tVlGAtMajhkoWh6SBJGOakpqhhpRoKgwGOk4Q2vJ37jkQhJQ36vRhFxA9Tn1KcYKS11zQPntlApVjrtSNCAnMBLWIQPHQd2zbxVsqaAi8ROSR6kqHbNr3YvxHFAuMIMSdmyrUi5CRKKYkbGuXYsSYTwEPVJS1OOAiLdZPrAGB5rpQf9UOjiCk7V3xMJCqQcBZ7uDJAayHlvIv7ntWLlX7gJ5VGsCMezRX7MoArhJA3Yo4JgxUaaICyovhXiARIIK51ZTodgz7+8SOpOyT4tOXdn+fJVGkcWHIIjUAA2OAdlcAOqoAYwGINn8ArejCfjxXg3PmatGSOd2Qd/YHz+AKb1k94=</latexit>
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q = (k � k0)
<latexit sha1_base64="NhosgE3inxBYPRaXK+OOGLXSN4s=">AAAB9XicbVBNS8NAEN34WetX1aOXxSLUgyWpgl6EohePFewHtGnZbCftks0m7m6UEvo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPC/mTGnb/raWlldW19ZzG/nNre2d3cLefkNFiaRQpxGPZMsjCjgTUNdMc2jFEkjocWh6wc3Ebz6CVCwS93oUgxuSgWA+o0QbqftwVQpOg24nliyEk16haJftKfAicTJSRBlqvcJXpx/RJAShKSdKtR071m5KpGaUwzjfSRTEhAZkAG1DBQlBuen06jE+Nkof+5E0JTSeqr8nUhIqNQo90xkSPVTz3kT8z2sn2r90UybiRIOgs0V+wrGO8CQC3GcSqOYjQwiVzNyK6ZBIQrUJKm9CcOZfXiSNStk5K1fuzovV6yyOHDpER6iEHHSBqugW1VAdUSTRM3pFb9aT9WK9Wx+z1iUrmzlAf2B9/gCJ2pHj</latexit>



x =
Q2

2M⌫
=

Q2

2p · q
<latexit sha1_base64="bdauJ8T7q2WprMH+AxOfzCPTPRQ=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMq6EYounEjtGAf0MQymUzaoZNJnJmIJeQz3Pgrblwo4rY7/8Zpm4W2HrhwOOde7r3HixmVyrK+jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHoeEgSRjlpKqoY6cSCoNBjpO0Nryd++5EISSN+p0YxcUPU5zSgGCkt9cwT+AQvoRMIhNPGfTVLq7cOT7I5LXawHyn4kMGeWbYq1hRwkdg5KYMc9Z45dvwIJyHhCjMkZde2YuWmSCiKGclKTiJJjPAQ9UlXU45CIt10+lgGj7TiwyASuriCU/X3RIpCKUehpztDpAZy3puI/3ndRAUXbkp5nCjC8WxRkDCoIjhJCfpUEKzYSBOEBdW3QjxAOhClsyzpEOz5lxdJq1qxTyvVxlm5dpXHUQQH4BAcAxucgxq4AXXQBBg8g1fwDj6MF+PN+DS+Zq0FI5/ZB39gjH8AW8qewA==</latexit>

q = k � k0
<latexit sha1_base64="pxtT5wReqTJQoHjZl/rQzV1Oncc=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ6sexWQS9C0YvHCvYD2qVk02wbNpusSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZFyScaeO6387S8srq2npho7i5tb2zW9rbb2qZKkIbRHKp2gHWlDNBG4YZTtuJojgOOG0F0e3Ebz1RpZkUD2aUUD/GA8FCRrCxUgs9Xkdn0UmvVHYr7hRokXg5KUOOeq/01e1LksZUGMKx1h3PTYyfYWUY4XRc7KaaJphEeEA7lgocU+1n03PH6NgqfRRKZUsYNFV/T2Q41noUB7Yzxmao572J+J/XSU145WdMJKmhgswWhSlHRqLJ76jPFCWGjyzBRDF7KyJDrDAxNqGiDcGbf3mRNKsV77xSvb8o127yOApwCEdwCh5cQg3uoA4NIBDBM7zCm5M4L8678zFrXXLymQP4A+fzBxEojrw=</latexit>

Kinematics 2 - Lorentz invariant quantities

𝑝
⌫ = E � E0 =

p · q
M

<latexit sha1_base64="0H8b2TN7TJGreZB3/ffeE9ulCL8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR3ViSKuhGKErBjVDBXqAJZTKZtEMnkzgzEUrI2o2v4saFIm59Ane+jdM2C63+MPDxn3M4c34vZlQqy/oyCnPzC4tLxeXSyura+oa5udWSUSIwaeKIRaLjIUkY5aSpqGKkEwuCQo+Rtje8HNfb90RIGvFbNYqJG6I+pwHFSGmrZ+46PIHnsA6PYP1AgxMIhNPYwX6k4F2WXmc9s2xVrIngX7BzKINcjZ756fgRTkLCFWZIyq5txcpNkVAUM5KVnESSGOEh6pOuRo5CIt10ckoG97XjwyAS+nEFJ+7PiRSFUo5CT3eGSA3kbG1s/lfrJio4c1PK40QRjqeLgoRBFcFxLtCngmDFRhoQFlT/FeIB0mEonV5Jh2DPnvwXWtWKfVyp3pyUaxd5HEWwA/bAIbDBKaiBK9AATYDBA3gCL+DVeDSejTfjfdpaMPKZbfBLxsc36OyYjA==</latexit>
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QED Amplitude e𝜇 → e𝜇 vs ep → ep

Spin sum

ep ->ep
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mp >>me limit

To the LO in me/mp
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E >>me limit: we follow the same steps as before, but me=0 this time.
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?

Is dimensionless, thus

Mass dimension

By looking at the the kinetic terms for F and 𝜓
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UV divergence regularization: µR

The pole C−1/𝜀 gives a finite contribution to the cross section, involving the renormalization scale µR ≡ µ

After renormalization, the poles cancel out but the scale is unmatched between the UV divergence and the counter term
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IR divergence regularization: µF
Let’s consider qg-> Zq in Drell-Yan: at NLO we have no virtual correction -> no UV div

Gluon emission angle

divergent for collinear gluon radiation: y -> 0 (emitted in the beam direction)

Following the procedure adopted to regularize UV divergences, we introduce a scale 𝜇. DR now means we have to 
write the two-particle phase space in D = 4−2𝜀 dimension 

Here 𝜇 arises from the IR regularization of the phase space integral and is referred to as factorization scale µF .

;

y = (1 + cos ✓)/2
<latexit sha1_base64="ZIiAtPFEzu8dhgf3FlY88sHGEPg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0WoCDWpgm6EohuXFewDmlAm00k7dPJg5kaIofgrblwo4tb/cOffOG2z0NYDFw7n3Mu993ix4Aos69tYWFxaXlktrBXXNza3ts2d3aaKEklZg0Yikm2PKCZ4yBrAQbB2LBkJPMFa3vBm7LcemFQ8Cu8hjZkbkH7IfU4JaKlr7qf4CpftE4dGyoEBA3J8Wu2aJatiTYDniZ2TEspR75pfTi+iScBCoIIo1bGtGNyMSOBUsFHRSRSLCR2SPutoGpKAKTebXD/CR1rpYT+SukLAE/X3REYCpdLA050BgYGa9cbif14nAf/SzXgYJ8BCOl3kJwJDhMdR4B6XjIJINSFUcn0rpgMiCQUdWFGHYM++PE+a1Yp9VqnenZdq13kcBXSADlEZ2egC1dAtqqMGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w/bIZOO</latexit>



Properties

PLUS (+) DISTRIBUTION
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The expansion around 𝜀 = 0 gives a distribution


