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Outline

e PDFs and how to determine them
e The Hessian method
e Constraints from hadronic data

* QCD global analyses



Factorization

In previous lectures, we learned that in DIS the inclusive cross section can be written as

e

where H is a calculable hard function and f a universal PDF. In the DIS case, we introduced f as a non-perturbative

object that accounts for the nucleon’s probability of emitting a parton carrying a fraction of the incoming nucleon’s
momentum.

A similar factorized form form for the cross section can also be used for proton-proton collisions
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Factorization

Parton distribution functions (PDFs) of the proton are essential ingredients of factorization theorems in QCD:

The general structure of the inclusive cross section for high-energy collisions involving hadron-hadron beams, lepton-
hadrons, or hadron targets, is a convolution product where long-distance non-perturbative contributions (PDFs) and
short-distance infrared-safe perturbatively calculable quantities (hard scattering) are separated.

For Drell-Yan we have (Collins, Soper, Sterman (PLB 1984), (NPB 1985))
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Can PDFs be defined in a more rigorous way?

e Operator Product Expansion:

perform a Taylor expansion at large Q? in which we could drop sub-leading terms.

T ) = Y Cule ~ )08
* Light-cone variables:

use light-cone projections of proton matrix elements. This approach is more friendly to more
general factorization arguments (see Dave Soper’s talk).

To all orders in a, PDFs can be defined as correlator functions:
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The formal definition of PDFs in QCD, contains all the complications of “real life”:
UV regulator in DR, gauge invariance,...

O = [ Gren D PG ) S W, O)1P)

Similarly to the case of renormalization scheme, a set of rules has to be provided
in order to define the PDFs when a cross section calculation is performed, e.g. MSbar scheme.



PDFs universality

* Gluons, quarks and antiquarks are the known constituents of the proton.
* Their distributions as a function of x and generic scale y, at which partons are probed,
are universal quantities that do not depend on the specific hard process under consideration.

Differently from the hard-scattering cross section, the analytic structure of the PDFs
cannot be fully predicted by perturbative QCD, but has to be determined by comparing
standard sets of cross sections, to experimental measurements by using a variety

of analytical/statistical methods.

For this reason PDFs are “data-driven” quantities.



In previous lectures we also learned that PDF’s energy behavior can be predicted by RGE DGLAP equations
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where to find a solution we need to impose initial conditions: we need PDFs at a certain initial scale Qg

* We choose a factorization scheme (e.g. MSbar), an order in perturbation theory (e.g. LO, NLO, NNLO)
and a starting scale Qy; where pQCD applies (typically > 1 or 2 GeV)

* parametrize the quark and gluon distributions at Q, For example:

filz, @3) = A1 + by/z + ciz) (1 — 2)*

The parameters are determined from a fit to world data of hadronic collisions



Global QCD analyses combine:

e Advanced QCD theory

* Precise measurements from HEP
hadronic world data

* Sophisticated statistical methods

Welcome to the fitting machine!
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Initialisation '\

Input Data

Data Type
Collider ep
Collider pp, ppbar
Fixed Target data

Theory Predictions
Factorisation Theorem

* PDF Parametrisation
* QCD Evolution (QCDNUM)
x2 * Cross Section Calculation

Minimisation (MINUIT)
Treatment of the uncertainties:
Nuisance parameters
Covariance Matrix
Monte Carlo method

PDF LHgrids
alphas, mg, ..

Data vs Predictions
Chi2, pulls, shifts

Results
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LHC and PDFs in the NNLO QCD era

The increasing accuracy of the current data and the LHC
unprecedented energies pushed the high-energy physics community
towards a new realm of precision calculations:

B>

Enormous progress in perturbative NNLO QCD calculations
(e.g. unitarity based methods ),

semi-automated calculations of multi-leg NLO processes,

NLO calculation of complex multi-leg processes such as for

the production of vector boson plus 5 jets (e.g. W + 5 jets;
H+3 jets),

theoretical progress in the combination of the fixed-order
results with a parton shower codes,

rapid developments of very sophisticated tools for phenomenology
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Perturbative QCD loop revolution

The NLO Revolution

[S. Badger]
#of jets # 1-loop Feynman diagram

1980 1990 2000 2010 [L.Dixon]

Since 2005, generalized unitarity and related methods dramatically
advanced the computations of perturbative NLO/NNLO/N3LO hard
cross sections 4.

To make use of it, accuracy of PDFs f, /,(x, 1) must keep up

11



Coordinated Theoretical-Experimental Analysis of QCD (CTEQ)
Several groups in CTEQ work on determination of PDFs:
CTEQ-Tung ET Al. (CT), CTEQ-JLab (CJ)....

Global analysis (term promoted by J. Morfin & W.-K. Tung in 1990):

constrains PDFs or other nonperturbative functions with
data from diverse hadronic experiments
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How does a PDF global analysis work?

* What are the most relevant data?

* What are the constraints on PDFs?

* How do we choose the initial scale parametrization?
* A bit of statistics
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Expenmental data in CT18 PDF anaIyS|s
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Constraints on PDFs: a few examples

Process Sensitivity

Drell-Yan Flavour decomposition of the sea, u , d , y PDF
W+charm Strange PDF

Jets High-x gluon PDF

Photon Medium-x gluon PDF

Top pair Medium- and high-x gluon PDF

Of course, there are many other measurements which are not yet fully exploited



DIS high precision data from HERA

Y, = li(l_y)z
dZO'eip Q4XBJ' - Y yz ~
ot = 1 T =F, F —xF; — =—F = _ . fYZ 2+ 2 FZ
. Py = FL—K2Ue°FyLZ+K%(Ug+ag)'FZ,
Reduced cross section B = - Yz 2 7
3 = —Kza.:XxF:;" +kz:2v.a, - xF3 ,

lfv Ifv

(FZ,FZYZ, FY) =~ [(e5,2e,0,, v+ a>)(xU + xU) + (5, 2e4v4, V5 + a2)(xD + xD)] ,

(xFY,xF%) = 2[(eyay vua,)(xU — xU) + (eqaq, vaaz)(xD — xD)] , "z

-
The quark flavors are probed with different weights ). = . }x
xU = xu + xc, xU = xit + xc, xD = xd + xs, xD = xd + xs,
xu,,:xU—xﬁ, xdvsz—xIS

Precise determination of valence PDFs and total sea

X
XF? ~ 3 Qu, +d) _ : -
O'ZCC ~(xU+ (1 -y)xD), Toc ® xU+(1 -y xD)17



Drell-Yan Measurements

do 47ra

QQdy 90 Qz L, Qz)%(x QQ) +a & b] LO Xsec: photon dominated when away from Z and W resonances

P\

Important to constrain PDF combinations and in particular anti-quarks
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W + Charm production at the LHC s,d W™

5,d wt
@ W + single charm at LO is mainly (VVV (VVV
produced by gs - W+c
@ Sensitive to the strange PDF > ‘
@ Exploit charge correlation to distinguish & :

between W+ cand W+ (g - cc)

arXiv:1402.6263
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Jet production at hadron colliders

Important to constrain the gluon PDF at large-x

x+g(x, Q@

Fract. uncert.
o o
o N B

' .
e ©
-

(9

combined with low-x constraints on gluon PDF from DIS and with
sum rules one has strong constraints on the gluon PDF

CMS NLO HERAPDF Method (Hessian)

HERA I+l DIS Q%=1.9 GeV?
[ I HERA I+II DIS + CMS jets 8 TeV

at high energy

JHEP 1703 (2017) 156

Also crucial to probe the running of the qcd coupling o2

(a)gi+q; = qi+qi(i #J)

(D) + i = i +qi

(d)g+g—+9+g

L _IX

CMS arXiv:1609.05331
g 04 —— cmS Incl.Jet, 15 = 8TeV, «(M,) = 0.1164° %%
N C —e— CMS Incl.Jet, Vs = 8TeV
=5 #— CMSR,,, fs=7TeV
= CMS Incl.Jet , s = 7TeV
02 —%— CMSti, fs=7TeV
- CMS 3-Jet Mass , ¥s = 7TeV
0.18— —=— DO Incl.Jet
- DO Angular Correlation
0.16/— g
C o ZEUS
0.14F- - World Avg (M) = 0.1185 +0.0006
012
0.1
0.08—
E. .00l S (R P S CRT| . gy g '
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Q (GeV)

arXiv: 1609.05331
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Top quark production at hadron colliders

Top-quark pair production differential Xsec measurements constrain the gluon

at large x (weaker than jet data due to statistics)

do/dp,/c (pp—tt+X) , m=173:1 GeV

1.
8 approx. NNLO, total unc.
CT10NNLO
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$ e
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=
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Initial scale parametrization

PDF parametrizations for fa/p(x, Qo) must be “flexible just enough” to reach
agreement with the data, without violating QCD constraints (sum rules, positivity, ...)

or reproducing random fluctuations.

They are constructed by using an ansatz based on models for the two asymptotic behaviorsx = 0andx = 1
_ ai az .
fisp(x, Qo) = apz® (1 — )" x F(z;as3,...,a,)

« Regge-like behavior = — () — f ox M

e Quark countingrules 1 — ] — f X (1 . x)aQ

* F(x, a3,...,an) interpolates between the small and large x regions



Initial scale parametrization: CT14/CT18 fit
z falw, Qo) = 2 (1 — ) Pu(x)

P, =co +cry+ cay® + c3y® + cay*

stead of using coefficients cl,.., o4, we use  linear combination of Bernstein polynomial

Py, = dopo(y) + dipi(y) + da2p2(y) + dsps(y) + dapa(y)

po(y) = (1—y)*% Features:
i = it [ o= )3 * Reduces rapid variations at the boundaries x = 0,1
Yo  Reduces correlations between coefficients di,...,d4
p2(y) = 6y°(1—y)°,
(y)
(v)

- 301 _
= 4y (1-y), The CT14 global analysis uses 28 parameters to parametrize the PDFs at Qg

p4\y) = y4. 23



Flow of a PDF analysis

1. Select valid experimental data

N

Assemble most precise theoretical cross sections and verify their
mutual consistency

Choose the functional form for PDF parametrizations
Implement a procedure to handle nuisance parameters
(>200 sources of correlated experimental errors)

o U kAW

Perform a fit to determine the new central value PDFs and their
uncertainties



Flow of a PDF analysis

Choose PDF DGLAP
[input parameters | I ‘ PDFs @ Qo | I [PDFS @ -y Q]

3. Theory calculations
@ NLO,NNLO

Adjust
initial parameters

Compare

& "'i‘. theory & data (X2) { B
Experimental [‘—geeseeoueet  Theory

data (partonic O, F2 )

L J
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Modern NNLO PDF analyses challenges

 full NNLO calculation are lengthy and CPU time consuming
* PDF fits go through a large (~103) num. of iterations before converging

* Need a tool to speed up Xsec calculation

fast pQCD calculations for hadron-induced processes % /,‘ 2

Fast interpolation for the cross section evaluation in PDF fits:
create and evaluate fast interpolation tables of pre-computed
coefficients in perturbation theory for observables in
hadron-induced processes.
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Statistics: Hessian method

* find N parameters {a;} of the PDF (N=28 in CT14/CT18) ensemble from N,
experiments with N, correlated systematic errors in each experiment

* Each systematic error is associated with a random parameter 4, assumed to be
distributed as a Gaussian distribution with unit dispersion

e The most likely combination of a; and 4, is found by minimizing the y*

xz({a}, {\}) =xb + x5

Correlated systematic shifts

D) and T (ai) are the data and theory values at each point.

_ 2 2 . . .. .
Sk — \/Osmt + Osys,uncor isthe total statistical + systematical uncorrelated error

X?\ = E /\(21. Penalty term for deviations of 4, from their expected 4, = 0 values



Statistics: Hessian method

Hessian matrix After diagonalization

X
(@) = x5+ s 55— (a—ao)ila—ao);+-- = x5+ > 2

2 0a;0a; .
1
Yi = Q; — a? X2 = Xg + ZHij YiYj, ZH@- Vjk = €Uk Eigenvalue equation
i 7
1 ¥ 0% .
H,;, = = : Vii Vs =  Oup.. Orthonormality
7 9 (8?]@ 5y3 , ; ij Vik 1k

Zi = \/€; E Y;j Vji  Change of basis in terms of the eigenvalues
J

A 2 a2 o2 2 the surfaces of constant x2 are spheres in z; space,
X =X —Xo = Zj . . ..
_ with Ax2 the squared distance from the minimum.
1
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Tolerance Criterion

* We need to establish a confidence region for {ai} for a given tolerated increase in x2

* Inthe ideal case of perfectly compatible Gaussian errors, 68% c.l. on a physical observable X
corresponds to Ax2 = 1 independently of the number N of PDF parameters

X0

2.

Ax? =1

Ideal choice -> 68% CL -> 1 sigma



Real-life case

Disagreements between
the experiments

Flat directions: unconstrained combinations

of PDF parameters. PDF error sets unreliable.

Actual function

a well pronounced global minimum
weak tensions between data sets

in the vicinity of 3 (mini-landscape)
some dependence on assumptions
about flat directions

Pitfalls
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PDF induced errors on a physical observable

The Hessian method is used in CT PDFs to propagate the PDF uncertainty into QCD predictions.

It provides several simple formulas for computing the PDF uncertainties and PDF-induced correlations.

AX =X — X, = Z 3 yz _ Z X, 2; Since X2 increases uniformly in all directions in z-space,

the gradient vector X; gives the direction in which the physical
observable X varies fastest with increasing x2 .
The maximum deviation in X for a given increase

0X in x2 is therefore obtained by the dot product of

0z; the gradient vector X; and a displacement vector

Z; in the same direction with length \/Ay? for example:

XiE

(AX)? = (X -2)% = Ay? sz

XE(2) = X£(0,0,...,£/Ax2,...,0,0) N

N (80) ~ 3 (o(XH) — o (X))

1
Error PDF
Symmetric formula



Most recent results of the CT18 global PDF analysis

CT18 at 100.0GeV
— 3

— g/5

2.0 ] S | A = S | ' s | ] | ] 2.0
CT18 at 2.0GeV |

—

— g/5
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Some CT18 individual flavors

PDF Ratio to CTI4HERA2NNLO

PDF Ratio to CTI4HERA2NNLO
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Induced PDF uncertainties on physical cross sections

o 14 TeV |pb]
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Unpolarized proton PDFs: where we are now

e CT (CTEQ-TEA)

* MMHT

* NNPDF

* ABM

* CTEQ-Jlab

e HeraFitter/xFitter



CT14, MMHT14, NNPDF3.1 PDFs
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Central PDFs of 3 sets are compatible. The NNPDF3.1 uncertainty is moderately
reduced on g(x,Q) atx > 0.05, s + § at all x. The effect of the LHC data on the

error bands does not exceed dependence on the definition of the PDF uncertainty

(CT vs. MMHT vs. NNPDF).
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Origin of differences

1. Corrections of wrong or outdated assumptions

lead to significant differences between new (=~post-2014) and
old (=pre-2014) PDF sets

B inclusion of NNLO QCD, heavy-quark hard scattering
contributions

B relaxation of ad hoc constraints on PDF parametrizations

B improved numerical approximations
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Origin of differences

2. PDF uncertainty

a range of allowed PDF shapes for plausible input assumptions,
partly reflected by the PDF error band

Is associated with
B fthe choice of fitted experiments
B experimental errors propagated into PDF’s
B handling of inconsistencies between experiments

B choice of a,(Mz),m.,mys, , factorization scales, parametrizations for
PDF’s, higher-twist ferms, nuclear effects,...

leads to non-negligible differences between the newest PDF sets



Where do we get PDFs from?

LHAPDF .23

Main Page  Related Pages J Namespaces ~ ‘ Classes ¥  Files ¥  Examples ‘

LHAPDF Documentation

Introduction

LHAPDF is a general purpose C++ interpolator, used for evaluating PDFs from discretised data files. Previous versions of LHAPDF were written in
Fortran 77/90 and are documented at http://Ihapdf.hepforge.org/lhapdf5/.

LHAPDF6 vastly reduces the memory overhead of the Fortran LHAPDF (from gigabytes to megabytes!), entirely removes restrictions on numbers
of concurrent PDFs, allows access to single PDF members without needing to load whole sets, and separates a new standardised PDF data
format from the code library so that new PDF sets may be created and released easier and faster. The C++ LHAPDF®6 also permits arbitrary parton
contents via the standard PDG ID code scheme, is computationally more efficient (particularly if only one or two flavours are required at each
phase space point, as in PDF reweighting), and uses a flexible metadata system which fixes many fundamental metadata and concurrency bugs in
LHAPDFS.

Compatibility routines are provided as standard for existing C++ and Fortran codes using the LHAPDF5 and PDFLIB legacy interfaces, so you can
keep using your existing codes. But the new interface is much more powerful and pleasant to work with, so we think you'll want to switch once
you've used it!

LHAPDF6 is documented in more detail in http://arxiv.org/abs/1412.7420

https://lhapdf.hepforge.org/
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Conclusions

* Why all these efforts in PDFs determination?

* PDFs still represent one of the major sources of uncertainty in cross
section determinations at hadron colliders

* LHC measurements reached a new realm of precision.

* This has to match with theory predictions in order to maximize the
outcome of the LHC run Il and after.

* It’s critical to explore Higgs and top quark properties. They are doors
to a better understanding of the EW sector and to search for new
physics.
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