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Motivation — the analogy with color The analogy with color, su(N)

In QCD we translate color structures to flows of color

@ SU(N) Fierz identity: remove adjoint indices

BT O

tac bd ad‘sbc 6ac6bd

@ Remove gluon vertices similarly

b b b
o5 = & - gﬁﬁé% - gﬁ&é%
a C a C a C

In the end every amplitude is a linear combination of products of ds
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

@ At the algebra level, the Lorentz group consists of two copies of su(2)
s0(3,1) = su(2) ®su(2)

@ The Dirac spinor structure transforms under the direct sum
representation (3,0) @ (0, 3), in the chiral/Weyl basis

e—ié-
u(p) — ( ,7_(;) u(p)

i.e. actually two copies of SL(2,C), generated by the complexified

su(2) algebra, projected onto by P+ = %(1 ++%), +°= (_01 (1)>

+77-

[NIST]
v O

e*l@-

[« NS
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Lorentz structure, two copies of su(2)

Motivation — the analogy with color

Can we do something similar for spacetime?

o Amplitudes built up from Lorentz invariant inner products
@ Lorentz inner products formed using the only SL(2,C) invariant object

B
€ONi s Ao = A Ajo = i), ﬁd[;;\,-ﬁ X = XiaAS = [if]
——
E/\? ES\,- N
Note:

e antisymmetric {ij) = —{ji), [ij] = —[ji]
o (i), [l ~ /s
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

@ The Dirac Lagrangian &(i&lﬂ“ — m)1) gives after requiring local gauge
invariance couplings ~ A, i(p1)y"u(p2), i.e., the photon couples to

THap NE

— af >‘2’5
a(p1) ~ ~ ——
T u(p2)

where  27H = (1,8), 27 = (1,-45), Tr(th7") = g

o giving vertices ~ A 47"y 5 and )\‘11%(’:65\5
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

@ Lorentz four-vectors transform under a direct product representation
(2, 2) and are mapped to
; ; 1 ; 1 + —
af woB waps . + [ PoTP3 Pp1 PZ)
= p,T = o = .
P Pu V2 Pu V2 (Pl +ip2 po—p3)
_ 1 5 1 ( po—p3 —p1-+ ipz)

Pay = Pl = V2P T a \—pi—ip o+ ps

It can be proved that transforming the spinor indices in p®’ or P
using the direct product transformation gives the Lorentz four-vector

transformation.

e For lightlike momenta p?> = 0

2 — det[p*] =0 Plge p= V2pt = S\gk*g
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Motivation — the analogy with color Lorentz structure, two copies of su(2)

Can we do something similar for spacetime?

2
imi 5 —n P=0 %
e Similarly p = \@pﬁTaB = )\p@)\p’ﬁ
o Multiplying this with 7%, summing over indices, and using
Tr(THTY) = g we get
\@p“i’:ﬁ- P = \/Ep#g“” =2p" = p’P= = \f)\p’ﬁ ’Ba)\p,a
.
Ap.ady b
@ Note: A lightlike four-vector has same spinor structure as vertex ~
pseudo vertex
@ Need polarization vectors for external photons
Spa TN, X7 A
€lfr(p7r):p<r7p>ﬂ7 Eli(pur):ﬁ

@ Note: Also same spinor structure as vertex ~ pseudo vertex
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Building the flow picture

Let's compare to QCD color

@ Color single su(N) o Lorentz structure su(2), su(2)
@ Quarks in fundamental rep. o Spinors in different irreps. \, \
@ Gluons in adjoint rep — @ Four-vectors in direct product
combination of fundamental rep — combination of spinor
rep. indices reps
o tt? — 0ybj — =i o THdh 7 ., 5ash
S’JUIEg) ggrl:i:torslv P not exalégii/ su(26) ;enerators...
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Building the flow picture

Creating a chirality flow picture

@ Recall the QCD Fierz identity

PN O

~—

tac bd ad‘sbc 5ac5bd

@ Spinor Fierz in flow form is (always read indices along arrow):

(0] (@) 3
LR —_— > -
|
1
_ A
i
|
i
——— - —_— L - .-
n Y n 3
. o >
g ~"
=1 ’Yfl et
T .
aﬁ‘ )

@ No 1/N-suppressed term even better than color!
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Building the flow picture

Photon exchange

@ Above we had a “flow”, coming from photon exchange, applicable for

"5 ,7” but photon exchange may also give two 7 or two 7

T, = £,.€,~ does not create a flow!
aﬁ R BrCoy

@ Pictorially, problem seen by arrows pointing towards or away from
each other
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Building the flow picture

Photon exchange: The arrow flip

o Can fix with charge conjugation of a current

o A7 j‘ﬁxf NaThN; 5

@ Or in pictures, an arrow flip:

_-J 2]
> _ <~
° Il/\/\/\/\\j = li/\/\/\/\;\i

@ Can replace 7 < T if also replace the spinors

@ Considering the complete diagram we have:

4 ---»--A

OV TCHE M V)R OV Y TP VL /AD O09
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Building the flow picture

Creating a chirality flow picture

@ Here we have used
o MNa=C(ip=1i

.X.-X@:[U]: i . j

1
@ and befﬂorie we had
° (Sdﬁ = b
° 6502 _ e“?,,,,,,,fy
a b

analogous to QCD §,p =

@ In general we let
o Xa=@ >, =@ «
o Xia= @i N @
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Building the flow picture

Creating a chirality flow picture: external photons

@ We also need external photons

o (p,r) = B s () A;‘[f;:;rﬂjx?
o External photons are just ffy-vertices with a denominator
@ So we can Fierz (with possible arrow swap) any external photon
o ¢ (p,r) — 7 . er , O 5i(Pa r)— i S }:
o ' (p,r) — G bt Ankdnded p ,orel(p,r)— ] b dadebe ;
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Building the flow picture

Creating a chirality flow for QED: fermion propagators

@ So far: vertices, internal and external photons, external fermions
e Missing QED piece: Fermion propagators, containing p
o Wesplit p, , = puy" split into two terms

p
o p2=0 - o . P
° p= \/EP“TE“‘B p=0 )\g)\g =a \& = ”),._ﬁk
p
- i p*=0 Y - « pﬁ
A e e A

o For massless tree-level propagators we have p* = > p!', p? =0
@ Convenient shorthand:

. D ~ .7
op= S gl =X forp2=0
_ P 4

[0}

°op= +.f3>~ = Z;Ai,n:\,;g for p? =0
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Building the flow picture

Add extra fermion lines

@ What if we have more than a photon exchange between two pairs of
fermions?

@ Can we still use the flow picture?

o Yes (at least at tree level)

e Conjugation of a current holds for full fermion line
o \;THirTH2  FHan+1 >\j = )\j7—/~b2n+17——#2n LoTHL)

o Pictorially:

FHL pH2 TH2n FH2n+1

_ _ v i . I e
Nk Tu2n+1)\j — ? ’? ’?

T FH2 FH2n H2n41 )

- ilg‘?‘ "?‘J = Xjrhentiphan | iy,

@ i.e. arrow swap (and Fierz) works for any fermion line!
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Building the flow picture

The QED flow rules: external particles

Feynman Flow

(Crossed) helicity states, already Fierzed in terms of spinors J
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Building the flow picture

The QED flow rules: vertices and propagators

Feynman Flow
+ A \d
oo
>W“ o3 .
- «
jz , e
>\N iev2 «
+
Feynman Flow
p . P ) P 8
— . - or —
7@ T @
p
EANANAN Y 5 Towee- o=k oo

Vertices and propagators in terms of spinors
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QED examples (massless)
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QED examples (massless)

Simplest QED example, all particles outgoing

@ Regular spinor-helicity = easy

e~ ut
L L )
2iec  ~ Ny oy
_ S 7o) o NP
et I 5e+e*( € ,aTu e+,ﬁ>( H TO‘,B “+)
R R
2ie? « .. 2je?
S S L0 L Y e utu et
Sot o e, aM\ut Ny et.B 5e+e—[ 1% ]<M >

@ Chirality flow = super easy and intuitive

e wr -

I I e T
2 .
= S SSUPE Y
et e Seter e w
? R
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QED examples (massless)

Next simplest QED example

@ Regular spinor-helicity = easy

- et
L L .
—/2\563 ~ Ny _
L= T (R e ) (A gy — ) ER (LN AT
+ Sete— su‘*’l — —
et I _ 5847 Arnii4
R R Pi=Ai A Gy

i2\5e3 (
Sete— ut 1<r1>

x(,\ﬂ -“ )\5/\ P+ 0TS0 AT A ) A A

3 af
’\e T >‘e+,d>

~ ( EN A+ Am g A AZ+>‘nn)>\i—>‘e+,ﬁ5‘1ﬂxz+

&Nt
1 e3
= %([9_1]@0 + [e_u+]<u+r>><ﬂ_e+>[1ﬂ+] :
+e—Sut+14r
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QED examples (massless)

Next simplest QED Example

@ Chirality flow = super easy and intuitive

— +

~
N
\

Z
{

_12\66 A \

L Sere-S,+1(rl) m

@ Immediately read off inner products

=+

~~
~

Correct Answer

i2+/2e3

Sete~ u+1<r1>

(lem112r) + [e=p* It r) [ e ™)
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QCD chirality flow (massless)

QCD chirality flow (massless)
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QCD chirality flow (massless) Non-abelian vertices in flow picture

Extending to QCD: What's different?

@ Color is added — can be stripped away so no problem

@ Non-abelian vertices:

e 3-gluon:
H1, a1

abc
po, a2 = *%guwz(Pl —p2)*+ O

e 4-gluon:
H1, ay 12, an
_ 52 ajarb fbasa
= ig? Z far1a2b fbas 3(gu1u4guzu3 _ gulusgmm)
Z(2,3,4)
g, Qg u3, az
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QCD chirality flow (massless) Non-abelian vertices in flow picture

Momentum: The last piece of the flow puzzle

@ Recall p* = \})\g (’:B)\ﬁ \]Exp,dTMdﬁAp’ﬁ

e = we can see p" as a pseudo-vertex!

e = we can use it as a chirality flow!

@ What does p* get contracted with?

p _ p@
o pNI=d Sl . mopN2Z=d Sfell
Tr(pk 4 q
Ok#—>p k = (jk)_;.\\/P\/.
e

P g
plr— e, or plr— 2 gls-
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QCD chirality flow (massless) Non-abelian vertices in flow picture

The non-abelian massless QCD flow vertices

fabc ST
2, a2 —EST( o

1, a1 12, a2

,-gSZ Z £a1 azbfba4a3 |:
Z(2,3,4)

4, aq U3, as
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QCD chirality flow (massless) QCD chirality-flow example

QCD example: g1g1 — q2Go8

a @ a @

_ "gf{
25‘716715Q2C72<r1>

[]E{qm@K@mxumkmo+Umkmo)

—ﬂmuamx@OU®y+ﬂmu«mx@DU®Q
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Conclusion and outlook

Conclusion

@ The chirality flow formalism gives a transparent and intuitive way of
understanding the Lorentz inner products appearing in amplitudes

e Spinor helicity formalism: 4 x 4 matrices v* — to 2 x 2 matrices o*
o Chirality flow method: 2 x 2 matrices o* — scalars
@ Shorter calculation of Feynman diagrams

o No intermediate steps (in a sense)
o Final result transparent/intuitive

@ Massless QED and QCD tree-level done, initial paper coming soon

@ Should be useful for any generator using diagrams to avoid dealing
with Lorentz algebra
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Conclusion and outlook

Outlook

@ Add masses

@ Electroweak sector

Loop calculations

Applications within generators

Amplitude-level calculations
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Backup Slides

A word about reference momenta

@ Reference momentum r represents a gauge choice
@ Only require r> =0,r-p; #0
@ Choose r to simplify life the most

e r can be different for each gauge-invariant sum

° analogy with QCD color—orderlng
>«/ww< >WW< is gauge invariant
@ Inner product is anti-symmetric ((ii) = [ii] =
e ,,’/1Jr
- v
o Choosing r =~ = e Ly =0
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Backup Slides

What if k? # 0

For momenta with k2 = m? we can use a decomposition. Consider an

arbitrary light-like four-vector a* with a®> = 0, k - a # 0 and define

2
o= 2m E kK'* =kt — qat
a.
such that
k= aa® + k'H
with )
k’2:k2—2aa-k=m2+22mka-kzO
a-

So we can treat a massive spinor as a linear combination of two massless
spinors
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