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Note: Alice is in front 
The only wife here 

Amazingly positive person,  
A dear friend  

whom we now miss
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After a small hike 
In a famous redwood forest

Both Larry and me  
Point out where to go: 

As usual we have similar  
(but not exactly the same) ideas



When we first met with Larry 
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In QGP, but not only 
I was a fan of instantons 

And he of sphalerons 
I am happy to report that after 

Many years and papers we have 
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Appendix A: Basics of Electroweak phase
transition

The transition temperature for the EWPT
follows from lattice studies [11]

TEW = (159± 1)GeV (A1)

The temperature of Universe today is Tnow =
2.73K. The ensuing redshift z-factor is

zEW =
TEW

Tnow

⇡ 6⇥ 1014 (A2)

During the radiation dominated era, the rela-
tion of time to temperature is given by Fried-
mann

t =

✓
90

32⇡3NDOF(t)

◆ 1
2 MP

T 2
(A3)

Inserting the Planck Mass MP , the transition
temperature and the e↵ective number of de-
grees of freedom NDOF, we find the time after
Big Bang to be

tEW ⇠ 0.3 · 10�11s (A4)

or ctEW ⇡ 0.1mm.
As we already mentioned, lattice studies of

the in SM have excluded a first order tran-
sition. Therefore we focus on the cross-over,
in which the Higgs VEV grows gradually by
some smooth function v(T ) for T < TEW . Fol-
lowing [11], a relatively sharp cross-over is ob-
served at TEW = (159 ± 1)GeV. The squared
Higgs VEV below this temperature grows ap-
proximately linearly

v2(140GeV < T < TEW )

T 2
⇡ 9

✓
1�

T

TEW

◆

(A5)
This scaling is consistent with the naive
Landau-Ginzburg treatment of the Higgs po-
tential. The coe�cient is also in agreement
with the two-loop perturbative calculations.

In the symmetric phase T > TEW , the nor-
malized sphaleron rate remains constant, which
according to [11] is

�

T 4
⇡ 1.5 · 10�7 (A6)

consistent with expected magnitude of 18↵5

EW

from perturbative calculations.

If the seeded magnetic field would be simply
produced at the electroweak scale TEW , and
then just grow with the Universe with the red-
shift factor zEW , its resulting spatial scale to-
day would be

⇠ ⇠
zEW

TEW

= 4⇥ 1014 ⇥ 10�17 m ⇡ 4mm (A7)

The primary phase of the inverse magnetic
cascade can only reach from the micro scale of
1/TEW ⇠ 0.01 fm to the horizon at that time,
ctEW , about 13 orders of magnitude away. If
that would be the end of the inverse cascade,
the correlation length of the magnetic chirality
would be

⇠ ⇠
zEW

ctEW

⇠ 4⇥ 1014 ⇥ 3⇥ 10�4m ⇡ 1011m

(A8)
This distance may appear large on a human
scale, but in units used for intergalactic dis-
tances it is tiny 1

3
⇥ 10�11 Mpc. This scale is

also the same as the predicted maximal wave-
length of the gravity waves emitted at elec-
troweak transition today, in the hypothetical
inverse acoustic cascade.

Appendix B: Pure gauge sphalerons and
their explosion

Both static and time-dependent exploding
solutions for the pure-gauge sphaleron have
been originally discussed by Carter, Ostrovsky
and Shuryak (COS) [18]. Its simpler deriva-
tion, to be used below, has been discussed
by Shuryak and Zahed [19]. The construction
relies on an o↵-center conformal transforma-
tion of the O(4) symmetric Euclidean instan-
ton solution, which is analytically continued to
Minkowski space-time. The focus of the work
in [19] was primarily the detailed description of
the fermion production.

The original O(4)-symmetric solution is
given by the following ansatz
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Note that the critical temperature  
for QCD transition is nearly  

exactly 1000 times smaller, 155 MeV
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Note that the critical temperature  
for QCD transition is nearly  

exactly 1000 times smaller, 155 MeV

Also sphaleron  rate freezout  
Happen to be 1000 times what it is  

In heavy ion collisions, at T=130 GeV



sphaleron fields are magnetic, 
 in SU(2) there are three generators 

(red,blue and green) 
here is qualitative shape  
of magnetic field lines
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SM such as quarks and leptons are ignored here because
they have not yet been produced.) Using further Boltz-
mann approximation and also ignoring pbulk for the es-
timate, one gets the mechanical stability condition in a
form

B = gW ⇥W
⇤2T 4

in

45
(14)

or the internal temperature

Tin⇥1�4
W = .66m ⇥ 174GeV (15)

which is indeed well above the equilibrium Tc � 100GeV .
Since the W bag is only mechanically stabilized, it will

be relaxing by cooling relatively quickly, As a result, the
hot spots are reducing their size and eventually disap-
pear. Indeed, this is what happens in simulations, giving
the characteristic lifetime of the hot spots

⇧hot spots � 20�m (16)

It is however important for the sphaleron rate that – in
the bag approximation we use – that while it happens
the inside temperature Tin is not changing because it is
related with the Higgs bag constant.

B. The sphalerons, their structure and size

Trying to understand the results of these numerical
simulations, one can ask in particular the following ques-
tions:
(i) How so high-magnitude gauge field can be produced?
Why does it happen only inside the hot spots?
(ii) What is the energy needed for topological fluctua-
tion? What is the gauge field structure? Can one under-
stand its subsequent evolution and decay products?
(iii) Can one estimate the rate of their production?

The fact that topological transitions happen only in-
side the hot spots is rather simple to understand: as
we already mentioned in the introduction in the bro-
ken phase the height of the barrier (the mass of KM
sphaleron) is prohibitively large. In a spot the height
is not zero, however, as it has finite size ⌅. As we already
mentioned, it is given by the mass of the COS sphaleron� 1�⌅ (see (19)).

In a scale-invariant classical YM theory the size ⌅ is
an arbitrary parameter. In a Big Bang however ( as
well as in numerical models we discuss) this size is to
be determined by the optimal scenario maximizing the
transition rate. With exponential accuracy the optimal
size ⌅� is the extremum of the following expression

�sph(⌅) � exp ⇧�⇥F

Tin
(4⇤⌅3

3
) � 3⇤2

g2⌅Tin
⌃ (17)

Here the first term represents the probability to create a
hot spot, it includes the corresponding free energy den-
sity ⇥F inside the hot spot relative to the bulk ambient

matter outside. The second is the Boltzmann factor con-
taining COS sphaleron mass (??).

The resulting optimal spot size is then

⌅� = Tin ⇥ 3⇤

4g2⇥F �T 3
in

⇤1�4 (18)

If the free energy is that of the W gas, one reproduces
the observed ⌅ � 4m. Note that the parametrically large
quantity here is electroweak coupling 4⇤�g2 = 1��ew,
which determines that the sphaleron consists of many
gauge quanta and thus can be treated semiclassically. As
the radius contains its power 1�4 we get only factor 2
from it. The number of gauge bosons can be estimated
from the action/⌅h which is about O(10). It is perhaps
still large enough for the semiclassical analysis we use.

C. The shape and field structure of the sphaleron

Ideally the sphaleron transition may proceed with the
total energy of the gauge quanta exactly equal to to the
height if the barrier. In this case at the time the system
reaches the maximum – the “sphaleron moment” – the
kinetic (electric) energy is zero, after which the system
may fall downhill into a topologically di⇤erent configura-
tion.

An interesting option pointed out recently by Kuchiev
[33, 34] is that the optimum energy may be less than the
height with tunneling through the barrier’s top. That
however cannot happen in classical simulations we dis-
cuss.

One may think there would be some extra energy
needed to fall over the top in those simulations. And in-
deed, as seen in Fig.3, this is the case. The time evolution
of the magnetic and electric fields have their “sphaleron
moment”, defined as the maximum of B2(t). One indeed
finds that the kinetic-to-potential E2�B2 energy ratio is
indeed small at this moment, of the order of percents.

Does the magnetic field fits well to COS sphaleron so-
lution? The profile of the the magnetic field in COS
configuration is given by the following simple expression

B2(r) = 48⌅4

g2(r2 + ⌅2)4 (19)

which (unlike the KM one) is just spherically symmetric.
This form does indeed fit well the observed shape of the
B2 at the sphaleron moment. The maximum of B2�g2

can be related with its radius, yielding m⌅ ⇥ 3.9, which
is very close to optimal size we got above. This value
corresponds to the total energy of the COS sphaleron (5)

Etot = 3⇤2�g2⌅ ⇥ 2 TeV (20)

As we already mentioned in the INtroduciton, it is 7
times less than the KM sphaleron mass, and for the tem-
peratures we are dealing with Tin = 200 � 100GeV it
makes a huge di⇤erence for he rate.

sum over colors makes  
it spherically symmetric 

in pure gauge it is a ball of size rho

basically a magnetic bomb 
ready to explode!
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B2 at the sphaleron moment. The maximum of B2�g2

can be related with its radius, yielding m⌅ ⇥ 3.9, which
is very close to optimal size we got above. This value
corresponds to the total energy of the COS sphaleron (5)

Etot = 3⇤2�g2⌅ ⇥ 2 TeV (20)

As we already mentioned in the INtroduciton, it is 7
times less than the KM sphaleron mass, and for the tem-
peratures we are dealing with Tin = 200 � 100GeV it
makes a huge di⇤erence for he rate.

sum over colors makes  
it spherically symmetric 

in pure gauge it is a ball of size rho

Note that unlike other 3d soliton, the monopole,  
fields are not radial, thus no magnetic charge

basically a magnetic bomb 
ready to explode!
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it may be observable today, via the prevalence
of a certain magnetic helicity in the intergalac-
tic magnetic fields.

II. SPHALERONS IN THE
CROSSOVER EW TRANSITION

A. The temperature dependence of the
sphaleron rates

To assess the temperature of the sphaleron
rate, we first start in the symmetric phase with
zero Higgs VEV and T > TEW . The change in
the baryon number is related to the sphaleron
rate as [16],

1

NB

dNB

dt
=

39 �

4T 3
. (2)

The sphaleron rate calculated from earlier lat-
tice studies and also derived from Bodeker
model is

� = 

✓
gT

mD

◆2

↵5

W
T 4, (3)

with  ⇠ 50 extracted from the lattice fit. The
lattice work [11] yields an accurate evaluation
for the rate

�

T 4
= (18± 4)↵5

EW
⇡ 1.5 · 10�7 (4)

While (4) appears small, its convolution with
time up to the electroweak transition time tEW ,
down to the corresponding temperature TEW ,
is large:

1

NB

dNB

dt
tEW = 3.2 · 109. (5)

Therefore, the baryon production rate in the
symmetric phase strongly exceeds the expan-
sion rate of the Universe H ⇠ 1/tEW , by 9 or-
ders of magnitude! Therefore, prior to EWPT,
T � TEW , the sphaleron transitions are in ther-
mal equilibrium. According to Sakharov, this
excludes the formation of BAU. In fact, this

even suggests a total washout of the baryon-
lepton (BL) asymmetry. This particular con-
clusion will be circumvented below, by the pro-
posed here “sphaleron freezeout” phenomenon.

Another important result of the lattice
work [11] is the temperature dependence of the
sphaleron rate in the broken phase

log

✓
�(T < TEW )

T 4

◆
=

�(147.7± 1.9) + (0.83± 0.01)

✓
T

GeV

◆

(6)

It would be useful for our subsequent dis-
cussion to re-parametrize this rate, express-
ing it in terms of the sphaleron mass through
the temperature-dependent Higgs VEV v(T ),
namely

�

T 4
⇠ exp

✓
�

�Mv

T

◆
, (7)

with

�Mv(T ) ⇡
v(T )2

9GeV
. (8)

By comparing this rate to the Hubble value
for the Universe expansion rate at the time
tEW , the authors of [11] concluded that the
sphaleron transitions become irrelevant when
the temperature is below

Tdecoupling = 131.7± 2.3GeV. (9)

Therefore our subsequent discussion is limited
to the times when the temperature is in the
range

TEWPT ⇡ 160GeV < T < Tdecoupling ⇡ 130GeV

Note that by this time, the Higgs VEV (A5)
reaches only a fraction of its value today, in the
fully broken phase, i.e. v(T = 0) ⇡ 246 GeV.

B. The sphaleron size distribution

The lattice results recalled above give us
valuable information on the mean sphaleron
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rates, and thus masses. However for the pur-
poses of this work, we need to know also the
sphaleron size distribution. As we will detail
below, baryogenesis driven by CP violation is
biased toward sphalerons of sizes larger then
average, while gravity wave signal and seeds of
magnetic clouds are biased to smaller sizes.

Small sizes: Let us start with the small-
size part of the distribution in size ⇢. In this
regime, we can ignore the Higgs VEV, even
when it is non-vanishing, a significant simpli-
fication. By dimensional argument it is clear
that Msph(⇢) ⇠ 1/⇢. It is also clear that small-
size sphalerons should be spherically symmet-
ric.

The classical sphaleron-path configurations
in pure gauge theory were analytically found
in [18]. The method used is “constrained mini-
mization” of the energy, keeping their size ⇢ and
their Chern-Simons number NCS fixed. This
gave the explicit shape of the sphaleron barrier.
At the highest point of the barrier NCS = 1

2
,

the sphaleron mass is

Msph(⇢) =
3⇡2

g2⇢
(10)

Later the same solutions were obtained in [19]
by a di↵erent method, via an o↵-center con-
formal transformation of the Euclidean solu-
tion (the instanton) of the Yang-Mills equation.
Some of the results are reviewed in Appendix
B. It provides not only a static sphaleron con-
figuration, but the whole sphaleron explosion
process in relatively simple analytic form, to be
used below.

Large sizes: Now we turn to the oppo-
site limit of large-size sphalerons. Since the
sphaleron itself is a magnetic configuration, at
large ⇢ one should consider magnetic screening
e↵ects. Unlike the simpler electric screening,
the magnetic screening does not appear in per-
turbation theory [21]. It is purely nonpertur-
bative, and likely due to magnetic monopoles.

The magnetic mass Mm conjectured by
Polyakov to scale as Mm = O(g2T ), was con-
firmed by lattice studies. While in the QCD
plasma the coupling is large and the di↵erence
between the electric and magnetic masses is
only a factor of two or so, in the electroweak

plasma the coupling is small ↵EW ⇠ 1/30,
and therefore the magnetic screening mass is
smaller than the thermal momenta by about
two order of magnitude

Mm

3T
⇠

↵EW

3
⇠ 10�2 (11)

The key consequence for the sphalerons is that
their sizes would be about two orders of mag-
nitude larger than the interparticle distances in
the electroweak plasma. This conclusion, in
turn, will have dramatic consequences for the
magnitude of the CP violation.

The part of the gauge action related with the
screening mass is

�Sscreening =
M2

m

2

Z
d4x(Aa

i
)2 (12)

For static sphalerons, the integral over the Mat-
subara time is trivial, giving 1/T . Parametri-
cally, we have Mm ⇠ g2T,A ⇠ 1/g⇢, so that

M2

m

Z
d4x(Aa

i
)2 ⇠

(g2T )2
✓

1

g⇢

◆2 ⇢3

T
⇠ g2T⇢ (13)

At high temperature, the pure SU(2) lattice
simulations in [15] give

Mm(T ) ⇡ 0.457g2T (14)

Inserting (14) in (12) and using the pure gauge
sphaleron configuration yield the ecreening fac-
tor for large size sphalerons

�

T 4
⇠ exp

✓
� (0.457)2⇡2g2T⇢

◆
(15)

The sphaleron size distribution can now
be constructed using the mean mass (8), the
small and large size limits (10) and (15). More
specifically, the proposed distribution interpo-
lates between the small and large size distribu-
tions, which are forced to merge at ⇢ = ⇢mid =
0.8GeV to give (7)
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Are limited by magnetic screening
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FIG. 1: The sphaleron probability distribution as
a function of the sphaleron size ⇢(GeV�1). The
curves correspond to T = 159, 150, 140, 130GeV,
top to bottom. The horizontal line separates the
tail which is out of the Hubble expansion rate.

P (⇢, T ) ⇠ exp

✓
�

v(T )2

(9GeV)T

◆

⇥exp

✓
�

3⇡2

g2T

✓
1

⇢
�

1

⇢mid

◆◆

⇥exp

✓
� (0.457)2⇡2g2T (⇢� ⇢mid)

◆

(16)

In Fig. 1 we show the size distribution (16)
for four temperatures in the range 130GeV 

TEW  159GeV. The lowest temperature
TL ⇡ 130GeV corresponds to a sphaleron rate
that is below the Universe expansion rate (Hub-
ble). The intercept of the curves with the
horizontal line give the largest size sphalerons
that are still cosmologically exploding, at the
corresponding temperatures. For example, for
T = 140GeV (solid line) the largest size is
⇢max ⇡ 10GeV�1. At T = 130GeV they are
about 1GeV�1.

III. SPHALERON EXPLOSIONS:
PRODUCTION OF SOUND AND

GRAVITY WAVES

Most of the studies on the gravity wave gen-
eration by the EWPT focus on scenarios based
on the first order transition or the “cold” tran-
sition , as those usually yield large stress ten-
sor fluctuations. To our knowledge, the smooth
cross over transition of the minimal SM has not
been considered.

Since the sphaleron explosions give rise
to significant deviations from a homogeneous
stress tensor of the plasma

�Tµ⌫
⇠ Gµ�G⌫

�
⇠

1

g4T 4
(17)

one may expect radiation of the gravity waves.
The stress tensor from the analytically known
sphaleron field (B10) yields long expressions
which are not suitable for reproduction here.
Instead, we show in Fig. 2 the behavior of
T 00(t, r) (the energy density) and T 33(t, r)
(the pressure), which illustrates the time-
development of the exploding sphaleron in a
spherical shell.

FIG. 2: Componenents of the stress tensor (times
r2, namely r2T 00(t, r) upper plot, r2T 33(t, r) lower
plot) as a function of r, the distance from the cen-
ter, at times t/⇢ = 0.1, 1, 2, left to right.

After T<Tc=160 GeV 
Higgs VEV appears and grows 

Strongly suppressing sphalerons
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Sphaleron explosions were solved analytically
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We consider forced tunneling in QCD, described semiclassically by instanton-antiinstanton field
configurations. By separating topologically different minima we obtain details of the effective po-
tential and study the turning states, which are similar to the sphaleron solution in electroweak
theory. These states are alternatively derived as minima of the energy under the constraints of
fixed size and Chern-Simons number. We study, both analytically and numerically, the subsequent
evolution of such states by solving the classical Yang-Mills equations in real time, and find that the
gauge field strength is quickly localized into an expanding shell of radiating gluons. The relevance
to high-energy collisions of hadrons and nuclei is briefly discussed.

I. INTRODUCTION

A. Instanton-Induced Scattering in QCD

The existence of topologically distinct non-abelian
gauge fields, with tunneling between corresponding clas-
sical vacua described semiclassically by instantons [1], is
one of the most spectacular nonperturbative effects of
field theory. Significant progress has been made in under-
standing instanton-induced effects in Quantum Chromo-
dynamics (QCD), explaining both explicit UA(1) chiral
symmetry breaking at the single-instanton level [2] and
spontaneous SU(Nf ) chiral symmetry breaking by the
instanton ensemble [3]. Euclidean correlation functions,
studied phenomenologically and on the lattice, have been
explained to a significant extent by instantons as well [4].

With tunneling phenomena apparently so important in
virtual quark and gluon propagation, it is reasonable to
think them also relevant in real processes such as scatter-
ing or particle production in Minkowski space. We thus
seek contributions to parton scattering amplitudes from
the theory of instanton-related objects, and supporting
experimental evidence.

With this as our motivation, we concentrate in this
paper on the theoretical basis of such effects from pure
Yang-Mills theory. Specific applications to high-energy
processes with hadrons or nuclei are left for papers to
follow, although we will discuss phenomenological gener-
alities where relevant.

Progress in understanding of the role of tunneling in
high energy processes has been tempered by technical
problems for years. Significant insights were obtained in
the 1980’s [5] and further developed in the early 1990’s
[6,7] through work in electroweak theory. In this case,
the instanton-induced cross section is readily identified
by baryon number violation and many noteworthy fea-
tures of these processes were found. However, quantita-
tive estimates of the associated cross sections proved to
be far below observable limits and interest quickly waned.
Similar ideas have also been developed in QCD [8], no-
tably the search for hard processes induced by small-sized

instantons which continues at HERA [9].
Another role for instanton-induced processes has re-

cently been proposed by Kharzeev, Kovchegov, and Levin
[10] and Nowak, Shuryak, and Zahed [11]. These works
focus on typical QCD instantons, of size ρ ∼ 1/3 fm
[3], which determine the semi-hard scale of Q ∼ 1 − 2
GeV. It was proposed that topological tunneling is be-
hind the well-known features of high energy scatter-
ing described phenomenologically by the so-called “soft”
pomeron. These ideas were further tested in Ref. [12],
where they were demonstrated to be reasonably consis-
tent with experimental data.

Since the 1960’s attempts have been made to explain
high-energy hadronic collisions with multi-peripheral
models, with various ladder diagrams describing hadron
production. It was realized that in order to get cross-
sections which are not falling at high energies, one needed
vector field exchange in the t-channel. With the dis-
covery of QCD, gluons naturally play this role. Generic
pQCD-inspired models appeared with processes like that
shown in Fig. 1(a). Eventually this development led to
the BFKL gluon ladder [13], which produces an (approx-
imately) supercritical pomeron, a “hard” pomeron with
the intercept well above 1. Recent studies of high en-
ergy hard processes, especially at HERA, have indeed
found strong growth of the cross section with energy for
truly hard processes (Q2 ≫ 1 GeV2), consistent with the
BFKL treatment.

But various data at the semi-hard scale of Q2 ∼ 1 GeV2

demonstrate rather different growth with energy, consis-
tent with a “soft” pomeron. Whatever it might be, the
pomeron should be an object of a particular size deduced
from the slope of its Regge trajectory, α′ ∼ 1/(2 GeV)2.
This size of course cannot be explained by basically scale-
invariant pQCD, and thus calls for a nonperturbative
derivation.

Existing models for the soft pomeron also include lad-
ders made of t-channel gluons, and the differences be-
tween them lie mainly in the construction of their rungs.
Each of the various models has a unique answer for what
is actually produced in gluon-gluon partonic collisions.
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We consider forced tunneling in QCD, described semiclassically by instanton-antiinstanton field
configurations. By separating topologically different minima we obtain details of the effective po-
tential and study the turning states, which are similar to the sphaleron solution in electroweak
theory. These states are alternatively derived as minima of the energy under the constraints of
fixed size and Chern-Simons number. We study, both analytically and numerically, the subsequent
evolution of such states by solving the classical Yang-Mills equations in real time, and find that the
gauge field strength is quickly localized into an expanding shell of radiating gluons. The relevance
to high-energy collisions of hadrons and nuclei is briefly discussed.

I. INTRODUCTION

A. Instanton-Induced Scattering in QCD

The existence of topologically distinct non-abelian
gauge fields, with tunneling between corresponding clas-
sical vacua described semiclassically by instantons [1], is
one of the most spectacular nonperturbative effects of
field theory. Significant progress has been made in under-
standing instanton-induced effects in Quantum Chromo-
dynamics (QCD), explaining both explicit UA(1) chiral
symmetry breaking at the single-instanton level [2] and
spontaneous SU(Nf ) chiral symmetry breaking by the
instanton ensemble [3]. Euclidean correlation functions,
studied phenomenologically and on the lattice, have been
explained to a significant extent by instantons as well [4].

With tunneling phenomena apparently so important in
virtual quark and gluon propagation, it is reasonable to
think them also relevant in real processes such as scatter-
ing or particle production in Minkowski space. We thus
seek contributions to parton scattering amplitudes from
the theory of instanton-related objects, and supporting
experimental evidence.

With this as our motivation, we concentrate in this
paper on the theoretical basis of such effects from pure
Yang-Mills theory. Specific applications to high-energy
processes with hadrons or nuclei are left for papers to
follow, although we will discuss phenomenological gener-
alities where relevant.

Progress in understanding of the role of tunneling in
high energy processes has been tempered by technical
problems for years. Significant insights were obtained in
the 1980’s [5] and further developed in the early 1990’s
[6,7] through work in electroweak theory. In this case,
the instanton-induced cross section is readily identified
by baryon number violation and many noteworthy fea-
tures of these processes were found. However, quantita-
tive estimates of the associated cross sections proved to
be far below observable limits and interest quickly waned.
Similar ideas have also been developed in QCD [8], no-
tably the search for hard processes induced by small-sized

instantons which continues at HERA [9].
Another role for instanton-induced processes has re-

cently been proposed by Kharzeev, Kovchegov, and Levin
[10] and Nowak, Shuryak, and Zahed [11]. These works
focus on typical QCD instantons, of size ρ ∼ 1/3 fm
[3], which determine the semi-hard scale of Q ∼ 1 − 2
GeV. It was proposed that topological tunneling is be-
hind the well-known features of high energy scatter-
ing described phenomenologically by the so-called “soft”
pomeron. These ideas were further tested in Ref. [12],
where they were demonstrated to be reasonably consis-
tent with experimental data.

Since the 1960’s attempts have been made to explain
high-energy hadronic collisions with multi-peripheral
models, with various ladder diagrams describing hadron
production. It was realized that in order to get cross-
sections which are not falling at high energies, one needed
vector field exchange in the t-channel. With the dis-
covery of QCD, gluons naturally play this role. Generic
pQCD-inspired models appeared with processes like that
shown in Fig. 1(a). Eventually this development led to
the BFKL gluon ladder [13], which produces an (approx-
imately) supercritical pomeron, a “hard” pomeron with
the intercept well above 1. Recent studies of high en-
ergy hard processes, especially at HERA, have indeed
found strong growth of the cross section with energy for
truly hard processes (Q2 ≫ 1 GeV2), consistent with the
BFKL treatment.

But various data at the semi-hard scale of Q2 ∼ 1 GeV2

demonstrate rather different growth with energy, consis-
tent with a “soft” pomeron. Whatever it might be, the
pomeron should be an object of a particular size deduced
from the slope of its Regge trajectory, α′ ∼ 1/(2 GeV)2.
This size of course cannot be explained by basically scale-
invariant pQCD, and thus calls for a nonperturbative
derivation.

Existing models for the soft pomeron also include lad-
ders made of t-channel gluons, and the differences be-
tween them lie mainly in the construction of their rungs.
Each of the various models has a unique answer for what
is actually produced in gluon-gluon partonic collisions.

1

18

Teor. Fiz. 5, 32 (1967) [JETP Lett.
5, 24 (1967)] [Sov. Phys. Usp. 34, 392
(1991)] [Usp. Fiz. Nauk 161, 61 (1991)].
doi:10.1070/PU1991v034n05ABEH002497

[3] C. Garcia-Recio and L. L. Salcedo,
JHEP 0907, 015 (2009) doi:10.1088/1126-
6708/2009/07/015 [arXiv:0903.5494 [hep-ph]].

[4] T. Brauner, O. Taanila, A. Tranberg
and A. Vuorinen, JHEP 1211, 076
(2012) doi:10.1007/JHEP11(2012)076
[arXiv:1208.5609 [hep-ph]].

[5] V. V. Flambaum and E. Shuryak,
Phys. Rev. D 82, 073019 (2010)
doi:10.1103/PhysRevD.82.073019
[arXiv:1006.0249 [hep-ph]].

[6] M. P. Crichigno, V. V. Flambaum,
M. Y. Kuchiev and E. Shuryak,
Phys. Rev. D 82, 073018 (2010)
doi:10.1103/PhysRevD.82.073018
[arXiv:1006.0645 [hep-ph]].

[7] Y. Burnier and E. Shuryak,
Phys. Rev. D 84, 073003 (2011)
doi:10.1103/PhysRevD.84.073003
[arXiv:1107.4060 [hep-ph]].

[8] L. M. Krauss and M. Trodden,
Phys. Rev. Lett. 83, 1502 (1999)
doi:10.1103/PhysRevLett.83.1502 [hep-
ph/9902420].

[9] J. Garcia-Bellido, D. Y. Grigoriev,
A. Kusenko and M. E. Shaposh-
nikov, Phys. Rev. D 60, 123504 (1999)
doi:10.1103/PhysRevD.60.123504 [hep-
ph/9902449]. J. Garcia-Bellido, M. Garcia
Perez and A. Gonzalez- Arroyo, Phys. Rev. D
67, 103501 (2003) [arXiv:hep- ph/0208228].

[10] A. Tranberg and J. Smit, JHEP 0311,
016 (2003) [arXiv:hep-ph/0310342]. Jon-Ivar
Skullerud, Jan Smit, Anders Tranberg, JHEP
08(2003)045. Meindert van der Meulen, Denes
Sexty, Jan Smit, Anders Tranberg, JHEP
02(2006)029, hep-ph/0511080.

[11] M. D’Onofrio, K. Rummukainen and A. Tran-
berg, Phys. Rev. Lett. 113, no. 14, 141602
(2014) doi:10.1103/PhysRevLett.113.141602

[arXiv:1404.3565 [hep-ph]].
[12] F. R. Klinkhamer and N. S. Man-

ton, Phys. Rev. D 30, 2212 (1984).
doi:10.1103/PhysRevD.30.2212

[13] T. Kalaydzhyan and E. Shuryak,
Phys. Rev. D 91, no. 8, 083502
(2015) doi:10.1103/PhysRevD.91.083502
[arXiv:1412.5147 [hep-ph]].

[14] Y. Brihaye, B. Kleihaus and J. Kunz,
Phys. Rev. D 47, 1664 (1993).
doi:10.1103/PhysRevD.47.1664

[15] U. M. Heller, F. Karsch and J. Rank,
Nucl. Phys. Proc. Suppl. 63, 421 (1998)
doi:10.1016/S0920-5632(97)00789-5 [hep-
lat/9709065].

[16] G. D. Moore, “Do we understand the sphaleron
rate?,” hep-ph/0009161.

[17] C. Jarlskog, Phys. Rev. Lett. 55, 1039 (1985).
doi:10.1103/PhysRevLett.55.1039

[18] D. M. Ostrovsky, G. W. Carter and
E. V. Shuryak, Phys. Rev. D 66, 036004
(2002) doi:10.1103/PhysRevD.66.036004 [hep-
ph/0204224].

[19] E. Shuryak and I. Zahed, Phys.
Rev. D 67, 014006 (2003)
doi:10.1103/PhysRevD.67.014006 [hep-
ph/0206022].

[20] C. Jarlskog, Z. Phys. C 29, 491 (1985).
doi:10.1007/BF01565198

[21] E. V. Shuryak, Sov. Phys. JETP 47, 212
(1978) [Zh. Eksp. Teor. Fiz. 74, 408 (1978)].

[22] R. Rapp and E. V. Shuryak,
Phys. Rev. Lett. 86, 2980 (2001)
doi:10.1103/PhysRevLett.86.2980 [hep-
ph/0008326].

[23] A. Hernandez, T. Konstandin and
M. G. Schmidt, Nucl. Phys. B 812, 290
(2009) doi:10.1016/j.nuclphysb.2008.12.021
[arXiv:0810.4092 [hep-ph]].

[24] Jan Smit,JHEP 0409 (2004) 067, hep-
ph/0407161.

[25] There was a misprint in the index of this ex-
pression in the original paper.

hep-ph/0204224They create sounds, gravity waves 
And polarized magnetic clouds, 
Which can still be observed… 
But I have no time for that here



Sphaleron explosions were solved analytically

ar
X

iv
:h

ep
-p

h/
02

04
22

4v
2 

 2
5 

A
pr

 2
00

2

Forced Tunneling and Turning State Explosion in Pure Yang-Mills Theory

D. M. Ostrovsky1, G. W. Carter2, and E. V. Shuryak1

1Department of Physics and Astronomy, State University of New York, Stony Brook, NY 11794-3800
2Department of Physics, Box 351560, University of Washington, Seattle, WA 98195-1560

(18 April 2002)

We consider forced tunneling in QCD, described semiclassically by instanton-antiinstanton field
configurations. By separating topologically different minima we obtain details of the effective po-
tential and study the turning states, which are similar to the sphaleron solution in electroweak
theory. These states are alternatively derived as minima of the energy under the constraints of
fixed size and Chern-Simons number. We study, both analytically and numerically, the subsequent
evolution of such states by solving the classical Yang-Mills equations in real time, and find that the
gauge field strength is quickly localized into an expanding shell of radiating gluons. The relevance
to high-energy collisions of hadrons and nuclei is briefly discussed.

I. INTRODUCTION

A. Instanton-Induced Scattering in QCD

The existence of topologically distinct non-abelian
gauge fields, with tunneling between corresponding clas-
sical vacua described semiclassically by instantons [1], is
one of the most spectacular nonperturbative effects of
field theory. Significant progress has been made in under-
standing instanton-induced effects in Quantum Chromo-
dynamics (QCD), explaining both explicit UA(1) chiral
symmetry breaking at the single-instanton level [2] and
spontaneous SU(Nf ) chiral symmetry breaking by the
instanton ensemble [3]. Euclidean correlation functions,
studied phenomenologically and on the lattice, have been
explained to a significant extent by instantons as well [4].

With tunneling phenomena apparently so important in
virtual quark and gluon propagation, it is reasonable to
think them also relevant in real processes such as scatter-
ing or particle production in Minkowski space. We thus
seek contributions to parton scattering amplitudes from
the theory of instanton-related objects, and supporting
experimental evidence.

With this as our motivation, we concentrate in this
paper on the theoretical basis of such effects from pure
Yang-Mills theory. Specific applications to high-energy
processes with hadrons or nuclei are left for papers to
follow, although we will discuss phenomenological gener-
alities where relevant.

Progress in understanding of the role of tunneling in
high energy processes has been tempered by technical
problems for years. Significant insights were obtained in
the 1980’s [5] and further developed in the early 1990’s
[6,7] through work in electroweak theory. In this case,
the instanton-induced cross section is readily identified
by baryon number violation and many noteworthy fea-
tures of these processes were found. However, quantita-
tive estimates of the associated cross sections proved to
be far below observable limits and interest quickly waned.
Similar ideas have also been developed in QCD [8], no-
tably the search for hard processes induced by small-sized

instantons which continues at HERA [9].
Another role for instanton-induced processes has re-

cently been proposed by Kharzeev, Kovchegov, and Levin
[10] and Nowak, Shuryak, and Zahed [11]. These works
focus on typical QCD instantons, of size ρ ∼ 1/3 fm
[3], which determine the semi-hard scale of Q ∼ 1 − 2
GeV. It was proposed that topological tunneling is be-
hind the well-known features of high energy scatter-
ing described phenomenologically by the so-called “soft”
pomeron. These ideas were further tested in Ref. [12],
where they were demonstrated to be reasonably consis-
tent with experimental data.

Since the 1960’s attempts have been made to explain
high-energy hadronic collisions with multi-peripheral
models, with various ladder diagrams describing hadron
production. It was realized that in order to get cross-
sections which are not falling at high energies, one needed
vector field exchange in the t-channel. With the dis-
covery of QCD, gluons naturally play this role. Generic
pQCD-inspired models appeared with processes like that
shown in Fig. 1(a). Eventually this development led to
the BFKL gluon ladder [13], which produces an (approx-
imately) supercritical pomeron, a “hard” pomeron with
the intercept well above 1. Recent studies of high en-
ergy hard processes, especially at HERA, have indeed
found strong growth of the cross section with energy for
truly hard processes (Q2 ≫ 1 GeV2), consistent with the
BFKL treatment.

But various data at the semi-hard scale of Q2 ∼ 1 GeV2

demonstrate rather different growth with energy, consis-
tent with a “soft” pomeron. Whatever it might be, the
pomeron should be an object of a particular size deduced
from the slope of its Regge trajectory, α′ ∼ 1/(2 GeV)2.
This size of course cannot be explained by basically scale-
invariant pQCD, and thus calls for a nonperturbative
derivation.

Existing models for the soft pomeron also include lad-
ders made of t-channel gluons, and the differences be-
tween them lie mainly in the construction of their rungs.
Each of the various models has a unique answer for what
is actually produced in gluon-gluon partonic collisions.

1

18

Teor. Fiz. 5, 32 (1967) [JETP Lett.
5, 24 (1967)] [Sov. Phys. Usp. 34, 392
(1991)] [Usp. Fiz. Nauk 161, 61 (1991)].
doi:10.1070/PU1991v034n05ABEH002497

[3] C. Garcia-Recio and L. L. Salcedo,
JHEP 0907, 015 (2009) doi:10.1088/1126-
6708/2009/07/015 [arXiv:0903.5494 [hep-ph]].

[4] T. Brauner, O. Taanila, A. Tranberg
and A. Vuorinen, JHEP 1211, 076
(2012) doi:10.1007/JHEP11(2012)076
[arXiv:1208.5609 [hep-ph]].

[5] V. V. Flambaum and E. Shuryak,
Phys. Rev. D 82, 073019 (2010)
doi:10.1103/PhysRevD.82.073019
[arXiv:1006.0249 [hep-ph]].

[6] M. P. Crichigno, V. V. Flambaum,
M. Y. Kuchiev and E. Shuryak,
Phys. Rev. D 82, 073018 (2010)
doi:10.1103/PhysRevD.82.073018
[arXiv:1006.0645 [hep-ph]].

[7] Y. Burnier and E. Shuryak,
Phys. Rev. D 84, 073003 (2011)
doi:10.1103/PhysRevD.84.073003
[arXiv:1107.4060 [hep-ph]].

[8] L. M. Krauss and M. Trodden,
Phys. Rev. Lett. 83, 1502 (1999)
doi:10.1103/PhysRevLett.83.1502 [hep-
ph/9902420].

[9] J. Garcia-Bellido, D. Y. Grigoriev,
A. Kusenko and M. E. Shaposh-
nikov, Phys. Rev. D 60, 123504 (1999)
doi:10.1103/PhysRevD.60.123504 [hep-
ph/9902449]. J. Garcia-Bellido, M. Garcia
Perez and A. Gonzalez- Arroyo, Phys. Rev. D
67, 103501 (2003) [arXiv:hep- ph/0208228].

[10] A. Tranberg and J. Smit, JHEP 0311,
016 (2003) [arXiv:hep-ph/0310342]. Jon-Ivar
Skullerud, Jan Smit, Anders Tranberg, JHEP
08(2003)045. Meindert van der Meulen, Denes
Sexty, Jan Smit, Anders Tranberg, JHEP
02(2006)029, hep-ph/0511080.

[11] M. D’Onofrio, K. Rummukainen and A. Tran-
berg, Phys. Rev. Lett. 113, no. 14, 141602
(2014) doi:10.1103/PhysRevLett.113.141602

[arXiv:1404.3565 [hep-ph]].
[12] F. R. Klinkhamer and N. S. Man-

ton, Phys. Rev. D 30, 2212 (1984).
doi:10.1103/PhysRevD.30.2212

[13] T. Kalaydzhyan and E. Shuryak,
Phys. Rev. D 91, no. 8, 083502
(2015) doi:10.1103/PhysRevD.91.083502
[arXiv:1412.5147 [hep-ph]].

[14] Y. Brihaye, B. Kleihaus and J. Kunz,
Phys. Rev. D 47, 1664 (1993).
doi:10.1103/PhysRevD.47.1664

[15] U. M. Heller, F. Karsch and J. Rank,
Nucl. Phys. Proc. Suppl. 63, 421 (1998)
doi:10.1016/S0920-5632(97)00789-5 [hep-
lat/9709065].

[16] G. D. Moore, “Do we understand the sphaleron
rate?,” hep-ph/0009161.

[17] C. Jarlskog, Phys. Rev. Lett. 55, 1039 (1985).
doi:10.1103/PhysRevLett.55.1039

[18] D. M. Ostrovsky, G. W. Carter and
E. V. Shuryak, Phys. Rev. D 66, 036004
(2002) doi:10.1103/PhysRevD.66.036004 [hep-
ph/0204224].

[19] E. Shuryak and I. Zahed, Phys.
Rev. D 67, 014006 (2003)
doi:10.1103/PhysRevD.67.014006 [hep-
ph/0206022].

[20] C. Jarlskog, Z. Phys. C 29, 491 (1985).
doi:10.1007/BF01565198

[21] E. V. Shuryak, Sov. Phys. JETP 47, 212
(1978) [Zh. Eksp. Teor. Fiz. 74, 408 (1978)].

[22] R. Rapp and E. V. Shuryak,
Phys. Rev. Lett. 86, 2980 (2001)
doi:10.1103/PhysRevLett.86.2980 [hep-
ph/0008326].

[23] A. Hernandez, T. Konstandin and
M. G. Schmidt, Nucl. Phys. B 812, 290
(2009) doi:10.1016/j.nuclphysb.2008.12.021
[arXiv:0810.4092 [hep-ph]].

[24] Jan Smit,JHEP 0409 (2004) 067, hep-
ph/0407161.

[25] There was a misprint in the index of this ex-
pression in the original paper.

hep-ph/0204224They create sounds, gravity waves 
And polarized magnetic clouds, 
Which can still be observed… 
But I have no time for that here

New calculation of the CP violation 
(induced by SM CKM matrix) 

Asymmetry between quark and antiquark 
Production near freeze out 

during the sphaleron explosions gives 10^(-8) 
Which leads to baryon asymmetry of Universe 
2 10^(-11) only factor 30 less than observed !!!
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Starting from classic work of Feynman on the �-point of liquid Helium, we show that his idea of

universal action per particle at the BEC transition point is much more robust that it was known

before. Using a simple “moving string model” for supercurrent and calculating the action, both

semiclassically and numerically, we show that the critical action is the same for noninteracting and

strongly interacting systems such as liquid
4
He. Inversely, one can obtain accurate dependence of

critical temperature on density: one important consequence is that high density (solid) He cannot

be a BEC state of He atoms, with upper density accurately matching the observations. We then use

this model for the deconfinement phase transition of QCD-like gauge theories, treated as BEC of

(color)magnetic monopoles. We start with Feynman-like approach without interaction, estimating

the monopole mass at Tc. Then we include monopole’s Coulomb repulsion, and formulate a relation

between the mass, density and coupling which should be fulfilled at the deconfinement point. We end

up proposing various ways to test on the lattice whether it is indeed the BEC point for monopoles.

PACS numbers:

I. INTRODUCTION

The goals of this paper are two-fold. The first goal
is rather general: to get better qualitative understand-
ing of the parameters controlling the transition between
the “normal” matter and its Bose condensed versions,
for strongly interacting bosons which may be in form of
a liquid (fluid-superfluid transition well known for 4He)
or solid (solid-supersolid transition yet to be found). Al-
though there are high quality Monte Carlo numerical re-
sults for 4He and many other systems, we think the uni-
versal condensation criterion is still very much needed,
as performing numerical simulations is not trivial in each
new settings.

As it will be explained in detail below, we will fol-
low 50-year-old Feynman theory of Bose condensation
[1, 2], in which he introduced the notion of the critical
value for the jump amplitude yc or the critical action
yc = exp(�Sc). When Feynman realized that his sim-
ple treatment (evaluation of only the kinetic energy part
of the action) needs correction, he simply introduced an
“e↵ective mass” thinking that some extra matter is in-
corporated into exchange motion. We think instead, that
other particles (except the ones in the exchanged poly-
gon) have very little chance to move. Instead, the jump
amplitude should be correctly evaluated, with the inter-
action term included. We thus revive Feynman’s idea,
using a simple model of particle motion –the “moving
string model” – which can be studied either semiclassi-
cally or numerically of the smallest-action paths which
particles should follow during their exchanges.

Our second goal is very far from atomic systems: it is
related with the deconfinement phase transition in QCD
and related gauge theories. “Dual superconductivity”
or BEC of certain magnetic objects in the vacuum of

these theories were proposed to be responsible for con-
finement by t’Hooft and Mandelstam [8]. As shown in
refs [9, 11], confining strings (electric flux tubes) can be
well described by e↵ective models, making them dual ver-
sions of the Abrikosov flux tubes in superconductors [6].

As Feynman did in 1950’s, we would however approach
the problem from the “normal” phase above the decon-
finement phase transition called “Quark Gluon Plasma”
(QGP). At very high T one can view QGP as a plasma
made of “electric” quasiparticles, quarks and gluons.
However at lower T it becomes a “dual plasma” contain-
ing not only electrically charged quasiparticles but also
magnetically charged objects – monopoles and dyons.
As it was pointed out in [10], with a decrease of the
temperature and increase of the electric coupling con-
stant one expects a gradual shift from electric to mag-
netic dominance, with large density of (color-magnetic)
monopoles near Tc. Recent lattice studies, in particularly
[12], have discovered many important details about such
monopoles. They indeed found rather high densities of
them close to Tc, as well as clustering behavior similar to
BEC. They also measured equal-time density correlators
of like and unlike monopoles (Fig. 5 of [12]) which clearly
shows the peaks characteristic for strongly coupled ionic
liquids. The estimated magnetic Coulomb coupling does
indeed show running opposite to electric coupling pre-
dicted in [10]: see review [7]. So, as QCD deconfinement
transition is interpreted as BEC of monopoles, in the sec-
ond part of the paper we will apply Feynman’s universal
action idea to constrain the properties of these monopoles
(mass, density and coupling constant) for BEC to become
possible at the deconfinement point.
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FIG. 2: z = 0 of the three dimensional lattice: the red con-

tinuous arrows identify the moving atoms. The dashed arrows

represents the diagonal trajectory of monopoles discussed in

Sec. III

particles in Euclidean space can be written as

Z(x1, ...xN ;�) =
1
N

X

P

Z
Dx1(⌧)...DxN (⌧)e�

R �
0 SE [x1,..,xN ;⌧ ]d⌧ (3)

where � = 1

kBT and the Euclidean action is

SE [x1, .., xN ; ⌧ ] =
NX

i=1

⇣
m

2
ẋ

2

1
(⌧) +

NX

j=1

V (xi, xj)
2

⌘
, (4)

and only two-body interactions are taken into account.
Now we consider the case where K particles

(xk, ...xk+K) on a line move coherently, that means:
xk+j(⌧) = xk(⌧) + jd. This hypothesis implies
that we have chosen the particular permutation where
xi 6=k,...,k+K(⌧) = xi, xk(⌧) = xk+1(0), ..., xK(⌧) = xk(0).
Moreover we impose that the position of all other parti-
cles is constant.

B. The “moving string” model

Having selected this particular configuration, we can
evaluate the potential acting on a particle lying on the
line, due to all the other particles.

In Fig. 3 we can see the projection on the x�y plane of
the resulting mean field potential and one of the possible
path followed by the atoms on the moving line.

In particular we consider only the x-coordinate and
study the dependence from the density of the mean field
potential. In Fig. 4 we can see how change the behavior
of the potential considering the atoms disposed on a cubic
lattice and changing the density. In Fig. 5 we do the same
for an HCP crystal. We can see that there is a range
of density in both case where the origin is no longer a
minimum, which means that the lattice considered is not
the correct one to study the system. Therefore we need to
pay attention which configuration we choose depending
on the density.

FIG. 3: Projection on the x� y plane of the potential for a

particle on the moving line
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FIG. 4: Density dependence of the potential when we con-

sider the atoms on a cubic lattice
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FIG. 5: Density dependence of the potential when we con-

sider the atoms on a HCP lattice

Another fact related to the Aziz potential is repre-
sented in Fig. 6, where we see that the amplitude of the
sinusoidal potential does not increase continuously when
the density grows. We can think that such a behavior
will be connected wit a wrong description of the atoms
distribution in this range of densities.

supercurrent= when each atom takes a place of another  one, 
after Matsubara time beta=hbar/T

One He atom tries to move 
In potential of all other ones: 
Tunneling, thus instantons
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And the corresponding trajectory is given by

x(⌧) =
2
⇡

d arccot

exp

✓
�

r
m

2
⇡V0

d
⌧

◆�
. (22)

In Fig. 9 we can see the di↵erence between the instanton
trajectory and the simple straight line corresponding to
the case of a free Bose gas.

0

�

Bose gas

Caloron

FIG. 9: Instanton trajectory we have in the presence of a

potential barrier, compared to the free Bose gas case.

More detailed comparison between real He and
caloron/instanton approximation is shown in Fig. 10(b).
While it is qualitatively correct, it is not quite accurate.
This is by no means surprising: it should be accurate
provided the critical action for BEC would happen to be
much larger than 1, while unfortunately it is only 1.65 or
so. Therefore the semiclassical result should be used for
qualitative comparison only.

One of those is that as the matter is further compressed
by extra pressure, its density and the amplitude of the
potential V0(n) grow. Respectively the action required
for tunneling grows, see Fig. 10(a), and when the action
gets too large S0 > Sc, Feynman’s condition could not be
fulfilled. Therefore, a su�ciently compressed 4He cannot

support a supercurrent of the 4He atoms.
(For clarity: we do not make any statements here

about possible “supersolid” behavior of the solid 4He in-
duced by supercurrent of some defects/dislocations im-
posed on it. All we are saying is that the 4He atoms them-
selves do not create such supercurrent: this statement is
however not new and it has been verified in dedicated nu-
merical Monte-Carlo studies. The only new element in
our statement is that it follows from Feynman’s universal
action.)

One may improve the semiclassical expressions for the
tunneling action in one or two loop quantum corrections.
For example with the one-loop accuracy the Feynman
parameter can be written as

yF =
e
� d

⇡

q
mEE

2 2

⇣
2E

h
� V0

EE

i
�K

h
� V0

EE

i⌘

⇣
detF̂ [xcl]

⌘1/2
. (23)
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FIG. 10: (a) The action for the tunneling (caloron) solution

as a function of the density. When the action is larger than

the critical value S = 1.655 (dashed line) the system cannot

be Bose-Einstein condensed phase.

(b) The critical temperature obtain from the

caloron/instanton solution (dashed line) and from the

1-d PIMC simulation (points). The red star shows the

physical location of the lambda point.

Expressions for two loop are a bit more involved, see
Ref.[17]. However we have not calculated it analytically,
using numerical path integral instead.

D. The 1-d quantum path integral

As we have already emphasized above, since the ac-
tion is not large, one cannot expect the semiclassical the-
ory be really accurate. Fortunately quantum fluctuation
around the classical trajectory can be taken into account
by numerical evaluation of the r.h.s. of (10) can be sim-
ply performed using PIMC code. Note that compared
to PIMC simulation of manybody these calculations are
very cheap in terms of computational power because we
consider a one dimensional system with only one particle.

In order to find the critical temperature as a function
of the density we do the ansatz that the value of the Feyn-
man parameter of our system is more or less the same as
for the free Bose gas. Because we know that for the free
Bose gas SF = � log(yF ) = 1.655 independent from the

Straight line is 
Feynman’s instanton 

For ideal gas
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Ref.[17]. However we have not calculated it analytically,
using numerical path integral instead.

D. The 1-d quantum path integral

As we have already emphasized above, since the ac-
tion is not large, one cannot expect the semiclassical the-
ory be really accurate. Fortunately quantum fluctuation
around the classical trajectory can be taken into account
by numerical evaluation of the r.h.s. of (10) can be sim-
ply performed using PIMC code. Note that compared
to PIMC simulation of manybody these calculations are
very cheap in terms of computational power because we
consider a one dimensional system with only one particle.

In order to find the critical temperature as a function
of the density we do the ansatz that the value of the Feyn-
man parameter of our system is more or less the same as
for the free Bose gas. Because we know that for the free
Bose gas SF = � log(yF ) = 1.655 independent from the

Expertiment for He4

G,Baym, Jean-Paul Blaizot , Markus Holzmann, Franck Laloe, Dominique Vautherin Phys.Rev.Lett. 83 (1999) 1703-1706
Diagram re-summation for dilute Bose gas shows Tc growing with n at small n

 recent PIMC simulations had shown  
both trends are correct in their domains
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A jet in shorter x direction suffers less quenching by matter
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The theory gave reasonably good description of quenching itself 
But experiment stubbornly gave v2 about twice larger than  

all theories predicted

High pt jets

Angular Dependence of Jet Quenching Indicates Its Strong Enhancement Near the QCD Phase Transition  
Jinfeng Liao, Edward Shuryak Phys.Rev.Lett. 102 (2009) 202302 

The Azimuthal asymmetry at large p(t) seem to be too large for a `jet quenching'  
E.V. Shuryak (SUNY, Stony Brook). Dec 2001. 3 pp.  
Published in Phys.Rev. C66 (2002) 027902
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this idea  does reproduce  
azimuthal distribution of jet quenching. 

BUT WHY ?
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peak of the density of monopoles at Tc 
explains not only a dip in viscosity (m.f.p.)

but also other things such as jet quenching

Xu, J., J. Liao, and M. Gyulassy (2015),  
arXiv:1508.00552 



x-Correlations   
 show it is a liquid 
=> Magnetic 
Coulomb coupling 

monopole density 
strongly grows  
as T=> Tc 
 

+- 

++ 

Spring 2008 

Lattice SU(2) gauge theory, monopoles found and followed by Min.Ab.gauge  



Our MD for 50-50 MQP/EQP 

I would not bother you with this plot 
If not one observation: 

The correlation increases with T
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Figure 1: Wavefunction density ⇢(x, y) of the overlap fermion zero-mode summed over the
temporal direction of three statistically independent QCD configurations at Tc (left panel)
and at T = 1.08 Tc (middle and right panels). The three di↵erent colors represent the
zero-modes at temporal periodicity phases � = ⇡ (red), � = ⇡/3 (blue), � = �⇡/3 (green)
respectively. Peak heights have been normalized corresponding to the height for � = ⇡.
The x and y coordinates are in units of 1/T .

topological objects. These zero modes display rich underlying topological
structures of the QCD vacua at finite temperatures, both at ⇠ Tc, 1.08 Tc.
The profiles for three di↵erent fermion periodicity phases � = ⇡,�⇡/3 and
⇡/3 are shown in red, green and blue colors respectively. The left panel repre-
sents a case at T ⇠ Tc when the observed topological objects are reasonably
well separated in space, making their individual identification possible by
changing the periodicity phase of the valence (overlap) fermion operator.
The positions of the zero modes shift as the periodicity phases of fermions
are changed. This provides us an evidence that the objects we observe are
dyons. Next we study the vacuum profiles of two statistically independent
QCD configurations at 1.08 Tc, shown in the middle and the right panels of
Fig. 1 respectively. In the middle panel, the fermion zero-modes can be seen
to be localized at di↵erent spatial coordinates when the periodicity conditions
are changed, like in the previous configuration near Tc. The configuration
shown in the right panel shows a di↵erent limiting case where all three zero-
modes are superimposed at the same location.

We compared the observed eigenmode density with the analytic expres-
sion for the dyon zero-mode density ⇢(x) = �1/(4⇡2)@2

xfx(�,�) along four-
vector x as calculated in Ref. [30], with the function fx defined by
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Here D� = 1
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Monopole-like objects have been identified in multiple lattice studies, and there is now a significant
amount of literature on their importance in phenomenology. Some analytic indications of their role,
however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
Glashow model, are an important dynamical ingredient in theories with extended supersymmetry
N = 2, 4, and help explain the issues related with electric-magnetic duality. There is no such
solution in QCD-like theories without scalar fields. However, all of these theories have instantons
and their finite-T constituents known as instanton-dyons (or instanton-monopoles). The latter
leads to semiclassical partition functions, which for N = 2, 4 theories were shown to be identical
(“Poisson dual”) to the partition function for monopoles. We show how, in a pure gauge theory,
the semiclassical instanton-based partition function can also be Poisson-transformed into a partition
function, interpreted as the one of moving and rotating monopoles.

I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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‡ ismail.zahed@stonybrook.edu

related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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The same phenomenon in much simpler setting:
quantum particle on a circle at finite T

2

not have a microscopic description of these monopoles
in terms of the gauge fields. We do, however, derive the
corresponding partition function, based on a transformed
semiclassical partition function.

The semiclassical description of the vacuum of gauge
theories is based on the instanton solution [28]. At fi-
nite temperatures, however, the 4d instanton solution
has been shown to dissolve into instanton constituents,
known as instanton-dyons (or instanton-monopoles) [29–
31]. Studies of the ensembles of instanton-dyons have ex-
plained the deconfinement and chiral symmetry restora-
tion transitions both numerically [32, 33] and using a
mean-field analysis [34, 35]. For a recent short review,
see Ref. [36].

The construction of the instanton-dyons starts from
the same ’t Hooft-Polyakov monopole, but with the ze-
roth component of the gauge field A0 acting as the scalar
adjoint “Higgs” field. However, these objects are pseudo-
particles and not particles, existing only in the Euclidean
formulation of the theory for which A0 is real. Therefore,
while instanton-dyons do lead to successful semiclassical
applications, their usage for phenomenological applica-
tions is severely limited. Another obstacle to their devel-
opment, perhaps even more important for many, is that
their physical meaning remains rather obscure. In this
paper, we argue that it should not be so, and that the
instanton-dyon gauge field configurations are nothing else
but quantum paths of moving and rotating monopoles.

A gradual understanding of this statement began some
time ago, but remained rather unnoticed by the larger
community. One reason for that was the setting in which
it was shown, which was based on extended supersym-
metry. Only in these cases was one able to derive reli-
ably both partition functions – in terms of monopoles and
instanton-dyons – and show them to be equal [37–39].
Furthermore, they were not summed up to an analytic
answer, but shown instead to be related by the so-called
“Poisson duality.”

Since this concept it also not widely known, Sec. II
contains a pedagogical section, which discusses a much
simpler toy model of a rotator – a particle on a circle
– at finite temperature. We also obtain two expressions
for its partition function, one based on its excited states
and one based on “winding paths” in Euclidean time. In
this model, one can derive the analytic solution for both
sums and directly see that they are the same.

In Sec. III, we turn to theories with extended super-
symmetry. This section is a brief pedagogical review of
the works of Dorey and collaborators, and shows how the
Poisson duality works in this case – almost identically to
the rotator model.

In Sec. IV, we turn to pure gauge theories at finite tem-
perature, using as above its simplest version with SU(2)
color. We will explicitly derive the n-winding gauge con-
figurations, periodic on the Matsubara circle, and the
corresponding semi-classical partition function. We then
Poisson-transform it into another form, the one we ar-
gue is counting occupations of the excited states of mov-

ing/rotating monopoles.

II. QUANTUM ROTATOR AT FINITE T AND
ITS DUAL DESCRIPTIONS

A quantum rotator is a particle moving on a circle. Its
location is defined by the angle ↵ 2 [0, 2⇡] and its action
is defined by kinetic and topological parts

S =

I
dt

⇤

2
↵̇
2 + Stop(!) , (1)

where ↵̇ = d↵/dt, and ⇤ = mR
2 is the corresponding

moment of inertia for rotation. (It can be set to unity
by appropriately selecting units, but for the purposes of
this paper, we keep it.)

The topological part Stop ⇠
R

dt↵̇(t) does not lead
to any “force” – there is no contribution to the classical
equation of motion – but it provides an extra phase factor
in the quantum partition function. The phenomenon was
introduced by Aharonov and Bohm in a celebrated paper
[40] and is well known. We remind the reader that this
phase is an external parameter which can be induced
by a solenoid in extra dimensions, provided the rotating
particle is charged and the time derivative is generalized
to the long gauge-invariant derivative including the A0

field.
The quantum mechanical spectrum of states is imme-

diately obtained via quantization of the angular momen-
tum l and the partition function at temperature T is

Z1 =
1X

l=�1
exp

✓
� l

2

2⇤T
+ il!

◆
, (2)

where, for convenience, we normalized the Aharonov-
Bohm contribution to a phase !. Since the angular mo-
mentum l is integer-valued, each term in Z1 is a periodic
function of this phase, with a natural 2⇡ period. Note
also that positive and negative l cancel the imaginary
part, so Z1 is real. Finally, this sum is best convergent
at small temperature T , where only a few states close to
the ground state with l = 0 need to be included.

In the dual approach, finite temperature is introduced
via the standard Euclidean Matsubara time defined on
another circle ⌧ 2 [0, � ⌘ 1/T ]. The path integral which
leads to the partition function needs to be done over the
periodic paths, ↵(0) = ↵(�), so one may say that the
Euclidean theory is a particle on a double torus.

Classes of paths which make a di↵erent number n of
rotations around the original circle can be defined as
“straight” classical periodic paths

↵n(⌧) = 2⇡n
⌧

�
, (3)

plus small fluctuations around them. Carrying out a
Gaussian integral over them leads to the following parti-

moment
of inertia

Aharonov-Bohm
 phase 

Matsubara 
winding number

3

tion function,

Z2 =
1X

n=�1

p
2⇡⇤T exp

✓
� T⇤

2
(2⇡n � !)2

◆
. (4)

The key point here is that these quantum numbers, l used
for Z1 and n for Z2, are very di↵erent in nature. In Z1,
each term of the sum is periodic in !, while in Z2, this
property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind

Z1 = Z2 = ✓3

✓
� !

2
, exp

✓
� 1

2⇤T

◆◆
, (5)

which is plotted in Fig. 1 for few values of the tempera-
ture T .

FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],

1X

n=�1
f(! + nP ) =

1X

l=�1

1

P
f̃

✓
l

P

◆
e
i2⇡l!/P

, (6)

where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
“phase” !.

III. SEMICLASSICAL THEORY AND
MONOPOLES IN THEORIES WITH EXTENDED

SUPERSYMMETRY

A. The setting

All of the following discussion concerns a Euclidean
theory defined on R

3 ⇥ S
1. In this section, unlike in the

following one, all of the fields, including the fermions,
have periodic boundary conditions on S

1, and therefore
supersymmetry is not broken.

We study the weak coupling g ⌧ 1 scenario, which
makes the instantons and their constituents – as well
as the monopoles with actions/masses O(1/g

2) – heavy
enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
⇠ 2⇡/� are large enough to ensure weak coupling.

Compactification of one coordinate to the circle is
needed to introduce “holonomies,” gauge invariant in-
tegrals over the circle

H
dxµA

µ
,
H

dxµC
µ of the electric

and magnetic potentials, respectively. Their values can
have nonzero expectation values, which can be viewed
as external parameters given by Aharonov-Bohm fluxes
through the circle induced by fields in extra dimensions.
These holonomies will play important role in what fol-
lows. Dorey et al. [42] call these external parameters !

and �, respectively.
Finally, in order to make the discussion simpler, one

assumes the minimal non-Abelian color group SU(Nc)

based on classical paths
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via the standard Euclidean Matsubara time defined on
another circle ⌧ 2 [0, � ⌘ 1/T ]. The path integral which
leads to the partition function needs to be done over the
periodic paths, ↵(0) = ↵(�), so one may say that the
Euclidean theory is a particle on a double torus.

Classes of paths which make a di↵erent number n of
rotations around the original circle can be defined as
“straight” classical periodic paths

↵n(⌧) = 2⇡n
⌧

�
, (3)

plus small fluctuations around them. Carrying out a
Gaussian integral over them leads to the following parti-
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Monopole-like objects have been identified in multiple lattice studies, and there is now a significant
amount of literature on their importance in phenomenology. Some analytic indications of their role,
however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
Glashow model, are an important dynamical ingredient in theories with extended supersymmetry
N = 2, 4, and help explain the issues related with electric-magnetic duality. There is no such
solution in QCD-like theories without scalar fields. However, all of these theories have instantons
and their finite-T constituents known as instanton-dyons (or instanton-monopoles). The latter
leads to semiclassical partition functions, which for N = 2, 4 theories were shown to be identical
(“Poisson dual”) to the partition function for monopoles. We show how, in a pure gauge theory,
the semiclassical instanton-based partition function can also be Poisson-transformed into a partition
function, interpreted as the one of moving and rotating monopoles.

I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc
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related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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The same phenomenon in much simpler setting:
quantum particle on a circle at finite T

2

not have a microscopic description of these monopoles
in terms of the gauge fields. We do, however, derive the
corresponding partition function, based on a transformed
semiclassical partition function.

The semiclassical description of the vacuum of gauge
theories is based on the instanton solution [28]. At fi-
nite temperatures, however, the 4d instanton solution
has been shown to dissolve into instanton constituents,
known as instanton-dyons (or instanton-monopoles) [29–
31]. Studies of the ensembles of instanton-dyons have ex-
plained the deconfinement and chiral symmetry restora-
tion transitions both numerically [32, 33] and using a
mean-field analysis [34, 35]. For a recent short review,
see Ref. [36].

The construction of the instanton-dyons starts from
the same ’t Hooft-Polyakov monopole, but with the ze-
roth component of the gauge field A0 acting as the scalar
adjoint “Higgs” field. However, these objects are pseudo-
particles and not particles, existing only in the Euclidean
formulation of the theory for which A0 is real. Therefore,
while instanton-dyons do lead to successful semiclassical
applications, their usage for phenomenological applica-
tions is severely limited. Another obstacle to their devel-
opment, perhaps even more important for many, is that
their physical meaning remains rather obscure. In this
paper, we argue that it should not be so, and that the
instanton-dyon gauge field configurations are nothing else
but quantum paths of moving and rotating monopoles.

A gradual understanding of this statement began some
time ago, but remained rather unnoticed by the larger
community. One reason for that was the setting in which
it was shown, which was based on extended supersym-
metry. Only in these cases was one able to derive reli-
ably both partition functions – in terms of monopoles and
instanton-dyons – and show them to be equal [37–39].
Furthermore, they were not summed up to an analytic
answer, but shown instead to be related by the so-called
“Poisson duality.”

Since this concept it also not widely known, Sec. II
contains a pedagogical section, which discusses a much
simpler toy model of a rotator – a particle on a circle
– at finite temperature. We also obtain two expressions
for its partition function, one based on its excited states
and one based on “winding paths” in Euclidean time. In
this model, one can derive the analytic solution for both
sums and directly see that they are the same.

In Sec. III, we turn to theories with extended super-
symmetry. This section is a brief pedagogical review of
the works of Dorey and collaborators, and shows how the
Poisson duality works in this case – almost identically to
the rotator model.

In Sec. IV, we turn to pure gauge theories at finite tem-
perature, using as above its simplest version with SU(2)
color. We will explicitly derive the n-winding gauge con-
figurations, periodic on the Matsubara circle, and the
corresponding semi-classical partition function. We then
Poisson-transform it into another form, the one we ar-
gue is counting occupations of the excited states of mov-

ing/rotating monopoles.

II. QUANTUM ROTATOR AT FINITE T AND
ITS DUAL DESCRIPTIONS

A quantum rotator is a particle moving on a circle. Its
location is defined by the angle ↵ 2 [0, 2⇡] and its action
is defined by kinetic and topological parts

S =

I
dt

⇤

2
↵̇
2 + Stop(!) , (1)

where ↵̇ = d↵/dt, and ⇤ = mR
2 is the corresponding

moment of inertia for rotation. (It can be set to unity
by appropriately selecting units, but for the purposes of
this paper, we keep it.)

The topological part Stop ⇠
R

dt↵̇(t) does not lead
to any “force” – there is no contribution to the classical
equation of motion – but it provides an extra phase factor
in the quantum partition function. The phenomenon was
introduced by Aharonov and Bohm in a celebrated paper
[40] and is well known. We remind the reader that this
phase is an external parameter which can be induced
by a solenoid in extra dimensions, provided the rotating
particle is charged and the time derivative is generalized
to the long gauge-invariant derivative including the A0

field.
The quantum mechanical spectrum of states is imme-

diately obtained via quantization of the angular momen-
tum l and the partition function at temperature T is

Z1 =
1X

l=�1
exp

✓
� l

2

2⇤T
+ il!

◆
, (2)

where, for convenience, we normalized the Aharonov-
Bohm contribution to a phase !. Since the angular mo-
mentum l is integer-valued, each term in Z1 is a periodic
function of this phase, with a natural 2⇡ period. Note
also that positive and negative l cancel the imaginary
part, so Z1 is real. Finally, this sum is best convergent
at small temperature T , where only a few states close to
the ground state with l = 0 need to be included.

In the dual approach, finite temperature is introduced
via the standard Euclidean Matsubara time defined on
another circle ⌧ 2 [0, � ⌘ 1/T ]. The path integral which
leads to the partition function needs to be done over the
periodic paths, ↵(0) = ↵(�), so one may say that the
Euclidean theory is a particle on a double torus.

Classes of paths which make a di↵erent number n of
rotations around the original circle can be defined as
“straight” classical periodic paths

↵n(⌧) = 2⇡n
⌧

�
, (3)

plus small fluctuations around them. Carrying out a
Gaussian integral over them leads to the following parti-

moment
of inertia

Aharonov-Bohm
 phase 

Matsubara 
winding number

3

tion function,

Z2 =
1X

n=�1

p
2⇡⇤T exp

✓
� T⇤

2
(2⇡n � !)2

◆
. (4)

The key point here is that these quantum numbers, l used
for Z1 and n for Z2, are very di↵erent in nature. In Z1,
each term of the sum is periodic in !, while in Z2, this
property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind

Z1 = Z2 = ✓3

✓
� !

2
, exp

✓
� 1

2⇤T

◆◆
, (5)

which is plotted in Fig. 1 for few values of the tempera-
ture T .

FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],

1X

n=�1
f(! + nP ) =

1X

l=�1

1

P
f̃

✓
l

P

◆
e
i2⇡l!/P

, (6)

where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
“phase” !.

III. SEMICLASSICAL THEORY AND
MONOPOLES IN THEORIES WITH EXTENDED

SUPERSYMMETRY

A. The setting

All of the following discussion concerns a Euclidean
theory defined on R

3 ⇥ S
1. In this section, unlike in the

following one, all of the fields, including the fermions,
have periodic boundary conditions on S

1, and therefore
supersymmetry is not broken.

We study the weak coupling g ⌧ 1 scenario, which
makes the instantons and their constituents – as well
as the monopoles with actions/masses O(1/g

2) – heavy
enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
⇠ 2⇡/� are large enough to ensure weak coupling.

Compactification of one coordinate to the circle is
needed to introduce “holonomies,” gauge invariant in-
tegrals over the circle

H
dxµA

µ
,
H

dxµC
µ of the electric

and magnetic potentials, respectively. Their values can
have nonzero expectation values, which can be viewed
as external parameters given by Aharonov-Bohm fluxes
through the circle induced by fields in extra dimensions.
These holonomies will play important role in what fol-
lows. Dorey et al. [42] call these external parameters !

and �, respectively.
Finally, in order to make the discussion simpler, one

assumes the minimal non-Abelian color group SU(Nc)

based on classical paths

2

not have a microscopic description of these monopoles
in terms of the gauge fields. We do, however, derive the
corresponding partition function, based on a transformed
semiclassical partition function.

The semiclassical description of the vacuum of gauge
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nite temperatures, however, the 4d instanton solution
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instanton-dyons – and show them to be equal [37–39].
Furthermore, they were not summed up to an analytic
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– at finite temperature. We also obtain two expressions
for its partition function, one based on its excited states
and one based on “winding paths” in Euclidean time. In
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the rotator model.
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corresponding semi-classical partition function. We then
Poisson-transform it into another form, the one we ar-
gue is counting occupations of the excited states of mov-
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in the quantum partition function. The phenomenon was
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[40] and is well known. We remind the reader that this
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function of this phase, with a natural 2⇡ period. Note
also that positive and negative l cancel the imaginary
part, so Z1 is real. Finally, this sum is best convergent
at small temperature T , where only a few states close to
the ground state with l = 0 need to be included.

In the dual approach, finite temperature is introduced
via the standard Euclidean Matsubara time defined on
another circle ⌧ 2 [0, � ⌘ 1/T ]. The path integral which
leads to the partition function needs to be done over the
periodic paths, ↵(0) = ↵(�), so one may say that the
Euclidean theory is a particle on a double torus.
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however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
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I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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Monopole-like objects have been identified in multiple lattice studies, and there is now a significant
amount of literature on their importance in phenomenology. Some analytic indications of their role,
however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
Glashow model, are an important dynamical ingredient in theories with extended supersymmetry
N = 2, 4, and help explain the issues related with electric-magnetic duality. There is no such
solution in QCD-like theories without scalar fields. However, all of these theories have instantons
and their finite-T constituents known as instanton-dyons (or instanton-monopoles). The latter
leads to semiclassical partition functions, which for N = 2, 4 theories were shown to be identical
(“Poisson dual”) to the partition function for monopoles. We show how, in a pure gauge theory,
the semiclassical instanton-based partition function can also be Poisson-transformed into a partition
function, interpreted as the one of moving and rotating monopoles.

I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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The same phenomenon in much simpler setting:
quantum particle on a circle at finite T

2

not have a microscopic description of these monopoles
in terms of the gauge fields. We do, however, derive the
corresponding partition function, based on a transformed
semiclassical partition function.

The semiclassical description of the vacuum of gauge
theories is based on the instanton solution [28]. At fi-
nite temperatures, however, the 4d instanton solution
has been shown to dissolve into instanton constituents,
known as instanton-dyons (or instanton-monopoles) [29–
31]. Studies of the ensembles of instanton-dyons have ex-
plained the deconfinement and chiral symmetry restora-
tion transitions both numerically [32, 33] and using a
mean-field analysis [34, 35]. For a recent short review,
see Ref. [36].

The construction of the instanton-dyons starts from
the same ’t Hooft-Polyakov monopole, but with the ze-
roth component of the gauge field A0 acting as the scalar
adjoint “Higgs” field. However, these objects are pseudo-
particles and not particles, existing only in the Euclidean
formulation of the theory for which A0 is real. Therefore,
while instanton-dyons do lead to successful semiclassical
applications, their usage for phenomenological applica-
tions is severely limited. Another obstacle to their devel-
opment, perhaps even more important for many, is that
their physical meaning remains rather obscure. In this
paper, we argue that it should not be so, and that the
instanton-dyon gauge field configurations are nothing else
but quantum paths of moving and rotating monopoles.

A gradual understanding of this statement began some
time ago, but remained rather unnoticed by the larger
community. One reason for that was the setting in which
it was shown, which was based on extended supersym-
metry. Only in these cases was one able to derive reli-
ably both partition functions – in terms of monopoles and
instanton-dyons – and show them to be equal [37–39].
Furthermore, they were not summed up to an analytic
answer, but shown instead to be related by the so-called
“Poisson duality.”

Since this concept it also not widely known, Sec. II
contains a pedagogical section, which discusses a much
simpler toy model of a rotator – a particle on a circle
– at finite temperature. We also obtain two expressions
for its partition function, one based on its excited states
and one based on “winding paths” in Euclidean time. In
this model, one can derive the analytic solution for both
sums and directly see that they are the same.

In Sec. III, we turn to theories with extended super-
symmetry. This section is a brief pedagogical review of
the works of Dorey and collaborators, and shows how the
Poisson duality works in this case – almost identically to
the rotator model.

In Sec. IV, we turn to pure gauge theories at finite tem-
perature, using as above its simplest version with SU(2)
color. We will explicitly derive the n-winding gauge con-
figurations, periodic on the Matsubara circle, and the
corresponding semi-classical partition function. We then
Poisson-transform it into another form, the one we ar-
gue is counting occupations of the excited states of mov-

ing/rotating monopoles.

II. QUANTUM ROTATOR AT FINITE T AND
ITS DUAL DESCRIPTIONS

A quantum rotator is a particle moving on a circle. Its
location is defined by the angle ↵ 2 [0, 2⇡] and its action
is defined by kinetic and topological parts

S =

I
dt

⇤

2
↵̇
2 + Stop(!) , (1)

where ↵̇ = d↵/dt, and ⇤ = mR
2 is the corresponding

moment of inertia for rotation. (It can be set to unity
by appropriately selecting units, but for the purposes of
this paper, we keep it.)

The topological part Stop ⇠
R

dt↵̇(t) does not lead
to any “force” – there is no contribution to the classical
equation of motion – but it provides an extra phase factor
in the quantum partition function. The phenomenon was
introduced by Aharonov and Bohm in a celebrated paper
[40] and is well known. We remind the reader that this
phase is an external parameter which can be induced
by a solenoid in extra dimensions, provided the rotating
particle is charged and the time derivative is generalized
to the long gauge-invariant derivative including the A0

field.
The quantum mechanical spectrum of states is imme-

diately obtained via quantization of the angular momen-
tum l and the partition function at temperature T is

Z1 =
1X

l=�1
exp

✓
� l

2

2⇤T
+ il!

◆
, (2)

where, for convenience, we normalized the Aharonov-
Bohm contribution to a phase !. Since the angular mo-
mentum l is integer-valued, each term in Z1 is a periodic
function of this phase, with a natural 2⇡ period. Note
also that positive and negative l cancel the imaginary
part, so Z1 is real. Finally, this sum is best convergent
at small temperature T , where only a few states close to
the ground state with l = 0 need to be included.

In the dual approach, finite temperature is introduced
via the standard Euclidean Matsubara time defined on
another circle ⌧ 2 [0, � ⌘ 1/T ]. The path integral which
leads to the partition function needs to be done over the
periodic paths, ↵(0) = ↵(�), so one may say that the
Euclidean theory is a particle on a double torus.

Classes of paths which make a di↵erent number n of
rotations around the original circle can be defined as
“straight” classical periodic paths

↵n(⌧) = 2⇡n
⌧

�
, (3)

plus small fluctuations around them. Carrying out a
Gaussian integral over them leads to the following parti-

moment
of inertia

Aharonov-Bohm
 phase 

Matsubara 
winding number

3

tion function,

Z2 =
1X

n=�1

p
2⇡⇤T exp

✓
� T⇤

2
(2⇡n � !)2

◆
. (4)

The key point here is that these quantum numbers, l used
for Z1 and n for Z2, are very di↵erent in nature. In Z1,
each term of the sum is periodic in !, while in Z2, this
property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind

Z1 = Z2 = ✓3

✓
� !

2
, exp

✓
� 1

2⇤T

◆◆
, (5)

which is plotted in Fig. 1 for few values of the tempera-
ture T .

FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],

1X

n=�1
f(! + nP ) =

1X

l=�1

1

P
f̃

✓
l

P

◆
e
i2⇡l!/P

, (6)

where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
“phase” !.

III. SEMICLASSICAL THEORY AND
MONOPOLES IN THEORIES WITH EXTENDED

SUPERSYMMETRY

A. The setting

All of the following discussion concerns a Euclidean
theory defined on R

3 ⇥ S
1. In this section, unlike in the

following one, all of the fields, including the fermions,
have periodic boundary conditions on S

1, and therefore
supersymmetry is not broken.

We study the weak coupling g ⌧ 1 scenario, which
makes the instantons and their constituents – as well
as the monopoles with actions/masses O(1/g

2) – heavy
enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
⇠ 2⇡/� are large enough to ensure weak coupling.

Compactification of one coordinate to the circle is
needed to introduce “holonomies,” gauge invariant in-
tegrals over the circle

H
dxµA

µ
,
H

dxµC
µ of the electric

and magnetic potentials, respectively. Their values can
have nonzero expectation values, which can be viewed
as external parameters given by Aharonov-Bohm fluxes
through the circle induced by fields in extra dimensions.
These holonomies will play important role in what fol-
lows. Dorey et al. [42] call these external parameters !

and �, respectively.
Finally, in order to make the discussion simpler, one

assumes the minimal non-Abelian color group SU(Nc)

based on classical paths
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not have a microscopic description of these monopoles
in terms of the gauge fields. We do, however, derive the
corresponding partition function, based on a transformed
semiclassical partition function.

The semiclassical description of the vacuum of gauge
theories is based on the instanton solution [28]. At fi-
nite temperatures, however, the 4d instanton solution
has been shown to dissolve into instanton constituents,
known as instanton-dyons (or instanton-monopoles) [29–
31]. Studies of the ensembles of instanton-dyons have ex-
plained the deconfinement and chiral symmetry restora-
tion transitions both numerically [32, 33] and using a
mean-field analysis [34, 35]. For a recent short review,
see Ref. [36].

The construction of the instanton-dyons starts from
the same ’t Hooft-Polyakov monopole, but with the ze-
roth component of the gauge field A0 acting as the scalar
adjoint “Higgs” field. However, these objects are pseudo-
particles and not particles, existing only in the Euclidean
formulation of the theory for which A0 is real. Therefore,
while instanton-dyons do lead to successful semiclassical
applications, their usage for phenomenological applica-
tions is severely limited. Another obstacle to their devel-
opment, perhaps even more important for many, is that
their physical meaning remains rather obscure. In this
paper, we argue that it should not be so, and that the
instanton-dyon gauge field configurations are nothing else
but quantum paths of moving and rotating monopoles.

A gradual understanding of this statement began some
time ago, but remained rather unnoticed by the larger
community. One reason for that was the setting in which
it was shown, which was based on extended supersym-
metry. Only in these cases was one able to derive reli-
ably both partition functions – in terms of monopoles and
instanton-dyons – and show them to be equal [37–39].
Furthermore, they were not summed up to an analytic
answer, but shown instead to be related by the so-called
“Poisson duality.”

Since this concept it also not widely known, Sec. II
contains a pedagogical section, which discusses a much
simpler toy model of a rotator – a particle on a circle
– at finite temperature. We also obtain two expressions
for its partition function, one based on its excited states
and one based on “winding paths” in Euclidean time. In
this model, one can derive the analytic solution for both
sums and directly see that they are the same.

In Sec. III, we turn to theories with extended super-
symmetry. This section is a brief pedagogical review of
the works of Dorey and collaborators, and shows how the
Poisson duality works in this case – almost identically to
the rotator model.

In Sec. IV, we turn to pure gauge theories at finite tem-
perature, using as above its simplest version with SU(2)
color. We will explicitly derive the n-winding gauge con-
figurations, periodic on the Matsubara circle, and the
corresponding semi-classical partition function. We then
Poisson-transform it into another form, the one we ar-
gue is counting occupations of the excited states of mov-
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II. QUANTUM ROTATOR AT FINITE T AND
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A quantum rotator is a particle moving on a circle. Its
location is defined by the angle ↵ 2 [0, 2⇡] and its action
is defined by kinetic and topological parts
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2 is the corresponding

moment of inertia for rotation. (It can be set to unity
by appropriately selecting units, but for the purposes of
this paper, we keep it.)

The topological part Stop ⇠
R

dt↵̇(t) does not lead
to any “force” – there is no contribution to the classical
equation of motion – but it provides an extra phase factor
in the quantum partition function. The phenomenon was
introduced by Aharonov and Bohm in a celebrated paper
[40] and is well known. We remind the reader that this
phase is an external parameter which can be induced
by a solenoid in extra dimensions, provided the rotating
particle is charged and the time derivative is generalized
to the long gauge-invariant derivative including the A0
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tum l and the partition function at temperature T is
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where, for convenience, we normalized the Aharonov-
Bohm contribution to a phase !. Since the angular mo-
mentum l is integer-valued, each term in Z1 is a periodic
function of this phase, with a natural 2⇡ period. Note
also that positive and negative l cancel the imaginary
part, so Z1 is real. Finally, this sum is best convergent
at small temperature T , where only a few states close to
the ground state with l = 0 need to be included.

In the dual approach, finite temperature is introduced
via the standard Euclidean Matsubara time defined on
another circle ⌧ 2 [0, � ⌘ 1/T ]. The path integral which
leads to the partition function needs to be done over the
periodic paths, ↵(0) = ↵(�), so one may say that the
Euclidean theory is a particle on a double torus.

Classes of paths which make a di↵erent number n of
rotations around the original circle can be defined as
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The key point here is that these quantum numbers, l used
for Z1 and n for Z2, are very di↵erent in nature. In Z1,
each term of the sum is periodic in !, while in Z2, this
property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind
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FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],
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where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
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1, and therefore
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enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
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And yet, they are the same!
(elliptic theta function of the 3 type)
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Monopole-like objects have been identified in multiple lattice studies, and there is now a significant
amount of literature on their importance in phenomenology. Some analytic indications of their role,
however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
Glashow model, are an important dynamical ingredient in theories with extended supersymmetry
N = 2, 4, and help explain the issues related with electric-magnetic duality. There is no such
solution in QCD-like theories without scalar fields. However, all of these theories have instantons
and their finite-T constituents known as instanton-dyons (or instanton-monopoles). The latter
leads to semiclassical partition functions, which for N = 2, 4 theories were shown to be identical
(“Poisson dual”) to the partition function for monopoles. We show how, in a pure gauge theory,
the semiclassical instanton-based partition function can also be Poisson-transformed into a partition
function, interpreted as the one of moving and rotating monopoles.

I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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Monopole-like objects have been identified in multiple lattice studies, and there is now a significant
amount of literature on their importance in phenomenology. Some analytic indications of their role,
however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
Glashow model, are an important dynamical ingredient in theories with extended supersymmetry
N = 2, 4, and help explain the issues related with electric-magnetic duality. There is no such
solution in QCD-like theories without scalar fields. However, all of these theories have instantons
and their finite-T constituents known as instanton-dyons (or instanton-monopoles). The latter
leads to semiclassical partition functions, which for N = 2, 4 theories were shown to be identical
(“Poisson dual”) to the partition function for monopoles. We show how, in a pure gauge theory,
the semiclassical instanton-based partition function can also be Poisson-transformed into a partition
function, interpreted as the one of moving and rotating monopoles.

I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
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function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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The same phenomenon in much simpler setting:
quantum particle on a circle at finite T

2

not have a microscopic description of these monopoles
in terms of the gauge fields. We do, however, derive the
corresponding partition function, based on a transformed
semiclassical partition function.

The semiclassical description of the vacuum of gauge
theories is based on the instanton solution [28]. At fi-
nite temperatures, however, the 4d instanton solution
has been shown to dissolve into instanton constituents,
known as instanton-dyons (or instanton-monopoles) [29–
31]. Studies of the ensembles of instanton-dyons have ex-
plained the deconfinement and chiral symmetry restora-
tion transitions both numerically [32, 33] and using a
mean-field analysis [34, 35]. For a recent short review,
see Ref. [36].

The construction of the instanton-dyons starts from
the same ’t Hooft-Polyakov monopole, but with the ze-
roth component of the gauge field A0 acting as the scalar
adjoint “Higgs” field. However, these objects are pseudo-
particles and not particles, existing only in the Euclidean
formulation of the theory for which A0 is real. Therefore,
while instanton-dyons do lead to successful semiclassical
applications, their usage for phenomenological applica-
tions is severely limited. Another obstacle to their devel-
opment, perhaps even more important for many, is that
their physical meaning remains rather obscure. In this
paper, we argue that it should not be so, and that the
instanton-dyon gauge field configurations are nothing else
but quantum paths of moving and rotating monopoles.

A gradual understanding of this statement began some
time ago, but remained rather unnoticed by the larger
community. One reason for that was the setting in which
it was shown, which was based on extended supersym-
metry. Only in these cases was one able to derive reli-
ably both partition functions – in terms of monopoles and
instanton-dyons – and show them to be equal [37–39].
Furthermore, they were not summed up to an analytic
answer, but shown instead to be related by the so-called
“Poisson duality.”

Since this concept it also not widely known, Sec. II
contains a pedagogical section, which discusses a much
simpler toy model of a rotator – a particle on a circle
– at finite temperature. We also obtain two expressions
for its partition function, one based on its excited states
and one based on “winding paths” in Euclidean time. In
this model, one can derive the analytic solution for both
sums and directly see that they are the same.

In Sec. III, we turn to theories with extended super-
symmetry. This section is a brief pedagogical review of
the works of Dorey and collaborators, and shows how the
Poisson duality works in this case – almost identically to
the rotator model.

In Sec. IV, we turn to pure gauge theories at finite tem-
perature, using as above its simplest version with SU(2)
color. We will explicitly derive the n-winding gauge con-
figurations, periodic on the Matsubara circle, and the
corresponding semi-classical partition function. We then
Poisson-transform it into another form, the one we ar-
gue is counting occupations of the excited states of mov-

ing/rotating monopoles.

II. QUANTUM ROTATOR AT FINITE T AND
ITS DUAL DESCRIPTIONS

A quantum rotator is a particle moving on a circle. Its
location is defined by the angle ↵ 2 [0, 2⇡] and its action
is defined by kinetic and topological parts

S =

I
dt

⇤

2
↵̇
2 + Stop(!) , (1)

where ↵̇ = d↵/dt, and ⇤ = mR
2 is the corresponding

moment of inertia for rotation. (It can be set to unity
by appropriately selecting units, but for the purposes of
this paper, we keep it.)

The topological part Stop ⇠
R

dt↵̇(t) does not lead
to any “force” – there is no contribution to the classical
equation of motion – but it provides an extra phase factor
in the quantum partition function. The phenomenon was
introduced by Aharonov and Bohm in a celebrated paper
[40] and is well known. We remind the reader that this
phase is an external parameter which can be induced
by a solenoid in extra dimensions, provided the rotating
particle is charged and the time derivative is generalized
to the long gauge-invariant derivative including the A0

field.
The quantum mechanical spectrum of states is imme-

diately obtained via quantization of the angular momen-
tum l and the partition function at temperature T is

Z1 =
1X

l=�1
exp

✓
� l

2

2⇤T
+ il!

◆
, (2)

where, for convenience, we normalized the Aharonov-
Bohm contribution to a phase !. Since the angular mo-
mentum l is integer-valued, each term in Z1 is a periodic
function of this phase, with a natural 2⇡ period. Note
also that positive and negative l cancel the imaginary
part, so Z1 is real. Finally, this sum is best convergent
at small temperature T , where only a few states close to
the ground state with l = 0 need to be included.

In the dual approach, finite temperature is introduced
via the standard Euclidean Matsubara time defined on
another circle ⌧ 2 [0, � ⌘ 1/T ]. The path integral which
leads to the partition function needs to be done over the
periodic paths, ↵(0) = ↵(�), so one may say that the
Euclidean theory is a particle on a double torus.

Classes of paths which make a di↵erent number n of
rotations around the original circle can be defined as
“straight” classical periodic paths

↵n(⌧) = 2⇡n
⌧

�
, (3)

plus small fluctuations around them. Carrying out a
Gaussian integral over them leads to the following parti-

moment
of inertia

Aharonov-Bohm
 phase 

Matsubara 
winding number

3

tion function,

Z2 =
1X

n=�1

p
2⇡⇤T exp

✓
� T⇤

2
(2⇡n � !)2

◆
. (4)

The key point here is that these quantum numbers, l used
for Z1 and n for Z2, are very di↵erent in nature. In Z1,
each term of the sum is periodic in !, while in Z2, this
property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind

Z1 = Z2 = ✓3

✓
� !

2
, exp

✓
� 1

2⇤T

◆◆
, (5)

which is plotted in Fig. 1 for few values of the tempera-
ture T .

FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],

1X

n=�1
f(! + nP ) =

1X

l=�1

1

P
f̃

✓
l

P

◆
e
i2⇡l!/P

, (6)

where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
“phase” !.

III. SEMICLASSICAL THEORY AND
MONOPOLES IN THEORIES WITH EXTENDED

SUPERSYMMETRY

A. The setting

All of the following discussion concerns a Euclidean
theory defined on R

3 ⇥ S
1. In this section, unlike in the

following one, all of the fields, including the fermions,
have periodic boundary conditions on S

1, and therefore
supersymmetry is not broken.

We study the weak coupling g ⌧ 1 scenario, which
makes the instantons and their constituents – as well
as the monopoles with actions/masses O(1/g

2) – heavy
enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
⇠ 2⇡/� are large enough to ensure weak coupling.

Compactification of one coordinate to the circle is
needed to introduce “holonomies,” gauge invariant in-
tegrals over the circle

H
dxµA

µ
,
H

dxµC
µ of the electric

and magnetic potentials, respectively. Their values can
have nonzero expectation values, which can be viewed
as external parameters given by Aharonov-Bohm fluxes
through the circle induced by fields in extra dimensions.
These holonomies will play important role in what fol-
lows. Dorey et al. [42] call these external parameters !

and �, respectively.
Finally, in order to make the discussion simpler, one

assumes the minimal non-Abelian color group SU(Nc)

based on classical paths
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property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind
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which is plotted in Fig. 1 for few values of the tempera-
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FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],
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same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],
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where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
“phase” !.

III. SEMICLASSICAL THEORY AND
MONOPOLES IN THEORIES WITH EXTENDED

SUPERSYMMETRY

A. The setting

All of the following discussion concerns a Euclidean
theory defined on R

3 ⇥ S
1. In this section, unlike in the

following one, all of the fields, including the fermions,
have periodic boundary conditions on S

1, and therefore
supersymmetry is not broken.

We study the weak coupling g ⌧ 1 scenario, which
makes the instantons and their constituents – as well
as the monopoles with actions/masses O(1/g

2) – heavy
enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
⇠ 2⇡/� are large enough to ensure weak coupling.

Compactification of one coordinate to the circle is
needed to introduce “holonomies,” gauge invariant in-
tegrals over the circle

H
dxµA

µ
,
H

dxµC
µ of the electric

and magnetic potentials, respectively. Their values can
have nonzero expectation values, which can be viewed
as external parameters given by Aharonov-Bohm fluxes
through the circle induced by fields in extra dimensions.
These holonomies will play important role in what fol-
lows. Dorey et al. [42] call these external parameters !

and �, respectively.
Finally, in order to make the discussion simpler, one

assumes the minimal non-Abelian color group SU(Nc)
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Monopole-like objects have been identified in multiple lattice studies, and there is now a significant
amount of literature on their importance in phenomenology. Some analytic indications of their role,
however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
Glashow model, are an important dynamical ingredient in theories with extended supersymmetry
N = 2, 4, and help explain the issues related with electric-magnetic duality. There is no such
solution in QCD-like theories without scalar fields. However, all of these theories have instantons
and their finite-T constituents known as instanton-dyons (or instanton-monopoles). The latter
leads to semiclassical partition functions, which for N = 2, 4 theories were shown to be identical
(“Poisson dual”) to the partition function for monopoles. We show how, in a pure gauge theory,
the semiclassical instanton-based partition function can also be Poisson-transformed into a partition
function, interpreted as the one of moving and rotating monopoles.

I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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The key point here is that these quantum numbers, l used
for Z1 and n for Z2, are very di↵erent in nature. In Z1,
each term of the sum is periodic in !, while in Z2, this
property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind

Z1 = Z2 = ✓3

✓
� !

2
, exp
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2⇤T

◆◆
, (5)

which is plotted in Fig. 1 for few values of the tempera-
ture T .

FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],

1X

n=�1
f(! + nP ) =

1X

l=�1

1

P
f̃

✓
l

P

◆
e
i2⇡l!/P

, (6)

where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
“phase” !.

III. SEMICLASSICAL THEORY AND
MONOPOLES IN THEORIES WITH EXTENDED

SUPERSYMMETRY

A. The setting

All of the following discussion concerns a Euclidean
theory defined on R

3 ⇥ S
1. In this section, unlike in the

following one, all of the fields, including the fermions,
have periodic boundary conditions on S

1, and therefore
supersymmetry is not broken.

We study the weak coupling g ⌧ 1 scenario, which
makes the instantons and their constituents – as well
as the monopoles with actions/masses O(1/g

2) – heavy
enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
⇠ 2⇡/� are large enough to ensure weak coupling.

Compactification of one coordinate to the circle is
needed to introduce “holonomies,” gauge invariant in-
tegrals over the circle

H
dxµA

µ
,
H

dxµC
µ of the electric

and magnetic potentials, respectively. Their values can
have nonzero expectation values, which can be viewed
as external parameters given by Aharonov-Bohm fluxes
through the circle induced by fields in extra dimensions.
These holonomies will play important role in what fol-
lows. Dorey et al. [42] call these external parameters !

and �, respectively.
Finally, in order to make the discussion simpler, one

assumes the minimal non-Abelian color group SU(Nc)

Poisson summation formula
can be used to derive

the monopole sum

instanton-dyons with 
winding number n

5

to remind the reader that the two circles (or the double
torus) at play are the angle ↵ 2 [0, 2⇡] related with the
rotation of the monopole in ordinary/color space and the
compactified coordinate ⌧ 2 [0, �].

IV. SEMICLASSICAL THEORY AND
MONOPOLES IN PURE GAUGE THEORIES

Now consider theories without adjoint scalars, which
do not have an obvious ’t Hooft-Polyakov monopole so-
lution. One example of such a theory discussed in Ref.
[42] is the N=1⇤ theory obtained from the N=4 theory
by giving a mass to the three chiral multiplets, which, in
the IR, eliminates 3 out of 4 fermions and all 6 scalars.
We will not discuss this particular case, but proceed di-
rectly to pure gauge theory, starting from the instantons.

A. Finite temperature instanton-dyons with an
arbitrary time winding

At zero temperature, the Euclidean space R
4 is sym-

metric in all four coordinates, and thus the corresponding
saddle points of the integral over fields – the instantons
– are 4d spherically symmetric. At finite temperatures,
Euclidean time is defined on the circle ⌧ 2 [0, �]. The
corresponding solitons – the calorons – are deformed pe-
riodic instantons.

In order to keep the weak coupling and the small den-
sity approximation valid, we need to consider su�ciently
high T . What this means practically will be discussed at
the end of the paper. For simplicity, for now we will also
ignore the issue of a dynamically generated potential and
mean value of the electric holonomy on the time circle,
and continue to consider it to be an external parameter;
we are therefore considering a “deformed” gauge theory.

The presence of the holonomy is known to split the
calorons into Nc constituents [29–31] known as instanton-
dyons (or instanton-monopoles). The holonomy eigenval-
ues µi, i = 1 . . . Nc enter the gluon and instanton-dyon
masses via their di↵erences ⌫i = µi+1 � µi. We will
consider only the simplest case of the number of colors
Nc = 2, in which case there is a single holonomy parame-
ter. The caloron is composed of two types of the self-dual
dyons, known as the time-independent M dyon and the
time-twisted L dyon [44].

Following the discussion above, we need to consider a
larger set of saddle-point configurations with all possible
periodic paths. To be explicit, let us derive the corre-
sponding semiclassical configurations. One starts with
the static BPS monopole, with the A0 component of the
gauge field now as the adjoint scalar. In the simplest

“hedgehog” gauge, the gauge fields are

A
a
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vr
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,

A
a
i = ✏aij

nj

r
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where na = xa/r is the spatial unit vector and v is the
VEV of A4 at large distances r ! 1.

The twisted solution is obtained in two steps. The first
is the substitution

v ! n(2⇡/�) � v , (13)

and the second is the gauge transformation with the
gauge matrix

⌦̂ = exp

✓
� i

�
n⇡⌧�̂

3

◆
, (14)

where we recall that ⌧ = x
4 2 [0, �] is the Matsubara

time. The derivative term in the gauge transformation
adds a constant to A4 which cancels out the unwanted
n(2⇡/�) term, leaving v, the same as for the original
static monopole. After “gauge combing” of v into the
same direction, this configuration – we will call Ln – can
be combined with any other one. The solutions are all
self-dual, but the magnetic and (the Euclidean) electric
charges are negative for positive n, opposite to the orig-
inal BPS monopole M for which both are positive.

The action corresponding to this solution is

Sn = (4⇡/g
2)|2⇡n/� � v| . (15)

The contribution to the partition function requires the
calculation of the pre-exponent, due to quantum fluctu-
ations around the Ln solution. Following Appendix C of
Ref. [32], this can be extracted from the contribution of
the L dyon, which in turn was derived from the explicit
calculation of the moduli for the finite temperature in-
stanton (M+L system) in Ref. [44]. For the color SU(2)
group, taking the limit of large separation the L dyon,
the density has the form
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, (16)

with ⌫̄ = 1 � ⌫ and ⌫ = vT/2⇡. Unlike the theo-
ries with extended supersymmetry, there are no cancel-
lations in the determinant of the nonzero modes between
bosons and fermions, and for Ln classical configurations
those have not yet been calculated explicitly. On general
grounds, it is expected that it should append the part
from the moduli such that the correct running coupling
at the relevant scale ⇠ 2⇡T ⌫̄ is reproduced. This means
that one expects the exponent to read
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where the coupling g0 is the defined at the normalization
scale p0. Similarly, the power of the action in numerator
must be appended by the two-loop corrections to the two-
loop beta function, and so on.

For our subsequent discussion, we will ignore the run-
ning and only keep the first term, taking the mean cou-
pling to be just a constant at a characteristic p0 =
2⇡T h⌫̄i, say

S0 ⌘ SL + SM =
8⇡

2

g20

= 10 . (18)

The simulation of instanton-dyon ensembles [32] were
done for S0 ranging from 5 to 13, and thus defining a
rather large range of dyon densities. Higher-twist instan-
tons Ln for n > 1 or n < 0 are all strongly suppressed
and in practice can be ignored; the instanton-dyon en-
semble calculations performed in Ref. [32] only included
the n = 0 time independent dyon M and the first twisted
dyons L1 because, in this range of temperatures, the
holonomy phase ! changes from a small value to ⇡ at
the confining phase transition, where ! and 2⇡ � ! are
comparable.

In the present calculation, we will keep all of them,
preserving exact periodicity, and write the semiclassical
partition function as
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It is periodic in the holonomy, as it should be. Note that,
unlike in Eq. (11), it has a modulus rather than a square
of the corresponding expression in the exponent. This
is due to the fact that the sizes of Ln and their masses
are all defined by the same combination |2⇡n � !|T and
therefore the moment of inertia ⇤ ⇠ 1/|2⇡n� � v|.

B. The Poisson transformation

A key point of this paper is that the existence of the
semiclassical instanton partition function implies the ex-
istence of monopoles moving and rotating in their collec-
tive coordinates. According to the general Poisson rela-
tion, Eq. (6), the Fourier transform of the corresponding
function appearing in the sum in Eq. (19) reads
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and therefore the monopole partition function is
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where the last equality is for q ⌧ 4⇡/g
2
0 .

V. WHAT HAVE WE LEARNED ABOUT QCD
MONOPOLES?

Before summarizing our answer to this question, let
us first recall the setting and conclusions of the pre-
ceding section. The coupling is presumed small, so
4⇡/g

2
0 � 1 and the semiclassical calculation is well con-

trolled. This implies that the corresponding temperature
is “high enough.” The holonomies !, �, treated as ex-
ternal Aharonov-Bohm phases imposed on the system,
create a certain “Higgsing” of the gluons, with only the
diagonal ones remaining massless. Calorons are split into
the instanton-dyons, and the semiclassical partition func-
tion, appended by all Ln contributions, can be calculated.

What we would actually like to study is QCD with
quarks at temperatures around the deconfinement tran-
sition T ⇠ Tc. Indeed, heavy-ion collisions create mat-
ter with T between roughly 2Tc ⇡ 300 MeV and 0.5Tc.
Most finite-T lattice studies are devoted to this tempera-
ture range as well. While the coupling seems to be small
enough to keep the semiclassical approach reasonable,
S0 = 8⇡

2
/g

2 ⇠ 10, when including the pre-exponent, one
finds that the ensemble is not really dilute, and in order
to perform the integration over the collective variables,
one needs to solve a nontrivial many-body problem of
a dense instanton-dyon plasma. The instanton-dyon en-
semble in this scenario does shift the potential for the
electric holonomy dynamically to its “confining” value,
for T < Tc. Semiclassical ensembles of instanton-dyons
also explain chiral symmetry breaking, and their changes
with flavor-dependent quark periodicity phases. Further
development of the semiclassical theory is, therefore, well
justified.

The main point of this paper, however, is di↵erent:
any semiclassical partition function, once derived, can be
Poisson-rewritten into an identical form, with the sum
over certain physical states. We have shown how one
can do so for pure gauge theory, without scalars, using
a relatively simple, or even schematic, form of its semi-
classical partition function, for which we calculated its
Poisson dual. We further argued that the resulting par-
tition function can be interpreted as being generated by
moving and rotating monopoles.

The results are a bit surprising. First, the action of a
monopole, although still formally large in weak coupling,
is only a logarithm of the semiclassical parameter; these
monopoles are therefore quite light. Second is the issue
of monopole rotation. The very presence of an object

q is angular momentum  
of rotating monopole, 
so it is electric charge

6
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Monopole-like objects have been identified in multiple lattice studies, and there is now a significant
amount of literature on their importance in phenomenology. Some analytic indications of their role,
however, are still missing. The ’t Hooft-Polyakov monopoles, originally derived in the Georgi-
Glashow model, are an important dynamical ingredient in theories with extended supersymmetry
N = 2, 4, and help explain the issues related with electric-magnetic duality. There is no such
solution in QCD-like theories without scalar fields. However, all of these theories have instantons
and their finite-T constituents known as instanton-dyons (or instanton-monopoles). The latter
leads to semiclassical partition functions, which for N = 2, 4 theories were shown to be identical
(“Poisson dual”) to the partition function for monopoles. We show how, in a pure gauge theory,
the semiclassical instanton-based partition function can also be Poisson-transformed into a partition
function, interpreted as the one of moving and rotating monopoles.

I. INTRODUCTION

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists in the 19th
century. With the development of quantum mechanics,
Dirac [1] related the existence of monopoles with the elec-
tric charge quantization. However, QED monopoles were
never found.

Classical solitons with magnetic charge were found
by ’t Hooft [2] and Polyakov [3] in the Georgi-Glashow
model. Such monopoles exist and play an important role
in other theories with an adjoint scalar field, notably in
theories with extended supersymmetry N = 2, 4. Their
presence and properties have significantly advanced our
understanding of the electric-magnetic duality and its re-
lation to the renormalization group (RG) flow. In the
N = 2 case, there is a gradual transition from an electric
theory at weak coupling to a magnetic theory at strong
coupling [4]. In the N = 4 case, monopoles dressed by
bound fermions were shown to create an N = 4 multi-
plet of fields, making the electric and magnetic theories
the same, up to a coupling. This implies that the beta
function of g and 1/g must be the same, therefore just
zero, explaining why this theory must be conformal.

In QCD-like theories without scalars, e.g. pure gauge
theories or N = 1 SYM, there are no such monopole so-
lutions. Despite this, Nambu [5], ’t Hooft [6], and Man-
delstam [7] proposed the “dual superconductor” model of
the electric color confinement. In this model, the Bose-
Einstein condensation (BEC) of monopoles at T  Tc

expels electric fields from the vacuum into confining flux
tubes.

In lattice studies of gauge theories, monopoles have
been identified, and their locations and paths were cor-
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related with gauge-invariant observables, such as the ac-
tion and square of the magnetic field [8]. The monopoles
were found to create a magnetic current around the elec-
tric flux tube [9, 10]. In Landau gauge, while monopole-
type singularities themselves are not present, the phys-
ical properties that they source are still present and
gauge-invariant [11]. The motion and correlations of the
monopoles were shown to be as expected for a Coulomb
plasma [12–14], the deconfinement critical temperature
Tc does coincide accurately with that of monopole BEC
transition [13, 15, 16], and the BEC transition has been
shown to be gauge independent [17–19].

The “magnetic scenario” for quark-gluon plasma
(QGP) [14, 20, 21] assumes the presence of non-
condensed monopoles as another kind of quasiparticles.
Unlike quarks and gluons, which have vanishing den-
sities at T ! Tc, the monopole density has a peak
near Tc. Monopole-gluon and monopole-quark scatter-
ing were shown to play a significant role in kinetic prop-
erties of the QGP, such as the shear viscosity ⌘ [22]
and the jet quenching parameter q̂ [23–25]. The non-
condensed monopoles should also lead to electric flux
tubes at T > Tc [21], which were recently observed on
the lattice [26]. Thus, there is a growing amount of phe-
nomenological evidence suggesting magnetic monopoles
do exist, not only as a confining condensate at T  Tc,
but also as non-condensed quasiparticles at T > Tc.
While the central role of monopoles in the confinement-
deconfinement transition was recognized long ago, their
relation to another important non-perturbative aspect
of QCD-like theories, chiral symmetry breaking, has at-
tracted much less attention prior to our recent paper [27],
in which we have demonstrated how the quark conden-
sate is formed as T ! Tc.

Nevertheless, this phenomenological evidence does not
convince many theorists, who would rather have an ana-
lytic argument not relying on lattice numerics or heavy-
ion phenomenology. One such argument will be provided
by this paper. It is still indirect, in the sense that we do
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tion function,

Z2 =
1X

n=�1

p
2⇡⇤T exp

✓
� T⇤

2
(2⇡n � !)2

◆
. (4)

The key point here is that these quantum numbers, l used
for Z1 and n for Z2, are very di↵erent in nature. In Z1,
each term of the sum is periodic in !, while in Z2, this
property is recovered only after summation over n. The
temperature T in Z2 happens to be in an unusual place,
in the numerator of the exponent, so this sum converges
best at high temperature, unlike the sum in Z1. Indeed,
at high T the Matsubara circle becomes small and the
path integral is dominated by paths with small number
of windings.

In spite of such di↵erences, both expressions are in fact
the same! In this toy model, it is not di�cult to do the
sums numerically and plot the results. Furthermore, one
can also derive the analytic expressions, expressible in
terms of the elliptic theta function of the third kind

Z1 = Z2 = ✓3

✓
� !

2
, exp

✓
� 1

2⇤T

◆◆
, (5)

which is plotted in Fig. 1 for few values of the tempera-
ture T .

FIG. 1. The partition function Z of the rotator as a func-
tion of the external Aharonov-Bohm phase ! (two periods
are shown to emphasize its periodicity). The (blue) solid,
(red) dashed and (green) dash-dotted curves are for ⇤T =
0.3, 0.5, 1.

Mathematically, the identity of the two sums can be
traced to the fact that our path integral is defined on
two circles, or, equivalently, a 2d torus, and the circles

can be interchanged. In string theory, such relations
are known as T-duality. In practice, these are the low-
temperature and the high-temperature approximations,
often used without noticing the exact summation and
duality.

Even if one is not able to identify the sums as the
same elliptic function, the equality can be seen from the
observation that the sum Z1 is the discrete Fourier trans-
form of the Gaussian, which is known to be the “periodic
Gaussian” appearing in Z2. One can further recognize
that the identity of the two sums is just a particular case
of a more general relation known in mathematics as the
Poisson summation formula, valid not only for a Gaus-
sian but for arbitrary functions. For reference, let us
mention here one particular version [41],

1X

n=�1
f(! + nP ) =

1X

l=�1

1

P
f̃

✓
l

P

◆
e
i2⇡l!/P

, (6)

where f(x) is some function, f̃ is its Fourier transform,
and P is the period of both sums as a function of the
“phase” !.

III. SEMICLASSICAL THEORY AND
MONOPOLES IN THEORIES WITH EXTENDED

SUPERSYMMETRY

A. The setting

All of the following discussion concerns a Euclidean
theory defined on R

3 ⇥ S
1. In this section, unlike in the

following one, all of the fields, including the fermions,
have periodic boundary conditions on S

1, and therefore
supersymmetry is not broken.

We study the weak coupling g ⌧ 1 scenario, which
makes the instantons and their constituents – as well
as the monopoles with actions/masses O(1/g

2) – heavy
enough to trust the dilute gas approximation. This lets
us focus on a single object and avoid finite-density (many-
body) complications. In the N = 4 theory, the charge
does not run and g is simply an input parameter. In
the N = 2 theory, however, the coupling does run, and
one needs to select the circumference of the circle � to
be small enough such that the corresponding frequencies
⇠ 2⇡/� are large enough to ensure weak coupling.

Compactification of one coordinate to the circle is
needed to introduce “holonomies,” gauge invariant in-
tegrals over the circle

H
dxµA

µ
,
H

dxµC
µ of the electric

and magnetic potentials, respectively. Their values can
have nonzero expectation values, which can be viewed
as external parameters given by Aharonov-Bohm fluxes
through the circle induced by fields in extra dimensions.
These holonomies will play important role in what fol-
lows. Dorey et al. [42] call these external parameters !

and �, respectively.
Finally, in order to make the discussion simpler, one

assumes the minimal non-Abelian color group SU(Nc)
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the monopole sum
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winding number n
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to remind the reader that the two circles (or the double
torus) at play are the angle ↵ 2 [0, 2⇡] related with the
rotation of the monopole in ordinary/color space and the
compactified coordinate ⌧ 2 [0, �].

IV. SEMICLASSICAL THEORY AND
MONOPOLES IN PURE GAUGE THEORIES

Now consider theories without adjoint scalars, which
do not have an obvious ’t Hooft-Polyakov monopole so-
lution. One example of such a theory discussed in Ref.
[42] is the N=1⇤ theory obtained from the N=4 theory
by giving a mass to the three chiral multiplets, which, in
the IR, eliminates 3 out of 4 fermions and all 6 scalars.
We will not discuss this particular case, but proceed di-
rectly to pure gauge theory, starting from the instantons.

A. Finite temperature instanton-dyons with an
arbitrary time winding

At zero temperature, the Euclidean space R
4 is sym-

metric in all four coordinates, and thus the corresponding
saddle points of the integral over fields – the instantons
– are 4d spherically symmetric. At finite temperatures,
Euclidean time is defined on the circle ⌧ 2 [0, �]. The
corresponding solitons – the calorons – are deformed pe-
riodic instantons.

In order to keep the weak coupling and the small den-
sity approximation valid, we need to consider su�ciently
high T . What this means practically will be discussed at
the end of the paper. For simplicity, for now we will also
ignore the issue of a dynamically generated potential and
mean value of the electric holonomy on the time circle,
and continue to consider it to be an external parameter;
we are therefore considering a “deformed” gauge theory.

The presence of the holonomy is known to split the
calorons into Nc constituents [29–31] known as instanton-
dyons (or instanton-monopoles). The holonomy eigenval-
ues µi, i = 1 . . . Nc enter the gluon and instanton-dyon
masses via their di↵erences ⌫i = µi+1 � µi. We will
consider only the simplest case of the number of colors
Nc = 2, in which case there is a single holonomy parame-
ter. The caloron is composed of two types of the self-dual
dyons, known as the time-independent M dyon and the
time-twisted L dyon [44].

Following the discussion above, we need to consider a
larger set of saddle-point configurations with all possible
periodic paths. To be explicit, let us derive the corre-
sponding semiclassical configurations. One starts with
the static BPS monopole, with the A0 component of the
gauge field now as the adjoint scalar. In the simplest

“hedgehog” gauge, the gauge fields are

A
a
4 = nav

✓
coth(vr) � 1

vr

◆
,

A
a
i = ✏aij

nj

r

✓
1 � vr

sinh(vr)

◆
, (12)

where na = xa/r is the spatial unit vector and v is the
VEV of A4 at large distances r ! 1.

The twisted solution is obtained in two steps. The first
is the substitution

v ! n(2⇡/�) � v , (13)

and the second is the gauge transformation with the
gauge matrix

⌦̂ = exp

✓
� i

�
n⇡⌧�̂

3

◆
, (14)

where we recall that ⌧ = x
4 2 [0, �] is the Matsubara

time. The derivative term in the gauge transformation
adds a constant to A4 which cancels out the unwanted
n(2⇡/�) term, leaving v, the same as for the original
static monopole. After “gauge combing” of v into the
same direction, this configuration – we will call Ln – can
be combined with any other one. The solutions are all
self-dual, but the magnetic and (the Euclidean) electric
charges are negative for positive n, opposite to the orig-
inal BPS monopole M for which both are positive.

The action corresponding to this solution is

Sn = (4⇡/g
2)|2⇡n/� � v| . (15)

The contribution to the partition function requires the
calculation of the pre-exponent, due to quantum fluctu-
ations around the Ln solution. Following Appendix C of
Ref. [32], this can be extracted from the contribution of
the L dyon, which in turn was derived from the explicit
calculation of the moduli for the finite temperature in-
stanton (M+L system) in Ref. [44]. For the color SU(2)
group, taking the limit of large separation the L dyon,
the density has the form

dZL ⇠ d3
xL

✓
8⇡

2

g2

◆2

e
�
�

8⇡2

g2

�
⌫̄�

2⇡⌫̄
�8⌫̄/3

, (16)

with ⌫̄ = 1 � ⌫ and ⌫ = vT/2⇡. Unlike the theo-
ries with extended supersymmetry, there are no cancel-
lations in the determinant of the nonzero modes between
bosons and fermions, and for Ln classical configurations
those have not yet been calculated explicitly. On general
grounds, it is expected that it should append the part
from the moduli such that the correct running coupling
at the relevant scale ⇠ 2⇡T ⌫̄ is reproduced. This means
that one expects the exponent to read

dZL ⇠ d3
xL exp

✓
� ⌫̄

8⇡
2

g20

+ ⌫̄
22

3
log

✓
p0

2⇡T ⌫̄

◆◆
, (17)
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the L dyon, which in turn was derived from the explicit
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lations in the determinant of the nonzero modes between
bosons and fermions, and for Ln classical configurations
those have not yet been calculated explicitly. On general
grounds, it is expected that it should append the part
from the moduli such that the correct running coupling
at the relevant scale ⇠ 2⇡T ⌫̄ is reproduced. This means
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where the coupling g0 is the defined at the normalization
scale p0. Similarly, the power of the action in numerator
must be appended by the two-loop corrections to the two-
loop beta function, and so on.

For our subsequent discussion, we will ignore the run-
ning and only keep the first term, taking the mean cou-
pling to be just a constant at a characteristic p0 =
2⇡T h⌫̄i, say

S0 ⌘ SL + SM =
8⇡

2

g20

= 10 . (18)

The simulation of instanton-dyon ensembles [32] were
done for S0 ranging from 5 to 13, and thus defining a
rather large range of dyon densities. Higher-twist instan-
tons Ln for n > 1 or n < 0 are all strongly suppressed
and in practice can be ignored; the instanton-dyon en-
semble calculations performed in Ref. [32] only included
the n = 0 time independent dyon M and the first twisted
dyons L1 because, in this range of temperatures, the
holonomy phase ! changes from a small value to ⇡ at
the confining phase transition, where ! and 2⇡ � ! are
comparable.

In the present calculation, we will keep all of them,
preserving exact periodicity, and write the semiclassical
partition function as

Zinst =
X

n

e
�
✓

4⇡
g20

◆
|2⇡n�!|

(19)

It is periodic in the holonomy, as it should be. Note that,
unlike in Eq. (11), it has a modulus rather than a square
of the corresponding expression in the exponent. This
is due to the fact that the sizes of Ln and their masses
are all defined by the same combination |2⇡n � !|T and
therefore the moment of inertia ⇤ ⇠ 1/|2⇡n� � v|.

B. The Poisson transformation

A key point of this paper is that the existence of the
semiclassical instanton partition function implies the ex-
istence of monopoles moving and rotating in their collec-
tive coordinates. According to the general Poisson rela-
tion, Eq. (6), the Fourier transform of the corresponding
function appearing in the sum in Eq. (19) reads

F

⇣
e
�A|x|

⌘
⌘
Z 1

⌫=�1
dx e

i2⇡⌫�A|x|

=
2A

A2 + (2⇡⌫)2
, (20)

and therefore the monopole partition function is

Zmono ⇠
1X

q=�1
e
iq!�S(q)

, (21)

where

S(q)= log

✓✓
4⇡

g20

◆2

+ q
2

◆

⇡ 2log

✓
4⇡

g20

◆
+ q

2

✓
g
2
0

4⇡

◆2

+ . . . , (22)

where the last equality is for q ⌧ 4⇡/g
2
0 .

V. WHAT HAVE WE LEARNED ABOUT QCD
MONOPOLES?

Before summarizing our answer to this question, let
us first recall the setting and conclusions of the pre-
ceding section. The coupling is presumed small, so
4⇡/g

2
0 � 1 and the semiclassical calculation is well con-

trolled. This implies that the corresponding temperature
is “high enough.” The holonomies !, �, treated as ex-
ternal Aharonov-Bohm phases imposed on the system,
create a certain “Higgsing” of the gluons, with only the
diagonal ones remaining massless. Calorons are split into
the instanton-dyons, and the semiclassical partition func-
tion, appended by all Ln contributions, can be calculated.

What we would actually like to study is QCD with
quarks at temperatures around the deconfinement tran-
sition T ⇠ Tc. Indeed, heavy-ion collisions create mat-
ter with T between roughly 2Tc ⇡ 300 MeV and 0.5Tc.
Most finite-T lattice studies are devoted to this tempera-
ture range as well. While the coupling seems to be small
enough to keep the semiclassical approach reasonable,
S0 = 8⇡

2
/g

2 ⇠ 10, when including the pre-exponent, one
finds that the ensemble is not really dilute, and in order
to perform the integration over the collective variables,
one needs to solve a nontrivial many-body problem of
a dense instanton-dyon plasma. The instanton-dyon en-
semble in this scenario does shift the potential for the
electric holonomy dynamically to its “confining” value,
for T < Tc. Semiclassical ensembles of instanton-dyons
also explain chiral symmetry breaking, and their changes
with flavor-dependent quark periodicity phases. Further
development of the semiclassical theory is, therefore, well
justified.

The main point of this paper, however, is di↵erent:
any semiclassical partition function, once derived, can be
Poisson-rewritten into an identical form, with the sum
over certain physical states. We have shown how one
can do so for pure gauge theory, without scalars, using
a relatively simple, or even schematic, form of its semi-
classical partition function, for which we calculated its
Poisson dual. We further argued that the resulting par-
tition function can be interpreted as being generated by
moving and rotating monopoles.

The results are a bit surprising. First, the action of a
monopole, although still formally large in weak coupling,
is only a logarithm of the semiclassical parameter; these
monopoles are therefore quite light. Second is the issue
of monopole rotation. The very presence of an object

q is angular momentum  
of rotating monopole, 
so it is electric charge
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Summary 
there are two dual formulations  
of the theory of gauge topology 

producing differently looking but identical 
partition function 

(a single building with two facades)

Instanton-dyons :  
semiclassical solitons having  

electric, magnetic and topological charges 
selfdual E=B 

convenient to simulate ensemble 
describe both deconfinement and  

chiral transitions 
including deformed QCD  

(with imaginary chemical potentials)

magnetic monopoles 
Extracted from lattice only 

Magnetic charge only 
Ensemble simulated,  
Confinement = BEC 

Explain QCD flux tubes 
Zero mode also can collectivize 

= chiral breaking


