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From Larry:

BIG FISH, 
BIG FISH, 
BIG FISH!
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From Jean-Paul: Always handsome on any picture!
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From Miklos:

3 chords to play the ukulele (in Wuhan)!
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Quarkyonic?

Since the quarkyonic paper in 2007, many people got  
confused and even angry, as intended by Larry.
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Some may say…
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Some may say…

just a name of what we don’t know…
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Some others may say…

nothing other than nuclear matter…
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Some others may say…

nothing other than quark matter…
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I would say…
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I would say…

these are all correct!
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Chihiro and I defined it as…
Prog.Part.Nucl.Phys. (2013)

a state of matter that satisfies  
      The McLerran-Pisarski Conjecture
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Chihiro and I defined it as…
Prog.Part.Nucl.Phys. (2013)

a state of matter that satisfies  
      The McLerran-Pisarski Conjecture

a system of dense baryons be a dual 
to a system of quarks
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(HBT) radii of the matter produced [22].

The above described structures seem puzzling if the corresponding energies
probed a critical endpoint in the QCD phase diagram [24]. Near a critical
point, lighter particles, such as pions, should be affected more than heavier
particles, such as kaons; HBT radii should also increase. Both of these features
are not easily linked to the trends in the data.

2 Quarkyonic Matter and the QCD phase diagram

In this paper we show that by considering Quarkyonic Matter, which was
recently proposed [25–29], the two regimes observed in the phase diagram
and described above can be understood as arising from a triple point where
Hadronic Matter, the Quark-Gluon Plasma, and Quarkyonic Matter all inter-
sect. This triple point is located where the temperature is reaching its limiting
value and, hence, is naturally also situated in the vicinity of the peaks in the
observed hadron production ratios. A sketch showing a possible phase diagram
for QCD is shown in Fig. 4. This figure will be improved
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Fig. 4. The phase diagram of strongly interacting matter.

There are hadrons in the lower, left-hand corner of this phase diagram, at low
temperatures and µB. There are two, qualitatively distinct, phase boundaries
by which one can leave Hadronic Matter. The first is to move up, increasing
the temperature at low µB until it is above Tc. This is the usual transition
from mesons to a Quark-Gluon Plasma. This phase boundary is probed by
collisions at high SPS energies, and by collisions at RHIC and the LHC.

5

One earliest version made by Rob
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One earliest version made by Rob

Intensive discussions among Larry, Rob, myself 
in the whole afternoon at Larry’s office about…
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(HBT) radii of the matter produced [22].
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probed a critical endpoint in the QCD phase diagram [24]. Near a critical
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One earliest version made by Rob

Intensive discussions among Larry, Rob, myself 
in the whole afternoon at Larry’s office about…

This color
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Published version (polished by BNL art office)

point where three phases of matter coexist, and the underlying contribution
to the spectrum of strange particles below, and argue that generic features of
these curves may be explained in this context.

We further note that in the region near 10 GeV, there is also a minimum
in the thermal freeze-out volume determined from the Hanbury-Brown-Twiss
(HBT) radii of the matter produced [24].

The above described structures seem puzzling if the corresponding energies
probed a critical endpoint in the QCD phase diagram [25]. Near a critical
point, lighter particles, such as pions, should be affected more than heavier
particles, such as kaons; HBT radii should also increase. Both of these features
are not easily linked to the trends in the data

2 Quarkyonic Matter and the QCD Phase Diagram

In this paper we show that by considering Quarkyonic Matter, which was
recently proposed [26–30], the two regimes observed in the phase diagram
and described above can be understood as arising from a triple point where
Hadronic Matter, the Quark-Gluon Plasma, and Quarkyonic Matter all inter-
sect. This triple point is located where the temperature is reaching its limiting
value and, hence, is naturally also situated in the vicinity of the peaks in the
observed hadron production ratios. A sketch showing a possible phase diagram
for QCD is shown in Fig. 5.

Fig. 5. The phase diagram of strongly interacting matter.

6

Blaschke-Braun-Munzinger-  
Cleymans-Fukushima-Oeschler-  
Pisarski-McLerran-Redlich-  
Sasaki-Satz-Stachel (2009)

Many quarkyonic suspects are  
involved in this diagram…
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6

Wisely concluded that “yellow is a stupid color!”

Blaschke-Braun-Munzinger-  
Cleymans-Fukushima-Oeschler-  
Pisarski-McLerran-Redlich-  
Sasaki-Satz-Stachel (2009)

Many quarkyonic suspects are  
involved in this diagram…
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Wisely concluded that “yellow is a stupid color!”

Blaschke-Braun-Munzinger-  
Cleymans-Fukushima-Oeschler-  
Pisarski-McLerran-Redlich-  
Sasaki-Satz-Stachel (2009)

Many quarkyonic suspects are  
involved in this diagram…

Rob was so much proud of the “gradation” that 
summarizes the idea of quarkyonic graphically
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Further elaborated version
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Fukushima-Hatsuda (2010)



November 11, 2019 @ CCNU, Wuhan

Quarkyonic Phase Diagram

22

Ultimately elaborated version Fukushima-Sasaki (2013)

Chemical Potential  μNuclear Superfluid B
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Ultimately elaborated version Fukushima-Sasaki (2013)

Chemical Potential  μNuclear Superfluid B

Quarkyonic gradation adopted from Rob!



November 11, 2019 @ CCNU, Wuhan

Quarkyonic Phase Diagram

24

Ultimately elaborated version Fukushima-Sasaki (2013)

Chemical Potential  μNuclear Superfluid B

Quarkyonic gradation adopted from Rob!

Wrongly assigned a stupid color 
to our world of the hadronic phase…
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Ultimately elaborated version Fukushima-Sasaki (2013)

Chemical Potential  μNuclear Superfluid B

Quarkyonic gradation adopted from Rob!

Wrongly assigned a stupid color 
to our world of the hadronic phase…

Or, correctly describes our world is  
such a stupid one… VERY ZEN!
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Quarkyonic Larry is well defined at large Nc

Color superconductors suppressed by 
1/Nc would trespass a quarkyonic regime 
at finite (real) Nc



November 11, 2019 @ CCNU, Wuhan

Yesterday’s Enemy Today’s Friend

27

Baryons 8+1 (low-lying) Quarks 3color × 3flavor = 9

qqq
q

qq
Condensate

ExcitationFlavor 
Triplet Duality

Diquark condensate makes baryons indistinguishable 
from quarks = Duality!

The Higgs phase and the confinement phase 
can be connected without any phase transition

Quark-Hadron Continuity
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Nuclear matter = Quark + Diquark matter

A model easily built 
… but … 

Difficult to avoid diquark cond.

Who is in trouble if CSC lives close to NM?
Diquarks strike back?
💕 CSC  💓 Quarkyonic 💕 

Bentz, Ishii, Yazaki 
Baym, Kojo, Pawlowski 
etc…
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Nuclear matter = Quark + Diquark matter

A model easily built 
… but … 

Difficult to avoid diquark cond.

Who is in trouble if CSC lives close to NM?
Diquarks strike back?
💕 CSC  💓 Quarkyonic 💕 

Bentz, Ishii, Yazaki 
Baym, Kojo, Pawlowski 
etc…
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Nuclear matter = Quark + Diquark matter

A model easily built 
… but … 

Difficult to avoid diquark cond.

Who is in trouble if CSC lives close to NM?
Diquarks strike back?
💕 CSC  💓 Quarkyonic 💕 

Bentz, Ishii, Yazaki 
Baym, Kojo, Pawlowski 
etc…

So, 
quarkyonic is just 
nuclear matter…

You are too relaxed,  
shame on you!
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Ultimately elaborated version Fukushima-Sasaki (2013)

Chemical Potential  μNuclear Superfluid B
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Diagram evolving into Rob’s (except coloring)
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Neutron superfluid Color superconductor
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FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1.

This paper is organized as follows. In Sec. II we de-
scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-

FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration.
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

for the hadronic and the quark phases, respectively. Here
µe is the chemical potential of the (negatively charged)
electrons. Neutrinos decouple and do not contribute to
the chemical potential balance. For a given baryon num-
ber density, nB, in the hadronic phase, we have two more
conditions for the baryon number density and the electric
charge neutrality, namely,

np + nn = nB , np = ne . (2)

For non-interacting particles the density is related to the
chemical potential through

ni =
(µ2

i �m
2

i )
3/2

3⇡2
, (3)

where i stands for p, n, e in the hadronic phase and for u,
d, e in the quark phase. The equations (1,2,3) can then
be solved for the three variables, µp, µn, µe, as functions
of baryon density nB.

Neutron Matter (in the neutron star)

Fujimoto-Fukushima-Weise (2019)
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Figure 1: The nucleon-nucleon scattering phase shifts as a function of laboratory energy for the channels where
pairing in neutron stars matter appears. The S and P wave scattering is responsible for neutron-neutron and
proton-proton pairing, whereas the 3D2 wave scattering can occur only between neutrons and protons. The P
and F waves are coupled by the non-central tensor component of the nuclear interaction.

neutrons and protons form vastly separate Fermi surfaces. Then, for large differences in the numbers of protons
and neutrons (isospin asymmetry) only same isospin Cooper pairs can arise in the remaining 1S0 partial wave
channel.

At laboratory energies of nn scattering larger that EL = 250 MeV the measured scattering phase-shift in
the 1S0-wave interaction channel becomes negative, i.e., the interaction becomes repulsive, see Fig. 1. However,
already at EL ≃ 160 MeV the 3P2 −3 F2 tensor interaction becomes the most attractive channel for T = 1
(neutron-neutron and proton-proton) pairs. The corresponding density in neutron star matter is obtained
by noting that the center of mass energy of two scattering nucleons is EL/2, which should be of the order
of the Fermi energy of neutrons or protons. (Here we specialize the discussion to the high-density and low-
temperature regime of interest to superfluidity in neutron stars). Neutron Fermi energies become of the order
of εFn ≃ 60 MeV at the nuclear saturation density ns = 0.16 fm−3. Thus, we anticipate that neutron pairing in
the 1S0-wave vanishes at densities slightly above the saturation density and that the core of the star contains
superfluid featuring neutron pairs in the 3P2–3F2 partial wave. The spatial component of the wave-function
of these Cooper pairs is anti-symmetrical whereas the spin (S = 1) and isospin (T = 1) components are
symmetrical. Clearly, the pairing in this so-called triplet spin-1 channel is consistent with the Pauli principle
for two neutrons. Because the proton fraction in a neutron star core is small, about 5-10% of the net number
density, their Fermi energies, and consequently the center of mass scattering energies, remain low. Therefore,
proton pairs arise in the 1S0-wave up to quite high densities. It is conceivable that at densities higher than
a few times the nuclear saturation density higher partial waves can contribute to the pairing in neutron star
matter. For example, if the partial densities of neutrons and protons are forced to be close to each other by
some mechanism, i.e., matter is isospin symmetrical, then neutron-proton pairs can be formed in the most
attractive 3D2 partial wave with a wave function which is symmetrical in space, antisymmetrical in isospace
(T = 0) and symmetrical in spin (S = 1). A mechanism that can enforce equal numbers of neutrons and
protons is meson condensation [10].

The BCS theory was originally formulated in terms of a variational wave function of a coherent state which
minimized the energy of an ensamble of electrons interacting via contact (attractive) interaction [1]. Here we will
outline an alternative formulation based on the method of canonical transformations due to Bogolyubov [11].

3

Haskell-Sedrakian (2017)  
Originally Kyoto group (Tamagaki et al.)

If the density is high, the pair wants to avoid the core 
by forming a P-wave pairing.
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8

N N

FIG. 5. Short-range interaction between neutrons mediated
by quark-gluon exchange.

Two- or three-quark exchange processes are redundant
modulo exchange of the two nucleons. For two interacting
neutrons, assuming hudi pairing in 2SC configurations
(see Sec. III B), one can therefore focus on the exchange
interaction between the two d-quarks and construct the
dd potential as illustrated in Fig. 5: two d quarks cross
their lines in the presence of an exchanged gluon. Direct
gluon exchange without quark exchange is not allowed
because of color selection rules. The one-gluon exchange
(OGE) potential reads [41]:

V
OGE

12
=

 
X

A
T

A
1
T

A
2

!
↵s

4


1

r12
�

2⇡

3m2
q

(s1 ·s2) �
3(r12)

�
,

(39)
omitting the tensor term in this expression. Here r12 de-
notes the distance between quarks 1 and 2. Their spin
operators are denoted by s1 and s2. The color struc-
ture in front of the potential is exactly the same as the
representation in Eq. (38). In close analogy with the nn

interaction, short-range repulsion appears in the dd po-
tential. Therefore pairing in L = 0 is disfavored and
superfluidity appears predominantly in the L = 1 state.

B. Spin-orbit interaction favoring J = 2

The previous discussion has pointed to dd quark pair-
ing in 3

PJ states. While the spin triplet necessarily fol-
lows in L = 1 states from the statistics of the wave func-
tion, the total angular momentum J is still left unspeci-
fied.

In neutron star matter, 3
P2 neutron superfluidity oc-

curs because of the strong spin-orbit interaction between
neutrons. The matrix elements of

L · S =
1

2
[J(J + 1)� L(L+ 1)� S(S + 1)] (40)

are �2,�1 and +1 in 3
P0, 3

P1 and 3
P2 states, respec-

tively. With an extra minus sign in the spin-orbit poten-
tial, there is attraction in 3

P2 and repulsion in 3
PJ=0,1

channels. These features are also reflected in the em-
pirical triplet P -wave phase shifts. The tensor force in

3
P2 is relatively weak: ten times smaller than the one in
the 3

P0 channel. In the absence of the spin-orbit force,
superfluidity would in fact appear in 3

P0.
The neutron-neutron spin-orbit interaction is gener-

ated by Lorentz scalar and vector couplings of the neu-
trons. In chiral theories, such couplings involve two-
and three-pion exchange mechanisms. Phenomenologi-
cal boson exchange models [42, 43] associate these in-
teractions with scalar and vector boson fields, �(x) and
v
µ(x). The vector field includes isoscalar and isovector

terms (sometimes identified with ! and ⇢ mesons, but
ultimately representing multi-pion exchange mechanisms
together with short-distance dynamics). In the neutron-
neutron interaction the isoscalar and isovector terms have
the same weight (the extra factor in the isovector part is
⌧ 1 · ⌧ 2 = 1).
We start from the following boson-nucleon vertex La-

grangians:

LS =� gS  ̄(x) (x)�(x) ,

LV =� gV  ̄(x)�µ (x) v
µ(x)

+
gT

2mN
 ̄(x)�µ⌫ (x) @

⌫
v
µ(x) ,

(41)

where mN is the nucleon mass. Scalar and vector bo-
son masses will be denoted by mS and mV . Next, con-
sider the momentum space matrix elements of nucleon-
nucleon t-channel Born terms generated by these vertices
and identify their spin-orbit pieces. In the NN center-
of-mass frame, introduce initial and final state momenta,
p and p0, and total spin S = s1 + s2. Furthermore,

P =
1

2
(p+ p0) , q = p� p0

. (42)

The spin-orbit interaction matrix element deduced from
interactions in Eq. (41) to (leading) order p2

/m
2

N is:

hp0
|VLS |pi =

�
i

2m2

N


g
2

S

q2 +m
2

S

+
3g2V + 4gV gT
q2 +m

2

V

�
S · (P ⇥ q) . (43)

We note that upon Fourier transformation, Eq. (43) turns
into the r-space spin-orbit potential,

VLS(r) =
1

2m2

Nr

df(r)

dr
L · S ,

f(r) =
g
2

S

4⇡

e
�mSr

r
+

g
2

V

4⇡

✓
3 +

4gT
gV

◆
e
�mV r

r
, (44)

with L = r⇥P . For hL · Si = +1 in the 3
P2 channel, the

spin-orbit potential is attractive since d/dr(e�mr
/r) =

�(1 +mr)e�mr
/r

2
< 0.

Let us make a quick estimate of the magnitude of the
L ·S force at a distance r ⇠ 1 fm between two nucleons.
The isoscalar coupling parameters are, roughly, g2S/4⇡ ⇠

8 together with gV ' gS and gT ' 0. The isovector vec-
tor interaction has g

2

V /4⇡ ' 0.5 and gT /gV ' 6 (with

Quarkyonic pressure dominated by quark exchange int.

leading to ⇠ O(Nc)
<latexit sha1_base64="sCxmfkWlzke77V8VoiWskGMxdww="></latexit>

in both quark / nuclear matter
quarkyonic

The same interaction (repulsive)  
disfavors the S-wave pairing
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Neutron Matter (in the neutron star)

J =2 favored at higher density 
Continuity still possible

2

FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1.

This paper is organized as follows. In Sec. II we de-
scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-

d

nB

n
d d

n
d

u u

nn 3P2 dd 3P2 (+ 2SC)

FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration.
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

for the hadronic and the quark phases, respectively. Here
µe is the chemical potential of the (negatively charged)
electrons. Neutrinos decouple and do not contribute to
the chemical potential balance. For a given baryon num-
ber density, nB, in the hadronic phase, we have two more
conditions for the baryon number density and the electric
charge neutrality, namely,

np + nn = nB , np = ne . (2)

For non-interacting particles the density is related to the
chemical potential through

ni =
(µ2

i �m
2

i )
3/2

3⇡2
, (3)

where i stands for p, n, e in the hadronic phase and for u,
d, e in the quark phase. The equations (1,2,3) can then
be solved for the three variables, µp, µn, µe, as functions
of baryon density nB.

Fujimoto-Fukushima-Weise (2019)
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FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1.

This paper is organized as follows. In Sec. II we de-
scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-
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FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration.
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

for the hadronic and the quark phases, respectively. Here
µe is the chemical potential of the (negatively charged)
electrons. Neutrinos decouple and do not contribute to
the chemical potential balance. For a given baryon num-
ber density, nB, in the hadronic phase, we have two more
conditions for the baryon number density and the electric
charge neutrality, namely,

np + nn = nB , np = ne . (2)

For non-interacting particles the density is related to the
chemical potential through

ni =
(µ2

i �m
2

i )
3/2

3⇡2
, (3)

where i stands for p, n, e in the hadronic phase and for u,
d, e in the quark phase. The equations (1,2,3) can then
be solved for the three variables, µp, µn, µe, as functions
of baryon density nB.

Fujimoto-Fukushima-Weise (2019)

Wolfram is now one of 
quarkyonists… though he 

himself may not be aware of it.
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EoS of Neutron Star Matter
Fujimoto-Fukushima 
-Murase (2019)

Analyzed 14 NS data; 
mass and radius pairs

Machine learning is a  
powerful tool to solve 
the regression problem
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EoS of Neutron Star Matter

Machine learning favors a smooth EoS

Fujimoto-Fukushima 
-Murase (2019)

Analyzed 14 NS data; 
mass and radius pairs

Machine learning is a  
powerful tool to solve 
the regression problem
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EoS of Neutron Star Matter
Fujimoto-Fukushima 
-Murase (2019)

Exceeds the conformal 
limit at high density
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EoS of Neutron Star Matter
Fujimoto-Fukushima 
-Murase (2019)

Exceeds the conformal 
limit at high density

Sound velocity gets  
saturated ?
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FIG. 4. The sound velocity for a 2 flavor equation of state as above with value of v2s vs energy desnity ✏ compared to the result
of Ref. [15] (blue boxes).
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Quarkyonic Model Fit Jeon-McLerran-Sen (2019)

The interpolation procedure  
advocated by Kojo is a procedure  
that can be motivated from the  
Quarkyonic Matter hypothesis.

From the Introduction
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EoS of 
Nuclear Matter

EoS of Quark Matter

Overlapping Region?

Justifying EoS extrapolation from hadronic to quark phases
Vovchenko-Gorenstein-Stoecker (2016)
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In the criminal justice system, the people are represented  
by two separate yet equally important groups: 
 

the police who investigate the crime, and 
the district attorneys who prosecute the offenders. 
These are their stories…
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In the theoretical nuclear physics, the people are represented  
by two separate yet equally important groups: 
 

the quarkyonists who investigate the quarkyonic, and 
the skepticists who accuse the quarkyonists.  
 

Ours stories go on…

QUARKYONIC &QUARKYONIC &
W H A T E L S EW H A T E L S E


