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Above EM emission rate formulae are valid in 
leading order of αem and exact to all orders in strong coupling
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Dilepton rate Electrical conductivity
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Larry: What happened to your beard? 
HTD:  Looking for charm and beauty…

Bielefeld, 2010 Long Island, 2011 Wuhan, 2012
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Quarkonia at T>0
★  The suppression of the charmonium production can be a signature of the 
formation of the Quark Gluon Plasma [Matsui & Satz ’86]

•  Confining term: string tension becomes weaker with increasing T and vanishes at T>Tc

•  Color screening due to the presence of the QGP

V (r)=��eff

r
+⇥ r V (r, T ) = ��eff

r
e�r/�D(T )

E(r) of the ccbar system should have a minimum wrt r if a bound state is possible

x(1 + x) e�x =
2

mc�eff⇥D
x = r/�Dwith

The condition for an extremum of E(r) is
the bound state 
will be “melted” 

No 
solutions

QGP thermometers
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 Langevin Equation

 Fluctuation-dissipation relation 

 Fick’s law of diffusion

3κ: mean squared momentum 
transfer per time

�tN + D �2N = 0

D:   diffusion coefficient

drag
random 
force

dxi

dt
=

pi

M
,

dpi

dt
= � �D pi + ⇥i(t)

⇥D =
⇤

2MT
,

�
⌅i(t)⌅j(t�)

⇥
= ⇤ �ij �(t� t�)

 Einstein relation

D =
T

M �D
=

2T 2

⇥

⇥D =
⇤

2MT
,

�
⌅i(t)⌅j(t�)

⇥
= ⇤ �ij �(t� t�)

A Brownian motion of HQ in the medium
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• pQCD calculations

αs ~ 0.2,  g ~ 1.6

   LO:    2πTD≈ 71.2
   NLO: 2πTD≈ 8.4

Moore & Teaney, PRD71(2005)064904
Caron-Huot & Moore, PRL 100(2008)052301
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★ Compute heavy quark diffusion coefficient on the lattice 

Kubo formula:  heavy quark diffusion 
constant ~ intercept of σ(ω,0)/ω at 
ω=0

ji = ⇥̄�i⇥EM current:

D =
1

6�00
lim
!!0

lim
~p!0

3X

i=1

⇢ii(!, ~p)

!

⇢ii(!, ~p) =

Z
d4x ei!t�i~p·~x

Dh
ji(t, ~x), ji(0,~0)

iE

Heavy Quark Diffusion coefficient
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Prior information of hadron spectral functions (spf)

II: Interacting case:  [Aarts & Martinez-Resco ‘02, Petreczky & Teaney ’06]

free lattice

free cont.

δ(ω) is smeared into a transport peak

D � 1/�

spf in vector channel
should be linear
 in ω at ω~0

• low frequency behavior of spf

I: Non-interacting case: [Karsch et al., 03, Aarts et al., ’05]

•  ωδ(ω) term corresponds to a τ independent constant in the 
    correlator, i.e. zero mode contribution [Umeda, ’07]

• No zero mode contribution in the PS channel
• Zero mode contribution exists in the Vector, Scalar and Axial Vector channels

• Difference seen in free spf obtained on lattice 
and continuum: continuum extrapolation is 
important

⇢(!, T )/!2

δ(ω)

transport peak

⇢(!, T )/!

⇢(!) = Nc

h⇣
a(1)
H

+ a(3)
H

⌘
I1 +

⇣
a(2)
H

� a(3)
H

⌘
I2
i
!�(!)

D =
1

6�00
lim
!!0

lim
~p!0

3X

i=1

⇢ii(!, ~p)

!
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Temporal correlators and spectral functions

14

q(0)

q(0)

�H �†
H

q(x)

q(x)

Spectral representation

G(�, T ) = D+(�i�)

JH(�, ⇥x) = q̄(�, ⇥x)�H q(�, ⇥x)

⇢(!) = 2ImDR(!) = D+(!)�D�(!),

G(⌧, ~p, T ) =

Z
d!

2⇡
⇢(!, ~p, T )K(⌧,!, T ); K(⌧,!, T ) =

cosh(!(⌧ � 1
2T ))

sinh( !
2T )

G(⌧, ~p, T ) =
X

~x

exp(�i~p · ~x)
D
JH(0,~0)J†

H
(⌧, ~x)

E
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quenched Lattice QCD simulations

15

 Fixed aspect ratio: same 
physical volume

 Simulations at 5 different 
lattice spacings a

 Quenched QCD with Wilson 
gauge action, and Wilson-
clover fermions

Continuum 
extrapolations at 5 

different temperatures
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Mass tuning to have physical masses of J/Ψ and ϒ

16

Tuning of hoping parameter kappa is non-trivial

correlation functions at each β with 5-6 values of kappa 
corresponding to mV from ~3 to ~10 GeV

0.124 0.126 0.128 0.130 0.132
2

4

6

8

10

Ÿ

mV [GeV ]

Y

J/Â

T = 0.75Tc

963 ◊ 48
1203 ◊ 60
1443 ◊ 72
1923 ◊ 96

HTD, Kaczmarek, Kruse, Ohno, H. Sandmeyer,  
Lattice 2017, arXiv:1710.08858
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An example: interpolation to the correlator 
at physical J/Ψ mass

17

•Choose 4 kappas having mV closest to mass of J/Ψ 

•Interpolation Ansatz: mqq̄ = mJ/ 
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continuum extrapolation of correlation functions 
A example at 0.75 Tc in the vector channel

18

96
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Continuum extrapolated correlators 
in the pseudo-scalar (PS) channel

19

ηc ηb

No transport contribution is present in the PS channel
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Thermal contribution around the threshold

20

Wightman function C>:

For t>0:

ɸ: real 2->2 scattering of the quark and antiquark off medium particles

Vacuum contribution above the threshold
⇢V (!)

!2

���
vac

=
1

8⇡
Rp

c(!)
Maier and Marquard, NPB859(2012)42
Harlander and Steinhauser, PRD56(1997)3980

Beraudo, J.-P. Blaizot, C. Ratti, NPA806(2008)312, Laine et al., JHEP 03(2007)054, Brambilla et al., PRD78(2008)01407
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Perturbative QCD v.s. continuum extrapolated Lattice data: 
for temporal correlators in the PS channel

21

Y. Burnier, HTD, O. Kaczmarek et al.,  
JHEP 1711 (2017) 206, arXiv:1709.07612
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Pretty good fits with 
the model spf 

: vacuum spf + thermal 
modification close to the 
threshold using pNRQCD

pNRQCD 
large r: a leading order 

complex potential is used 
Small r: V replaced by the 2-

loop vacuum potential
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Corresponding spectral functions (ηc & ηb)

22
Burnier, HTD, Kaczmarek, Kruse, Laine, Ohno, Sandmeyer, JHEP 1711 (2017) 206
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Charmonium and bottomonium correlation functions 
in the vector channel

23

Additional transport peak present in the Vector channel!

J/psi Upsilon

Upsilon is less affected by thermal effects



/30

Charmonium and bottomonium correlation functions 
in the vector channel

23

Additional transport peak present in the Vector channel!

δ(ω)

transport peak

⇢(!, T )/!

Mixing of resonance peak and transport peak make the 
extraction of SPF from correlator very hard!
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Transport contribution to the correlators

24

G(⌧T, ⌘/T )

G(⌧T = 0.5, ⌘/T ) η/T=0.01

η/T=0.05

η/T=0.5

η/T=1

η/T=2

η/T=3

model transport peak:

The contribution from transport peak to the correlator is 
approximately !-independent constant

⌧T
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Transport contribution to the correlators

24

G(⌧T, ⌘/T )

G(⌧T = 0.5, ⌘/T ) η/T=0.01

η/T=0.05

η/T=0.5

η/T=1

η/T=2

η/T=3

At 1.5 Tc, Mc=1.5 GeV 
 Mc/T=3

2πTD≈209

2πTD≈4

2πTD≈42

2πTD≈2

2πTD≈1

2πTD≈0.7

model transport peak:

The contribution from transport peak to the correlator is 
approximately !-independent constant

⌧T
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Fits to the difference of neighboring vector correlators

25

dG(⌧)

d⌧
⇡ G(⌧)�G(⌧ + 1)

Transport contribution is suppressed in 
difference of neighboring corolators:

At T>=1.1Tc : No resonance peaks of J/Ѱ is needed

At T>=1.5Tc: No resonance peaks of ϒ is needed

dash-dotted: 
⇢model
P

⇢pertP

solid:
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Cross check with Maximum Entropy Method

26

Consistent results from Maximum Entropy Method



/3027

0.20 0.25 0.30 0.35 0.40 0.45 0.50

0

1

2

3

4

·T

Gii
trans(·T )/Gii

trans(·T = 0.5) + shift

Charmonium
1.1Tc
1.3Tc
1.5Tc
2.25Tc
2fiTD =1
2fiTD =2
2fiTD =3
2fiTD =4
2fiTD =5
2fiTD =6
2fiTD =7
2fiTD =8
2fiTD =9

0.36 0.38 0.40 0.42 0.44 0.46 0.48 0.50

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

·T

Gii
trans(·T )/Gii

trans(·T = 0.5) + shift

Bottomonium
1.1Tc
1.3Tc
1.5Tc
2.25Tc
2fiTD =1
2fiTD =2
2fiTD =3
2fiTD =4
2fiTD =5
2fiTD =6
2fiTD =7
2fiTD =8
2fiTD =9

Contribution to correlators from transport peak
Gtrans(⌧T ) =G(⌧T )�Gfit(⌧T )
contribution from 
transport peak

original  
correlator

obtained from SPF  
without transport peak: 

Fit to G(!) -G(!+1)

It is expected that Gtrans(!T) is almost ! independent



/3028

Transport contribution to the correlator at the largest distance

Integrand  
kernel

Lorentzian Ansatz 
for trans. peak

Gtrans(⌧T = 0.5) =

Z !cut

0

1

⇡

1

sinh(!/2T )
�q

T

M

!⌘

!2 + ⌘2

 Expand the integrand kernel at !T=1/2 about ω=0

leading term f1 
dominates
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Flavor hierarchy of drag coefficients η 

29
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Result using Gdiffv

Gcharm
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q

Gbottom
trans (⌧T = 0.5)/�bottom

q

Mbottom/Mcharm ≈ 3

Gcharm
trans /�charm

q /T

Gbottom
trans /�bottom

q /T
⇡ Mbottom

Mcharm

tan�1(T/⌘charm)

tan�1(T/⌘bottom)
.
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Summary & Outlook

30

 1st continuum extrapolation of quarkonia correlators are 
obtained in quenched QCD

 pNRQCD v.s. Lattice: No resonance peak is needed for 
ηc J/Ψ at T>Tc while for ηb and ϒ at T≳1.5 Tc

 It is suggested that the drag coefficient of charm quark is 
larger than bottom quark

➡  Further investigations are on the way: quantitative 
estimate of charm and bottom diffusion coefficient
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