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BK EQUATION



DEEP INELASTIC SCATTERING

The electron-proton collisions are considered to happen as:
1. The incoming electron emits a virtual photon.
2. The virtual photon interacts with the target proton
3. The proton breaks apart.   
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HOW DOES A PHOTON INTERACT 
WITH A PROTON?



DIPOLE MODEL

The photon must interact strongly with the target proton, how is that possible?
1. The virtual photon first fluctuates into a quark-antiquark pair
2. Then it exchanges an object with vacuum quantum numbers with the proton
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DIPOLE MODEL

The probability of a photon splitting to a quark-antiquark pair is computed from QFT.
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DIPOLE MODEL

To compute the cross section of the interaction, we are missing the σdipole-proton
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HOW DO WE OBTAIN THE 
DIPOLE-PROTON CROSS SECTION?



BK EQUATION

BK equation describes the dressing of a color-dipole under the evolution towards higher energies.

It has been used to predict structure functions, vector meson production, as well as transverse momentum 
distributions of partons in hadrons.

Add a bit of energy High Nc limit

After some time, the initial 
dipole becomes dressed.
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BK EQUATION

The Balitsky-Kovchegov equation describes the evolution of a color dipole scattering amplitude in rapidity

given by .

Since the process of gluon emission can be computed under different approximations, we have a number of kernels

derived such as
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J. L. Albacete at al, Phys.Rev. D75 (2007) 125021
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equation without neglecting the impact parameter dependence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s
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where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]
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where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥
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Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]

Kcol(r, r1, r2) =
↵s
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2
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KDLA(⇢) =
J1(2

p
↵s⇢2)p
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, (7)

J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln
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. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)
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improved impact parameter dependent BK equation including the discussion of the used coupling, kernels and fitting
a new initial condition. In Sec. IV we discuss the origin of the large impact parameter suppression of the collinearly
improved kernel evolution w.r.t. the running coupling kernel as well as the shape of the solution and in Sec. V we
confront our prediction to data measured at HERA.

II. REVIEW OF THE FORMALISM

A. The Balitsky-Kovchegov equation

The Balitsky-Kovchegov evolution equation [23, 25] has been postulated in the framework of perturbative QCD
and the dipole picture [16–18].

It has been used both for computations in the dipole picture [19, 20, 26] and for computations that take use of
the operator definition of its solution - the scattering amplitude [31]. This solution can then further be used for
the computation of various transverse momentum distributions (TMDs) including the Weizsacker-Williams gluon
distribution that has the interpretation as the number of gluons inside a nucleon [22, 32].

The scattering amplitude N(~r,~b, Y ) is proportional to the cross section of a color dipole-proton interaction and

the variables ~r and ~b have a geometric interpretation of the transverse size of the dipole and its impact parameter as
shown in Fig. 1. Rapidity is given by the relation Y = ln x0

x , where we set x0 = 0.008.

FIG. 1. Geometric interpretation of the scattering amplitude and of the corresponding variables ~r and ~b.

It has been solved with great success with factorized impact parameter dependence [20, 26], which in this approach
does not depend on rapidity and can therefore be omitted in the evolution. Integrating this impact parameter
dependence then gives a constant value, that does not change with rapidity and is usually denoted as �0. This
approximation is written in terms of the scattering amplitude as

Z
d~bN(~r,~b, Y ) ⇡ �0N(~r, Y ). (1)

In this work, we would like to address the solution of the equation without this factorization and allow for a
non-trivial rapidity dependence of the impact parameter profile of the scattering amplitude. The full BK evolution
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Running coupling kernel:

Collinearly improved kernel:
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BK EQUATION

For solving this equation numerically, we choose an initial condition

12

5

In order to get a good data description, the value of the regulating parameter C had to be fir. This a↵ects the
speed of the evolution and e↵ectively changes the slope of the structure function with parton momentum fraction x.
The higher value of this parameter the more suppressed running coupling is and the slope in the F2 is less steep. The
comparison between ↵s used in this work to the one used previously in the impact parameter independent work [34]
is shown in Fig. 2.

FIG. 2. Comparison between the ↵s computed from Eq. 13 and Eq. 10 with C = 2.586 (red) and C = 9 (blue).

III. IMPACT-PARAMETER SOLUTION TO THE BALITSKY-KOVCHEGOV EQUATION

A. Initial condition

We have decided to come up with a new initial condition for this computation. One that would include the impact
parameter dependence, be suppressed in the regions of high values of r and b and respect the geometric nature of the
dipole-proton interaction. Combining the expected behaviors in r (GBW model [40]) and b (exponential suppression
at high-b region [41]) with separating the contribution from the individual quarks we arrived to the expression

N(r, b, Y = 0) = 1� exp
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where bqi are the impact parameters of the quark and antiquark forming the dipole and
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The geometry of this formula is schematically shown in Fig. 3. Just as was done for previous studies [29], we have

firstly focused on finding an initial condition independent of the angle between ~r and ~b. This greatly simplifies both
the computation of the equation as well as fitting the free parameters of the initial condition. That is why we have
fixed this angle in the initial condition to ⇡/2.
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There are two free parameters; saturation scale and variance of the profile distribution .  

where, .
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FIG. 3. Schematic picture of the variables that enter the initial condition 17.

In this initial condition, there are only two free parameters that were fit to describe the data. These parameters
are Q2

s and BG and they are have a clear physical interpretation as the saturation scale and variance of the impact
parameter Gaussian distribution of the target, respectively. Parameter Q2

s was fit to 0.49 GeV2 in order to describe
the F2(x,Q2) data at an initial value of parton momentum fraction x0 = 0.008. Parameter BG was fit to 3.22 GeV�2

in order to describe the di↵ractive vector meson production data of J/ at hW i = 100 GeV. These, along with the
parameter C in the running coupling parametrization, are the only parameters considered free throughout this work.

B. Numerical solution to the equation

The BK evolution equation does not have an analytic solution and therefore has to be solved numerically. For the
numerical computation one has to start with an initial condition pre-computed on a fixed grid. We have chosen a
logarithmic grid of base 10 with 226 points ranging from 10�7 to 102 GeV�1 for both dependencies on r and b.

We have used Runge-Kutta method of fourth order simplified for this particular use (see Appendix for more details)
to evolve this initial condition in rapidity with a step of �Y = 0.01.

We have chosen to perform the integration necessary for each step of the evolution in polar coordinates and the
angle related to the variable ~r1 — denoted as ✓rr1 — was evaluated with 21 steps in the integration. For the numerical
integration, Simpson’s rule was chosen.

Since the transverse dipole vectors are related as

~r = ~r1 + ~r2, (19)

by fixing the values of r and r1 to the pre-defined grid, we usually get of this grid for the values of r2. Whenever this
happens, we use linear interpolation in the log10 space to get the desired value of N(r2, b2, Y ). Similar approach was
used for obtaining the value of the scattering amplitude whenever the value of b1 or b2 gets of the used grid.

The values of b1 and b2 are then computed from the relations

~b1 = ~b+
~r2
2

(20)

and

~b2 = ~b� ~r1
2
. (21)
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• The r behavior mimics that of the GBW model.

• The b behavior exhibits the exponential fall-off 
calculated for the individual quarks. 

K. J. Golec-Biernat and M. Wusthoff, Phys. Rev. D59, 014017 (1998) 
J. Cepila, J. G. Contreras, M. Matas; Phys. Rev. D 99, 051502



IMPACT-PARAMETER DEPENDENCE OF 
THE BK EQUATION



IMPACT-PARAMETER DEPENDENT BK

There are two main options for treating the impact-parameter dependence of the scattering amplitude:

Option a) Factorizing the impact-parameter dependence.

If we factorize the impact-parameter dependence, we can integrate over it and replace it with a multiplicative factor.

This factor then stays the same for all energies and dipole sizes and is usually fit to data.

Figure 1.8: Diagram for the color dipole after the emitted gluon splits into a quark-
antiquark pair in the limit of high number of colors and two daughter dipoles are
formed [33].

of the target proton. This will be the main motivation for studying the BK equation
in this work.

1.3.2 Impact parameter independent BK equation

The BK evolution equation is usually solved in the b-independent scheme [27]. In this
scheme, we assume the impact parameter dependence of the scattering amplitude
to factorize from the transverse size dependence as

N(~r,~b, x) ⇠= T (~b)N(~r, x) (1.14)

The integral over this impact parameter dependence can then be parametrized with
a variable �0. The formula for computation of the dipole cross section integrated
over the impact parameter plane then reduces to

�qq̄(~r, x) =

Z
d~bN(~r,~b, x) = �0N(x,~r). (1.15)

Another frequent approximation is that the size of the target proton is very big.
If we assume a proton with infinite size, no matter, how large impact parameter
we choose, the scattering amplitude will stay the same and will depend only on its
transverse size. This strong approximation however simplifies the situation a lot,
because then we are able to neglect the dependence of the scattering amplitude
on the impact parameter not only in the final integration, but as well in the BK
equation itself. In other words, under the assumption of an infinite proton size the
scattering amplitude reduces to

N(~r,~b, x) ⇠= N(~r, x). (1.16)

19

Figure 1.8: Diagram for the color dipole after the emitted gluon splits into a quark-
antiquark pair in the limit of high number of colors and two daughter dipoles are
formed [33].
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Option b) Solving the equation with the impact-parameter dependence on rapidity.

This adds two additional dimensions to the computation. The usual grid size in these two dimensions is 225x20. 
Which in turn means, that the CPU time gets increased with a factor of 4500.

This is not the only problem. When one tries to run the computation with the usual choice of kernels, one 
encounters the problems of Coulomb tails.

14
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THE PROBLEM OF COULOMB TAILS



THE PROBLEM

16

If we start with an exponentially falling initial condition and the usual running coupling kernel.

Marek Matas, CTU in Prague



THE PROBLEM

Initial condition falls exponentially

Evolution increases the larger 
dipoles into a power-like 

growth.

If we start with an exponentially falling initial condition and the usual running coupling kernel.
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THE PROBLEM

This growth would then violate the Martin-Froisart bound.

It also makes data description impossible. 
(without additional phenomenological factors)

If we start with an exponentially falling initial condition and the usual running coupling kernel.
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HIGH-b SUPPRESSION

The kernel itself does not depend on b.  We can however tame the 
growth in b by suppressing evolution at big sizes of daughter dipoles.

Why?

19
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HIGH-b SUPPRESSION

For high-b, the scattering amplitude is exponentially suppressed at the initial condition.
3

equation without neglecting the impact parameter dependence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2

, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]

Krun(r, r1, r2) =
Nc↵s(r2)

2⇡2

✓
r2

r21r
2
2

+
1

r21

✓
↵s(r21)

↵s(r22)
� 1

◆
+

1

r22

✓
↵s(r22)

↵s(r21)
� 1

◆◆
, (4)

where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥

✓
1

m2
� r21

◆
⇥

✓
1

m2
� r22

◆
. (5)

Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]

Kcol(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2


r2

min(r21, r
2
2)

�±↵sA1

KDLA(
p

Lr1rLr2r), (6)

where

KDLA(⇢) =
J1(2

p
↵s⇢2)p

↵s⇢
, (7)

J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
r2

◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)

~0

𝑟𝑏
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HIGH-b SUPPRESSION
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The sign factor in the exponent ±↵sA1 takes the value of the plus sign when
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For high-b, the scattering amplitude is exponentially suppressed at the initial condition.



HIGH-b SUPPRESSION
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~0

The only amplitudes that could be non-zero are those with small impact parameter.

These have r1,2~2b, which is large.

𝑟𝑏

𝑏%
𝑏$

𝑟$

𝑟%

~0~1~0 ~1

22

Marek Matas, CTU in Prague

For high-b, the scattering amplitude is exponentially suppressed at the initial condition.



HIGH-b SUPPRESSION

3

equation without neglecting the impact parameter dependence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2

, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]

Krun(r, r1, r2) =
Nc↵s(r2)

2⇡2

✓
r2

r21r
2
2

+
1

r21

✓
↵s(r21)

↵s(r22)
� 1

◆
+

1

r22

✓
↵s(r22)

↵s(r21)
� 1

◆◆
, (4)

where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥

✓
1

m2
� r21

◆
⇥

✓
1

m2
� r22

◆
. (5)

Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]

Kcol(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2


r2

min(r21, r
2
2)

�±↵sA1

KDLA(
p

Lr1rLr2r), (6)

where

KDLA(⇢) =
J1(2

p
↵s⇢2)p

↵s⇢
, (7)

J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
r2

◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)

~0

The only amplitudes that can are non-zero are those with small impact parameter.

These have r~2b, which is large.
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Therefore if we suppress kernel at high r1 and r2, we suppress the 
evolution at high-b and maintain the exponential falloff of the scattering 

amplitude.
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For high-b, the scattering amplitude is exponentially suppressed at the initial condition.
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One possible solution to this problem is that we can cut the kernel, so that dipoles, that are 
too big would not contribute to the evolution.
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2.3 Impact parameter dependent BK equation

I have then solved the BK equation without neglecting its impact parameter depen-
dence as described by the Eq. 1.28. I have solved it both with the original kernel as
well as with the kernel, that incorporates the confinement cuts for gluon mass [38]. I
have incorporated the soft contribution to the computation of the structure function
in this case and then compared it to data.

Solving this equation has proven to be extremely demanding on computational re-
sources due to a very large phase space region that needs to be covered in each step
of the evolution. Future incorporation of an angular asymmetry of the proton will
lead to a necessity of parallelising the computation and possibly to shifting to using
GPUs rather then CPUs.

For this approach the BK equation and dipole model, the initial condition of the
form [37]

N(r, b, Y = 0) = 1� exp[�cr2 exp(�db2)] (2.7)

was chosen, where c = 0.0643GeV2 and d = 1/8GeV2.

At first, we tried to use the same setup for this equation that was successful for
solving the running coupling BK equation (that is an approximation of the full BK
equation with impact parameter dependence).

However, if we try to evolve the scattering amplitude, we observe, that the depen-
dence of the scattering amplitude in b stops being exponentially decreasing and the
evolution shifts this decrease to a power law. Therefore, the resulting size of the
proton grows rapidly, as we evolve the scattering amplitude (as shown in Fig. 2.5)
superseding the Martin-Froisart bound emerging from the property of unitarity of
the cross section [33].

This unphysical behavior emerges from the fact, that the BK equation was postu-
lated in perturbative QCD, where a small value of the strong coupling constant ↵s is
assumed. When we however reach the region of large b, the corresponding coupling
constant is too large and we reach a purely non-perturbative region.

In this region, the BK equation looses its meaning and we cannot rely anymore on
its predictions. To fix this problem, one has to impose confinement onto the kernel of
the BK equation. This is usually done with the addition of a cuto↵ in transverse size
to the daughter dipoles that can emerge from the mother dipole [38]. The equation
then becomes

@N(r,~b, Y )

@Y
=

Z
d~r1K

run(r, r1, r2)⇥

✓
1

m2
� r21

◆
⇥

✓
1

m2
� r22

◆

(N(r1, ~b1, Y ) +N(r2, ~b2, Y )�N(r,~b, Y )�N(r1, ~b1, Y )N(r2, ~b2, Y )), (2.8)

where the cuto↵ parameter m was set to be 0.35GeV.

The inclusion of this mass cuto↵ for gluons fixes the large-b behavior of the scattering
amplitude and restricts the size of the proton as can be seen from Fig. 2.6.
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Mass of the emitted gluon is a free parameter, that is fitted to data.
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One possible solution to this problem is that we can cut the kernel, so that dipoles, that are 
too big would not contribute to the evolution.
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By imposing the cutoff of the kernel, 
we maintain the exponential falloff of 

the scattering amplitude.
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However, as was shown in 
[Phys. Rev. D84(2011)094022], we still 

cannot describe the data, since the 
cutoff is too strong and we need to 

impose new phenomenological 
constants to cure this.
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The recently proposed collinearly improved kernel is by its nature suppressed at high r1,2 and 
does not require additional dimensional parameters.

3

equation without neglecting the impact parameter dependence reads

@N(~r,~b, Y )

@Y
=

Z
d~r1K(r, r1, r2)(N(~r1, ~b1, Y ) +N(~r2, ~b2, Y )�N(~r,~b, Y )�N(~r1, ~b1, Y )N(~r2, ~b2, Y )). (2)

In this work, we shall focus on assuming that the scattering amplitude N(~r,~b, Y ) depends solely on the sizes of the

vector ~b (assuming rotational symmetry of the target) and assume that the scattering amplitude is independent of
the spacial orientation of the vector ~r, which is the case if one starts with an initial condition that has no dependence
on the angle between ~r and ~b.

B. Kernels of the Balitsky-Kovchegov equation

The BK equation describes the evolution of the color dipole towards higher values of rapidity by emission of gluons
from the mother color dipole and by consequent splitting of this gluon into an additional quark-antiquark pair. This
is why depending on how we decide to treat this emission, we can choose from a variety of kernels derived for this
equation. These kernels are of di↵erent orders in perturbation theory (LO, NLO), consider running or fixed coupling
constant ↵s or resum some of the collinear divergences in the emission process (collinearly improved).

The ones that are mentioned in this work are the the leading order kernel

KLO(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2

, (3)

where ↵s is fixed at a constant value. Running coupling kernel Krun(r, r1, r2) which can be expressed as [33]

Krun(r, r1, r2) =
Nc↵s(r2)

2⇡2
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r21r
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2

+
1

r21

✓
↵s(r21)

↵s(r22)
� 1

◆
+

1

r22

✓
↵s(r22)

↵s(r21)
� 1

◆◆
, (4)

where Nc is the number of colors and ↵s is the running coupling described in the following section. Running coupling
kernel with cuto↵s that tame Coulomb tails introduced to the scattering amplitude with evolution in the impact
parameter dependent case can then be written as [29]

Krun
bdep(r, r1, r2) = Krun(r, r1, r2)⇥

✓
1

m2
� r21

◆
⇥

✓
1

m2
� r22

◆
. (5)

Inclusion of the running coupling into the LO BK equation managed to add some of the large perturbative corrections
necessary for the correct description of data [20]. However, there are other corrections, that should be included such
as large single or double transverse logarithms. These logarithms arise from collinear radiative corrections in higher
orders of ↵s and they were first included into the equation in [34]. These corrections come at play in the case, when
the size of the dipole is small and the scattering weak and they are included in the collinearly improved kernel that
is written as [35]

Kcol(r, r1, r2) =
↵s

2⇡

r2

r21r
2
2


r2

min(r21, r
2
2)

�±↵sA1

KDLA(
p

Lr1rLr2r), (6)

where

KDLA(⇢) =
J1(2

p
↵s⇢2)p

↵s⇢
, (7)

J1 is the Bessel function (inclusion of the Bessel function into the BK kernel has been previously discussed in [36]),
anomalous dimension A1 = 11/12 and

Lrir = ln

✓
r2i
r2

◆
. (8)

The sign factor in the exponent ±↵sA1 takes the value of the plus sign when

r2 < min(r21.r
2
2) (9)
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The sign factor in the exponent ±↵sA1 takes the value of the plus sign when
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is positive when r is smaller than the daughter dipoles and negative otherwise and

4

and negative sign otherwise. For the running coupling

↵s = ↵s
Nc

⇡
, (10)

the smallest dipole prescription was used throughout the computation according to

↵s = ↵s(rmin), (11)

where

rmin = min(r1, r2, r). (12)

C. Treatment of the coupling constant

There are also various prescriptions one can use for the coupling constant ↵s in the BK equation. For some
approaches, it was fixed at a constant value, for others it can be scale-dependent (the so-called running coupling).
The value of the considered scale is usually associated with the size of the dipole that this coupling refers to (either r,
r1 or r2). The running of a coupling can either consider a fixed amount of flavors that contribute or consider variable
number of flavors nf depending on the value of the scale.

To be consistent with the approach to the BK equation that is followed here, we will use the running coupling
with variable number of flavors nf which is given by Eq. 13. This prescription was compared to other prescriptions
phenomenologically [35]; it has also been chosen as the coupling prescription for the NLO BK [37]. We evaluate this
coupling in the minimal dipole prescription as shown in Eq. 11. The formula then reads

↵s,nf (r
2) =

4⇡

�0,nf ln

✓
4C2

r2⇤2
nf

◆ , (13)

where nf corresponds to the number of flavors that are active, C2 is an infrared regulator that takes into account
the approximations made for the computation of the Fourier transform into the position space and is usually fit to
data [38]. In our case we set it as C = 9. Variable �0,nf is the leading order coe�cient of the QCD beta-series and is
given by relation

�0,nf = 11� 2

3
nf . (14)

Here ⇤2
nf

is called the QCD scale parameter and its value depends on the considered number of active flavors in the
variable nf scheme. When heavier quark flavors are active (charm and beauty quark), its value needs to be calculated
from the relation [20]

⇤nf�1 = (mf )
1�

�0,nf
�0,nf�1 (⇤nf )

�0,nf
�0,nf�1 . (15)

This recursive relation needs to be fixed at one point and for this the usual choice is the value of the running
coupling at the scale of the mass of the Z0 boson. This way, ⇤5 is set with the use of the experimentally measured
value of ↵s(MZ) = 0.1196± 0.0017, where Z0 mass is MZ = 91.18GeV [39].

The number of active flavors nf is set depending on the transverse size of the mother dipole. The condition that
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where with

Running coupling is of the usual scheme for the BK computations as in [ J. L. Albacete at al, Eur.Phys.J. C71 (2011) 1705] 
at the minimal scale given by

28

with C = 9.

E. Iancu at al, Phys. Let. B. (2015) 1507.03651

The factor in square brackets represents the contribution of single collinear logarithms and DLA term resums double 
collinear logarithms to all orders.
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FIG. 3. Absolute value of the ratio Kci/Krc at a fixed dipole size and orientation with respect to

the daughter dipole as a function of the daughter dipole size.
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FIG. 3. Absolute value of the ratio Kci/Krc at a fixed dipole size and orientation with respect to

the daughter dipole as a function of the daughter dipole size.
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This term is present already at the LO
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FIG. 3. Absolute value of the ratio Kci/Krc at a fixed dipole size and orientation with respect to

the daughter dipole as a function of the daughter dipole size.
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whereas the running coupling kernel is then given by the addition of these constituent terms215

as

Krc = K1
rc +K2

rc +K3
rc. (24)

The contribution of the three terms is shown in Fig. 4 at r = 1GeV�1 and ✓rr1 = ⇡/2 for

each of the two kernels. The fact that the three terms are added in Krc, but multiplied

in Kci explains numerically the suppression. Even though, the first term is essentially the

same for both kernels, the additive character of Krc makes it deviate from the collinearly220

improved kernel at large r1 values as shown in Fig. 4. There, we can see that even though

the kernels are comparable in the low-r1 region, at large r1 values, the K2
rc and K3

rc terms

become dominant, whereas in the collinearly improved kernel, the K1
ci term suppresses the

total value.

FIG. 4. The three constituent terms of the BK kernel for the running coupling (left) and collinearly

improved cases (right).

The physics reason of this suppression can be traced back to the fact that large daughter225

dipoles do not follow the time-ordering prescription (that is, they would live longer than

the parent dipole) built in when setting up the resummation that leads to the collinearly

improved kernel [39, 51].

B. Contribution of the kernel terms to the evolution

The suppression for large sizes of the dipole daughter in the kernel is translated as a230

suppression of the amplitude at large b in the evolution. In this region only large r1,2
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FIG. 10. Ratio of the absolute value of the Kci/Krc.
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whereas the running coupling kernel is then given by addition of these constituent terms as

Krc = K1
rc +K2

rc +K3
rc. (31)

The parameter C for the running coupling in this kernel was chosen to be C = 9 just as in the collinearly improved
kernel for the sake of a valid comparison.

There are two main di↵erences responsible for the di↵erent behavior of these two kernels. One is the additive
character of the constituent terms in the rcBK kernel. Even though, the first term is essentially the same for both
kernels, the additive character of the rcBK makes it deviate from the collinearly improved kernel at high r1 values
as shown in Fig. 11. There, we can see, that even though the kernels are comparable in the low-r1 region, at high
values, the K2

rc and K3
rc terms become dominant, whereas in the collinearly improved kernel, the K1

ci suppresses the
total value.

Second di↵erence is illustrated best if we study the influence of adding these three constituent terms one by one to
the kernel. In Fig. 12, we compare the impact parameter profile of the scattering amplitude evolved to Y = 3 with
di↵erent kernel constituents. Here we see, that the impact parameter profile is mostly influenced by inclusion of the
K3

ci term with Bessel functions that is responsible for resuming double collinear logarithms, although the term K2
ci

resumming single collinear logarithms also suppresses the high-b region.
We can link the high-r1 suppression of the collinearly improved kernel to the suppression of the scattering amplitude

at high impact parameter due to the fact that at high-b region, essentially only high-r1,2 region contributes to the
total integral. This is true because big impact parameter means that the probing dipole is far away from the target
proton and is therefore (at the initial condition) exponentially suppressed. Only dipoles with r1 (r2) ⇠ 2b can be
oriented so that their b1 (b2) is small. Only these contribute to the overall integral. Since Kci is suppressed in this
region, the integral will be suppressed as well and scattering amplitude will not grow as fast at high-b (which we can
see in Fig. 12).
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There are two main di↵erences responsible for the di↵erent behavior of these two kernels. One is the additive
character of the constituent terms in the rcBK kernel. Even though, the first term is essentially the same for both
kernels, the additive character of the rcBK makes it deviate from the collinearly improved kernel at high r1 values
as shown in Fig. 11. There, we can see, that even though the kernels are comparable in the low-r1 region, at high
values, the K2

rc and K3
rc terms become dominant, whereas in the collinearly improved kernel, the K1

ci suppresses the
total value.

Second di↵erence is illustrated best if we study the influence of adding these three constituent terms one by one to
the kernel. In Fig. 12, we compare the impact parameter profile of the scattering amplitude evolved to Y = 3 with
di↵erent kernel constituents. Here we see, that the impact parameter profile is mostly influenced by inclusion of the
K3

ci term with Bessel functions that is responsible for resuming double collinear logarithms, although the term K2
ci

resumming single collinear logarithms also suppresses the high-b region.
We can link the high-r1 suppression of the collinearly improved kernel to the suppression of the scattering amplitude

at high impact parameter due to the fact that at high-b region, essentially only high-r1,2 region contributes to the
total integral. This is true because big impact parameter means that the probing dipole is far away from the target
proton and is therefore (at the initial condition) exponentially suppressed. Only dipoles with r1 (r2) ⇠ 2b can be
oriented so that their b1 (b2) is small. Only these contribute to the overall integral. Since Kci is suppressed in this
region, the integral will be suppressed as well and scattering amplitude will not grow as fast at high-b (which we can
see in Fig. 12).

3

FIG. 1. (Color online) Dependence of the dipole scattering
amplitude with respect to the impact parameter at di↵erent
rapidities for a dipole of size r = 1 GeV�1. The dashed-dotted
lines represent solutions obtained with the running-coupling
kernel (Nrc), while solid lines represent solutions with the
collinearly improved kernel (Nci).

at Y=10, which is beyond the reach of foreseeable accel-
erators. The evaluation of ↵s(r) for the running coupling
case is done as in [19]. Figure 1 shows that the Coulomb
tails are strongly suppressed when using the collinearly
improved kernel. A similar pattern is observed for all
dipole sizes. The suppression of the amplitude at large
values of b observed when using the collinearly improved
kernel instead of the running coupling kernel is due to
two reasons: (i) the di↵erent treatment of the r2/r21r

2
2

factor, which in the running coupling kernel appears ac-
companied by other additive terms, and (ii) the new cor-
rections introduced in the collinearly improved kernel.
When comparing the original LO with the collinearly im-
proved kernel, there are three factors contributing to the
suppression: the use of a running coupling constant in-
stead of a fixed ↵s, the contribution of single collinear
logarithms, and the resummation of double collinear log-
arithms. This last term is numerically the most impor-
tant. A detailed discussion of the properties of the so-
lutions found with our approach is outside the scope of
this work and will be presented elsewhere [38].

Applications. As a first use of the solutions to the b-
dependent BK equation we compute the F2(x,Q2) struc-
ture function and compare the result with HERA data.
In the dipole model the structure function is related to
the dipole scattering amplitude by

F2(x,Q
2) =

Q2

4⇡2↵em

X

f

Z
d~r d~b dz

|  f
T,L(z,~r ) |

2 d�qq̄(~r, xf )

d~b
, (6)

FIG. 2. (Color online) Comparison of the structure function
data from HERA [5] with the computation based on solutions
to the collinearly improved b-dependent BK equation.

where ↵em is the electromagnetic coupling constant,
 f

T,L(z,~r ) is the convolution of the wave functions for
a photon to split into a quark-antiquark dipole of flavor
f and for the dipole to return to the photon state —
see e.g. [39] for a detailed discussion —, z is the fraction
of the dipole energy carried by the quark, and the cross
section is related to the dipole scattering amplitude by

d�qq̄(~r, x)

d~b
= 2N(~r,~b, x). (7)

As it is customary, we use xf = x(1 + (4m2
f )/Q

2) with

mf an e↵ective quark mass set to 100 MeV/c2 for light
quarks. The description of data shown below does not
depend strongly on the value ofmf and remains the same
if a value of 10 MeV/c2 is used. Similar observations were
made in [27]. In the future, it would be interesting to
match this prescription with a more formal description
of dressed quarks as e.g. in [40]. Mass of the charm
quark was fixed to 1.3 GeV/c2; these values are the same
as used in [27].
Figure 2 shows the comparison of the computation

with the measured data [5] for several di↵erent values
of Q2 as a function of x. The average percentile dif-
ference between data and theory is 3.7% for data with
Q2 2 [3.5, 35] GeV2. We would like to emphasize that
this level of agreement was obtained without the need to
include ad hoc corrections to the kernel and without the
addition of soft contributions.
As a further application we computed the |t| depen-

dence of cross section for the exclusive photoproduction
of J/ vector mesons o↵ protons at fixed values of W .
The amplitude for this process is given by (see e.g. [39])
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FIG. 3. (Color online) Comparison of the computation for the
|t| dependence of the cross section for the exclusive photopro-
duction of J/ vector mesons o↵ protons with data from the
H1 Collaboration at HERA at hW i = 55GeV [44] and hW i
= 100GeV [45].

A(x,Q2, ~�)T,L = i

Z
d~r

Z 1

0

dz

4⇡
( ⇤ J/ )T,L

Z
d~b e�i(~b�(1�z)~r)·~� d�qq̄

d~b
, (8)

where �t ⌘ ~�2, T and L represent transverse and lon-
gitudinal photons, respectively, and  J/ is the wave
function of the transition from the dipole into a J/ 
vector meson. We use the boosted Gaussian wave func-
tions [41, 42] with parameters as determined in [39].

The |t|-di↵erential cross section is given by the square
of the amplitude divided by 16⇡. The contributions from
the longitudinal and transverse photons are added. As it
is customary (see discussion in Sec. 3 of [39]), we correct
the cross section for two e↵ects: (i) to take into account
the contribution of the real part of the dipole scatter-
ing amplitude that was not considered when deriving the
form of the amplitude in Eq. (8), and (ii) the fact that in
a two-gluon exchange the gluons have di↵erent momen-
tum, which is known as the skewedness correction [43].
The correction has been computed using the derivative of
the amplitude as in [39]. The correction in this context
has to be understood as a phenomenological ingredient
that contributes up to a value of 30 % to the total cross
section.

The comparison of the computation with data from the
H1 Collaboration [44, 45] is shown in Fig. 3. Note that
the data at hW i = 100 GeV were used to set the value of
the parameter B, but the computation for W = 50 GeV
is a prediction. The agreement is at the level of 10%.

As a final application of the dipole scattering ampli-
tude solutions to the b-dependent BK equation with the

FIG. 4. (Color online) The impact-parameter dependent
Weizsäcker-Williams gluon distribution computed from the
solution to the BK equation with the collinearly improved
kernel. The red and green lines represent the integral of this
distribution over the transverse momentum ~kt or over the im-
pact parameter ~b, respectively.

collinearly improved kernel we turn to TMD (transverse
momentum dependent) distributions. The measurement
of these distributions is one of the goals of future facil-
ities which are being currently designed [3, 4]. There
are also recent ideas on how to access this kind of dis-
tributions, and how to apply them to phenomenology,
using LHC data, see e.g. [46–48]. Here, as an example of
the potential of the solutions we found, we compute the
impact-parameter dependent Weizsäcker-Williams gluon
distribution G(1).

This gluon distribution can be interpreted as the num-
ber density of gluons at certain x and with a given trans-
verse momentum, kt, at a distance b from the center of
the proton. Its relation to the dipole scattering ampli-
tude as given in [46] is (see e.g. [49])

↵sxG
(1)(x, kt, b) =

Nc

4⇡4

Z
d~r

r2
e�i~kt·~r

�
1� [1�N(x, r, b)]2

 
. (9)

Figure 4 shows the impact-parameter dependent
Weizsäcker-Williams gluon distribution computed with
the dipole scattering amplitude obtained as a solution
to the b-dependent BK equation with the collinarly im-
proved kernel. The distribution is shown at a rapidity
Y = 2. The figure also shows the integrals of this distri-
bution over ~kt and over ~b. Integrals of this distribution
feature reasonable size in impact parameter and fast-
falling dependence on kt (with an asymptotic behavior
close to a power-like fall o↵ with a power of -2, which
was also reported in [46]), suggesting that these distribu-
tions are ready to be used for phenomenological studies.
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FIG. 3. (Color online) Comparison of the computation for the
|t| dependence of the cross section for the exclusive photopro-
duction of J/ vector mesons o↵ protons with data from the
H1 Collaboration at HERA at hW i = 55GeV [44] and hW i
= 100GeV [45].
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where �t ⌘ ~�2, T and L represent transverse and lon-
gitudinal photons, respectively, and  J/ is the wave
function of the transition from the dipole into a J/ 
vector meson. We use the boosted Gaussian wave func-
tions [41, 42] with parameters as determined in [39].

The |t|-di↵erential cross section is given by the square
of the amplitude divided by 16⇡. The contributions from
the longitudinal and transverse photons are added. As it
is customary (see discussion in Sec. 3 of [39]), we correct
the cross section for two e↵ects: (i) to take into account
the contribution of the real part of the dipole scatter-
ing amplitude that was not considered when deriving the
form of the amplitude in Eq. (8), and (ii) the fact that in
a two-gluon exchange the gluons have di↵erent momen-
tum, which is known as the skewedness correction [43].
The correction has been computed using the derivative of
the amplitude as in [39]. The correction in this context
has to be understood as a phenomenological ingredient
that contributes up to a value of 30 % to the total cross
section.

The comparison of the computation with data from the
H1 Collaboration [44, 45] is shown in Fig. 3. Note that
the data at hW i = 100 GeV were used to set the value of
the parameter B, but the computation for W = 50 GeV
is a prediction. The agreement is at the level of 10%.

As a final application of the dipole scattering ampli-
tude solutions to the b-dependent BK equation with the

FIG. 4. (Color online) The impact-parameter dependent
Weizsäcker-Williams gluon distribution computed from the
solution to the BK equation with the collinearly improved
kernel. The red and green lines represent the integral of this
distribution over the transverse momentum ~kt or over the im-
pact parameter ~b, respectively.

collinearly improved kernel we turn to TMD (transverse
momentum dependent) distributions. The measurement
of these distributions is one of the goals of future facil-
ities which are being currently designed [3, 4]. There
are also recent ideas on how to access this kind of dis-
tributions, and how to apply them to phenomenology,
using LHC data, see e.g. [46–48]. Here, as an example of
the potential of the solutions we found, we compute the
impact-parameter dependent Weizsäcker-Williams gluon
distribution G(1).

This gluon distribution can be interpreted as the num-
ber density of gluons at certain x and with a given trans-
verse momentum, kt, at a distance b from the center of
the proton. Its relation to the dipole scattering ampli-
tude as given in [46] is (see e.g. [49])

↵sxG
(1)(x, kt, b) =

Nc

4⇡4

Z
d~r

r2
e�i~kt·~r

�
1� [1�N(x, r, b)]2

 
. (9)

Figure 4 shows the impact-parameter dependent
Weizsäcker-Williams gluon distribution computed with
the dipole scattering amplitude obtained as a solution
to the b-dependent BK equation with the collinarly im-
proved kernel. The distribution is shown at a rapidity
Y = 2. The figure also shows the integrals of this distri-
bution over ~kt and over ~b. Integrals of this distribution
feature reasonable size in impact parameter and fast-
falling dependence on kt (with an asymptotic behavior
close to a power-like fall o↵ with a power of -2, which
was also reported in [46]), suggesting that these distribu-
tions are ready to be used for phenomenological studies.

14

FIG. 15. The comparison of the prediction of reduced cross section for c-quark to data from HERA.

evolution as well as implement the recently proposed NLO BK evolution.
The dipole scattering amplitudes computed in this work are publicly available in the website
https://hep.fjfi.cvut.cz/.
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where �t ⌘ ~�2, T and L represent transverse and lon-
gitudinal photons, respectively, and  J/ is the wave
function of the transition from the dipole into a J/ 
vector meson. We use the boosted Gaussian wave func-
tions [41, 42] with parameters as determined in [39].

The |t|-di↵erential cross section is given by the square
of the amplitude divided by 16⇡. The contributions from
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tributions, and how to apply them to phenomenology,
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CONCLUSIONS

• The predictive power of the the impact-parameter dependent BK 
equation can be spoiled by the unphysical growth of the so-called 
Coulomb tails.

• These can be suppressed by suppressing the evolution for large 
daughter dipoles r1 and r2.

• The collinearly improved kernel suppresses the Coulomb tails so 
that the b-dependent BK equation describes data over a large 
phase-space and various processes.

• We have currently published a paper with all details
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