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“CFTs are landmarks in the space of theories.”

What about scale without conformal invariance (SFTs)?

Are there RG flows that start/end on SFTs?
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Theorem

Assumptions:

e RG flow with UV and IR fixed points (any dimension!)

e UV theory is conformal

...and invariant under conformal inversions

e Relevant perturbations are invariant under inversions

Then: IR fixed point is a CFT (not SFT)
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|dea of Proot

e Study flow in radial quantization

e Conformal inversion = ‘time’ reversal

e | ocal time reversal invariance

= flow ‘remembers’ time reversal invariance

e |R fixed point Is Iinvariant under inversions

o K, =1"1R,l

= |IR fixed point is conformally invariant
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Radial Quantization

...for non-conformal QFTs [Fubini, Hanson, Jackiw (1973)]
ds? = dr? + r2dQ? (Euclidean)

—~—
SD—l

r=-e’ T = 'time’
Example: 3D ¢*

S = /d3x [%(aqb)? +sm°p° + 22

/N

b = r'/?¢ = dimensionless
= [ar [d0[10:87 + 1(Vab) + 46
41 m eZ’Td)Z 1)\67'654}
Tune m?/X\? = flows to 3D Ising CFT in IR
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W (7)) = path integral over inside of sphere

o
5| V(T)) = —H(T)[W(7))

3D ¢*:

Hr) = [02[30:87 + 3(Vad? + 3G+ me e + DT
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State-Operator Correspondence

Eigenvalues of H(7 — —o0) are dimensions of operators in UV CFT

0)

3D ¢*: T — —oo = free field theory

~ (D
¢(T,€2) = Z Yem({2) {agme_A” + azmeA” Ny =40+ %

L,m

H(T — —00) = ZAeQZmE’em
£,m

G, my, Ly my) — (8%¢) - (8% 9)
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INnversions
1

r — P & T — —T ‘time’ reversall

Time reversal in QM:
T *
W(g) — V(q)

Q) = a¥(q)  P(q) = —i2

94

V(q)
- Qz — Qa 'D; — _Pa

2 2
Qw = —/[P— + \/(Q)] v = 3\IJ* = +/[P— -+ \/(Q)] v

Ot 2m Ot 2m

General condition for T Invariance:

H(P.Q) = H(P, Q)"
= H(-P.Q)




| In Radial Quantization
3D ¢*:
H(T) = /dQ 3(0,0)2 + 3(Vad) + 3 (§ + me? )@ + 1 NeTd’|

Define | in UV theory (T — —o0):  W[@] —— W[¢]*



| iIn Radial Quantization
3D ¢*:
H() = [d9 [0 + H(Vad)? + 33 + mAe) + DT
Define | in UV theory (T — —o0):  W[¢] —s W[¢]*
H(T)* = H(T) VYT



| iIn Radial Quantization
3D ¢*:
H() = [d9 [0 + H(Vad)? + 33 + mAe) + DT
Define | in UV theory (T — —o0):  W[¢] —s W[¢]*
H(T)* = H(T) VYT

Physical meaning:

e | Is broken only by explicit 7 dependence



| iIn Radial Quantization
3D ¢*:
H() = [d9 [0 + H(Vad)? + 33 + mAe) + DT
Define | in UV theory (T — —o0):  W[¢] —s W[¢]*
H(T)* = H(T) VYT

Physical meaning:

e | Is broken only by explicit 7 dependence

e Microscopic time reversal invariance all along flow

dr > 0
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| In Radial Quantization

Formally: time evolution is a similarity transformation

O(1) = S(7)*O(1 = —0)S(1)

S(1) = Texp{ - / OO dT’/‘/(T’)}

H(71)* = H(7T) = observables transform correctly under d7 — —dT

1O(T)l = S(7) [|(9(T o —oo)q S(7)
N——
— O(7)’
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IR Limit

Described by scale invariant effective Hamiltonian

Hr= lim lim [H(T)],

Amax_>oo T—00 maxX

H(T)IA(T)) = A(T)[A(T))

(H(T)] . = truncation to eigenspace with A(T) < Amax

maXx

A(T) 1

—

» T

5 //



IR Limit

(O(x1)O(x2)) in radial quantization:

Dominated by A(1) ~ 1 Sensitive to A(T) > 1
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IR Conformal Invariance

Symmetries of H|r:

e Scale invariance (by assumption)

H\r 1s Independent of T

e [nversion invariance

e K, =1"1P,l

= conformal Iinvariance

QED
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Counterexamples?

Indirect construction:

QED3
(SFT)
My > g°
my = 0 free Maxwell
(SFT)
My — 0
CFTs

Flow is weakly coupled in 1/N¢ expansion
|[Appelquist, Nash, Wijewardhana (1988)...]
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Dangerously Irrelevant

e QCD: ALqcp = ZGAlszAwR\Z
A

/> X Zogr forbids quark mass

Breaks continuous chiral symmetries = all pions massive

e 3D counterexample:

QED3
(SFT)

My, > M
v * free Maxwell

(SFT)
mw = M
I

My, < My
. free vector

CFT, | R
’ (CFT)
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- 3DQED

1 o P
przN/d?’k ~ Ap” §
() i,.j (K + my) (K +p+ my) " 1
— ‘Pl < My,
:>\ \mw

my, = 0: flows to Gaussian CFT

1 . f,,:>\1/2F,,:primary
1P = /d3X [AFuuﬁFﬁw + i . g

Af =2
my, # 0: flows to free Maxwell
3 A 2
Fipr= [d°x—F], = m,=0...
My



1/N¢ Corrections

an(p) = {(§ v

>\2 ,D2

~ X — |p| < my,
2

N¢ my,

A .
my <K N = 1/N¢ expansion breaks down

Suggests m A
* ~Nn —m—
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5D SU(2)
Nf =0
(SFT)
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Radial Quantization = Wilson RG

AV,

IR

e T — oo = Spectrum of H(7) = UV/IR fixed point
(even for SFT...)

e Mathematically precise formulation of Wilson RG

e Can be put on a computer
e.g. Lattice on SP71 x R

[Brower, Berger, Fleming, Gasbarro, Owen (2022)]



Conclusions

The landscape of QFTs can contain SFTs,
but only on the peaks?
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