
A fragmentation-based study 
of heavy quark production 

Marco Zaro

In collaboration with Giovanni Ridolfi and Maria Ubiali

(to appear)

 1



Marco Zaro, 17-10-2019

On the simulation of processes with  
final-state g→bb ̄splittings

• Processes relevant for Higgs physics receive large 
contributions from topologies with final-state 
g→bb ̄splittings

• ttb̄b ̄is one example: FS splittings dominant in 
most PS 
Jezo et al, arXiv:1802.00426

• Another example is ggH+bb,̄ which dominates 
Hbb ̄producion  
Maltoni, Deutschmann, Wiesemann, MZ, arXiv:1808.01660

• Is it appropriate to simulate these splittings at 
the matrix-element level?
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Figure 6. Breakdown of the pp ! tt̄bb̄ cross section into contributions from topologies with IS and
FS splittings at fixed-order LO in the 4F scheme: distributions in the pT of the leading b-jet with
ttb (a) and ttbb (b) cuts, and distributions in the invariant mass (c) and �R separation (d) of the
two leading b-jets with ttbb cuts. The complete gg/qq̄ ! tt̄bb̄ matrix-element prediction (solid red)
is split according to (2.2) into contributions from topologies of IS (solid blue) and FS (solid green)
type and their interference (solid purple). This is compared to the gauge-invariant breakdown (2.4)
into IS (dashed blue) and FS (dashed green) parts based on the collinear limits of the tt̄bb̄ matrix
element. Note that the qq̄ channel consists solely of FS g ! bb̄ contributions.

The above considerations apply also for the m
bb̄

and �R
bb̄

distribution in Fig. 6c and

d. In particular, we observe that topologies with FS g ! bb̄ splittings are very close to the

full matrix element in the whole m
bb̄

spectrum as well as for �R
bb̄
< 2 . At the same time,

for 50GeV < m
bb̄

< 200GeV and 1 < �R
bb̄

< 2.5, i.e. in the range of interest for tt̄H(bb̄)

analyses, we observe that IS splitting contributions and negative interference e↵ects grow

fast and tend to become very sizable. Thus a naive separation into contributions from

IS and FS splittings is not applicable at large m
bb̄

and �R
bb̄
. On the other hand, in the

region of moderate invariant mass and �R separation, which contains the bulk of the tt̄bb̄

cross section, interference e↵ects are rather small, and bb̄ pairs turn out to originate almost
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Figure 5. Generic leading-order gg ! tt̄bb̄ topologies. The first line shows the most general form
of topologies with IS (a) and FS (b) g ! bb̄ splittings. The second line shows the generic form of
those topologies with IS (c) and FS (d) splittings that turn out to dominate gg ! tt̄bb̄. The labels
ij = 56, 65 stand for the bb̄ system, while ↵ = 1, 2 indicates the initial-state gluon that generates
the radiation.

be studied with great care also in the context of NLOPS simulations of tt̄bb̄ production

(see Section 3.1).

2.3 tt̄bb̄ production in the four-flavour scheme

In order to minimise the dependence on parton-shower modelling and to maximise the use

of higher-order matrix elements, in the following we will adopt a description of tt̄ + b-jet

production based on ttbb matrix elements in the 4F scheme. In this scheme, b-quarks are

treated as massive partons, and g ! bb̄ splittings are free from collinear singularities. Thus

tt̄bb̄ matrix elements can be used in the entire phase space. Generic tt̄bb̄ topologies where

b-quarks emerge from IS and FS splitting processes are illustrated in Fig. 5. In the case of

FS g ! bb̄ splittings, tt̄bb̄ matrix elements with mb > 0 can be extended to the collinear

regime, where the bb̄ pair becomes unresolved within a single b-jet. Similarly, 4F tt̄bb̄matrix

elements describe also collinear IS g ! bb̄ splittings, where the spectator b-quark is emitted

in the beam direction and remains unresolved, while the bg ! tt̄b sub-process with a single

b-jet corresponds to the description of tt̄+ b-jet production at LO in the 5F scheme. Thus,

tt̄bb̄ matrix elements provide a fully inclusive description of tt̄+ b-jet production, and NLO

predictions in the 4F scheme yield NLO accuracy both for observables with two b-jets and

for more inclusive observables with a single resolved b-jet.

The inclusion of mb e↵ects in g ! bb̄ splittings represents a clear advantage of the

4F scheme with respect to the 5F scheme. However, the 4F scheme has the disadvantage

that potentially large ↵S ln(mb/Q) terms that arise from IS g ! bb̄ splittings are not
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be studied with great care also in the context of NLOPS simulations of tt̄bb̄ production

(see Section 3.1).

2.3 tt̄bb̄ production in the four-flavour scheme

In order to minimise the dependence on parton-shower modelling and to maximise the use

of higher-order matrix elements, in the following we will adopt a description of tt̄ + b-jet

production based on ttbb matrix elements in the 4F scheme. In this scheme, b-quarks are

treated as massive partons, and g ! bb̄ splittings are free from collinear singularities. Thus

tt̄bb̄ matrix elements can be used in the entire phase space. Generic tt̄bb̄ topologies where

b-quarks emerge from IS and FS splitting processes are illustrated in Fig. 5. In the case of

FS g ! bb̄ splittings, tt̄bb̄ matrix elements with mb > 0 can be extended to the collinear

regime, where the bb̄ pair becomes unresolved within a single b-jet. Similarly, 4F tt̄bb̄matrix

elements describe also collinear IS g ! bb̄ splittings, where the spectator b-quark is emitted

in the beam direction and remains unresolved, while the bg ! tt̄b sub-process with a single

b-jet corresponds to the description of tt̄+ b-jet production at LO in the 5F scheme. Thus,

tt̄bb̄ matrix elements provide a fully inclusive description of tt̄+ b-jet production, and NLO

predictions in the 4F scheme yield NLO accuracy both for observables with two b-jets and

for more inclusive observables with a single resolved b-jet.

The inclusion of mb e↵ects in g ! bb̄ splittings represents a clear advantage of the

4F scheme with respect to the 5F scheme. However, the 4F scheme has the disadvantage

that potentially large ↵S ln(mb/Q) terms that arise from IS g ! bb̄ splittings are not
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Figure 5. Distributions in the transverse momentum of the Higgs boson (5a) and of the hardest b jet
(5b). See the text for details.

(a) (b)

Figure 6. Same as in figure 5, for the invariant mass of the two b jets (6a) and their distance in the
⌘–� plane (6b).
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A close look on a g→bb ̄splitting
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QCD evolution

• Extra radiation off parent gluon missing if b quarks generated at ME level, even 
at NLO+PS  
→How important is it?
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A close look on a g→bb ̄splitting
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QCD evolution

• Extra radiation off parent gluon missing if b quarks generated at ME level, even 
at NLO+PS  
→How important is it?

• Importance can be assessed using fragmentation functions
• FFs include collinear emissions at all orders and resum log(μF/m)
• Use FFs at different logarithmic accuracy and their truncation at different orders of αs.  

Truncated results ⟺ fixed-order computations

• Evolution up to NNLL provided by MELA  
Bertone et al, arXiv:1501.00494
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Energy fraction of the b quark • LO shape does not change with scale
✦ Not reliable prediction

• Resummed predictions very close to 
each other
✦ Correct shower description (LL) for 

gluon fragmentation
• NLO prediction harder than resummed 

ones (+70% for μ=100GeV)
• NNLO has decent agreement with 

resummed predictions 
✦ Justifies ttb̄b+̄jet @NLO as reference 

for ttb̄b ̄
• Dominant effect from radiation off the 

parent gluon
✦ Not included when b quarks are 

generated at the ME level
✦ Large effect on exclusive observables
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Figure 4: Same as Fig. 3, for the gluon fragmentation function.
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Effects from radiation 
off the parent gluon in g→bb ̄

 5

where Dp(µ0 = m) vanishes, and displaying larger uncertainties for higher perturbative

orders. The same behaviour, albeit with reduced µ0 dependence, can be witnessed for the

resummed predictions. All in all, the µ0 dependence cannot be advocated to explain the

large di↵erences between fixed-order and resummed predictions discussed earlier in this

section.

5 On the simulation of processes with b quarks originated by timelike

splittings

⇠ Pgg

⇠ Pqq

Figure 6: The g ! bb̄ splitting, dressed with extra gluon radiation. In the collinear limit,

radiation o↵ the parent gluon (red) corresponds to factors of Pgg, while radiation o↵ the

quarks (blue) to factors Pqq.

The results presented in the previous section, in particular those regarding the gluon-

initiated FF, can provide instructive informations on how to best simulate processes with

b quarks in the final state which are dominantly originated by g ! bb̄ splittings. As

mentioned in the introduction, examples of this class of processes are bb̄W , yt-induced

bb̄H, tt̄bb̄ and multi-b production. One can schematically represent the g ! bb̄ splitting,

including extra gluon emissions, as shown in Fig. 6. In that figure, radiation o↵ the parent

gluon is shown in red, while radiation o↵ the originating bottom quark is shown in blue.

We can ask ourselves whether is the former or the latter which has the dominant e↵ect.

At least two arguments can be used to show that the dominant e↵ects originate from the

radiation o↵ the gluon. The first argument is related to color factors: in the collinear

limit, each splitting from the parent gluon corresponds to a factor Pgg, proportional to CA.

Conversely, radiation o↵ the quark corresponds to Pqq, proportional to CF ; since CA ' 2CF ,

one expects the former e↵ect to dominate over the latter. The second argument is that, as

shown in Fig. 3, higher e↵ects distort the LO gluon-initiated FF towards small x, and Pgg is

the only splitting function which is singular in that regime. We support these arguments by

explicitly showing, in Fig. 7, the NLO and LL predictions for Dg(x) when setting Pgg = 0,

and comparing them with the full predictions (note that at NLO –second, third and fourth

line of Eq. (A.4)– the logarithmically-dominant term has either a single emission from the

parent gluon, or one from the bottom quark) 7. We choose µ = 100 GeV, µ0 = 4.7 GeV

as a representative example. From that figure, we can clearly appreciate the importance

7MZ: Problems with gauge invariance? put a comment. . .
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of the emissions from the parent gluon, particularly in the case of the NLO prediction. In

that case, the single emission from the quark only mildly a↵ects the symmetry of the FF.

Also in the LL-resummed case, the prediction with Pgg = 0 is much closer to the LO than

to the complete LL prediction.
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Figure 7: The Dg fragmentation function at LO (black), LL (orange) and NLO (green),

for µ = 100 GeV, µ0 = 4.7 GeV. Solid curves represent the complete expressions; dashed

curves are obtained by setting Pgg = 0.

These findings have quite important consequences, in particular when predictions

matched to parton shower are considered. Since a parton shower radiates from exter-

nal partons, if b quarks appear in the hard-scattering process, only the radiation o↵ them

(blue in Fig. 6) will be generated, while the radiation o↵ the parent gluon will be included

only at a given order in perturbation theory, NLO at the best (the results in Ref. [57] are

an exception to this, as they may be considered partly NNLO). This is clearly not optimal.

Given that the resummed predictions show in general a better behaviour with respect to

the truncated ones, even predictions as crude as the LL ones, it may be more appropriate

not to generate b quarks at the hard-scattering level, at least not in regimes dominated by

this splitting mechanism, rather to let the shower evolve light partons, generating both the

kinds of radiation shown in Fig. 6 8. Of course, some caveats need to be considered. The

main assumption we made is that fixed-order computations with a timelike g ! bb̄ splitting

follow the pattern of the FF at the corresponding order. This is certainly reasonable to

assume, at least in those kinematic regions where the g ! bb̄ splitting topology dominates.

One should however consider other e↵ects: for example, mass e↵ects typically alter the

endpoint (x ! 1 and x ! 0) behaviour of the FF, although not in a dramatic manner.

Second, within a FF-based approach, we can obtain observables related to bare b-quarks,

which are in practice of little use. When b jets are considered, it may well be that e.g.

8 The assumption that the shower is equivalent to our LL description holds up to small-x e↵ects.

However, the largest di↵erences between NLO and LL are at medium/large x.
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Important effects from Pgg terms
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9Note that the products in Eq. (2.30) are products of 2⇥ 2 matrices.
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we obtain the following truncated solutions9
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9Note that the products in Eq. (2.30) are products of 2⇥ 2 matrices.
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Effects on inclusive observables

• Inclusive observables (e.g. heavy quark multiplicity) display much smaller 
effects due to higher-orders and resummation
✦ (Coherence effects need to be included in order to get the correct multiplicity)

• Open questions:
✦ Shall we worry about the details of b-quark kinematics? 
✦ Can this mis-modelling have effects on relevant observables?
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Figure 4: Same as Fig. 3, for the gluon fragmentation function.
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Conclusions 

• FF-based studies highlight possible pathologies in the simulation of final-
state g→bb ̄splittings at the ME-level, for exclusive observables
✦ This holds regardless of mb=0 or mb≠0 in the ME simulation

• Radiation off parent gluon plays an important role and should be included
✦ Either go to NNLO (~ttb̄b ̄+ jet @ NLO in the case of ttb̄b)̄ or use PS to 

evolve gluon
✦ Methods exist to merge 5FS and 4FS simulations even at fully-differential level  

Hoeche et al, arXiv:1904.09382

• How does this translate for more inclusive observables? Do we expect 
problems there?
✦ Effects seem to be much milder for heavy quark multiplicities
✦ Need to understand importance of effects for physical quantities, realistic 

observables (b-jet), and beyond collinear kinematics (recoil, etc…)
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