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Evolution of nuclear shapes
Shape transitions of the ground states can occur with the variation of nucleon numbers. 
Changes in the properties of the ground state or the coexistence of shapes are imprinted in various 
observables: 

✤ two-neutron separation energies,  
✤ large differences in the position of the first excited states, or low-lying  state of a different 

configuration close to the ground state
✤ R4/2 =E( )/E( ),  
✤ B(E2:4+ → 2+) values,  strengths 
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Shape coexistence in Hg isotopes
Low-lying level spectra of Hg isotopes around mid-shell Ν = 104

182,184,186Hg among the best-known examples of shape coexistence in 
nuclei  

T. Kibedi et al. 
Prog. Part. n Nucl. Phys. 123 (2022) 103930

✤ The ground state band is of weakly oblate config. and the second band is of well 
deformed prolate structure.

✤ The energy pattern between the states of the deformed bands signify an 
important configuration mixing as seen by the strong E0 transition of 2+ states.
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Shape coexistence in Hg isotopes
Systematics of low-lying excited states in the even-mass Hg isotopes. 

J. Elseviers et al. 
Phys. Rev. C 84, 034307 2011

Midshell
N=104

✤ Blue dots-oblate 
g.s.

✤ Red open dots - 
prolate intruder

✤ c o n fi g u r a t i o n 
mixing of low spin 
states

✤ Parabolic shape, 
intrusion of the 
p r o l a t e b a n d - 
shape coexistence

Ideal for testing Mean-Field models of EDFs away from stability 
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✤ It reduces the number of “unknowns” to just the Dirac density and the pairing 
tensor. Once the U and V Bogoliubov wfs are found (by solving the RHB 
equation), one can in principle calculate any observable.

✤ In the particle hole channel: the parametrizations DD-PC1 T.Niksic et. al.[PRC 
78, 034318 (2008) (adjusted to exp. masses of 64 axially deformed nuclei in the 
mass regions A ≈ 150–180 and A ≈ 230–250), and the DD-ME2 G.A. Lalazisiss et. 
al. [PRC 71, 024312 (2005)]  are used.

✤ In the particle-particle channel: the finite range separable pairing interaction of 
Tian, Ma and Ring [Phys. Lett. B 676, 44 (2009)] is used.

Relativistic Hartree-Bogoliubov Theory   
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Unified treatment of the nuclear MF (particle-hole (ph)) and pairing (particle-particle 
(pp)) correlations. Crucial for an accurate description of ground states and properties of 
excited states in weakly bound nuclei.
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First RHB results with NL models

T. NIKSIC, D. VRETENAR, P. RING, AND G. A. LALAZISSIS   
PHYSICAL REVIEW C 65 054320 (2002)

✤ Constrained in β RHB calculations with 
NL3 showed a dominant prolate g.s. at 
β~0.3 instead of a weakly oblate one at 

 180−186Hg

✤ The smaller spherical gap was recognised 
as one of the main factors, since it affects 
the p-h excitations related to SC

✤ NL-SC was specifically constructed for 
the Hg-Pb region and corrected that 
result
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Constrained β-γ RHB results DDPC1 - PESs
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✤ In many applications e.g. rotating nuclei, fission barriers, shape transitions, proper 
quantitative description shown to be sensitive to pairing. Readjustment of strength is 
introduced through a scaling factor f.

✤ Specific functional dependence on the neutron/proton number of f was suggested, based 
on a global analysis of pair. gap with NL5 Teeti & Afanasjev [PRC 103, 034310 (2021)]

✤ Here, the 3 point indicator is used to adjust f in p/n channels for each Hg isotope, at the 
SCMF g.s.

✤ Practically an increase of ~10-20% in pairing strength depending on the isotope.

Adjusting pairing

YUAN TIAN, ZHONG-YU MA, AND PETER RING PHYSICAL REVIEW C 79, 064301 (2009)

elements, in particular in relativistic applications where the
Dirac sea must be treated properly [16]. A separable force
is also of considerable advantage in all cases where the RPA
problem cannot be solved by diagonalization, as, for instance,
for energy dependent self energies in the treatment of complex
configurations by particle-vibrational coupling [34]. In this
case one must work at fixed energy and solve the linear
response equations at fixed energy [35]. It is well known [36]
that the dimension of the coupled linear response equations
scales with the number of separable terms and not with
the number of two-quasiparticle configurations. Therefore a
separable force provides essential advantages in all these
cases.

So far, the separable pairing force has been used only in
static applications [8] and in this case was very successful.
It is not clear from the beginning, whether one can also
reproduce the dynamic properties of full Gogny pairing in
such a simple way, because, in fact, as shown in Fig. 6 of
Ref. [8] both forces are not fully identical. In particular there is
the problem of Goldstone modes connected with translational
symmetry. It is well known that these modes depend in a
very delicate way on the properties of the residual interaction.
These modes decouple fully from the rest of the spectrum
only in the case of full self-consistency. This is particular
important for isoscalar dipole excitations, where the large
strength of the spurious translational mode can contaminate the
low-lying E1-spectrum considerably. Translational invariance
is one of the essential advantages of the new pairing force as
compared to older separable pairing forces such as monopole,
quadrupole, or other multipole pairing forces. However, the
new force is presented as a sum over separable terms and
translational invariance is strictly fulfilled only for an infinite
number of separable terms. As it has been shown in Ref. [8], in
static applications this series converges quickly and one needs
only eight separable terms to get convergence. It is not clear
whether this number is large enough for a proper treatment of
the Goldstone modes.

This article is devoted to an investigation of all these
open questions. The new separable pairing interaction is
implemented in the relativistic QRPA program and details for
the calculation of the new pp-matrix elements are presented.
To test the numerical implementation of the RQRPA equation
with the separable pairing interaction we study the Goldstone
modes and the consistency of the method. In addition we
investigate the question of whether the dynamic properties
of pairing correlations in vibrational excitations can be
reproduced with the new pairing force. It is known that the first
2+ excited states in semimagic nuclei are very sensitive to the
pairing gap. Therefore, we investigate the isoscalar quadrupole
excitations in Sn isotopes and in N = 82 isotones in the
RHB + RQRPA approach with the new pairing force and
compare the first 2+ states with those obtained with the full
Gogny pairing force. Furthermore we calculate 3! excitations
in Sn isotopes and investigate the sensitivity of the isoscalar
octupole states to the pairing properties.

This article is arranged as follows. The theoretical for-
malism of RHB + RQRPA with the separable form of the
pairing interaction is presented in Sec. II. The consistency
of the method as well as the Goldstone spurious modes are

investigated in Sec. III. The isoscalar quadrupole states in
Sn isotopes and in N = 82 as well as the isoscalar octupole
states in Sn isotopes are calculated with the RHB + RQRPA
approach and are discussed in Sec. IV. Finally we give a brief
summary in Sec. V.

II. THEORETICAL FORMALISM

We start with the 1S0 channel gap equation in symmetric
nuclear matter at various densities,

!(k) = !
! "

0

k#2dk#

2"2
$k|V 1S0

sep |k#% !(k#)
2E(k#)

, (1)

where

$k|V 1S0
sep |k#% = !Gp(k)p(k#) (2)

is the separable form of the pairing force introduced in Ref. [8]
with a Gaussian ansatz p(k) = e!a2k2

. A The two parameters
G and a are fitted to the density dependence of the gap at the
Fermi surface !(kF ) in nuclear matter. By comparison with
the Gogny D1S force [7], we obtain the parameter set of G =
728 MeV · fm3 and a = 0.644 fm.

The RQRPA is constructed in the canonical single-nucleon
basis, where the wave functions of the RHB model have BCS
form (for details see Ref. [17]). In these calculations the same
interactions are used in the RHB calculation for the nuclear
ground state and in the RQRPA equations for the excited
states, as well in the particle-hole (ph) as in the pp channel.
Because the interaction in the ph channel is identical to earlier
calculations [17], we discuss here only the derivation of the
matrix elements of the separable interaction of Eq. (2) used in
the pp channel of the RQRPA equation in finite nuclei. First, we
transform the separable force Eq. (2) from momentum space
to coordinate space and obtain

V (r1, r2, r#
1, r#

2) = !G #(R ! R#) P (r)P (r #) 1
2 (1 ! P $ ), (3)

where R = 1
2 (r1 + r2) and r = r1 ! r2 are the center of mass

and relative coordinates respectively, and P (r) is obtained
from the Fourier transform of p(k),

P (r) = 1
(4"a2)3/2

e! r2

4a2 . (4)

The term #(R ! R#) in Eq. (3) insures the translational
invariance. It also shows that this force is not completely
separable in coordinate space. However, in the basis of
harmonic oscillator functions the matrix elements of this force
can be represented by a sum of separable terms that converges
quickly (for details see Ref. [8]).

In the pairing channel we need the two-particle wave
functions coupled to angular momentum J and the projector
1
2 (1 ! P $ ) restricts us to the quantum numbers of total spin
S = 0 and total orbital angular momentum % = J . These wave
functions are usually expressed in terms of the laboratory
coordinates r1 and r2 of the two particles, while the separable
pairing interaction in Eq. (3) is expressed in the center of
mass coordinate R and the relative coordinate r of the pair.
Therefore we transform to the center of mass frame by using
the well-known Talmi-Moshinsky brackets [12–14] in the
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elements, in particular in relativistic applications where the
Dirac sea must be treated properly [16]. A separable force
is also of considerable advantage in all cases where the RPA
problem cannot be solved by diagonalization, as, for instance,
for energy dependent self energies in the treatment of complex
configurations by particle-vibrational coupling [34]. In this
case one must work at fixed energy and solve the linear
response equations at fixed energy [35]. It is well known [36]
that the dimension of the coupled linear response equations
scales with the number of separable terms and not with
the number of two-quasiparticle configurations. Therefore a
separable force provides essential advantages in all these
cases.

So far, the separable pairing force has been used only in
static applications [8] and in this case was very successful.
It is not clear from the beginning, whether one can also
reproduce the dynamic properties of full Gogny pairing in
such a simple way, because, in fact, as shown in Fig. 6 of
Ref. [8] both forces are not fully identical. In particular there is
the problem of Goldstone modes connected with translational
symmetry. It is well known that these modes depend in a
very delicate way on the properties of the residual interaction.
These modes decouple fully from the rest of the spectrum
only in the case of full self-consistency. This is particular
important for isoscalar dipole excitations, where the large
strength of the spurious translational mode can contaminate the
low-lying E1-spectrum considerably. Translational invariance
is one of the essential advantages of the new pairing force as
compared to older separable pairing forces such as monopole,
quadrupole, or other multipole pairing forces. However, the
new force is presented as a sum over separable terms and
translational invariance is strictly fulfilled only for an infinite
number of separable terms. As it has been shown in Ref. [8], in
static applications this series converges quickly and one needs
only eight separable terms to get convergence. It is not clear
whether this number is large enough for a proper treatment of
the Goldstone modes.

This article is devoted to an investigation of all these
open questions. The new separable pairing interaction is
implemented in the relativistic QRPA program and details for
the calculation of the new pp-matrix elements are presented.
To test the numerical implementation of the RQRPA equation
with the separable pairing interaction we study the Goldstone
modes and the consistency of the method. In addition we
investigate the question of whether the dynamic properties
of pairing correlations in vibrational excitations can be
reproduced with the new pairing force. It is known that the first
2+ excited states in semimagic nuclei are very sensitive to the
pairing gap. Therefore, we investigate the isoscalar quadrupole
excitations in Sn isotopes and in N = 82 isotones in the
RHB + RQRPA approach with the new pairing force and
compare the first 2+ states with those obtained with the full
Gogny pairing force. Furthermore we calculate 3! excitations
in Sn isotopes and investigate the sensitivity of the isoscalar
octupole states to the pairing properties.

This article is arranged as follows. The theoretical for-
malism of RHB + RQRPA with the separable form of the
pairing interaction is presented in Sec. II. The consistency
of the method as well as the Goldstone spurious modes are

investigated in Sec. III. The isoscalar quadrupole states in
Sn isotopes and in N = 82 as well as the isoscalar octupole
states in Sn isotopes are calculated with the RHB + RQRPA
approach and are discussed in Sec. IV. Finally we give a brief
summary in Sec. V.

II. THEORETICAL FORMALISM

We start with the 1S0 channel gap equation in symmetric
nuclear matter at various densities,

!(k) = !
! "

0

k#2dk#

2"2
$k|V 1S0

sep |k#% !(k#)
2E(k#)

, (1)

where

$k|V 1S0
sep |k#% = !Gp(k)p(k#) (2)

is the separable form of the pairing force introduced in Ref. [8]
with a Gaussian ansatz p(k) = e!a2k2

. A The two parameters
G and a are fitted to the density dependence of the gap at the
Fermi surface !(kF ) in nuclear matter. By comparison with
the Gogny D1S force [7], we obtain the parameter set of G =
728 MeV · fm3 and a = 0.644 fm.

The RQRPA is constructed in the canonical single-nucleon
basis, where the wave functions of the RHB model have BCS
form (for details see Ref. [17]). In these calculations the same
interactions are used in the RHB calculation for the nuclear
ground state and in the RQRPA equations for the excited
states, as well in the particle-hole (ph) as in the pp channel.
Because the interaction in the ph channel is identical to earlier
calculations [17], we discuss here only the derivation of the
matrix elements of the separable interaction of Eq. (2) used in
the pp channel of the RQRPA equation in finite nuclei. First, we
transform the separable force Eq. (2) from momentum space
to coordinate space and obtain

V (r1, r2, r#
1, r#

2) = !G #(R ! R#) P (r)P (r #) 1
2 (1 ! P $ ), (3)

where R = 1
2 (r1 + r2) and r = r1 ! r2 are the center of mass

and relative coordinates respectively, and P (r) is obtained
from the Fourier transform of p(k),

P (r) = 1
(4"a2)3/2

e! r2

4a2 . (4)

The term #(R ! R#) in Eq. (3) insures the translational
invariance. It also shows that this force is not completely
separable in coordinate space. However, in the basis of
harmonic oscillator functions the matrix elements of this force
can be represented by a sum of separable terms that converges
quickly (for details see Ref. [8]).

In the pairing channel we need the two-particle wave
functions coupled to angular momentum J and the projector
1
2 (1 ! P $ ) restricts us to the quantum numbers of total spin
S = 0 and total orbital angular momentum % = J . These wave
functions are usually expressed in terms of the laboratory
coordinates r1 and r2 of the two particles, while the separable
pairing interaction in Eq. (3) is expressed in the center of
mass coordinate R and the relative coordinate r of the pair.
Therefore we transform to the center of mass frame by using
the well-known Talmi-Moshinsky brackets [12–14] in the
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at present, all attempts to derive these functionals, defining
the particle-hole channel of the DFTs, directly from the bare
forces [22–25] do not reach the required accuracy. Note that
the same situation exists also in the nonrelativistic DFTs based
on zero-range Skyrme and finite-range Gogny interactions
(see Refs. [26,27] and references quoted therein). However,
in recent years modern phenomenological CEDFs have been
constructed [28–32] which provide an excellent description
of ground and excited states all over the nuclear chart [33–37]
with a high predictive power.

The pairing correlations and pairing indicators have been
subjects of a number of studies within the framework of den-
sity functional theories (DFTs). For example, it was shown in
Ref. [38] using Skyrme DFT that odd-even staggering (OES)
of binding energies in light atomic nuclei is strongly affected
by both nucleonic pairing and deformed mean field. Various
approximations in the extraction of pairing indicators as well
as in the calculations of pairing gaps in Skyrme DFT and
their comparison with experimental data were investigated
in Ref. [39]. The global analysis of pairing interaction was
performed with the SLy4 functional and contact pairing inter-
action with possible density dependence employing different
approximations such as the BCS, Hartree-Fock-Bogoliubov
(HFB), and HFB with approximate particle number projection
by means of the Lipkin-Nogami method in Ref. [40]. Other
interesting results on pairing properties obtained in Skyrme
DFT can be found in Refs. [41–45]. The mass dependence of
the average pairing gap values for neutrons and protons was
investigated in large scale Gogny DFT calculations with the
Gogny D1S functional in Ref. [46]. However, this analysis
is based on the comparison of experimental !(3) indicators,
extracted from binding energies, with theoretical averaged
pairing gaps calculated in even-even nuclei. This drawback
was removed in Refs. [47,48], in which experimental and
theoretical !(3) indicators were directly compared in several
isotope chains of spherical and deformed nuclei across the
nuclear chart (see Ref. [47]) in calculations with the D1S
Gogny force and in deformed actinides in calculations with
the D1M force (see Ref. [48]). Note that global analysis of
this kind is still absent in the Gogny DFT. Other publications
on particular aspects of the pairing interaction based on the
Gogny forces were recently reviewed in Ref. [49]. Note that
only nonrelativistic studies are mentioned here since the de-
tailed discussion of the pairing studies within the CDFT is
presented below.

In the literature on nuclear DFT several types of effective
pairing forces V pp have been used. The most simple force
is the seniority force of Kerman [3,50] with constant pairing
matrix elements G. This force is widely used, but is has many
limitations, e.g., correlations in pairs with higher angular
momentum are neglected, the scattering between pairs with
different shells is not constant in realistic forces, the coupling
to the continuum is not properly taken into account, and the
predictive power is limited. As an alternative a (contact) zero-
range " force is used in many calculations and it is frequently
made density dependent to be more realistic (see, for exam-
ple, Refs. [40,43–45]). However, it is well known that these
forces have the problem that, for calculations in full space,
the pairing gap shows an ultraviolet divergence for any given

strength of the interaction (see the discussion in Ref. [13] and
references quoted therein).

Thus the search for more realistic pairing led to the use
of finite-range Gogny force in the pairing channel of DFTs.
Gogny derived his energy functional from a finite range force
of the Brink-Booker type, which allows one to avoid the com-
plicated problem of pairing cutoff [51]. This is because the
finite range guarantees that the force decreases as a function
of the momentum transfer and the gap equation converges
without any problems. This type of pairing based on the D1S
Gogny functional [52,53] (further called the Gogny pairing)
has been used in the CDFT framework in many applica-
tions related to the description of the ground state properties
[33,37,54], rotating nuclei [9,10,55], fission barriers [13], the
nuclei in the vicinity of the proton and neutron drip lines
[33,56], etc. Note that the pairing itself is a nonrelativistic
effect which affects only the occupation of the single-particle
states in the vicinity of the Fermi level; the impact of the
pairing field on the small components of the Dirac spinor can
be neglected to a very good approximation [57].

However, the use of the Gogny pairing is computationally
time and memory consuming. Thus, a separable pairing inter-
action of finite range was introduced as a simplification of the
Gogny pairing by Tian et al. in Ref. [58]. Its matrix elements
in r-space have the form

V (r1, r2, r!
1, r!

2)

= " f G"(R " R!)P(r)P(r!) 1
2 (1 " P# ) (1)

with R = (r1 + r2)/2 and r = r1 " r2 being the center-of-
mass and relative coordinates. The form factor P(r) is of
Gaussian shape:

P(r) = 1
(4$a2)3/2

e"r2/4a2
. (2)

The factor f is the scaling factor of the pairing force, which
in general is particle number dependent, i.e., f = f (Z, N )
(see Ref. [36]). The parameters G = 728 MeV fm3 and
a = 0.644 fm of this interaction, which are the same for
protons and neutrons, have been derived by a mapping of
the 1S0 pairing gap of infinite nuclear matter to that of the
Gogny force D1S [58] under the condition that f = 1.0. These
parameters are also used in the present paper. In finite nuclei,
the pairing gaps calculated with separable pairing interaction
and Gogny pairing are very close to each other (see Ref. [36]).
Because numerical calculations with separable pairing in-
teraction are less time consuming that those with Gogny
pairing, its use has become widespread in CDFT calculations
of ground state properties [36,37,59,60], fission properties
[61–63], the properties of rotating nuclei [64,65], and in many
beyond mean field and QRPA calculations [66–69] based on
the CDFT framework.

In many CDFT applications both the Gogny and separa-
ble pairing interactions have been used with scaling factor
f = 1.0. However, over the years it became clear that the
pairing force based on the D1S force does not fully take into
account the mass and particle dependencies of the experimen-
tal pairing. For the first time, this feature has been seen in the
cranked relativistic Hartree-Bogoliubov (CRHB) calculations
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of rotational properties of a few actinides in Ref. [70], and
later it was confirmed in more systematic CRHB calculations
of Ref. [10] in the same mass region. The analysis of odd-even
staggering in nuclear binding energies of spherical nuclei has
also revealed the need for mass or particle number depen-
dencies of the Gogny D1S pairing for the reproduction of
experimental pairing indicators [36,71]. These results indicate
that the pairing effects are underestimated for light nuclei and
overestimated for heavy ones when the Gogny D1S force is
used in the pairing channel. A similar situation exists also
for separable pairing interaction, the parameters of which are
defined by the fit to the Gogny D1S force [36].

It is necessary to recognize that the studies of particle
number dependencies of the Gogny and separable pairing
in the CDFT framework have been performed either in lo-
calized regions of nuclear chart or for specific types of
systems such as spherical nuclei in Refs. [36,71] or rotating
nuclei in Refs. [10,70]. As a consequence, even nowadays
these dependencies are neglected in many applications of the
CDFT. Thus, the goal of the present paper is to perform for
the first time a global study of separable pairing interaction
in the CDFT framework and optimize its particle number
dependencies.

The paper is organized as follows. Experimental pairing in-
dicators are discussed in Sec. II. The discussion of theoretical
pairing gaps is presented in Sec. III. Section IV is devoted to
the analysis of the results of the calculations and optimiza-
tion of pairing interaction. The extrapolation properties of
optimized separable pairing towards very neutron-rich nuclei
and related theoretical uncertainties are discussed in Sec. V.
Finally, Sec. VI summarizes the results of our paper.

II. EXPERIMENTAL PAIRING INDICATORS

There are several expressions for the pairing indicators in
the literature. These are three-, four-, and five-point indica-
tors1 given by

!(3)
i (Q0) = "Q0

2
[B(Q0 ! 1) ! 2B(Q0) + B(Q0 + 1)], (3)

!(4)
i (Q0) = "Q0

4
[B(Q0 ! 2) ! 3B(Q0 ! 1)

+ 3B(Q0) ! B(Q0 + 1)], (4)

!(5)
i (Q0) = !"Q0

8
[B(Q0 + 2) ! 4B(Q0 + 1) + 6B(Q0)

! 4B(Q0 ! 1) + B(Q0 ! 2)], (5)

which quantify the OES of binding energies. Here Q0 is equal
to either proton (Z) or neutron (N) number, "Q0 = (!1)Q0 is
the number parity in the respective subsystem, and B(Q) is
the (negative) binding energy of a system with Q particles.
In these equations, if the number of protons Z is fixed, then

1Note that these pairing indicators are derived from the Taylor
expansion of the nuclear mass in nucleon-number differences [39].
As a result, they depend on a number of assumptions, some of which
are strongly violated at shell closures (see the discussion in Sec. 4.2
of Ref. [39]).
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FIG. 1. Experimental neutron pairing indicators !(3)
# (Z, N ),

!(4)
# (Z, N ), and !(5)

# (Z, N ) as a function of the neutron number N
for indicated isotopic chains of spherical nuclei.

i = # and the indicator gives the neutron OES. Otherwise, we
obtain proton (i = " ) OES if the number of neutrons is fixed.
The number parity "Q0 is chosen in such a way that the OES
is positive irrespective of its centering at either even or odd
particle number Q0.

These experimental indicators are illustrated for spherical
nuclei in Figs. 1 and 2. The !(3) indicator shows a significant
odd-even staggering. This staggering is washed out when the
!(4) and !(5) indicators are used. The !(4) indicator gives an
expression which is asymmetric around the nucleus with Q0
and therefore offers two choices [39]. Thus, we use in further
studies the !(5) indicator which is symmetric and expected to
yield better decoupling from mean-field effects [39].

One should note that the peaks in these indicators (which
are especially pronounced for the !(3) ones) appear at Qshell
values corresponding to the shell closures or neighboring Q
values. These are the peaks in neutron pairing indicators at
N = 20 and N = 28 in the Ca isotopes, at N = 28 and N = 50
in the Ni isotopes, at N = 50 in the Sn isotopes, and at
N = 126 in the Pb isotopes (see Fig. 1). Similar peaks are
also seen in proton pairing indicators at Z = 20 in the N = 20
and N = 28 isotones, at Z = 50 in the N = 82 isotones, and
Z = 82 in the N = 126 isotopes (see Fig. 2). These peaks in
no way should be interpreted as an indication of increased
pairing correlations. This is connected with the fact that pair-
ing correlations either disappear or are significantly weakened
at shell closures (see discussion in Sec. IV of Ref. [36]) and
the peaks are not produced by pairing, but by the large or sub-
stantially increased shell gaps for closed-shell configurations.
Therefore, proton/neutron !(5) quantities corresponding to
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at present, all attempts to derive these functionals, defining
the particle-hole channel of the DFTs, directly from the bare
forces [22–25] do not reach the required accuracy. Note that
the same situation exists also in the nonrelativistic DFTs based
on zero-range Skyrme and finite-range Gogny interactions
(see Refs. [26,27] and references quoted therein). However,
in recent years modern phenomenological CEDFs have been
constructed [28–32] which provide an excellent description
of ground and excited states all over the nuclear chart [33–37]
with a high predictive power.

The pairing correlations and pairing indicators have been
subjects of a number of studies within the framework of den-
sity functional theories (DFTs). For example, it was shown in
Ref. [38] using Skyrme DFT that odd-even staggering (OES)
of binding energies in light atomic nuclei is strongly affected
by both nucleonic pairing and deformed mean field. Various
approximations in the extraction of pairing indicators as well
as in the calculations of pairing gaps in Skyrme DFT and
their comparison with experimental data were investigated
in Ref. [39]. The global analysis of pairing interaction was
performed with the SLy4 functional and contact pairing inter-
action with possible density dependence employing different
approximations such as the BCS, Hartree-Fock-Bogoliubov
(HFB), and HFB with approximate particle number projection
by means of the Lipkin-Nogami method in Ref. [40]. Other
interesting results on pairing properties obtained in Skyrme
DFT can be found in Refs. [41–45]. The mass dependence of
the average pairing gap values for neutrons and protons was
investigated in large scale Gogny DFT calculations with the
Gogny D1S functional in Ref. [46]. However, this analysis
is based on the comparison of experimental !(3) indicators,
extracted from binding energies, with theoretical averaged
pairing gaps calculated in even-even nuclei. This drawback
was removed in Refs. [47,48], in which experimental and
theoretical !(3) indicators were directly compared in several
isotope chains of spherical and deformed nuclei across the
nuclear chart (see Ref. [47]) in calculations with the D1S
Gogny force and in deformed actinides in calculations with
the D1M force (see Ref. [48]). Note that global analysis of
this kind is still absent in the Gogny DFT. Other publications
on particular aspects of the pairing interaction based on the
Gogny forces were recently reviewed in Ref. [49]. Note that
only nonrelativistic studies are mentioned here since the de-
tailed discussion of the pairing studies within the CDFT is
presented below.

In the literature on nuclear DFT several types of effective
pairing forces V pp have been used. The most simple force
is the seniority force of Kerman [3,50] with constant pairing
matrix elements G. This force is widely used, but is has many
limitations, e.g., correlations in pairs with higher angular
momentum are neglected, the scattering between pairs with
different shells is not constant in realistic forces, the coupling
to the continuum is not properly taken into account, and the
predictive power is limited. As an alternative a (contact) zero-
range " force is used in many calculations and it is frequently
made density dependent to be more realistic (see, for exam-
ple, Refs. [40,43–45]). However, it is well known that these
forces have the problem that, for calculations in full space,
the pairing gap shows an ultraviolet divergence for any given

strength of the interaction (see the discussion in Ref. [13] and
references quoted therein).

Thus the search for more realistic pairing led to the use
of finite-range Gogny force in the pairing channel of DFTs.
Gogny derived his energy functional from a finite range force
of the Brink-Booker type, which allows one to avoid the com-
plicated problem of pairing cutoff [51]. This is because the
finite range guarantees that the force decreases as a function
of the momentum transfer and the gap equation converges
without any problems. This type of pairing based on the D1S
Gogny functional [52,53] (further called the Gogny pairing)
has been used in the CDFT framework in many applica-
tions related to the description of the ground state properties
[33,37,54], rotating nuclei [9,10,55], fission barriers [13], the
nuclei in the vicinity of the proton and neutron drip lines
[33,56], etc. Note that the pairing itself is a nonrelativistic
effect which affects only the occupation of the single-particle
states in the vicinity of the Fermi level; the impact of the
pairing field on the small components of the Dirac spinor can
be neglected to a very good approximation [57].

However, the use of the Gogny pairing is computationally
time and memory consuming. Thus, a separable pairing inter-
action of finite range was introduced as a simplification of the
Gogny pairing by Tian et al. in Ref. [58]. Its matrix elements
in r-space have the form

V (r1, r2, r!
1, r!

2)

= " f G"(R " R!)P(r)P(r!) 1
2 (1 " P# ) (1)

with R = (r1 + r2)/2 and r = r1 " r2 being the center-of-
mass and relative coordinates. The form factor P(r) is of
Gaussian shape:

P(r) = 1
(4$a2)3/2

e"r2/4a2
. (2)

The factor f is the scaling factor of the pairing force, which
in general is particle number dependent, i.e., f = f (Z, N )
(see Ref. [36]). The parameters G = 728 MeV fm3 and
a = 0.644 fm of this interaction, which are the same for
protons and neutrons, have been derived by a mapping of
the 1S0 pairing gap of infinite nuclear matter to that of the
Gogny force D1S [58] under the condition that f = 1.0. These
parameters are also used in the present paper. In finite nuclei,
the pairing gaps calculated with separable pairing interaction
and Gogny pairing are very close to each other (see Ref. [36]).
Because numerical calculations with separable pairing in-
teraction are less time consuming that those with Gogny
pairing, its use has become widespread in CDFT calculations
of ground state properties [36,37,59,60], fission properties
[61–63], the properties of rotating nuclei [64,65], and in many
beyond mean field and QRPA calculations [66–69] based on
the CDFT framework.

In many CDFT applications both the Gogny and separa-
ble pairing interactions have been used with scaling factor
f = 1.0. However, over the years it became clear that the
pairing force based on the D1S force does not fully take into
account the mass and particle dependencies of the experimen-
tal pairing. For the first time, this feature has been seen in the
cranked relativistic Hartree-Bogoliubov (CRHB) calculations
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TMR pairing is a simplified version of the Gogny pairing force. It doesn’t require a 
pairing cutoff, in comparison to δ or const G. Computationally economical. 
In coordinate space it has the form

with R the center of mass and r the relative distance coordinates                            

The two parameters were adjusted to match the gap of D1S Gogny at inf. nucl. matter 

strength range
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Constrained β-γ RHB results: DDPC1 adj. pair.

✤ The appearance of the prolate min. at ~0.3 starts later at 178Hg and stops earlier at 188Hg
✤ PESs of 180-188Hg are more soft in γ direction connecting the two minima.
✤ From 192Hg to 200Hg the topology is the same as before, i.e. weakly oblate and 

approaching a spherical shape at shell closure.
✤ Better description of the position of the absolute min at ~0.15. Only 182,184Hg are  

prolate.
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Constrained β-γ RHB: comparing minima
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To calculate excitation spectra and electromagnetic transition rates it is necessary to extend the 
SCMF scheme to include collective correlations that arise from symmetry restoration and 
fluctuations around the mean-field minima. Here we use the microscopic PES to build a collective 
Bohr-type Hamiltonian:

with the vibrational kinetic energy:

the rotational kinetic energy: 

and the collective potential energy terms:

The entire dynamics of the collective Hamiltonian is governed by the seven functions of the 
intrinsic deformations β,γ and Ω: the collective potential, the three mass parameters: Bββ, Bβγ, Bγγ, 
and the three moments of inertia Ik.

Moments of inertia are calculated using the Inglis-Belyaev formula. 
Mass parameters are calculated in the cranking approximation. 
Mass parameters and moments of inertia are fully determined by the functionals DD-PC1/DDME2

Beyond mean field - 5DCH
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The two functionals give identical results. Overall we observe a decrease of energies from 176 
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Improved picture, with a parabolic shape present at 176-192Hg, not as steep as the 
experimental. 
Level density is smaller compared both to results with default pairing and with exp.
Structural change after 194Hg where PES becomes more stiff around the oblate minima and 
then moves to sphericity
The position of the 1st  excited state agrees better with exp.,  has a normal behaviour and 
crosses the 2+2 at 194Hg

,  … practically degenerate
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Low levels systematics DDPC1 adj. pair.
J. Elseviers et al. 
Phys. Rev. C 84, 034307 N=104
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For the default pair. calculations R4/2 and R2/2 start relatively low at 174,176Hg and increase rapidly, reaching a 
plateau for 180-188Hg for R4/2 and a peak at 184Hg for R2/2, before the drop at 190Hg and then remain at approx. 
the same value till 200Hg.
The experimental R4/2 starts at the γ soft rotor region and decrease to a vibrator-less collective  nature. In 
182,184,186Hg R4/2 of the g.s increases rapidly assuming a rotor-like whereas the ratio from the  prolate band 
which is now the yrast state due to SC remains in the vibrator side. In 188Hg onwards it fluctuates around the 
O(6) limit. 
The adj. pair values vary only slightly with the R4/2 mainly at the γ soft rotor and the R2/2, much close to exp.
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A similar image to the energy ratios where a plateau appears for both Β(E2)s signifying 
increased collectivity at 178-188Hg which then drops gradually as we reach 200Hg
Adj. pair. values show a smooth parabolic shape with a peak at 182Hg, with B(E2:4+ → 2+) 
more enhanced and B(E2:2+ → 0+) half the size in relation to default pair. calculations.

Reduced electric-quadrupole transition probabilities B(E2) 
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Monopole transitions a unique nuclear feature that is used as a signal of configuration mixing 
and SC
The default DDPC1/DDME2 show a reverse picture with the one we got for R4/2 R2/2 and 
Β(E2)s. With a parabolic shape and relatively low values for  and practically 
zero for  in 180-188Hg contrary to SC observation on those isotopes.
The adjust. pair. DDPC1 improves on that also but overestimates significantly the 

 values while it is comparable to the  for 182-188Hg where data 
exist.
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Electric-monopole transition strength  
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Summary & conclusions

✤ Deformation constrained in β and γ SCMF calculations, for the neutron deficient 174-200Hg isotopes, have 
been performed with the relativistic Hartree-Bogoliubov method based on the relativistic energy density 
functionals DD-PC1/DD-ME2 and the TMR pairing interaction. 

PESs reveal an evolution of shapes from spherical-weakly oblate to two coexisting oblate and prolate 
minima and back to spherical-weakly oblate

✤ A quadrupole collective Hamiltonian, with parameters determined by self-consistent constrained triaxial 
RHB calculations, has been used to calculate the low-energy spectra and reduced transition probabilities.

✤ Adjusting pairing interaction significantly improves the description both at the MF level by correcting the 
position of the g.s. minima and beyond the MF especially in the qualitative description of the parabolic 
pattern of the low-lying collective states but also in size of the B(E2)s  and the strength of ρ(E0) for the 

 transition2+
2 → 2+

1
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