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See also:

Tues afternoon: Garcia-Ramos (Agassi model)
Next talk: Perez-Fernandez (Agassi model again)
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Motivation

I would like to do an 
ab initio calculation 

of Zr isotopes! We can’t do that on 
a classical computer!

But I heard quantum 
computers will solve all 

problems and bring paradise!
Well….
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The quantum computing gold rush….
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• Jan 10, 2020: Department of Energy announces 
$625 million for “Quantum Information Science Research Centers”

• Both NSF and NIST also fund quantum computing/quantum information

• The US has plans to spend $1.2B+ over the next 10 years on quantum 
computing and quantum information

• China (as well as India and other countries) is also putting enormous 
resources into development of QC/QIS (quantum computing/ quantum

information science)
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What quantum computing looks like

To ‘program’ a quantum computer, one must learn
to think in a new way: 

One must be able to arrive at the desired solution 
through a unitary transformation 
or product of unitary transformations…
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What quantum computing looks like

3 parts of a quantum computation:

Preparation 
of initial 
state
(input) “Computation”

(unitary evolution)

Measurement
(output)
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What quantum computing looks like
Some technical details

CNOT | 00 > = | 00> 
CNOT | 01 > = | 01 >
CNOT | 10 > = | 11 >
CNOT | 11 > = | 1 0 > 

A sample quantum ‘circuit’  or algorithm

qubits

preparation

computation
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What quantum computing looks like

3 parts of a quantum computation:

Preparation 
of initial 
state
(input) “Computation”

(unitary evolution)

Measurement
(output)

Quantum mechanics is probabilistic. But 
in any given run of a quantum computer, 
you get either 0 or 1 as an answer

This means to get out the actual 
answer (as a probability) you have 
to run the full circuit/ algorithm
many times
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What quantum computing looks like

Example: Dumitrescu et al, Phys Rev Lett 120, 210501 (2018), “Cloud quantum 
computing of an atomic nucleus,”  

computed the binding energy of a deuteron (deuterium nucleus)
which here = lowest eigenvalue of a 2 x 2 or 3 x 3 matrix

To carry this calculation, they performed 8192 runs (measurements)
on IBM QX5  (17 qb)

and 10,000 runs on Rigetti 19Q   (19 qb)



Calvin Johnson – QPT #10 – Dubrovnik, July 13, 2022

What quantum computing looks like

Example: Dumitrescu et al, Phys Rev Lett 120, 210501 (2018), “Cloud quantum 
computing of an atomic nucleus,”  

computed the binding energy of a deuteron (deuterium nucleus)
which here = lowest eigenvalue of a 2 x 2 or 3 x 3 matrix

To carry this calculation, they performed 8192 runs (measurements)
on IBM QX5  (17 qb)

and 10,000 runs on Rigetti 19Q   (19 qb)

The IBM group estimates to get chemical accuracy 
for the binding energy of BeH2 would 
require  > one million measurements
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What quantum computing looks like

How they did it: Variational Quantum Eigensolver (VQE)

Vary parameters 
of vector by 
rotations

Take “expectation value” 
(average) of terms in 
Hamiltonian (energy 
operator)

repeat with different parameters

Each average requires many measurements
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What quantum computing looks like

Example: Dumitrescu et al, Phys Rev Lett 120, 210501 (2018), “Cloud quantum 
computing of an atomic nucleus,”  

computed the binding energy of a deuteron (deuterium nucleus)
which here = lowest eigenvalue of a 2 x 2 or 3 x 3 matrix

To carry this calculation, they performed 8192 runs (measurements)
on IBM QX5  (17 qb)

and 10,000 runs on Rigetti 19Q   (19 qb)

This was celebrated as a 
great triumph!



Calvin Johnson – QPT #10 – Dubrovnik, July 13, 2022

What quantum computing looks like

Example: Dumitrescu et al, Phys Rev Lett 120, 210501 (2018), “Cloud quantum 
computing of an atomic nucleus,”  

computed the binding energy of a deuteron (deuterium nucleus)
which here = lowest eigenvalue of a 2 x 2 or 3 x 3 matrix

To carry this calculation, they performed 8192 runs (measurements)
on IBM QX5  (17 qb)

and 10,000 runs on Rigetti 19Q   (19 qb)

289 citations since 2018!

There’s gold
(or at least highly cited 

papers) in those calculations!
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What quantum computing looks like
Some technical details

Sample application: occupation-representation of atoms and nuclei

In ‘configuration-interaction’ the wave function is a superposition
of configurations (here, binary words)

| y > = c1 |1100>  + c2 |1010> + c3 |1001> + …. 
The ci are called the 
amplitudes and form 
coefficients of a vector

If you have M particles in N orbitals, there are N choose M amplitudes 
… this grows exponentially!

(My own configuration interaction code can handle up to 
about 20 billion amplitudes on a supercomputer… but it is 
easy to find cases that demand more!  This requires 
storing 20 billion real numbers…)
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What quantum computing looks like
Some technical details

Sample application: occupation-representation of atoms and nuclei

In ‘configuration-interaction’ the wave function is a superposition
of configurations (here, binary words)

| y > = c1 |1100>  + c2 |1010> c3 |1001> + …. 
The ci are called the 
amplitudes and form 
coefficients of a vector

If you have M particles in N orbitals, there are N choose M amplitudes 
… this grows exponentially!

(My own configuration interaction code can handle up to 
about 20 billion amplitudes on a supercomputer… but it is 
easy to find cases that demand more!  This requires 
storing 20 billion real numbers…)

How can quantum 
computers help with 

this problem?
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What quantum computing looks like
Some technical details

Sample application: occupation-representation of atoms and nuclei

In ‘configuration-interaction’ the wave function is a superposition
of configurations (here, binary words)

| y > = c1 |1100>  + c2 |1010> c3 |1001> + …. 
The ci are called the 
amplitudes and form 
coefficients of a vector

If you have M particles in N orbitals, there are N choose M amplitudes 
… this grows exponentially!

(My own configuration interaction code can handle up to 
about 20 billion amplitudes on a supercomputer… but it is 
easy to find cases that demand more!  This requires 
storing 20 billion real numbers…)

How can quantum 
computers help with 

this problem?

Let’s talk 
about qubits
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What quantum computing looks like
Some technical details

A qubit is a linear superposition of a 0 and 1:

| c > = a | 0 > + b | 1 > , where a and b are complex and 

|a|2 + |b|2 = 1

We can represent this as a two-dimensional vector: 
𝑎
𝑏
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What quantum computing looks like
Some technical details

We can have multi-qubit words | c1 c2 c3 c4… >

n qubits represent 2n –dimensional vector
(e.g. 35 qubits -> vector of dimension 34.7 billion)

that is, a single multi-qubit word can represent
a large classical vector:

| c1 c2 c3 c4… >  = c1 | 0000.. > +  c2 | 1000.. > + c3 | 1100.. > + … 

1  35 qb ‘word’   =  34.7  billion elements  in a vector

(There are quantum computers with 130 qb or more…)
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What quantum computing looks like
Some technical details

Sample application: occupation-representation of atoms and nuclei

Therefore in principle we can easily represent a configuration-interaction
wave function

| y > = c1 |1100>  + c2 |1010> + c3 |1001> + …. 

by a single word of a few qubits!

There are many technical 
details I don’t have time 

to discuss
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What quantum computing looks like
Some technical details

Sample application: occupation-representation of atoms and nuclei

Therefore in principle we can easily represent a configuration-interaction
wave function

| y > = c1 |1100>  + c2 |1010> + c3 |1001> + …. 

by a single word of a few qubits!

There have been some 
preliminary attempts..

Can we apply this to 
nuclear structure?
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Of course, there’s a 
classic toy model..

Should we try 
something simple to 

warm up with?
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The LIPKIN-Meshkov-Glick MODEL

Lipkin, Meshkov, and Glick, Nucl. Phys. 62, 188 (1965)

Harry J. Lipkin
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The LIPKIN-Meshkov-Glick MODEL

Lipkin, Meshkov, and Glick, Nucl. Phys. 62, 188 (1965)

A toy ‘shell 
model’

N particles, N sites, each particle either ‘up’ or  ‘down’

e
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The LIPKIN-Meshkov-Glick MODEL

Lipkin, Meshkov, and Glick, Nucl. Phys. 62, 188 (1965)

N particles, N sites, each particle either ‘up’ or  ‘down’

e

3

label the two states by i " and i #, and interpret them as having jz or m = ±
1
2 . The Hamiltonian is simple:

Ĥ = �
✏

2

X

i

⇣
â†i"âi" � â†i#âi#

⌘
�

1

2
V
X

i,j

⇣
â†i"â

†
j"âj#âi# + â†i#â

†
j#âj"âi"

⌘
. (2)

By introducing quasispin operators,

Ĵz =
1

2

NX

i=1

â†i,"âi," � â†i,#âi,#, (3)

Ĵ+ =
X

i

â†i,"âi,#, (4)

Ĵ� =
⇣
Ĵ+

⌘†
=

X

i

â†i,#âi,", (5)

we can write the Hamiltonian simply as,

Ĥ = �✏Ĵz �
1

2
V
⇣
Ĵ2
+ + Ĵ2

�

⌘
. (6)

Because the quasispin operators satisfy the SU(2) commutation relations and thus are generators of a representation
of SU(2), and because Ĵ2 commutes with the Hamiltonian, we can deduce that the eigenstates have good J , with
J  N/2. Although there are 2N many-body states, we only have to solve in a basis of |j,mi of dimension 2J + 1.
The matrix elements of the Hamiltonian in this basis are straightforward to compute. Furthermore, one can introduce
a quantum number ⇡ = (�1)N" , where N" is the number of particles in the upper state; this quantum number is
conserved by the Hamiltonian, further reducing the dimension the Hamiltonian matrix to be diagonalized by a factor
of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
good pedagogical testbed for many-body approximations.

III. MANY-BODY APPROXIMATIONS TO THE LIPKIN-MESHKOV-GLICK MODEL

Here we discuss three common approximations [1] to quantum many-body problem, and especially the nuclear
many-body problem, and their analogs in the Lipkin-Meshkov-Glick model. The first is the mean-field model; as the
mean-field often breaks good symmetries, one also often turns to projecting out states with good quantum numbers;
and finally, the generator-coordinate method. In the next section we discuss the implementation in quantum circuits;
as the analog to mean-field and projected mean-field for the Lipkin model has already been implemented in quantum
circuits [5], here we focus on generator-coordinate methods.

A. Variational analog to mean-field theory

The first approximation is a simple variational approximation, akin to Hartree-Fock (HF) [1], although it is not
solved in exact analogy to HF. One posits a trial wave function which is a simple product wave function: | T i =QN

i=1 ĉ
†
i |0i, Furthermore, we assume

ĉ†i (✓) = â†i," cos ✓ + â†i,# sin ✓, (7)

so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
the usual default starting state.) For simplicity, we further adopt the uniform approximation, that ✓ is the same for
all i, writing,

|✓i =
NY

i=1

ĉ†i (✓)|0i, (8)

`single particle energies’ `move two particles up/down’
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The LIPKIN-Meshkov-Glick MODEL

Lipkin, Meshkov, and Glick, Nucl. Phys. 62, 188 (1965)
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⌘
�

1

2
V
X

i,j

⇣
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A. Variational analog to mean-field theory

The first approximation is a simple variational approximation, akin to Hartree-Fock (HF) [1], although it is not
solved in exact analogy to HF. One posits a trial wave function which is a simple product wave function: | T i =QN
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so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
the usual default starting state.) For simplicity, we further adopt the uniform approximation, that ✓ is the same for
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†
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⌘
. (2)

By introducing quasispin operators,
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III. MANY-BODY APPROXIMATIONS TO THE LIPKIN-MESHKOV-GLICK MODEL

Here we discuss three common approximations [1] to quantum many-body problem, and especially the nuclear
many-body problem, and their analogs in the Lipkin-Meshkov-Glick model. The first is the mean-field model; as the
mean-field often breaks good symmetries, one also often turns to projecting out states with good quantum numbers;
and finally, the generator-coordinate method. In the next section we discuss the implementation in quantum circuits;
as the analog to mean-field and projected mean-field for the Lipkin model has already been implemented in quantum
circuits [5], here we focus on generator-coordinate methods.

A. Variational analog to mean-field theory

The first approximation is a simple variational approximation, akin to Hartree-Fock (HF) [1], although it is not
solved in exact analogy to HF. One posits a trial wave function which is a simple product wave function: | T i =QN

i=1 ĉ
†
i |0i, Furthermore, we assume

ĉ†i (✓) = â†i," cos ✓ + â†i,# sin ✓, (7)

so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
the usual default starting state.) For simplicity, we further adopt the uniform approximation, that ✓ is the same for
all i, writing,

|✓i =
NY

i=1

ĉ†i (✓)|0i, (8)

Introduce 
quasispin operators…
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Ĵ2
+ + Ĵ2
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A. Variational analog to mean-field theory

The first approximation is a simple variational approximation, akin to Hartree-Fock (HF) [1], although it is not
solved in exact analogy to HF. One posits a trial wave function which is a simple product wave function: | T i =QN

i=1 ĉ
†
i |0i, Furthermore, we assume

ĉ†i (✓) = â†i," cos ✓ + â†i,# sin ✓, (7)

so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
the usual default starting state.) For simplicity, we further adopt the uniform approximation, that ✓ is the same for
all i, writing,

|✓i =
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Ĵz =
1

2

NX

i=1
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Because the quasispin operators satisfy the SU(2) commutation relations and thus are generators of a representation
of SU(2), and because Ĵ2 commutes with the Hamiltonian, we can deduce that the eigenstates have good J , with
J  N/2. Although there are 2N many-body states, we only have to solve in a basis of |j,mi of dimension 2J + 1.
The matrix elements of the Hamiltonian in this basis are straightforward to compute. Furthermore, one can introduce
a quantum number ⇡ = (�1)N" , where N" is the number of particles in the upper state; this quantum number is
conserved by the Hamiltonian, further reducing the dimension the Hamiltonian matrix to be diagonalized by a factor
of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
good pedagogical testbed for many-body approximations.
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many-body problem, and their analogs in the Lipkin-Meshkov-Glick model. The first is the mean-field model; as the
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so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
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Ĥ = �
✏

2

X

i

⇣
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Because the quasispin operators satisfy the SU(2) commutation relations and thus are generators of a representation
of SU(2), and because Ĵ2 commutes with the Hamiltonian, we can deduce that the eigenstates have good J , with
J  N/2. Although there are 2N many-body states, we only have to solve in a basis of |j,mi of dimension 2J + 1.
The matrix elements of the Hamiltonian in this basis are straightforward to compute. Furthermore, one can introduce
a quantum number ⇡ = (�1)N" , where N" is the number of particles in the upper state; this quantum number is
conserved by the Hamiltonian, further reducing the dimension the Hamiltonian matrix to be diagonalized by a factor
of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
good pedagogical testbed for many-body approximations.
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so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
the usual default starting state.) For simplicity, we further adopt the uniform approximation, that ✓ is the same for
all i, writing,
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Because the quasispin operators satisfy the SU(2) commutation relations and thus are generators of a representation
of SU(2), and because Ĵ2 commutes with the Hamiltonian, we can deduce that the eigenstates have good J , with
J  N/2. Although there are 2N many-body states, we only have to solve in a basis of |j,mi of dimension 2J + 1.
The matrix elements of the Hamiltonian in this basis are straightforward to compute. Furthermore, one can introduce
a quantum number ⇡ = (�1)N" , where N" is the number of particles in the upper state; this quantum number is
conserved by the Hamiltonian, further reducing the dimension the Hamiltonian matrix to be diagonalized by a factor
of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
good pedagogical testbed for many-body approximations.
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and finally, the generator-coordinate method. In the next section we discuss the implementation in quantum circuits;
as the analog to mean-field and projected mean-field for the Lipkin model has already been implemented in quantum
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The first approximation is a simple variational approximation, akin to Hartree-Fock (HF) [1], although it is not
solved in exact analogy to HF. One posits a trial wave function which is a simple product wave function: | T i =QN

i=1 ĉ
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i |0i, Furthermore, we assume

ĉ†i (✓) = â†i," cos ✓ + â†i,# sin ✓, (7)

so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
the usual default starting state.) For simplicity, we further adopt the uniform approximation, that ✓ is the same for
all i, writing,

|✓i =
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i=1
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Ĥ = �✏Ĵz �
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of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
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Ĵ+

⌘†
=

X

i
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Ĵ2
+ + Ĵ2
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Because the quasispin operators satisfy the SU(2) commutation relations and thus are generators of a representation
of SU(2), and because Ĵ2 commutes with the Hamiltonian, we can deduce that the eigenstates have good J , with
J  N/2. Although there are 2N many-body states, we only have to solve in a basis of |j,mi of dimension 2J + 1.
The matrix elements of the Hamiltonian in this basis are straightforward to compute. Furthermore, one can introduce
a quantum number ⇡ = (�1)N" , where N" is the number of particles in the upper state; this quantum number is
conserved by the Hamiltonian, further reducing the dimension the Hamiltonian matrix to be diagonalized by a factor
of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
good pedagogical testbed for many-body approximations.
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Here we discuss three common approximations [1] to quantum many-body problem, and especially the nuclear
many-body problem, and their analogs in the Lipkin-Meshkov-Glick model. The first is the mean-field model; as the
mean-field often breaks good symmetries, one also often turns to projecting out states with good quantum numbers;
and finally, the generator-coordinate method. In the next section we discuss the implementation in quantum circuits;
as the analog to mean-field and projected mean-field for the Lipkin model has already been implemented in quantum
circuits [5], here we focus on generator-coordinate methods.
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Because the quasispin operators satisfy the SU(2) commutation relations and thus are generators of a representation
of SU(2), and because Ĵ2 commutes with the Hamiltonian, we can deduce that the eigenstates have good J , with
J  N/2. Although there are 2N many-body states, we only have to solve in a basis of |j,mi of dimension 2J + 1.
The matrix elements of the Hamiltonian in this basis are straightforward to compute. Furthermore, one can introduce
a quantum number ⇡ = (�1)N" , where N" is the number of particles in the upper state; this quantum number is
conserved by the Hamiltonian, further reducing the dimension the Hamiltonian matrix to be diagonalized by a factor
of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
good pedagogical testbed for many-body approximations.
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Here we discuss three common approximations [1] to quantum many-body problem, and especially the nuclear
many-body problem, and their analogs in the Lipkin-Meshkov-Glick model. The first is the mean-field model; as the
mean-field often breaks good symmetries, one also often turns to projecting out states with good quantum numbers;
and finally, the generator-coordinate method. In the next section we discuss the implementation in quantum circuits;
as the analog to mean-field and projected mean-field for the Lipkin model has already been implemented in quantum
circuits [5], here we focus on generator-coordinate methods.

A. Variational analog to mean-field theory

The first approximation is a simple variational approximation, akin to Hartree-Fock (HF) [1], although it is not
solved in exact analogy to HF. One posits a trial wave function which is a simple product wave function: | T i =QN

i=1 ĉ
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i |0i, Furthermore, we assume
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so that ✓ = 0 corresponds to all particles in the " state. (This is the consequence of the - sign in front of the first term
in Eq. (6). The reason for this choice is that in quantum computing, | "i corresponds to the qubit state |0i which is
the usual default starting state.) For simplicity, we further adopt the uniform approximation, that ✓ is the same for
all i, writing,
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â†i,"âi,#, (4)
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Because the quasispin operators satisfy the SU(2) commutation relations and thus are generators of a representation
of SU(2), and because Ĵ2 commutes with the Hamiltonian, we can deduce that the eigenstates have good J , with
J  N/2. Although there are 2N many-body states, we only have to solve in a basis of |j,mi of dimension 2J + 1.
The matrix elements of the Hamiltonian in this basis are straightforward to compute. Furthermore, one can introduce
a quantum number ⇡ = (�1)N" , where N" is the number of particles in the upper state; this quantum number is
conserved by the Hamiltonian, further reducing the dimension the Hamiltonian matrix to be diagonalized by a factor
of approximately 2. This means the solutions have a great deal of degeneracy. Although we do not show it here, the
ground state always belongs to J = N/2. The simplicity and the ease of full solution of the Lipkin model makes it a
good pedagogical testbed for many-body approximations.
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Here we discuss three common approximations [1] to quantum many-body problem, and especially the nuclear
many-body problem, and their analogs in the Lipkin-Meshkov-Glick model. The first is the mean-field model; as the
mean-field often breaks good symmetries, one also often turns to projecting out states with good quantum numbers;
and finally, the generator-coordinate method. In the next section we discuss the implementation in quantum circuits;
as the analog to mean-field and projected mean-field for the Lipkin model has already been implemented in quantum
circuits [5], here we focus on generator-coordinate methods.

A. Variational analog to mean-field theory

The first approximation is a simple variational approximation, akin to Hartree-Fock (HF) [1], although it is not
solved in exact analogy to HF. One posits a trial wave function which is a simple product wave function: | T i =QN
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FIG. 1. A quantum circuit to prepare the two-qubit VQE trial
state |! (" )! given by Eq. (9) with # = " " $/2 on a noiseless quan-
tum device. At the dashed line, the intermediate state is cos(#) |00! +
sin(#) |01!.

basis the Hamiltonian is represented by

H .= 1
2

(%3 # 1 + 1 # %3) + V
2

(%1 # %1 " %2 # %2)

=

!

"#

+1 0 0 V
0 0 0 0
0 0 0 0
V 0 0 "1

$

%&. (7)

Here, %1, %2, and %3 are the Pauli matrices. It is then
straightforward to diagonalize this Hamiltonian to obtain the
eigenvalues 0 (with multiplicity 2) and ±

$
1 + V 2. The nor-

malized ground state with energy Egnd = "
$

1 + V 2 is given
by

|&! = V |%%! " (1 +
$

1 + V 2) |&&!
'

2V 2 + 2 + 2
$

1 + V 2
. (8)

Here, we consider a trial state that is a real superposition of
the two states with total quasispin j = 1 and |m| = 1:

|! (" )! = sin(" ) |%%! " cos(" ) |&&! , (9)

defining a single variational parameter " that can be optimized
to minimize the value of H̄ (" ) ' (! (" )|H |! (" )!. The state at
which tan(" ) = V/(1 +

$
1 + V 2) is the exact ground state,

and so we restrict consideration of " to the domain [0,$/2).
In our VQE we optimize the value of " by minimizing the
expectation value of the energy H̄ (" ) evaluated on a quantum
computer.

The state given by Eq. (9) can be prepared from an initial
state |00! by applying a one-qubit rotation about the y axis of
the Bloch sphere of a first qubit, written as

Ry(2#) = exp
(

" i
2

(2#)Y
)
, (10)

with # = " " $/2, followed by a CNOT gate using the first
qubit as the control and a second qubit as the target:

CNOTc=1,t=2 =

!

"#

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

$

%&. (11)

Here, X , Y , and Z are the Pauli gates, X = (0 1
1 0), Y =

(0 "i
i 0 ), Z = (1 0

0 "1). The quantum circuit for state prepa-
ration is summarized in Fig. 1.

The measurements on this quantum circuit needed to com-
pute H̄ are simultaneous measurements in the X basis for both

qubits and in the Y basis for both qubits as well as measure-
ments of each qubit in the Z basis. These measurements yield
estimates of the expectation values (XX !, (YY !, (ZI!, and
(IZ!, and thus determine H̄ from Eq. (6).

This procedure of writing the ground state wave function
for N particles as a real superposition controlled by a single
trial parameter on a N-qubit device may be generalized for
higher values of N , as we demonstrate in Sec. IV B. However,
first, let us briefly comment on the dimensionality of the
ground-state Hilbert space within the LMG model. In general,
the ground state will be a superposition of the state with
all quasispins down and all states with any number pairs of
quasispins flipped up. This parity is a symmetry that we can
to exploit to reduce the cost of preparing a variational state and
requiring only a single variational parameter. For this reason,
we excluded both of the states with m = 0 above, and so this
dimension was simply 2 for the case N = 2. For general N ,
this dimension will then be 2N"1.

B. Variational states for N = 3, 4

In Sec. IV A, we presented a quantum circuit to obtain a
trial state with a single parameter to estimate the ground state
of a LMG model for N = 2. Here, we generalize this approach
to obtain variational wave functions for N = 3 and N = 4.

1. Trial state for N = 3

For N = 3, using the usual basis

{|000! , |001! , |010! , |011! , . . . , |111!}
= {|%%%! , |%%&! , |%&%! , |%&&! , . . . , |&&&!},

the Hamiltonian is represented by

H .= 1
2

(%3 # 1 # 1 + 1 # %3 # 1 + 1 # 1 # %3)

+ V
2

(1 # %1 # %1 + %1 # %1 # 1 + %1 # 1 # %1

" 1 # %2 # %2 " %2 # %2 # 1 " %2 # 1 # %2)

=

!

""""""""""#

3
2 0 0 V 0 V V 0
0 1

2 0 0 0 0 0 V
0 0 1

2 0 0 0 0 V
V 0 0 " 1

2 0 0 0 0
0 0 0 0 1

2 0 0 V
V 0 0 0 0 " 1

2 0 0
V 0 0 0 0 0 " 1

2 0
0 V V 0 V 0 0 " 3

2

$

%%%%%%%%%%&

. (12)

Similar to Eq. (9) for N = 2, an appropriate variational ansatz
for the ground state of N = 3 is

|! (" )! = cos(" ) |&&&!

" 1$
3

sin(" )(|%%&! + |%&%! + |&%%!), (13)

where " is the variational parameter. This wave function is
the ground state when

$
3 cot(" ) = V/(1 +

$
1 + 3V 2) with

energy "1/2 "
$

1 + 3V 2, and so we restrict consideration
of " to the domain [0,$/2).
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FIG. 2. A quantum circuit to prepare the three-qubit VQE trial
state |!! given by Eq. (13), using variables defined in Eqs. (14)–(15).

The three-qubit preparation circuit is shown in Fig. 2, writ-
ten with two auxiliary angles " and # defined by

" " 2 arccos
!

#
"

2
3

sin $

#
, (14)

# " #%

4
# arctan

!
tan $$

3

#
. (15)

2. Trial state for N = 4

We can prescribe similarly a four-qubit trial state for the
LMG model with N = 4. Here, the ground state belongs to
the j = 2 representation and has the energy #2

$
1 + 3V 2.

The unnormalized ground state wave function with this energy
is

|&! = |%%%%! + A |&&&&!
# B(|&&%%! + |%%&&! + |%&%&!
+ |%&&%! + |&%%&! + |&%&%!), (16)

where

A = 1 # 2

$
1 + 3V 2 # 1

3V 2
, (17)

B =
$

1 + 3V 2 # 1
3V

. (18)

After normalization one finds that the coefficients of |0000!
and |1111! in Eq. (16) sum to 1. Therefore, we propose for
N = 4 a normalized trial state

|! ($ )! = cos2 $ |%%%%! + sin2 $ |&&&&!

# 1$
12

sin 2$ (|&&%%! + |%%&&! + |%&%&!

+ |%&&%! + |&%%&! + |&%&%!) (19)

with one variational parameter $ . The true ground state of the
system is of this form with $ satisfying tan(2$ ) =

$
12B/(1 #

A), and so we restrict consideration of $ to the domain
[0,%/2).

We can continue this process for N > 4, establishing a
trial wave function depending on one variational parameter
for each N . A common feature of these wave functions is that
they all have definite parity. While a N-qubit state of definite
parity can be constructed from an associated (N # 1)-qubit
state using an additional N # 1 CNOT gates, the associated
(N # 1)-qubit state will not in general have symmetries to
exploit, and so a generic quantum state preparation routine is
necessary to produce it. Using the quantum state preparation
method of Ref. [67] to prepare the associated (N # 1)-qubit
state, the CNOT cost of preparing an arbitrary N-qubit state

of definite parity is (115/192)2N # (7/4)2N/2 + N + 2/3 for
even N and (23/48)2N # 2(N+1)/2 + N + 2/3 for odd N .

The next subsection presents a method for constructing
quantum circuits that generate a N ! 4 particle variational
state in a bosonic representation. Moreover, the method can
be used to construct quantum circuits for generating the ap-
propriate variational state for any N .

C. VQE circuits for N ! 4

The LMG Hamiltonian can be rewritten in terms of bosonic
operators acting on two bosonic modes [68]:

H = nb # na

2
+ V

2N
(b†b†aa + a†a†bb), (20)

where a† and a (b† and b) are the creation and annihilation
operators for a boson in the mode a (b), and na, nb are their
number operators. For the bosonic representation, the number
of particles N = 2 j is equal to the particle number of the
fermionic representation [69].

Since the LMG model is exactly solvable any eigenstate of
the LMG Hamiltonian |!a,b! can be written as the operator
[68]

M$

'=1

!
(a†)2

E' # 1
+ (b†)2

E' + 1

#
(21)

acting on bosonic fiducial state |(a, (b!. The integer M is
related to N and (a, (b by N = 2M + (a + (b, where (a, (b
are initially restricted to be 0 or 1. For nonzero V the spectral
parameters E' are real numbers obtained by solving the Bethe
ansatz equations [68,69]

1 + V
N (E2

' # 1)

%
((a # (b)

&
1 + E2

'

'
+ 2E'(1 + (a + (b)

(

+ 2
V
N

M)

n = 1
n '= '

1 + E'En

E' # En
= 0. (22)

The two bosonic modes can be encoded in qubits up to
a cutoff in occupation number by standard techniques [70].
The product nature of the exact solution Eq. (21) lends itself
naturally to the definition of a quantum circuit for preparation
of the exact eigenstates for any number of particles. The
general LMG eigenstate generating circuit, explored in more
detail in Ref. [71], has a depth of O(log2 N ) and uses O(N )
gates which act on O(N/2) qubits.

V. RESULTS OF QUANTUM CALCULATIONS USING
THE IBM QUANTUM EXPERIENCE

In this section we implement the VQE calculation for
a LMG model with N = 2 on a quantum computer and
characterize the importance of different decoherence errors.
Quantifying these errors yields some insight into how much
the performance of quantum computers needs to be improved
for quantum calculations to yield results that are more accu-
rate than those obtained using approximate classical methods.
For the calculations reported here, we fix V = 1, where both
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FIG. 3. Energy of variational state as a function of the VQE trial
parameter ! . The results obtained using the Melbourne processor are
compared to the exact result as well as to the results of classical
simulations of the quantum processor that incorporate one of the
five error mechanisms listed in Table I. The lines in the figure are
parabolic fits for the Melbourne and simulation results, while the
solid black line shows the exact value of H̄ obtained analytically
using Eq. (8). Error bars on each data point show the statistical errors
1/

!
n, where n = 8192 is the number of runs over which the result

for each model is averaged.

relaxation errors being the second most important and two-
qubit gate depolarization errors the third most important. The
effects of one-qubit errors on the variational energies are much
smaller than those of the readout errors and of the two-qubit
gates.

C. Implementing error mitigation

In this subsection we investigate the performance of error
mitigation procedures for the errors arising from readout and
from CNOT gates for the calculations of the energy of the
Lipkin model with N = 2. The readout errors are mitigated
by using features from the Qiskit library [82] in which the
measured readout error is used to generate and invert a matrix
to obtain the relevant correction. The two-qubit gate depo-
larization errors are mitigated using zero-noise extrapolation
(ZNE) as described in Ref. [31].

We first discuss the procedure to mitigate the measurement
errors as implemented in the Qiskit library [82]. First, the
measurement errors are calibrated. For our situation with two
qubits, one measures the expectation values "Z1#, "Z2#, and
"Z1Z2# of the states {|00#, |01#, |10#, |11#}. In the absence
of readout error, each of these measurements would yield the
relevant dictionary basis element with unit probability. In the
presence of readout error, the results can be described using a
4 $ 4 matrix

Mi j = P(i| j), (23)

where P(i| j) is the probability that the result i is obtained
when one measures the basis element | j#. Finally, the prob-
ability distribution of measured results from the quantum

FIG. 4. We consider 25 = 32 different combinations of the fol-
lowing sources of computational error (referred to as “noise models”
in the IBM Qiskit documentation): readout errors, relaxation during
two-qubit gates, depolarization errors during two-qubit gates, relax-
ation errors during one-qubit gates, and depolarization errors during
two-qubit gates. Each error is either off or on, with magnitude given
by the calibration run of the quantum processor. The rectangles in
the plots represent the results of calculations of 32 different com-
binations of error terms, ordered by increasing variational energy
from left to right. Each rectangle is solid (unfilled) if the error type
of its row is excluded from (included in) the classical simulation of
the quantum algorithm. From this plot one can see that the readout
error is dominant, since all of the 16 lowest energies are calculations
in which there are no readout errors. The two-qubit gate relaxation
error is the second most important, since for a given setting of the
readout error (either off or on), all eight of the lowest energy results
are obtained when the gate relaxation error is off. The importance
of an error type can be quantified using the correlation coefficient r2

between the value of the binary function of whether the error is on or
off and the value of the variational energy.

circuit, P(i), is corrected by writing the distribution as a 2N =
4-dimensional vector %P and applying the inverse of the matrix
M to a obtain a probability vector with mitigated readout error

%P& = M'1 %P. (24)

To mitigate two-qubit gate errors, we perform zero noise
extrapolation (ZNE) using a linear fit, as discussed in
Ref. [31]. In the absence of two-qubit gate errors, inserting
two successive identical CNOT gates anywhere in a circuit does
not change the circuit’s output. However, in the presence of
small CNOT gate error, inserting additional CNOTs increases the
circuit error by a factor of approximately r = 1 + 2n, where n
is the number of identity insertions. Figure 5 shows the circuit
that prepares a N = 2 variational state for the Lipkin model
with a single identity insertion. We measure the average value
of an observable Ō(r) for this prepared state as a function of
r, the number of CNOTs, and extrapolate linearly to estimate
the value of O(0), the average value of the observable in the
absence of CNOT gate error.

We characterize the improvements to the accuracy in mea-
sured average values of the observables obtained by using
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FIG. 5. Illustration of noise extrapolation method used to mit-
igate two-qubit errors. Linear extrapolation to zero error from
two-qubit gate depolarization for the measured ground state expec-
tation value of the Hamiltonian H with N = 2, as given in Eq. (7),
using measured data when one or three identical CNOT gates are used
to prepare the variational state in Eq. (9), using the optimum value
of the variational parameter ! = "/8. In the quantum circuit on the
right, each CNOT in the quantum circuit on the left is replaced by three
successive CNOTs. Because CNOT2 = 1, the functionality of the two
circuits in the absence of noise is the same, but in the presence of
noise the circuit with the additional CNOTs will have larger error. The
error-mitigated estimate for the value of the relevant observable H is
obtained by extrapolating the result linearly to zero as a function of
the number of CNOTs.

error mitigation when the variational parameter ! is fixed
at its known optimum value, ! = "/8. First, we test how
adding each mitigation technique separately to the process
of estimating !H" improves the accuracy. We also mitigate
both measurement errors and two-qubit gate errors by ap-
plying the inverted calibration matrix M#1 to the probability
distributions obtained from each of the circuits in Fig. 5;
subsequently, results from calculating H̄ with each of these
circuits can be used to linearly extrapolate a value of H̄ with
r = 0, to mitigate two-qubit gate depolarization errors in ad-
dition to readout errors. Results comparing these techniques
separately and together for H̄ are presented in Fig. 6, where it
can be seen that mitigating both the readout and CNOT errors
improves the accuracy of the results substantially.

VI. COMPUTING OBSERVABLES

To be of interest to experiments, such as direct detection
of dark matter, we need to not only be able to compute the
energy of an optimal VQE trial for a many-body ground state
with lower complexity and greater accuracy than classical
computations, but also to use the approximate ground state
wave function |# (!min)" to compute physical observables.
As a stand-in for this goal, we here compute expectation
values of observables in the LMG model, such as Hn, Jn

1 ,
and Jn

0 for n $ N, as given by Eqs. (6), (2), and (3), where
J1 = (J+ + J#)/2. In this section, we explore the precision
of results obtained from current hardware; specifically, given
the availability of readout error mitigation techniques [82], we
consider results of simulations with a noise model including

FIG. 6. Performance of error mitigation techniques for estima-
tion of energy for the N = 2 Lipkin model ground state in Eq. (9),
with fixed coupling V = 1 and the exact optimum value of the vari-
ational parameter ! = "/8. All data were calculated on the IBM Q
simulator, including all errors listed in Sec. V A. The average values
of the Hamiltonian operator H as given in Eq. (7) for the prepared
state are compared using different error mitigation techniques. Devi-
ations from the exact value obtained analytically, Egnd = #

%
2, are

compared when implementing neither, one, or both of the mitigation
techniques for readout and two-qubit gate depolarization errors, as
described in Sec. V C.

all sources of infidelity described in Sec. V except for readout
error, to compare with exact analytic calculations of the LMG
model.

As in the preceding calculations, we consider the N = 2
system with V = 1. In this case, note that for O $ {H, J0, J1},
O3 = O, so we may summarize the behavior of all moments

On(! ) & !# (! )|On|# (! )" (25)

for all powers n $ N using only the values n = 1, 2
with a given state # (! ). Furthermore, by the symmetries
!01|# (! )" = !10|# (! )" = 0, as per Eq. (9), we can observe
that H2(! ) = J2

0 (! ) = J̄1(! ) = 0 exactly for all values of ! .
Thus, we need to consider only H̄ (! ), J̄0(! ), and J2

1 (! ). The
fractional deviation of these averages obtained with the VQE
optimal value ! = !min from results obtained with the exact
solution ! = "/8 are displayed in Fig. 7.

Results obtained here from VQE calculations may be com-
pared to those obtained classically such as in Ref. [17]. For
example, their classical calculation of the spin-orbit coupling
operator averaged over the ground state carries a fractional
deviation of '1.8%. While the deviation of H̄ (!min) is sig-
nificantly smaller in comparison, both J̄0(!min) and J2

1 (!min)
can carry much larger fractional deviations (1%. Even with
precise calculations of the ground state energy, useful calcu-
lations of the averaged values of spin operators such as J0
and J2

1 will require reduction in other noise errors such as
thermal relaxation of qubits over two-qubit gate operations,
as discussed in Sec. V.
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FIG. 7. Moments of physical quantities used in dark matter de-
tection calculations are calculated using a noise model simulation of
the Melbourne processor with no readout error to obtain !min and
subsequently using Eq. (25), which are compared to exact values
obtained analytically. Exact values for these averaged quantities are
H̄gnd = !

"
2, (J̄0)gnd = !1/

"
2, and (J2

1 )gnd = (2 !
"

2)/4.

We now characterize the improvements to the accuracy in
measured average values of the observables J0 and J2

1 that are
obtained by using error mitigation as described in Sec. V C.
We again measure the observables for the variational state
with the known optimum value of the variational parameter
! = "/8 for circuits in which the CNOT is replaced by three
CNOTs and extrapolate the results back to obtain the error-
mitigated result. These results are displayed in Fig. 8. We find
that this mitigation technique yields improvements of an order
of magnitude in the accuracy of the measured observables
J0 and J2

1 . However, significant additional accuracy improve-
ments will still be needed to exceed the #1% precision of
existing classical calculations of these observables in more
realistic situations, such as results presented in Ref. [17].

VII. SUMMARY

Appropriate interpretation of the results of experiments,
including upper bounds, requires reliable models of target
nuclides, including quantified uncertainties. Quantum com-
puting has the potential to enable one to go beyond the
limitations of classical calculations, improving the mod-
els as well as understanding the uncertainties in those
models.

Studying the ground state of many-body systems similar
to the LMG model can pose a complex quantum problem.
Highly accurate quantum processors are needed for quantum
computing to yield improvements over classical algorithms.

FIG. 8. Performance of error mitigation techniques for estima-
tion of observables for the N = 2 Lipkin model ground state in
Eq. (9) with fixed coupling V = 1 and the exact optimum value of
the variational parameter, ! = "/8. All data were calculated using
the IBM Q simulator with all errors listed in Sec. V A. Moments
of physical quantities used in dark matter detection calculations are
calculated with and without using mitigation techniques for both
two-qubit gate depolarization and readout errors. Exact values for
these averaged quantities are H̄gnd = Egnd, (J̄0 )gnd = !1/

"
2, and

(J2
1 )gnd = (2 !

"
2)/4. The error mitigation procedure yields im-

provement to the results for the quantities J0 and J2
1 that is similar

to that obtained for the energy H .

To identify and assess the most significant sources of error in
an existing quantum processor, we develop quantum circuits
for VQE calculations on the LMG model and implement
the algorithm for the simplest nontrivial case. We compare
VQE results and the exact ground state of the LMG model
and identify the dominant errors limiting the accuracy of the
calculation. We find that readout error and two-qubit gate
errors are the dominant sources of infidelities using current
quantum hardware. Further, we find that error mitigation tech-
niques improve the accuracy of the calculations substantially.
Our results suggest that, given recent rapid advances in the
development of quantum computing hardware [83], near-term
quantum computers could help with the calculation of at least
gross properties of nuclear ground states.
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ments will still be needed to exceed the #1% precision of
existing classical calculations of these observables in more
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including upper bounds, requires reliable models of target
nuclides, including quantified uncertainties. Quantum com-
puting has the potential to enable one to go beyond the
limitations of classical calculations, improving the mod-
els as well as understanding the uncertainties in those
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Studying the ground state of many-body systems similar
to the LMG model can pose a complex quantum problem.
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computing to yield improvements over classical algorithms.
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to that obtained for the energy H .

To identify and assess the most significant sources of error in
an existing quantum processor, we develop quantum circuits
for VQE calculations on the LMG model and implement
the algorithm for the simplest nontrivial case. We compare
VQE results and the exact ground state of the LMG model
and identify the dominant errors limiting the accuracy of the
calculation. We find that readout error and two-qubit gate
errors are the dominant sources of infidelities using current
quantum hardware. Further, we find that error mitigation tech-
niques improve the accuracy of the calculations substantially.
Our results suggest that, given recent rapid advances in the
development of quantum computing hardware [83], near-term
quantum computers could help with the calculation of at least
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The LIPKIN-Meshkov-Glick MODEL
Some other quantum computing papers on the Lipkin model:

Hobday, Stevenson, Benstead, arXiv:2205.05576. VQE for Lipkin as prototype for shell 
model calculations

Romero et al: arXiv:2203:01619: Lipkin model to examine performance of  VQE

Hlatshwayo et al. arXiv: 2203.01478: Excited states using quantum equation-of-motion

Guerro et al arXiv:2111.14455: Lipkin model on qudits

Robbins and Love: PRA 104, 022412 (2021): Lipkin model on physical quantum machine
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Nuclear shell model on a quantum computer

Lv, Wei, Xie, Long, arXiv:2205.12087 ‘Package’ for computing shell model (not public) 

Romero, Engel, Tang, Economou, PRC 105, 064317 (2022). Advanced VQE for shell mode.

Stetcu, Baroni, Carlson, arXiv: 2110.06098. Uses unitary coupled cluster for p-shell

Siwach, Arumugam, PRC 105, 064318 (2022) Computing quadrupole moment of deuteron

Kiss, Grossi, et al, arXiv:2205.0864.  Unitary coupled cluster for 6Li (really: frozen a
+ deuteron all over again)
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion

55 single-particle orbits ( n l j)
440 single particle states (n l j m)   | 0 1 1 0 0 1 … >
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion

55 single-particle orbits ( n l j)
440 single particle states (n l j m)   | 0 1 1 0 0 1 … >

= minimum # of qubits needed (probably more)
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion

# J-coupled 2-body matrix elements: ~ 1.5 million
< a b J | H | c d J >

# uncoupled 2-body matrix elements  ~ 10 million
Vijkl a+

i a+
j al ak

# many-body matrix elements: ~ 1.2 trillion
(or 5 Tb storage)
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion by superposition

# J-coupled 2-body matrix elements: ~ 1.5 million
< a b J | H | c d J >  input

# uncoupled 2-body matrix elements  ~ 10 
million! Vijkl a+

i a+
j al ak = # ‘Pauli strings’

# many-body matrix elements: ~ 1.2 trillion
(or 5 Tb storage)  not relevant?
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Let’s look at the data requirements
in more detail

Consider 12C, Nmax=8

M-scheme dimension 0.6 billion by superposition

# uncoupled 2-body matrix elements  ~ 10 
million! Vijkl a+

i a+
j al ak = # ‘Pauli strings’

= # of terms to be evaluated in a quantum circuit
(or, # of separate quantum circuits to be evaluated!)
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A ‘Pauli string’ is a set of operations (sx, sy, sz, I) 
applied to each qubit. In quantum computing one 
uses the notation (X, Y, Z, I)

So a Pauli string is something like 

I1 I2 I3 X4 X5 I6 Z7 X8 …

which encodes a string of operations on each qubit;
or, a string of operations to be measured (i.e. for a 
Hamiltonian). 

This is related to Jordan-Wigner and other mappings
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We’re still a long
ways from catching
the car we want!
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Lessons learned

Quantum computing requires a new way of thinking—how to use
unitary transformation as the basis for processing

Not only that, but to get an answer, one needs to run a quantum circuit 
a large number of times to measure the probabilities.

Noise and noise mitigation remains a huge issue, even in small cases

To tackle problems our community cares about, we will need on the 
order of  > 105-7 logical qubits (with error correction, 106-9 physics qubits)

Nonetheless, science has stared down seemingly insurmountable challenges
before
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Lessons learned

LIGO noise budget
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=?
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=?
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or

=?
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or

=?
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Next steps

VQE becomes more challenging as the # of qb increase.

Hence we are trying the following:

* ‘Generator coordinate’ for Lipkin (MS thesis of Kris McBrian, being 
written up now)

• proton—neutron Lipkin model (project of Ph.D student Antonio 
Cobarrubia)-– requires projection of good particle number, toy model
for b, bb decay.

* Looking at `real-time quantum Lanczos’ (MS thesis of Amanda Bowman
in collaboration with Ionel Stetcu of LANL) applied to p-shell nuclides
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Next steps

VQE becomes more challenging as the # of qb increase.

Hence we are trying the following:

* ‘Generator coordinate’ for Lipkin (MS thesis of Kris McBrian, being 
written up now)

• proton—neutron Lipkin model (project of Ph.D student Antonio 
Cobarrubia)-– requires projection of good particle number, toy model
for b, bb decay.

* Looking at `real-time quantum Lanczos’ (MS thesis of Amanda Bowman
in collaboration with Ionel Stetcu of LANL) applied to p-shell nuclides

Hvala vam!


