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Outline

Why would we care about SO(6) harmonics?

How do we treat QM 2-particle problem?

How we want to treat QM 3-particle problem?
What should be 3-particle analogs of sp. harmonics?
How do we find them?

How to apply them?

— calculate matrix elements
— help us solve Schrodinger’s equation
— even treat some relativistic cases



Why should we care?

* There are a lot of reasons to care for ordinary
SO(3) spherical harmonics, yet their

importance stems from QM two-particle
problem

* SO(6) harmonics are to three-body problem
what SO(3) harmonics are to two-body
problem

* Everybody knows SO(3) sp. harmonics, yet
most have not heard of SO(6) harmonics!?



Solving two particle problems

Typical example — Hydrogen atom

Using center-of-mass reference system where
a single 3-dim vector determines position

Split wave function into radial and angular
parts

Using basis of spherical harmonics for the
angular wave function (essential)!

Knowledge of matrix elements required for
perturbative corrections/transitions



Goal in 3-particle case

Use c.m. system, reducing number of fr. deg. from 9 to 6
Split the problem into radial and hyper-angular parts

Solve angular part by decomposition to (hyper)spherical
harmonics!
Additional requirements/wanted properties:

— Harmonics provide manifest permutation and rotation
properties

— Account for certain special dynamical symmetries

Be able to evaluate matrix elements (integrals of 3 h.s.
harmonics)

—> applications: three quark systems, molecular physics,
atomic physics (helium atom), positronium ion...



Center-of-mass system

e Jacobi clzoordinates: .
P = ﬁ(xl_x?L 7 p
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In the case of different masses
coordinates are more complicated
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* Non-relativistic energy - SO(6) invariant:
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6 dim spherical harmonics = ???

Let us recall a few facts about standard 3D s.h.
J<—— UIRof SO(3)

— Functions on sphere: ym < UIRofSO(2) C SO(3)
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D-dim hyper-spherical harmonics

Intuitively: natural basis for functions on D-dim
sphere

Homogenous harmonic polynomials (obeying
Laplace eq.) of order K in Cartesian coordinates
restricted to unit sphere

Harmonics of order K are further labeled by
appropriate quantum numbers, usually related to
SO(D) subgroups

For 3-particles, there are many wrong but only one

symmetrically/mathematically proper way to
choose labels!
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Quantum numbers

e Labels of SO(6) hyper-spherical harmonics
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Long way to the explicit expressions...

Building blocks — two SO(3) vectors X and X~
Start from polynomials sharp in Q:

L

Finally, remove remaining degeneracy, i.e. introduce
multiplicity label.



After all that we can...

...explicitly calculate the harmonics e.g. in
Wolfram Mathematica...
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Nice permutation properties:
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Now we can solve Schrodinger eq. by
h.s. harmonics decomposition

* Decompose pot. energy V(R.a.¢) = V(R)V(a.¢) into h.s.h:

oo 3
K.Q .

* Schrodinger equation —> coupled d.e. in j;,(R):

1 [d 5 d KK+4) ST
T2, Lng tRIR T T m T 2B | s (R) + Ve (R) K%r] Clmlm¥m (1) =0
Matrix
where: elements

3—body

Claimy = O KO o) + TV 20,0 5w (Vi (25) Vo0 (@ 6) Vi (25))



We can evaluate matrix elements!
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Realistic potentials for identical particles

4 out of
2366
possible
K<11 !

have only few harmonics!

3—bod K.Q.v
Kr}D Y = / yo_ﬂ*')’*(() ) Va_body (@, @) df2(s

(K, Q) UKQ VRQ UKQ
(0,0) 8.18 16.04 20.04
(4,0) -0.44 -0.44  2.95
(6,£6) (0 )€0.149) 1.88
(8,0) -0.09 -0.06  1.49

{3 bo dng

2 (J(Va_ bod;,r} dS2(5)) 99% 99% 9470

* Energy and ordering of the states depend only
on a few coefficients!



State orderings
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State orderings

Delta potential state ordering for K=4 and K=5:
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We can also treat some relativistic
cases!

Semi-relativistic three-quark Hamiltonian:

H o= 3 y/me+p+Van(lpl,Alp- 3

Harmonic oscnlator potential:

k

Not too realistic (nor covariant) but good as a toy

model and basis for perturbation calculus.

In momentum picture we get a common form of
Schrodinger’s equation!



Ultrarelativistic case

* In CM frame, due to » p, =0 we can use
Jacobi coordinates for momgenta!

* Ultrarelativistic limit: 7= |p/|

1=1

* Almost becomes Delta pot.: Vv = %Va(p “ A

(K.Q) wvko(Y —string) vigo(A) vigg(urHO) wvigeo(Coulomb) wvkg(Log)

(0,0) 3.22 16.04 16.04 20.04 -6.53
(4,0) -0.398 - 0.445 - 0.445 2.93 121
(6,£6) -0.027 o1 01D 1.88 056
(3,0) -0.064 = 0.04 - 0.04 1.41 -0.33
(12,0) -0.01 0 0 0 0.17




To sum up:

O(6) h.s.h are to three-particle problem what

ordinary s.h. are to two-particle problem

K|Q|v
proper labels are yr;_;|,,_|j_u

tables of explicit expressions available
matrix elements available

accounting for only few terms effectively
solves Schrodinger equation

help differentiating Aand Y
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Long way to the explicit expressions...

Building blocks — two SO(3) vectors X and X~
Start from polynomials sharp in Q:

dy —Jy d_ —.J_

Pd+d— (){) — (X+ X+) -z }'% 'm+( ) (X_ . X_) 2 j:;;}_(){_)

JermyJ_m_

Define ”core polynomials” sharp inJ, mand Q:
K+Q K—-Q

pﬁfgf Jm » Z C—J—I_JJ Piime i (X—)

moem_m’" JimyJ_m_
my ,m_

Make them harmonic by finding ortho-complement
w.r.t. polynomials with lesser K, i.e.:
Pr sy 2mX) = PO g (X) = D ca NP (X)),

il

Finally, remove remaining degeneracy, i.e. introduce
multiplicity label.



State orderings

Fixed state ordering for K=2:

[20,1] ——g—

Delta potential state ordering

for K=4:
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.
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Particle permutations

* Transformations are easily inferred since:
Tio: A=A, p— —p,

Tos :

%b:Q—)—Q,K—)K,Jij—)Jiij—):




In practice we need matrix elements!

 E.g. potential energy term in Schr. eq. turns into
matrix elements of form:

V(@)1 Voo (. p)VE 1 (25)) f VK@)Vl 1(25) V02 1(25)d s

* |n principle these can be calculated using formula:
1

I, i
m1 Mo mG”v“_ =1 2 2 )

o 61 2 L3+, mp)

* Pros: integral of any number of h.s. harmonics can
be evaluated

* Cons: requires prior calculation of explicit h.s.
harmonics expressions, is not fast and is not a
closed form!



A different group-theoretical
viewpoint

* A h.s. harmonic of a compact Lie group G on M is a
function that transforms as a basis vector m of UIR L:
g:Vn( @)=Y DI (9VL(Q).  geG.QeM

m’

where DL, (¢) =(E,

m-m

)| %) is a Wigner D-function

* This is already satisfied by (conj.) D-functions on entire
G:
Q" : D,,T,&’.(élf) — D;ﬁ'(gf_lg) — ZD:’C}‘Z—;F ) (i’ )Dm A(Q) o ZD:‘H m(s’f)D:}k(g)

m' m'

 What about more common homogeneous spaces?



H.s. harmonics = Wigner D-functions

 Stabilizer of a point: Ho C G, Hq - Q=Q =>M=G/H
* Choose H invariant vector \SH} :

D5, )=15,). Yhe H

* Wigner D-function D}, (¢) becomes function on G/H

HJ{}H
Do, (&) =Dk (¢(h) = (5| D(e@)DM)|§ )= DG, (3(Q) = Dk, ()

e After normalization, this is the h.s. harmonic function:

yjﬁ(g) _ u‘fm{L)D (Q)

mQOgy



An important direct consequence:

* Integral of three h.s. harmonics always turns into
Clebsch-Gordan coefficients:

f Vi (@Y ()Y (Q)dQ
M

dim(L) dim(L) dim(L») L *1.1 %) _
\/ Vj/[ f DHH}H (Q)Du'rllilH(Q)Dmg[}H(Q)dg

M

I dim(L) dim(L;) dim(L») L | vy | ely
v \/ Vj/l _[ DmDH (g)D’”lﬂH (g)Du'rgOH (g)dg

G

1 /dim(L])dim(Lg) cLilaLoLi Lo L
— /VM \ dim(L) mimaym =0y 0y Oy°




Back to three particles

* Stabilizer subgroup = SO(5), hyper sphere SO(6)/SO(5)
* The integral turns into SO(6) CG coefficients:

invariant vector

ke K K
fy[}}f](gﬁ)ym]]](Qﬁ)y”?ﬂ(gj)dﬂg SO(5) subgroup
M

_ 1 dim(Kp) dim(K»>) CK1 K, K CK]/é K
VAR dim(K) [m ] [m2] [m]~[0g] [Og] [Og]

* Problem: values of SO(6) CG coefficients?



But these are also functions on
SU(3)/SU(2) !

* This is seen by considering U(3) action on complex
coordinates X and noting isometry subgroup U(2)

* Analogous formula with SU(3) CG coefficients is also
valid!

I m (X)ylf'Qm(X)yK 202 2"2(X) dX3 = invariant vector

1.1 Ly.mo>

SU(2) subgroup
[ KO o

_ dim(Ky. Q1) dim(Kp, 02) ~{K1.Q1}  {K2.02}  {K.Q} C{KA} {K2.02} {K. 0}
VN dim(K. Q) {L1.my,v1}{La.ma.v2} {L.m, v} Oy Oy Oy

e SU(3) CG coefficients are available!



For the potential energy matrix
elements:

! KQ lim(K., Q) dim(K’, Q'
@)V (e IV (25)) = /AL .07

K ) K-"‘ ) KH’ )H K ) KI, )r K”. )N
811 8, i€, UGQH KLOGHKO (K. O} (K. Q) {K7.0)

0,0y (L' ')} {L"v") Oy Oy Oy’
where:
{Ki.01} {K2. 02} {K.Q} _ [ 4K1.0 4K2.0 4K, 0 73 dim(K, Q)
C Oy Oy Oy — (AO AO AO V dim(K;, Q1) dim(Ka, Q)
Ki Kz K

X Z Z Z HEi.Qll—IE;Qzl—IE;—Q

Ki=1011.101142.... Ks=[|Q2|.| Q2|42,... K'=[ Q.| Q]+2....

2:"{3 % K;*f) " N
X 5@+QZQ) K.0 - ( (K+a‘—Q')
K! +K,+K’ K’ +K,+K’ [~ = = — 5

( 1 ZA l)(—l —+ 2) K K”_lQEE)H_z‘W (K" + 2)_ _ Q2

K 3 1

K—|Q| ( K,Q K.Q 23‘[‘ ) 2

(0 y nken
Ki K2 (Ki+Kp Ki+K»>
Ki.K2=[Q.|Q[+2.... (G5~ + D=7 +2)



Now we can solve problems by h.s.
harmonics decomposition

* Schrodinger equation — coupled d.e. in ¥ (R):

1 d? 5 d K(K+ 4) ] e
o 2 a v _
o | dR? + R iR 7o + QHE] [m](R) + Verr.(R) K;m : C[m [m ]{, m ](R) 0
where:

3—body

Clanimy = 0k k8w m) + TV/T K500 %{}[m (25)[Vo0"" (o, §) IV, (©25))



Realistic potentials for identical particles
have only few harmonics!

3 bod K,Q,u* 7 o -
UK. (“)D Y / y[}_[] ? *(535) I-'g_bﬂdy(ﬂ. G)) dﬂ(gﬁ

4 out of (K, Q) UKQ VRQ UKQ

2366 | (0,0) 8.18 16.04 20.04

possible (4,0) -0.44 -0.44  2.95

K<11! (6,£6) 0 -0.14 1.88
(8,0) -0.09 -0.06  1.49
{ a3 — bjdng

99% 99%  94%

2 (J(Va_ bod}r} dQ(5y)

* Energy and ordering of the states depend only
on a few coefficients!




State orderings

Delta potential state ordering

for K=4:

Fixed state ordering for K=2:
[70, 3] [70, 31 [70, 31
W 156, 2] [56, 2]

[2091-'-] ; i 170, 41 [20, 3] 20, 3
f':! 20, 3] ,,,.--4;---;;;;;;%
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; ! i
g
i/ ’ [70, 1] [70, 1]
1 [70, 1] . L
};J 56, 0] [20, 2] [20, 2]

.&
i e [70, 2]
A2l

156,2) Y
] 1 ] ’/ \\‘ [56, 01 ,/l [56, 0]
.ﬁ\ /170, 2]
Y e _[70,2]

Y
Y
L) \‘ y y
hazed 2O o
R
\ “..\'«[70', 21 170', 21
1
]l‘ “‘\ N,
f
\ 356,41 156, 41 . [56, 4]
| .
\ [70', 2]
!
"‘[70 0]
j’—.,_ _______ [70, 0] [70, 0]
Voo * 0 = Vao = Vao = Vg Vags Vgo ® 0 = v,

Vio # 0 = Vg = v Vior Vaor Ves # 0
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Thank you



Hyper-spherical coordinates

* Triangle shape-space parameters:

R=\/p*+ X’

9 9

. ' ' ' P”—Ad QPA Q(AXPS

n = (ﬂl,ﬂggng):( Rz ° R2 R2 )
9

. 2 2 2p X A

Smith-Iwai (sin ”5)2 - ('3"""12 + ’nzz) = 1- ( pRz )

Choice of < , \
angles (,_') _ tlall_l (n_’z) _ tlall—l ( 2}9 . AO

nq p°—A%)

* Plus angles that fix the position/orientation of
the triangle plane (some @®,, ®,, ®, )



| - Case of planar motion

* 4 c.m. degrees of freedom - Jacobi coordinates:
Ly = (;01:)(}2:}‘1: }"2): H = 1 2 34

* or spherically R, a, @ and @ «_ onjugated to overal

angular momentum

* Hyper-angular momenta — so(4) algebra:
K., =i(x,0, —x,0,)|p,v=1,...4

-9
m - K ’_:_L,
T = —R~°
2 * 2m R?




Decomp05|t|on

J ma mo
so(4) D ﬁf)(-?l) D 5{}(3) D s0(2) @ so(2)
1{1*} Ki3 Kja P1
{19 I{ﬁ:q I{M P2
K = — K, {aq 1{24 A1
14 —I{f) I‘(% }‘2
L=1L,+ L)
1
M = §(K12+K34,K23+K14)K31+K24)
1
X; N = §(K12 — K34, Koz — K14,|K31 — Koy

[M?’,M‘? — ieijkMk Q

[N*‘,fo = "N @, px Al =0

[M*,N’] = 0

Y-string potential = the shortest sum of
string lengths < function of triangle area




Hyper-spherical harmonics

 Labeled by K, L and Q: Vi o(e, ¢, ®)
Ji=Jo=K/2 = "] \ \

Jp
ﬂ’:1 ,n,fg ) = |Jimy) @ |Jama) so(4) D s0(3) @ so(3) D so(2) @ so(2)

* Functions coincide with SO(3) Wigner D-
functions:

V1+ KDH;E

J/ﬂi‘{Q(ﬂi, ¢, P) = o Q,—L/z(_{b’ o, 2P)

* Interactions preserve value of L (rotational
invariance) and some even preserve Q (area
dependant like the Y-string three-quark potential)



Calculations now become much
simpler...
 We decompose potential energy into hyper-

spherical harmonics and split the problem into
radial and angular parts:

l[a‘f 3 d K(K+'"’Zv

dR2 T RAR ij} Ve(R) +fofRJZCuu‘f (R) =0

'

,i“ E : '3 bodv WK ;
1’? body 0 O ﬂj‘QJ {]Cj; Qo O(I))

fi; Q;

3—body
KiQ (K'+1)(K;+1) &L K0
C[}g lLIK] — 5‘[& [ K] + Z (—.3 bod )\/ (Ii-i-l) CATJU%% CJ‘TJQJ% ,-

K;>0,Q; \ Y00

2m




Il - Case of 3D motion

* 6 c.m. degrees of freedom - Jacobi coordinates:

zy = (p1, P2, P3, A1, A2, Ag), nw=1,2,3475,6.

* or spherically R, a, ¢ and some ®,, ®,, O,
\

* Hyper-angular momenta — so(6) algebra:

Tricky!

K, =i(x,0, —z,0,) |, v =1,...6

-9
m - K ’_:_L,
T = —R~° :
2 * 2m R?




Particle permutations

* Transformations are easily inferred since:
Ps:p— mAaA#Xi+X¢
Pis: XT 5 eTFIXT

2w ;

Py3: XF — ™3 XT

A

Pos:QQ——-Quv——-—vK— K

¥

yKQv( )_>yK Q—v(X)



Goal in 3-particle case

Use c.m. system and split the problem into radial and angular
parts

Interaction is not radial-only, but in all realistic interaction
potentials “radial” component is dominant — starting point
for perturbation approach

Solve angular part by decomposition to (hyper)spherical
harmonics

Account for some special dynamical symmetries (e.g. Y-string
three-quark potential)

Harmonics provide manifest permutation and rotation
properties

Applications: three quark systems, molecular physics, atomic
physics (helium atom), positronium ion...



Hyper-spherical coordinates

* Triangle shape-space parameters:

n = (n1:n23n3): (pz_’\QanA32|Axp|)

R=/ni+ni+ni=\/p>+X= /> 12

9
Smith-lwai<(Si]-'1”t)2 = R? = 1- ( R? )

Choice of 9 Y
| n. )
O = —tan "’ (—2) — tan ( .}p ,?)
4 p- — A“

angles
* Plus angles that fix the position/orientation of
the triangle plane (some @®,, ®,, ®, )







6 dim spherical harmonics = ???

Let us recall a few facts about standard 3D s.h.
J<—— UIRof SO(3)

— Functions on sphere: ym < UIRofSO(2) C SO(3)
JV. =T+ 1)y By, =mY!

— Orthogonal: o S
1 J it , VP, =0
— ymym: d§) = 5JJ15mm
4m J9—o J g=0 l
. . oy 1156 ., _ 1 {15 (z—iy)?
E g Yo (0, p) = 4\ o € sin’fd = 4\}.“ 2
'y il 3 o - 1 .'r— (x — 1Y) _a i} 1) —io - 1 (15 (z — ty)z
Y; 1{9-' ) = zvf )ﬂ_ ceT ¥ . sinf = E\,‘IQ— - Y48, ) 2\} ¥.sinf - cosf :W% =
| 1 /3 . { _1 5 (22-a—p?)
}flﬂm _V_ cosf :E\[IET Yo' (0, 4~V”T (3cos?fh —1) _4‘Urr 3
. e | i -1 [15 -1 (15 (x + iy)=
o =i / 3 o -1 fT (z +y) yl(g oy B . g = # Y
1 I, - = ——ad— . o (U,0) = e'¥.sinf - cos
Y7 (6,9) = 5 V o - sin @ 5 V’ o . 1) \152;” e g(vgﬁ 2
PRSIy I _  + iy)?
Y;(0,p) = 4‘V o -sin? # 4\’; )




D-dim hyper-spherical harmonics

Intuitively: natural basis for functions on D-dim sphere

Functions on SO(D)/SO(D-1) — transform as traceless
symmetric tensor representations (only a subset of all
tensorial UIRs)

UIR labeled by single integer K, highest weight (K, O, 0,...)
<=> K boxes in a single row <=> K(K+D-2) quadratic
Casimir eigenvalue

Homogenous harmonic polynomials (obeying Laplace
eg. = traceless) of order K restricted to unit sphere

Harmonics of order K are further labeled by appropriate
qguantum numbers, usually related to SO(D) subgroups



{

Al =0

U 5O(6)

e (<

Q, p X

LA

3

LA

SO(6) —

Y-string

1.2.3.

potential = the
shortest sum of

string lengths
& function of
triangle area

. SO(3)
rotations

U(3)



Qu a ntu m n u m be rS E.g. in SU(3) context

often is used operator
i JiQijJj

e Labels of SO(6) hyper-spherical harmopics
U(l
50(6) ( ) multiplicity

S><é) \Kév/ V[V, Q) = [V, Jij] = 0
Yim (%)
\
SO(3) 5 SO(2)

U(l) ® SO3)roe € U(3) C SO(6)

. &



Long way to the explicit expressions...

Building blocks — two SO(3) vectors X and X~
Start from polynomials sharp in Q:

dy —Jy d_ —.J_

Pd+d— (){) — (X+ X+) -z }'% 'm+( ) (X_ . X_) 2 j:;;}_(){_)

JermyJ_m_

Define ”core polynomials” sharp inJ, mand Q:
K+Q K—-Q

pﬁfgf Jm » Z C—J—I_JJ Piime i (X—)

moem_m’" JimyJ_m_
my ,m_

Make them harmonic by finding ortho-complement
w.r.t. polynomials with lesser K, i.e.:
Pr sy 2mX) = PO g (X) = D ca NP (X)),

il

Finally, remove remaining degeneracy, i.e. introduce
multiplicity label.



After all that we can...

...explicitly calculate the harmonics in Wolfram

Mathematica... - VE.Q.Jm.v)

¥{z,2,0,0,00=— "

1 e
¥{0,0,0,0, 0=——
?1.'”2 |'_
. | XML, 1°
| 'u
_.i X[1, -1] ¥i{2,2,2,2, -6}=— )
'._ ?1_'{2
Y{l.r _l.r l.r l.r 2}= 1 —_—
T 3 H[1, -1] ¥sg[-1]3
o ¥{3, -3,1, 1, 21= e
|
XL, i
- J B ®[Ll, -17%
T{l, 1,1, 1, -2}= e ¥{3, -3, 3,3, 12})=—
) e
W2 ¥eg[-1]f —
(2, -2, 0,0, Dp=— VB [Z—Ei'quEX[l, “17+¥[1, 1] xSq[_l]ij
T Y{Sr _l.r l.r l.r _6}= 1%
- m
| 4 —
= ¥[L, -1]% s, -1, 2, 2, 10} 5 ®[L, -1] (¥[0, 1] ®[1, -1] -¥[0, -1] %[1, 1]
¥{2, -2,2,2, 6l=— " PoTr R me T i
}T R
- V15 X[1, -11* ¥[1, 1]
3 [0, 1] ®[L1, -1] -¥[0, -1] ¥[1, 1] _ -
Y{z; I:I.r l.r l.r D}= : : e : : Y{S; lr 3; 3; 4} 2;‘1’”2
e
— N 1 i i
V3 OK[1, -1] ¥[1, 1] v & (—-2 Hagt W1, 1] +®[1, -1] ®aq[1] ]
Y{zl D; 2: 2: D}= 1t ?{3; l.r l.r l.r 5}= 1t
o AT



Particle permutations

* Transformations are easily inferred since:
Tio: A=A, p— —p,

Tos :

%b:Q—)—Q,K—)K,Jij—)Jiij—):




“Core polynomials”

Building blocks — two SO(3) vectors X and X~
e Start from polynomials sharp in Q:

d—!

(X+ X+) — 3z ~ (Y+)

'.'TJ_|_

d_ —J_

pled— (x) (X—-X7) = W, (x)

JimaeJ_m_

* Define “core polynomials” sharpinJ, mand Q:

K—I—Q K— Q

KQ JoJ_
P(J—I—j )jm Z C?n—:ﬂn{‘i J_|_T?1_|_J m_ (X)

. T T _
Core polynomial +:

certainly contains _
component with _ --Lr +.J_=.Jor -]+ +.J_=J+1
K = K butalso

lower K components




“Harmonizing” polynomials

e Let P.(X),a=1,23... beshortened notation for all
core polynomials with K values less than some given K

 Harmonic polynomials are obtained as ortho-
complement w.r.t. polynomials with lesser K, i.e.:

Py fi’(_?J_)J.m(‘Y) = Pfi}fj_mn(ﬁfJ — Z ca RE-Kep (X)),

where ¢, are deduced from requirement: Scalar product of
KQ B core polynomials
<Pa PH(J+J_)J,-rn> =0 /
ca= D (M N)apAp,  with: My = (PalPy ), Aa = (PalPrly?y )sm)
b



Scalar product of polynomials on

KQ _ w6
’,D{ Ja I_J,I._m> = O <P{ JJ YT ",‘.D{ I_|_,I_JJ._J>

K Q'
<P{ JUJD YT m!

(27786085010 o 9214 T4+ J. (Ezt)
Ti'+1'i"' I 0 I —_
“{:—+f }J' fR—-J=K —J =0 (mod 2)
( ? k+: )+ T+ JO)NET —20)!
s
2578 g 8y gt Bt 24/ T+ = T 0T Z% 920+ J 4+ J. (Ezt)
— {,+ K+K J' 1+.J =0 I

((TL”*I N+ T DI+ — Dk —2A+ 1) K- J=K —J' =1 (mod 2)
it

SO U N T - 21)!)

11

L0 ifF—Jiéf—Jf (mod 2),

* that for core polynomials eventually leads to a
closed-form expression...

Integral of any number of polynomials can be
evaluated (e.g. matrix elements)




E.g. this can be (p x A)?

or often used operator M u Iti p | IC Ity

i JiQij T

Exist nanorthogonal Pﬂff}fj_)m(}f) and Pﬂff}ff_);:m(ﬁf)

L i K.,
Degenerated subspace: {Pu.la = 1.2....dimV; ¢}

We remove multiplicity by using physically appropriate
operator V,[V,Q] = [V, Ji;] = 0 and obtain orthonormalized
spherical harmonic polynomials as:

Ya(X) =Y (M72U)uPry

b
P%> and U is a matrix such that:

Where i?\irab = <P?{a.

E"'T_l(ﬂ[_%])ﬂ[_% U = {'Z-@f{:{.g('.‘{.-‘l. V2, ... Udim )



Now we can solve problems by h.s.h.
decomposition

* Schrodinger equation — coupled d.e. in ¥}, (R):

1 [ & o d KK+ 4 , ;
( ) + Q;LE] Z,[)I[fn] (R) + V;:IT(R) Z Offn]f;:]l,[)fﬁn;](R) - 0

K7, [m’]

2p | dR? " RdR  R?

* wnere.
'b'f{_bﬁdy r . '
Claimg = 0 1 0mr ] + TV i, 35w (Vs (05) Ve (@ ) Vi (25))

* |In the first order p.t. this can be diagonalized into:
d? N 5 d KK+4)
dR? R dR R?

+2u(E = Vi ((R)| Ui (B) =0

my [mg



Qu a ntu m n u m be rS E.g. in SU(3) context

often is used operator
i JiQijJj

e Labels of SO(6) hyper-spherical harmopics
U(l
50(6) ( ) multiplicity

S><é) \Kév/ V[V, Q) = [V, Jij] = 0
Yim (%)
\
SO(3) 5 SO(2)

U(l) ® SO3)roe € U(3) C SO(6)

. &



