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> Introduction and motivation

» Nonequilibrium deviation from the distribution function
» Equations of hydrodynamics with mean field effects

» Bulk viscosity in the relaxation time approximation

» Kubo formula for the bulk relaxation time

» Summary
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Hydrodynamics: a long-wavelength effective description of interacting systems

Conservation laws + equation of state
Transport coefficients: details of microscopic dynamics

Bulk viscosity — a measure of conformal anomaly

weak coupling - perturbative QCD:

strong (infinite) coupling - string theories:

Intermediate coupling - lattice QCD,
ansatz for the bulk viscosity spectral function

Phenomenology

Buchel bound:
1 2 C 1 2
<4 022G )

Uncertaintities too large
Ansatz not reliable

Bulk viscosity strongly peaked near the critical
temperature and model-dependent
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Trace of the energy-momentum tensor different from zero

Nonconformality parameters:

« Microscopic: mgy - zero-temperature mass

By - fixes the coupling as a function of the energy scale

. 1 dP/dT
 Macroscopic: 3P, - —c* 2 _
P €55 3 “ = de/dT

Motivation: - understand physics imposed by conformal anomaly
- work out details on parameters quantifying conformal anomaly:
bulk viscosity and its relaxation time

II — Ilns
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The system under study is made of weakly interacting scalar particles,
both classical and quantum statistics are considered

Quasiparticle thermal mass
Quasiparticle mass
Quasiparticle energy
Quasiparticle four-momentum
Lorentz invariant measure

Distribution function

Equilibrium
(well defined state)

= d°k/[(27)° B}

1[5 —

Nonequilibrium
(small deviations, perturbative corrections
to equilibrium quantities)

min = mth(ZU)
Mg = \/mg +mi,

Ex = /K + 2

= (ko k) = (&, k)
dK = d°k/[(27)3E&}]

f=fot+tAf
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Nonequilibrium deviation from the equilibrium distribution function

Boltzmann equation with the mean field contribution

(K", — EWNVEL - Vi) f = Clf]

All quantities entering the equation are x-dependent

fla,k) = fon(w, k) +0f(x, k) = folw, k) + dfin(x, k) + 0. f (2, k) Af(x, k) =0ofm(z, k) +0f(x, k)

T

retains equilibrium form .
fth(xv k) = f0($7 k)’m%—}—mgq(a:)—>m8—|—mgq(x)—l—Amfh(£L’) - [exp (\/k2 + m% + mgq(ac) + Am%h(x)6($)> _1:|

T

A2 correction from the nonequilibrium thermal mass
Af=0f—Bfo(l+ fo) =2
2F)
2 dm?
Af=6f—T7 Wieq Jo(1+ fo) J dKof 7280 e + aT? By

dT? E.  [dKELfo(1+ fo) dr? -
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Equations of hydrodynamics

Local equilibrium hydrodynamics

Energv-momentum tensor: . . .
gy mean-field contribution

thermodynamic consistency of hydrodynamic equations
conservation of energy and momentum

T — / AK kMK fy — g"v U,

q
TSLV — GO’LL’MUV — P()A'LW dUy = Eodmgq
Energy density and pressure:
€g = €g — Uy, €0 = /dK(uuk'u)Qfo
_ _ 1
Py = Py + Ug Py o= —3 /dKA“”kuk,,fo

* Enthalpy not changed: &+ Py =¢ + P

. . L d Py
« Thermodynamic relation satisfied: Tso=T—— =¢y+ Fy
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Equations of hydrodynamics

Nonequilibrium hydrodynamics

Energy-momentum tensor: nonequilibrium mean-field contribution

T,ul/ — /dl(:];,u]’;‘l/f — g'U”I/U 4/ U = UO -+ AU AU — qEOAthh

All quantities contain nonequilibrium thermal mass correction

TH = T + ATH

Particular components:

AT = / dKE;Af
ATV = / dKELk'Af
g o Am? ki k7 L Am?
ATV = / AKE'KEIAf — glth / dK — fo+ 0" g%h / dK f
k

A. CZAJKA, FEB 06, EXCITED QCD 2020



Equations of hydrodynamics

Nonequilibrium hydrodynamics (local rest frame)

Landau matching is defined by the eigenvalue problem: v, T"" = eu”

T = ¢ AT =0
Local rest frame: " = (1,0,0,0) » , » ,
7% — 0 ATY =0

Landau matching conditions:
2

. dm
/dKEkklch =0 /dK [Ei — 77 dTZq] §f =0 Contains the medium correction

Viscous corrections:

i :/de<%j>5f
ATY = /deikj5f » Known structures but x-dependent
= E/deQch mass enters the equations
3
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Anderson-Witting model

Boltzmann equation in the Anderson-Witting model

(u- k)

TR

(R0 — ExVE- Vi) f = = Af

LHS of the Boltzmann equation dictates the form of RHS
0f(k) = fo(k)(L + fo(k))o(F)
T2 dmZ, [ dK (k) fo(k)(1 + fo<k)>>

Af(k) = fo(k)(L+ fo(k)) (Cb(k) " Ey, dI? [dKEgfo(k)(1+ fo(k))

¢ = ¢s + ¢ (shear part + bulk part)
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Transport coefficients

Anderson-Witting model: bulk viscosity

Solution of the A-W model for the bulk part:

_ T2 2 2
P (k) = 57'R(37;ui)(6§ —1/3) <Ek: — L Jao— T (dmeq/dT )J1,0 >

Ek; Jl,O — T2(dm§q/dT2)J_1,0
Bulk viscosity can be computed using: 11 = M/dK(Sf and II = —¢o;u’

Nonconformality parameter: N\

1
Microscopic: M = —3 (m% — a@,\TQ) the consequence of mean field

corrections
S deo/dT 3 7 Jz0—T*dmZ,/dT?)J1
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of = fo(1+ fo)o
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Bulk viscosity
Anderson-Witting model

Shear viscosity is not influenced by n € + o

the mean field in the leading order TR 5

Bulk viscosity of the Boltzmann (classical) gas:

] 2

TR 3

Bulk viscosity of the Bose-Einstein (quantum) gas:

1 T
£0<T4(——c§> —

TR 3 oy
\_'_J

Effect of the cut-off of infrared divergencies

Relaxation time approximation can be too crude to
obtain a reliable form of bulk viscosity
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Quantum-theoretical approach
Hydrodynamic modes

no other currents coupled to . two hydrodynamic modes
the energy-momentum tensor

0T =0 + - II—Tlxs

shear mode: 0 = —w?r, —iw+ D7k’

4Dy
sound mode: 0 = -w +v2k2+mm+m)—z(T+v+v (7w + 711 )) wk”

4D
7wt — (7‘777'1—[?) + 5 + 7'77’}/) w2k? + O(k4)
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Quantum-theoretical approach
Linear response theory

Viscous hydrodynamics is a perfect realization of the linear response theory

deviation of a given observable from equilibrium —— equilibrium retarded response function

Linear response to transverse fluctuations:

/

STt 1) = B (k) [ PGt 'Ry o)

/N

direction of the fluid velocity direction of the momentum diffusion

Linear response to longitudinal fluctuations:

5(TY(¢,k)) = Boy(k) / dt'GY 0 (t — ' K)O(—t')et
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Quantum-theoretical approach
Gravitational Ward identity

conservation of the energy-momentum current in terms of the correlation function

ko (GOPH (k) — gPM(T*) — gP(T") + g*P(TH)) = 0

* Stress-energy tensor represents the conservation laws and the generators
of the space-time evolution

 Ward identity introduces constraints on the stress-energy response functions

stress-energy retarded correlation function
G (wyy) = =0 (=) (87T (y) + (T (y)) = 67 (T (y)))
~if(o — yo) ([T (x), T"" (y)])
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1. Consequences of gravitational Ward identity

w4é%o’00(w, k) = w?e — w’k?*(e + P) + kK*Gr(w, k)

2. Hydrodynamic limit w — 0

2 4
Grw k)~ (e+P)+ %

2 (G(])%O,Oo (Ov k) o e)

3. General properties of the retarded Green function

Re Gr(w,k) = Re Gr(—w, k) Im Gr(w, k) = —ImGr(—w, k)
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2 2
Most general form of the function: Gr(w, k) = — (€+f+°".Q(“”k>)
k2 — 710 T iw3 R(w, k)

All functions Q, Z, and R have the forms: Q(w, k) = Qr(w, k) —iwQr(w, k)

All components are real-valued even functions of w and k

Z, and R, have non-zero limits when w — 0, k—0
All other parts of Q, R, and Z have finite limits when w — 0, k =0

Only small frequency and wavevector limits of the correlation function are important
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pole structure of G, 0 = w*(Z;(w,k)Rr(w,k) + Rr(w,k)Zr1(0,k)) — w?k*Zpgo(w, k)
—w? + k*Zr1(0,k) — iwk?*Z(w, k) + iw* Rr(w, k) Zr1(0,k)
—iw’ (RI (wa k)ZI(wa k) + RR(CU, k)ZR2 (w7 k)) - w6RI(w7 k>ZR2 (wa k)

dispersion relation of the sound mode

4D
0 = —w?+0XK° +iw(re + 1) —i (TT + 4 4+ v (T + ’7'1‘[)) wk?
4D
ot — (TWTva + T —3T + Tﬂfy) w2k? + O(k4)

constitutive relationships

Zr1(0,0) = v?

4D L Tn + 711
ZR2(070) = TWTH’Ug + THTT + Ty RR(07 O) — 02
—4D 2 ™ — 02 T 2 _ 4D 3 T
Z1(0,0) = 3T + 5 4 03 (1 + ) R7(0,0) = Vs Tr T — Vs (T + 711) U4< r/3 +v)(7r + 1)

S
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4 1.
_ — lim = k
KA

4 1 _
3T+ (T + Qruv: = —5 lim 92Re G (w, k)
R/_/ w,k—0

—2K/3

from metric perturbation analysis

Combining these relations with the Kubo formulas related to the shear flow we get

Kubo formulas related to the bulk flow

1 _
(= lim —ImGLEY (w, k)

w,k—0 W

1 _
(rn = —; lim 02 ReGLY (w, k)

w,k—0
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 The form of the nonequilibrium correction to the distribution function found

* Fully consistent incorporation of thermal mean field in the hydrodynamical
description of the dynamics of one-component systems

 The physics of bulk viscosity studied for the Boltzmann and Bose-Einstein gases

* Relaxation time approximation can be too crude to study bulk viscosity of
the quantum gases with Bose-Einstein distribution

e Kubo formula for the bulk relaxation time found
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