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Goal: answer
o What is integrability?
o What is elliptic integrability?

@ Where are all the elliptic functions?



-
Today's toy model

Classical M-dim many-body hamiltonian system:

M
H= pr+gZV(xJ—xk H:P—C
j<k
with
o {pj, xx} = djk canonically conjugate variables.

@ g coupling constant



-
Today's toy model

Classical M-dim many-body hamiltonian system:

M
H= pr+gZV(xJ—xk H:P—C
j<k
with
o {pj, xx} = djk canonically conjugate variables.
@ g coupling constant

The potentials

1 1
V ~ —s V ~
= o VO~ s V)~ (o)

are special and define the Calogero-Sutherland-Moser models.



-
Classical integrability

The classical CSM-models are Liouville integrable, i.e.
@ there exist M integrals of motion /; = H, I, ..., Iy such that

o the gradients d/; are linearly independent
o {lj, I} =0, i.e. they are in involution
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Classical integrability

The classical CSM-models are Liouville integrable, i.e.
@ there exist M integrals of motion /; = H, I, ..., Iy such that
o the gradients d/; are linearly independent
o {lj, I} =0, i.e. they are in involution
o the flows of the /; are complete
This means

@ the flows form a regular foliation of the phase space.

@ the Liouville-Arnold theorem applies, implying there exist so-called
action-angle coordinates:
e action: p; such that I; = I; ({p«})
o angle: X; € T or € R that increase linearly under the flow of the /.
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Hz%—i—wzx, with {p,x} =1

Energy conservation yields /; = H.
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Example: harmonic oscillator

Let ) ) o
H:%—FWZX, with {p,x} =1

Energy conservation yields /; = H.

Action-angle coordinates:
p=pcosf, x=psinf

Now H = p?/2 and 6 = w.
The phase space R? is foliated by circles of fixed radius p.
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Inverse scattering method

Observation: finding /; can be hard
Solution: find instead a Lax pair, matrices L, M such that

EOM ({p;}, {x}) & L = [L, M]

Now it follows directly that
le = trL¥

is conserved.

Since the trace is polynomial in eigenvalues, it follows the eigenvalues are
also conserved!
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Elliptics appear

Consider again
M

H= ZPJ —|—gZV(XJ—Xk

Jj<k

then there exists a Lax pair of M x M-matrices

Lik = pjoj + (1 — o) f (x5 — xk)

Mic = (1 = ) h(xj — xi) — 6 »_ V(x;
n#j

F(x)h(y) — F(y)h(x) = f(x +y)(V(y) = V(x)).



-
Elliptics appear

Consider again

Moz M
H:ZéJrgZV(Xj—Xk)
=1 i<k

then there exists a Lax pair of M x M-matrices

Lik = pjdjx + (1 = ) F(x; — xk)

Mjk = (1 — 5jk)h(Xj — Xk) — Ojk Z V(Xj - Xn)
n#j

F(x)h(y) — F(y)h(x) = f(x +y)(V(y) = V(x)).

The most general meromorphic solution is V/(x) ~ p(x)
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Quantum case

Replacing p; — p; = —iha% yields the Schrodinger operator (or simply
PDO)
R P
H= Z Ox 2 + gz V(X — xk)
Jj<k

What does integrability mean here?
@ We could ask first for M pairwise commuting PDOs h = H, b, ..., Iy
o for which a joint basis of eigenfunctions exists

@ and for a unitary operator that simultaneously diagonalises all these
PDOs (a lot of functional analysis is involved here)

@ but this is often too much to wish for...

We could follow the Lax route, but now /x = trL¥ is complicated and
generically [H, I] # 0.
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-
Elliptics again

Take
R P
H= Z Ox 2 + gz V — Xk .
Jj<k
Let us suppose we want meromorphlc eigenfunctions

=TI %05 — xx)

J<k

General solution: V/(x) ~ p(x)
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Scattering: classical

p; Xie e pf

\%

p, X2® ° p

\%

Py XM ® o py
t=—00 t=o00

[ Piy
L= - + =p- L= :
- Pmi1-j = Pj E
P Py

Conclusion: scattering is nondiffractive
and asymptotic momenta are conserved
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Scattering: quantum
Remember: we have M integrals of motion /; and the wavefunction W has
[W(x) = h¥(x)
Traditional quantum mechanical scattering: where |x; — xi| is large
W~ eX1PLbmpu
This yields a system of (usually polynomial) equations
li({px}) = hj with j=1,...M

Since the /; are symmetric in the p;, all solutions are permutations of a
single particular solution.

Bethe wave function: V(x) = Z A(r)eP>

TESH
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Yang-Baxter equation

523513512 = 512513523
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-
Spin

So far spinless particles, but adding spin is possible:

M

H = ZPJ —i—gZV —Xk Jk

Jj<k

with Sjc some spin function/operator.
Example:
Sik = 0j - 0k, with o; Pauli matrices

Freezing: sending T — 0 (or g — o0) fixes particles, leaving internal
degrees of freedom only:

M
H= Z V(x — x¢)Sik-

Jj<k

A spin chain.



A web of chains
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A web of chains

:_JZV(J ) (5926 + 060 4 o9 (2)

j<k

Inozemtsev

Heisenberg xxx elliptic

sinh?k N2
K — 00 ISJQ p(Z) + = k=0

z€R w
/ \ trigonometric

contact

5 L — o 7T2/L2
z od L .l YN
|z mod L|, San (WZ/L)
sinh?k
L — oo sinh?kz L — oo

hyperbolic
K — 00
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A web of chains

JZ( (o) 4 g6, 4 o)y (z))

Inozemtsev

Heisenberg xxXx elliptic

sinh?x
K — 00 (p(z) + 772)
k—0

w
z€R
/ \ trigonometric
contact
) L — 71-2/L2
O|z mod L|,1 m
sinh?k
I - oo sinh?kz L= o0
/ h}’pel“bOﬁC \
KR — OO 1
5|Z|71 R k=0 — rational

22



A web of chains

:_JZV(J ( =) ) (y) e )—i—a( )O'(Z))
j<k
Inozemtsev
elliptic
sinh?k M2
o T (ol +
2eR K w k—0
/ \ trigonometric
contact
5 L — oo 71'2/L2
|7 mod Ll.1 sin(7z/L)
sinh?k
L - sinh?kz L — oo

hyperbolic
K — 00

5|z|)1 z€R

— ratlonal



A web of chains

:_JZV(J ) (5926 + 060 4 o9 (2)

j<k

Inozemtsev

Heisenberg Xxx elliptic

0 Haldane-Shastry
sinh“k N2
K — 00 ISJQ p(Z) + = k=0

z€R w
/ \ trigonometric

contact 5o

5 L — o T /L
d L|,1 5,
|2 mod L| sin?(rz/L)
sinh?k
L — o0 sinh?kz L — oo

hyperbolic
K — 00

01211 2€R — rational
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Deforming the operator

So far we have only talked about potentials V, but we can deform the
operators too.

Quantum CSM:

—ihozi.

0
—ih— — pi=c¢ 0xj
an pj

turns a PDO into a finite-difference operator. Modulo ordering these
yield the quantum Ruijsenaars-Schneider models. Very recently, sense
has been made of a further deformation

ﬁjﬁz#bo”-,bo

creating a doubly-elliptic model.
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Spin chain operators

First simple: Heisenberg spin chain V/(x) = 0|, 1

Name Operator symmetry R matrix
XXX O'J(X) 0+ crj(y) ) j(i)l sl rational
XXZ J(X) 09 +a(y) (y) +Aa(z)aj(i)1 Uy (sl2) | trigonometric
XYZ J(X) J(+1 + FU(Y) (y) 1+ AU(Z)UJ(i)l Ur.q (sl2) elliptic

R matrix:

@ Stems from the Quantum Inverse Scattering Method

@ Forms a building block for the hamiltonian in a fixed recipe

@ has characteristic analytical behaviour in an auxiliary parameter

solves the quantum Yang-Baxter equation

Ra3Ri3R12 = Ria Ri3Ros,

Rik = Rix(u; — uk)
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Spin chain operators

First simple: Heisenberg spin chain V/(x) = 0|, 1

Name Operator symmetry R matrix
XXX O'J(X) (X)l + oj(y ) J(ij)l +o J(‘ZF) sl rational
XXZ UJ(X)O'J(i)l + (T(Y) (y)l + Ao (z) J(i)l Uq (slp) | trigonometric
xvz | oot + ra(” 0+ AJ(Z) 0\ | Ung(sk) | elliptic

This structure implies
@ factorised scattering

@ additivity of the energy, i.e.

M
EM:E €1

@ that solving the spectral problem involves equations of
rational /trigonometric/elliptic type, the Bethe Ansatz Equations



Spin chain operators

First simple: Heisenberg spin chain V/(x) = 0|, 1

Name Operator symmetry R matrix
XXX O'J(X) (1)1 + aj(y ) J(Jyr) +o J(Z) sl rational
XXZ aJ(X)a(i)l -‘rJ(Y) (y) L+ Ao (Z) J(i)l Uq (slp) | trigonometric
xvz | oot + ra(” (Y) )+ AJ(Z) 0\ | Ung(sk) | elliptic

Open question: How does this structure carry over beyond the
nearest-neighbour case, i.e. other V7
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@ Vertex models: dynamical R matrices <+ height models/RSOS models
@ Algebra’s: g-Virasoro, (double-affine) Hecke algebra

@ Special functions: generalized /3 integrals, elliptic hypergeometrics,
differential Galois theory

@ quantum dilogarithms (from quantum Teichmiiller space)



Present day topics

Directions | have not explored:
@ Vertex models: dynamical R matrices <+ height models/RSOS models
@ Algebra’s: g-Virasoro, (double-affine) Hecke algebra

@ Special functions: generalized /3 integrals, elliptic hypergeometrics,
differential Galois theory

@ quantum dilogarithms (from quantum Teichmiiller space)
Possibilities:

@ XYZ correlation functions

e How 6D NV = (2,0) SYM relates to XYZ?
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Part 2

Goal: Understand what happens to quantum integrability beyond the
Heisenberg case
Today:

@ Study the elliptic deformation of Heisenberg xxx

@ Improve its solution

@ Show what is left of energy additivity and factorised scattering

@ Is the spectral problem rational?



Inozemtsev's elliptic spin chain fnoemseu, 1989

Py —1
H ~ ij_ 17
j<k

H:H — H with H == (C[1) & C||))®L

XXX Spin operator: ijT (X) ( ) + a(y)a(y) + U(Z) ( )
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L
. Py —1
H ~ Z o(j — k)JT
j<k
M=2
Properties
@ slr-invariant, i.e. isotropic @ pairwise long-range interactions

@ translation invariant @ periodic
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L
Py —1
; J
H D ol = k)=
j<k /89 92
M=2 L — o0
general M
Properties
@ slr-invariant, i.e. isotropic @ pairwise long-range interactions

@ translation invariant @ periodic



Inozemtsev's elliptic spin chain fnoemseu, 1989

L
P'k -1 L < oo
; J
H ~ Z o(U — k)T April ‘95 @general M
J<k '92 implicit
general M
Properties
@ slr-invariant, i.e. isotropic @ pairwise long-range interactions

@ translation invariant @ periodic



Inozemtsev's elliptic spin chain fnoemseu, 1989

solutions of
elliptic KZB

L
P‘k—]. May /95 L < oo
; J
H ~ Z o(U — k)T April ‘95 @general M
J<k '92 implicit
M=2 L— o0
general M
Properties
@ slr-invariant, i.e. isotropic @ pairwise long-range interactions

@ translation invariant @ periodic



Inozemtsev's elliptic spin chain fnoemseu, 1989

L<oo solutions of
M =3 elliptic KZB

L
P‘k—]. May /95 L < oo
; J
H ~ Z o(U — k)T April ‘95 @general M
J<k '92 implicit
M=2 L— o0
general M
Properties
@ slr-invariant, i.e. isotropic @ pairwise long-range interactions

@ translation invariant @ periodic



Inozemtsev's elliptic spin chain fnoemseu, 1989

L <o solutions of
M=3 elliptic KZB

L
P-k—]_ L<OO May'95 L<OO
; J
H ~ Z p(U — k)T general M April ‘95 @general M
j<k explicit '92 implicit
M=2 L — o0
general M
Properties
@ slr-invariant, i.e. isotropic @ pairwise long-range interactions

@ translation invariant @ periodic
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Literature

Status:
Integrability @ No R matrix, no Yang-Baxter
equation

@ but a quantum Lax pair L, M

Inozemtsev's
spin-chain

Thermodynamics

[Inozemtsev, 1989]

@ And a proposed set of
Commuting Charges [Inozemtsev,1996]

e But so far only [J1, /2] =0 has
been proven [pittrich, Inozemtsev, 2006]




Literature

Integrability

Inozemtsev's
spin-chain

Thermodynamics

In the spectral problem of the
Dilatation operator D

@ spec(D) = spec(H) + O (x*)

[Serban, Staudacher, 2004]

@ but discrepancies occur at fourth
order



Literature

@ spin-spin correlation functions

[Dittrich, Inozemtsev, 1997]

Integrability

Inozemtsev's
spin-chain

Thermodynamics

@ central charge at critical point

[Inozemtsev, Dérfel, 1993]

@ Two-magnon bound states [pittrich,

Inozemtsev, 1997]

@ Thermodynamic Bethe ansatz
[Klabbers, 2016]



Literature

Integrability

Inozemtsev's
spin-chain

Thermodynamics

@ integral representations for gKZB
€q uation [Felder, Varchenko, 1995]



Inozemtsev's extended Bethe ansatz

Spectral problem:
H|V) = ¢|V¥).
Coordinate basis:
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Wavefunction component:

e et L) = W(R)

Heisenberg xxx Inozemtsev’s ansatz
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Imposing periodicity yields the Bethe
equations
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Coordinate basis:
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Wavefunction component:

e et L) = W(R)

Heisenberg xxx Inozemtsev’s ansatz

ansatz : V(n) = Z Ay (B)eP V(A) = Z q,ﬁ(ﬁa)e—iél-ﬁa

ocESM ocESm
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Review of the old solution

Inozemtsev's extended Bethe ansatz

Spectral problem:

HIW) = |W).

Coordinate basis:

LT L D) with 1t at A= (ng, mo,... np) T

Wavefunction component:

(RO

Heisenberg xxx
ansatz : W(A) = Z Ay (B)eP
€Sy

Imposing periodicity yields the Bethe
equations

W) = w(7)

Inozemtsev’s ansatz

() = Y Up(y) e P

o€ESy

U5 solves the elliptic CSM-model:

HesmVs = EnV;
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Inozemtsev’s ansatz:

\U(ﬁ) — Z \Il?ﬁ(ﬁg)e_ié?)'ﬁa

0'65/\// \ N
\ \TJI:J* = eii)-x Z /(T)HX]_

TESN (64
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Review of the old solution

Inozemtsev’s ansatz:

V() = Y VA, )e P
oESH \ N

\/ “’5 = e!PX Z /(T)HXl
’/ TESN @

“ o J/

- HesmVp = EgV
s Hesw = 3 Z 2 +2 Z o(x; — xk)
=1 J j<k

@ periodicity yields transcendental equations for M(M — 1)/2 parameters
@ No interpretation for parameters, no quasimomenta, ey # > €;

@ the equations have many trivial solutions
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A new parametrisation

How definitions change everything

Old ingredients: New ingredients:

0 Vino(x) = @ (@(x) + 772) ® Vino(x) = Sm:;% <@(X) + Zf)

K w
o Vesm(x) = p(x) o Vesm(x) = p(x) + ’j%
o\TJE: 1px25:/ HXl o\TJE:eif"XZ/(T)sz
with muIt|pT|f:al'\cl|ve quasiperiods with muItipITi:l'\clive quasiperiods
o Pl Pt2mia o g(F) o ePL-2miaf o o _ o(F)
° m(a) =) - 'z o ;(2) = (2) — 22
o Up with Fi(z) = p} + p? +3%1 o Us with Fo(z) = ph + p2 + 3%

Now we use the Legendre relation to rewrite everything
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@ Potential: Vj,,(x) = i > t (@(X) + @)
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@ Wavefunction ansatz: V; = Z W5 (ny)

gESy
~ .~ N
@ CSM wavefunction: V; = e~ Z 1(7) sz solves CSM model with
TESN (&3

potential Vesm(x) = p(x) + 2 and energy Ey = Zp,zn/2 +0

@ Momentum:
P2 () = P p=2 (qg+7)
Sum of scattering phases



When the dust settles
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@ Potential: Vj,,(x) = Sm:2 il (p(x) + %)
@ Wavefunction ansatz: V; = Z U5 (n,)
gESy
N
@ CSM wavefunction: \TIE = elPx Z 1(7) sz solves CSM model with
TESN (&3

potential Vesm(x) = p(x) + 2 and energy Ey = Zp,zn/2 +0

@ Momentum:
p2 (£2) = pm p=2i (q+eT)
Sum of scattering phases J UBethe counting numbers
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When the dust settles

@ Potential: Vj,,(x) = > > t (@(X) + @)
K w

@ Wavefunction ansatz: V; = Z U5 (n,)

gESy

N
@ CSM wavefunction: \JNJE = elPx Z /(T)HX2 solves CSM model with
TESN «
potential Vcsm(x) = p(x) + 2 and energy Ev = Zpﬁq/2 + 0
@ Momentum: 7 (wpm) — B B = (q—i—wl)

@ Extended BAE: Vi< a <N
D pa(ta—tg) = 2> palta — tg) =1 (Be(a) — Pe(a)+1)

Bec Hea—1, catl} Be (e Hea)\{a}
@ Energy: M ~ CSM
=> eilpm) + U,
m=1
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Application

Rationalisation

o Observation: the eBAE are elliptic on I = (L, Lw) in every t3.
@ so it can be written as a rational function of {(tz) and ¢/'(t3).

@ Turns solving eBAE = 0 into a purely rational problem.

Periodicity of the energy:

SM(tl,...,tﬁ +L,...,tN):8M(t1,...,tN)
€M(t1,...,tﬂ —l—wL,...,tN):8M(t1,...,tN)+#EBAE5

So ¢y is elliptic on-shell!

‘ This turns the entire spectral problem into a rational one ‘
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%y = 0(y —wl/2),  Jy =@ (v —wl/2)

satisfying

WeierstraB equation : )“/5 = 4)“(3 — 82Xy — 83

Constraint:

XO_Xn
'YE =

X,y — Xn

of which the trivial solutions are precisely those with y, =0
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Example: M =2

N =1and weset t = —y and I = l; + . Define

A

Xy =9y —wl/2), Py =9 (v —wl/2)

satisfying
WeierstraB equation : )“/5 = 4)“(3 — 82Xy — 83

Constraint:

S R-K

0~ ~n

>33 -0

= Ry — K
Energy:

A

£2 ~ csty + (2= 2/ L)%, +2/Lpa (1) 5 Yo -
vy — 0

2 A 2
Yy + Yon Yy
2L2 Z < Xw,,> / ()?,Y — )?0>




Application

Example: M =2
N =1and weset t = —y and I = l; + . Define

% o=y —wl/2),  y = (v —wl/2)
satisfying
WeierstraB equation : )“/5 = 4)“(3 — 82Xy — 83
Constraint:

e match with the numerical spectrum (L < 12)
o Completeness



Discussion

Summary:
We found a new parametrisation of the spectral problem, such that

0 ey =X, €(rm) + UM, ie. almost additive energies
@ the spectral problem becomes fully rational

@ All k limits are much better behaved



Discussion

Summary:
We found a new parametrisation of the spectral problem, such that

0 ey =X, €(rm) + UM, ie. almost additive energies
@ the spectral problem becomes fully rational
@ All k limits are much better behaved
Future directions:
@ True additivity
@ Study completeness for M > 2, at least numerically
@ Higher spin: does the spin chain <+ CSM relation hold beyond
s=1/27?
e XXZ



Discussion

Limits
777
Heisenberg Xxz g-deformed Haldane-Shastry
elliptic
sinh?k M2
K 7 00 2 (p(z) +—
SER K w Kk —0
/ \ trigonometric
contact
5 L — o n2/L?
|z mod L1 sin?(nz/L)
sinh?xk
L— oo sinh?kz L —,60

/ hyperbolic \
K — 00 k=0 1

01211 zeR = rational
’ 2



Appendix

Constraints and energy
Extended Bethe ansatz equations
() pu(m+ Imw/L) =1(Pm — 27 I /L)
(1 Yomlta=ts) = 2 Y pilta = tg) = i(Pe. — Peat1)

Be€cH{ca—1,catl} Be(c Hea}) \{a}

(1) Lgm=»  ta— Y ta

ac€c H{m} acc{m-1}

Definitions Energy
. M(M —1)n — Mip
77 ~Y
pi(z)=(e) — 2 oM Eut w
g M
Fi(t) = pj(t) + p;(t)* + 3n;/w; - s Z (qm n /me>
L=(1w) T2
. . ~ M /\/I
Dispersion Ey = MM-1) 7]1 + Z + U

e(p) ~ =5 (52)

_ (wp\? _
+72(52) +2/w

\Ql

Il

N =
Q
Il MZ
_

( > Filta —ta) =Y Fi(ta —
Be(

€(cHea—1}) ﬂec Hea}
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