
Modular graph functions

and Poincaré series
Axel Kleinschmidt (Albert Einstein Institute, Potsdam)

Elliptics ’19

AEI, 18 September 2019

Joint work with Olof Ahlén [1803.10250]

and Daniele Dorigoni [1903.09250]

Modular graph functions and Poincaré series – p.1
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Two types of modularity in string theory

World-sheet

closed n-point amplitude on genus h world-sheet Στ

includes integral over cx. structure τ .
Στ related by large diffeos identified ⇒ modular inv.

SL(2,Z) Sp(4,Z)

Space-time

Compactification of II(B) string on torus T d

⇒ U-duality G(Z) [Hull, Townsend]

Modular graph functions and Poincaré series – p.2
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Two types of modularity in string theory

World-sheet
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i=1

∫
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d2zi
“vol(Sp(2h))”

〈V1(z1) · · · Vn(zn)〉Στ
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Space-time
G(Z) = SL(2,Z)

Low-energy α′-expansion

S = 1
(α′)4

∫
d10x

√−g
(
R+ (α′)3fR4(τ)R4

+(α′)5fD4R4(τ)D4R4 + (α′)6fD6R4(τ)D6R4 + . . .
)
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functions
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G(Z) = SL(2,Z)

Low-energy α′-expansion

S = 1
(α′)4

∫
d10x

√−g
(
R+ (α′)3fR4(τ)R4

+(α′)5fD4R4(τ)D4R4 + (α′)6fD6R4(τ)D6R4 + . . .
)

PPP✐
✡
✡
✡✡✣

✏✏✏✶

U-duality invariant, sometimes constrained by susy
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Double expansion of string amplitudes
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Space-time axio-dilaton

z = C(0) + ie−φ

〈eφ〉 = gs ⇒ includes non-pert.
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Space-time axio-dilaton

z = C(0) + ie−φ

〈eφ〉 = gs ⇒ includes non-pert.

✓

✒

✏

✑
Two types compute aspects of the same quantity and have
common features
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Modular differential equations

The SL(2,Z)-invariant functions f(τ) that appear in the two
cases satisfy (modular) differential equation, e.g.

(∆− s(s− 1)) f(τ) = R(τ)

(∆ = τ22 (∂
2
τ1 + ∂2τ2) for τ = τ1 + iτ2)

✁
✁
✁✕

modular invariant ‘source’
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τ1 + ∂2τ2) for τ = τ1 + iτ2)

✁
✁
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modular invariant ‘source’

Origin of differential equations different

World-sheet Feynman rules give explicit function (as
multiple lattice sum) [D’Hoker, Green, Vanhove]

Space-time supersymmetry constrains coefficient
functions [Green, Sethi, Vanhove; Bossard, Verschinin]
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Modular differential equations

The SL(2,Z)-invariant functions f(τ) that appear in the two
cases satisfy (modular) differential equation, e.g.

(∆− s(s− 1)) f(τ) = R(τ)

(∆ = τ22 (∂
2
τ1 + ∂2τ2) for τ = τ1 + iτ2)

✁
✁
✁✕

modular invariant ‘source’

Origin of differential equations different

World-sheet Feynman rules give explicit function (as
multiple lattice sum) [D’Hoker, Green, Vanhove]

Space-time supersymmetry constrains coefficient
functions [Green, Sethi, Vanhove; Bossard, Verschinin]

Use differential equation as common starting point to learn
about f(τ)! (Use τ for both cases.)
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Interlude: Modular graph functions

At string one-loop encounter things like

n∏

i=1

∫

Στ

d2zi
τ2

exp

[
∑

k<ℓ

skℓG(zk − zℓ|τ)
]

(⋆)

from CFT.
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exp

[
∑

k<ℓ

skℓG(zk − zℓ|τ)
]

(⋆)

from CFT.

Mandelstam variables

skℓ = −α′

4 (pk + pℓ)
2

Scalar Green function on torus (z = uτ + v)

G(z|τ) = − log

∣
∣
∣
∣

θ1(z|τ)
θ′1(0|τ)

∣
∣
∣
∣

2

+
2πz22
τ2

− 2 log
∣
∣
∣(2π)1/2η(q)

∣
∣
∣

2

=
∑

(m,n) 6=(0,0)

τ2
π|mτ + n|2 e

2πi(nu−mv)

SL(2,Z) invariant
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G(z|τ) = − log

∣
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∣
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∣

2

+
2πz22
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− 2 log
∣
∣
∣(2π)1/2η(q)

∣
∣
∣

2

=
∑

(m,n) 6=(0,0)

τ2
π|mτ + n|2 e

2πi(nu−mv)

SL(2,Z) invariant

Integral (⋆) not known in closed form. Evaluate by
expanding in Mandelstam/at low energies, i.e. α′
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Interlude: Modular graph functions

n∏

i=1

∫

Στ

d2zi
τ2

exp

[
∑

k<ℓ

skℓG(zk − zℓ|τ)
]

not nec.an

amplitude

Feynman rules on Στ [D’Hoker, Green, Vanhove]

k
G(zk − zℓ|τ) =

ℓ

and integrate over vertex positions zi.
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Interlude: Modular graph functions

n∏

i=1

∫

Στ

d2zi
τ2

exp

[
∑

k<ℓ

skℓG(zk − zℓ|τ)
]

not nec.an

amplitude

Feynman rules on Στ [D’Hoker, Green, Vanhove]

k
G(zk − zℓ|τ) =

ℓ

and integrate over vertex positions zi. No tadpoles since

∂z∂z̄G(z|τ) = −πδ(2)(z) +
π

τ2
,

∫

Σ

d2z

τ2
G(z|τ) = 0

Modular graph functions and Poincaré series – p.7
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n∏

i=1

∫

Στ

d2zi
τ2

exp

[
∑

k<ℓ

skℓG(zk − zℓ|τ)
]

not nec.an

amplitude

Feynman rules on Στ [D’Hoker, Green, Vanhove]

k
G(zk − zℓ|τ) =

ℓ

and integrate over vertex positions zi. No tadpoles since

∂z∂z̄G(z|τ) = −πδ(2)(z) +
π

τ2
,

∫

Σ

d2z

τ2
G(z|τ) = 0

Generates SL(2,Z)-invariant functions, e.g.

C1,1,1 = or Ca,b,c =
a

b

c

✟✟✙

a propagators
in a row
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Interlude: Modular graph functions

Modular graph functions are nested lattice sums (from loop
momenta)

=
∑

(m1,n1) 6=(0,0)
(m2,n2) 6=(0,0)

(m1+m2,n1+n2) 6=(0,0)

τ3
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= 2ζ(6)π−3E3(τ) + ζ(3) [Zagier]
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❅■ non-holomorphic Eisenstein series

Es(τ) =
1
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∑

(m,n) 6=(0,0)
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Interlude: Modular graph functions

Modular graph functions are nested lattice sums (from loop
momenta)

=
∑

(m1,n1) 6=(0,0)
(m2,n2) 6=(0,0)

(m1+m2,n1+n2) 6=(0,0)

τ3
2

π3|m1τ+n1|2|m2τ+n2|2|(m1+m2)τ+n1+n2|2

= 2ζ(6)π−3E3(τ) + ζ(3) [Zagier]

❅■ non-holomorphic Eisenstein series

Es(τ) =
1

2ζ(2s)

∑

(m,n) 6=(0,0)

τs
2

|mτ+n|2s

In general hard to extract information from nested sums;
some results see [Basu, Brödel, Brown, D’Hoker, Duke, Gerken,

Green, Gürdogan, Kaidi, AK, Matthes, Panzer, Schlotterer, Vanhove,

Zerbini,...]
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Modular differential equations

(∆− s(s− 1)) f(τ) = R(τ) [poly in MGFs]
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Modular differential equations

(∆− s(s− 1)) f(τ) = R(τ) [poly in MGFs]

E.g. [Green, Vanhove; D’Hoker, Green, Vanhove]

(∆− 12) fD6R4 (τ) = −4ζ(3)2E3/2(τ)
2

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10
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Methods of solving this for real SL(2,Z)-invariant f(τ)

Fourier decomposition (convolution?) [Green, Miller, Vanhove]
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Poincaré series
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E.g. [Green, Vanhove; D’Hoker, Green, Vanhove]

(∆− 12) fD6R4 (τ) = −4ζ(3)2E3/2(τ)
2

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10

Methods of solving this for real SL(2,Z)-invariant f(τ)

Fourier decomposition (convolution?) [Green, Miller, Vanhove]

spectral decomposition (cusp forms?) [GMV; Klinger-Logan]

Poincaré series

(BPS) Lattice sums [Bossard, AK]

Very few explicit solutions known [D’Hoker, Green, Miller,

Russo, Vanhove; Zerbini; Brown]. Often focus on Fourier zero
mode or even its Laurent polynomial in τ2

Modular graph functions and Poincaré series – p.9
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(∆− 12) fD6R4 (τ) = −4ζ(3)2E3/2(τ)
2

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10

Methods of solving this for real SL(2,Z)-invariant f(τ)

Fourier decomposition (convolution?) [Green, Miller, Vanhove]

spectral decomposition (cusp forms?) [GMV; Klinger-Logan]

Poincaré series

(BPS) Lattice sums [Bossard, AK]

Very few explicit solutions known [D’Hoker, Green, Miller,

Russo, Vanhove; Zerbini; Brown]. Often focus on Fourier zero
mode or even its Laurent polynomial in τ2

✛ today
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Solving by Poincaré series [Ahlén, AK]

(∆− s(s− 1)) f(τ) = R(τ) (1)

Assume that RHS has Poincaré series expansion

R(τ) =
∑

γ∈B(Z)\SL(2,Z)

ρ(γτ)
B(Z) =

{(
±1 n

0 ±1

)}

ρ(τ) = ρ(τ + 1)
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Solving by Poincaré series [Ahlén, AK]

(∆− s(s− 1)) f(τ) = R(τ) (1)

Assume that RHS has Poincaré series expansion

R(τ) =
∑

γ∈B(Z)\SL(2,Z)

ρ(γτ)
B(Z) =

{(
±1 n

0 ±1

)}

ρ(τ) = ρ(τ + 1)
Make ansatz

f(τ) =
∑

γ∈B(Z)\SL(2,Z)

σ(γτ)

‘seed’
Then (1) becomes

(∆− s(s− 1)) σ(τ) = ρ(τ) (1’)
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Solving by Poincaré series [Ahlén, AK]

(∆− s(s− 1)) f(τ) = R(τ) (1)

Assume that RHS has Poincaré series expansion

R(τ) =
∑

γ∈B(Z)\SL(2,Z)

ρ(γτ)
B(Z) =

{(
±1 n

0 ±1

)}

ρ(τ) = ρ(τ + 1)
Make ansatz

f(τ) =
∑

γ∈B(Z)\SL(2,Z)

σ(γτ)

‘seed’
Then (1) becomes

(∆− s(s− 1)) σ(τ) = ρ(τ) (1’)

Idea: Try to solve (1’) rather than (1). Reduced complexity!
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Example of Poincaré series

Non-holomorphic Eisenstein series

Es(τ) =
1

2ζ(2s)

∑

(c,d) 6=(0,0)

τ s2
|cτ + d|2s =

∑

γ∈B(Z)\SL(2,Z)

[Im (γτ)]s

Sum over images: γτ = aτ+b
cτ+d for γ =

(
a b

c d

)
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Example of Poincaré series

Non-holomorphic Eisenstein series

Es(τ) =
1

2ζ(2s)

∑

(c,d) 6=(0,0)

τ s2
|cτ + d|2s =

∑

γ∈B(Z)\SL(2,Z)

[Im (γτ)]s

Sum over images: γτ = aτ+b
cτ+d for γ =

(
a b

c d

)

Fourier expansion for τ → τ + 1

Es(τ) = τ s2 +

√
πΓ(s− 1/2)ζ(2s− 1)

Γ(s)ζ(2s)
τ1−s
2

+
2πs

Γ(s)ζ(2s)
τ
1/2
2

∑

n 6=0

|n|s−1/2σ1−2s(n)Ks−1/2(2π|n|τ2)e2πinτ1
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Example of Poincaré series

Non-holomorphic Eisenstein series

Es(τ) =
1

2ζ(2s)

∑

(c,d) 6=(0,0)

τ s2
|cτ + d|2s =

∑

γ∈B(Z)\SL(2,Z)

[Im (γτ)]s

Sum over images: γτ = aτ+b
cτ+d for γ =

(
a b

c d

)

Fourier expansion for τ → τ + 1

Es(τ) = τ s2 +

√
πΓ(s− 1/2)ζ(2s− 1)

Γ(s)ζ(2s)
τ1−s
2

+
2πs

Γ(s)ζ(2s)
τ
1/2
2

∑

n 6=0

|n|s−1/2σ1−2s(n)Ks−1/2(2π|n|τ2)e2πinτ1

‘γ = 1’

=
∑

d|n d
1−2s

∼ 1

2
√

|n|τ2
e−2π|n|τ2

(
1 +O(τ−1

2 )
)
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Solving by Poincaré series

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10
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Solving by Poincaré series

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10

For C3,1,1(τ) =
∑

γ∈B(Z)\SL(2,Z)

σ(γτ) get

(∆− 6) σ(τ) =
172

5
π−5ζ(10)τ52−16π−5ζ(4)ζ(6)E2(τ)τ

3
2+

ζ(5)

10
τ ǫ2
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Solving by Poincaré series

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10

For C3,1,1(τ) =
∑

γ∈B(Z)\SL(2,Z)

σ(γτ) get

(∆− 6) σ(τ) =
172

5
π−5ζ(10)τ52−16π−5ζ(4)ζ(6)E2(τ)τ

3
2+

ζ(5)

10
τ ǫ2

regulator

lim
ǫ→0

Eǫ(τ) = 1
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Solving by Poincaré series

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10

For C3,1,1(τ) =
∑

γ∈B(Z)\SL(2,Z)

σ(γτ) get

(∆− 6) σ(τ) =
172

5
π−5ζ(10)τ52−16π−5ζ(4)ζ(6)E2(τ)τ

3
2+

ζ(5)

10
τ ǫ2

regulator

lim
ǫ→0

Eǫ(τ) = 1

Solve Fourier mode by mode σ(τ) =
∑

n∈Z cn(τ2)e
2πinτ1

c0(τ2) =
6

5
π−5ζ(10)τ52 +

2π3ζ(3)

945
τ22 +

ζ(5)

10(ǫ(ǫ− 1)− 6)
τ ǫ2

cn(τ2) =
2π2

945
σ−3(n)τ

2
2 e

−2π|n|τ2
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Solving by Poincaré series

(∆− 6)C3,1,1(τ) =
172

5
π−5ζ(10)E5(τ)− 16π−5ζ(4)ζ(6)E2(τ)E3(τ) +

ζ(5)

10

For C3,1,1(τ) =
∑

γ∈B(Z)\SL(2,Z)

σ(γτ) get

(∆− 6) σ(τ) =
172

5
π−5ζ(10)τ52−16π−5ζ(4)ζ(6)E2(τ)τ

3
2+

ζ(5)

10
τ ǫ2

regulator

lim
ǫ→0

Eǫ(τ) = 1

Solve Fourier mode by mode σ(τ) =
∑

n∈Z cn(τ2)e
2πinτ1

c0(τ2) =
6

5
π−5ζ(10)τ52 +

2π3ζ(3)

945
τ22 +

ζ(5)

10(ǫ(ǫ− 1)− 6)
τ ǫ2

cn(τ2) =
2π2

945
σ−3(n)τ

2
2 e

−2π|n|τ2 What does that say
about C3,1,1?
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Relating σ(τ ) and f(τ ) =
∑

γ σ(γτ )

Fourier expansions. For

σ(τ) =
∑

n∈Z

cn(τ2)e
2πinτ1 one has f(τ) =

∑

n∈Z

an(τ2)e
2πinτ1
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Relating σ(τ ) and f(τ ) =
∑

γ σ(γτ )

Fourier expansions. For

σ(τ) =
∑

n∈Z

cn(τ2)e
2πinτ1 one has f(τ) =

∑

n∈Z

an(τ2)e
2πinτ1

with

an(τ2) = cn(τ2) +
∑

c>0

∑

m∈Z

S(m,n; c)

∫

R

e
−2πiωn−2πim ω

c2(ω2+τ2
2 ) cm

(

τ2

c2(ω2 + τ22 )

)

dω
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Relating σ(τ ) and f(τ ) =
∑

γ σ(γτ )

Fourier expansions. For

σ(τ) =
∑

n∈Z

cn(τ2)e
2πinτ1 one has f(τ) =

∑

n∈Z

an(τ2)e
2πinτ1

with

an(τ2) = cn(τ2) +
∑

c>0

∑

m∈Z

S(m,n; c)

∫

R

e
−2πiωn−2πim ω

c2(ω2+τ2
2 ) cm

(

τ2

c2(ω2 + τ22 )

)

dω

Kloosterman sum

S(m,n; c) =
∑

q∈(Z/cZ)×

e2πi(mq+nq−1)/c

(Above formula for Fourier coefficient an(τ2) assumes absolute convergence.)
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Relating σ(τ ) and f(τ ) =
∑

γ σ(γτ )

Focus on zero mode (of sum f(τ))

a0(τ2) = c0(τ2) + τ2
∑

c>0

∑

m∈Z

∑

q∈(Z/cZ)×

e2πimq/c

∫

R

e
−2πm it

c2(1+t2) cm

(

τ−1
2

c2(1 + t2)

)

dt
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Relating σ(τ ) and f(τ ) =
∑

γ σ(γτ )

Focus on zero mode (of sum f(τ))

a0(τ2) = c0(τ2) + τ2
∑

c>0

∑

m∈Z

∑

q∈(Z/cZ)×

e2πimq/c

∫

R

e
−2πm it

c2(1+t2) cm

(

τ−1
2

c2(1 + t2)

)

dt

In C3,1,1 example:

c0(τ2) =
6

5
π−5ζ(10)τ52 +

2π3ζ(3)

945
τ22 +

ζ(5)

10(ǫ(ǫ− 1)− 6)
τ ǫ2

cn(τ2) =
2π2

945
σ−3(n)τ

2
2 e

−2π|n|τ2
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Relating σ(τ ) and f(τ ) =
∑

γ σ(γτ )

Focus on zero mode (of sum f(τ))

a0(τ2) = c0(τ2) + τ2
∑

c>0

∑

m∈Z

∑

q∈(Z/cZ)×

e2πimq/c

∫

R

e
−2πm it

c2(1+t2) cm

(

τ−1
2

c2(1 + t2)

)

dt

In C3,1,1 example:

c0(τ2) =
6

5
π−5ζ(10)τ52 +

2π3ζ(3)

945
τ22 +

ζ(5)

10(ǫ(ǫ− 1)− 6)
τ ǫ2

cn(τ2) =
2π2

945
σ−3(n)τ

2
2 e

−2π|n|τ2

Understand things like (cn(τ2) ∼ σa(n)(4π|n|)bτ r2 e−2π|n|τ2)

∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/cσa(m)

(
4πm

c2τ2

)b ∫

R

e
−2πm 1+it

c2τ2(1+t2)
dt

(1 + t2)r
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Zagier’s proposition

∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/cσa(m)

(
4πm

c2τ2

)b ∫

R

e
−2πm 1+it

c2τ2(1+t2)
dt

(1 + t2)r
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Zagier’s proposition

∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/cσa(m)

(
4πm

c2τ2

)b ∫

R

e
−2πm 1+it

c2τ2(1+t2)
dt

(1 + t2)r

︸ ︷︷ ︸

π
41−rΓ(r)

∑

k≥0

(
− πm

c2τ2

)k Γ(2r+k−1)
k! Γ(k+r)
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Zagier’s proposition

∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/cσa(m)

(
4πm

c2τ2

)b ∫

R

e
−2πm 1+it

c2τ2(1+t2)
dt

(1 + t2)r

︸ ︷︷ ︸

π
41−rΓ(r)

∑

k≥0

(
− πm

c2τ2

)k Γ(2r+k−1)
k! Γ(k+r)

Note that τ2 only occurs in the combination mτ2 ⇒ use a
proposition of Zagier’s for obtaining the asymptotic τ2 → ∞
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Zagier’s proposition

∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/cσa(m)

(
4πm

c2τ2

)b ∫

R

e
−2πm 1+it

c2τ2(1+t2)
dt

(1 + t2)r

︸ ︷︷ ︸

π
41−rΓ(r)

∑

k≥0

(
− πm

c2τ2

)k Γ(2r+k−1)
k! Γ(k+r)

Note that τ2 only occurs in the combination mτ2 ⇒ use a
proposition of Zagier’s for obtaining the asymptotic τ2 → ∞

Suppose ϕ(t) ∼
∑

n≥0 bnt
n around t ∼ 0. Then

∑

m≥0

ϕ((m+ h)t) ∼ Iϕ
t
+
∑

n≥0

bn ζ(−n, h)tn
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Zagier’s proposition

∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/cσa(m)

(
4πm

c2τ2

)b ∫

R

e
−2πm 1+it

c2τ2(1+t2)
dt

(1 + t2)r

︸ ︷︷ ︸

π
41−rΓ(r)

∑

k≥0

(
− πm

c2τ2

)k Γ(2r+k−1)
k! Γ(k+r)

Note that τ2 only occurs in the combination mτ2 ⇒ use a
proposition of Zagier’s for obtaining the asymptotic τ2 → ∞

Suppose ϕ(t) ∼
∑

n≥0 bnt
n around t ∼ 0. Then

∑

m≥0

ϕ((m+ h)t) ∼ Iϕ
t
+
∑

n≥0

bn ζ(−n, h)tn

✑
✑
✑
✑✸

‘Riemann term’

Iϕ =
∫∞
0 ϕ(t)dt
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Zagier’s proposition

∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/cσa(m)

(
4πm

c2τ2

)b ∫

R

e
−2πm 1+it

c2τ2(1+t2)
dt

(1 + t2)r

︸ ︷︷ ︸

π
41−rΓ(r)

∑

k≥0

(
− πm

c2τ2

)k Γ(2r+k−1)
k! Γ(k+r)

Note that τ2 only occurs in the combination mτ2 ⇒ use a
proposition of Zagier’s for obtaining the asymptotic τ2 → ∞

Suppose ϕ(t) ∼
∑

n≥0 bnt
n around t ∼ 0. Then

∑

m≥0

ϕ((m+ h)t) ∼ Iϕ
t
+
∑

n≥0

bn ζ(−n, h)tn

✑
✑
✑
✑✸

‘Riemann term’

Iϕ =
∫∞
0 ϕ(t)dt

❅
❅■

‘Euler term’ (exchange sums)

ζ(−n, h) =
∑

m≥0(m+ h)n

(Hurwitz zeta, h > 0)
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Polylog proposition

Applying Zagier’s proposition generates expressions like

∑

c>0

c−s
∑

q∈(Z/cZ)×

c∑

h=1

ζ
(
1− k,

h

c

)
Lin(e

2πihq/c)
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Polylog proposition

Applying Zagier’s proposition generates expressions like

∑

c>0

c−s
∑

q∈(Z/cZ)×

c∑

h=1

ζ
(
1− k,

h

c

)
Lin(e

2πihq/c)

=
ζ(1− k)ζ(n)ζ(n+ k + s− 2)ζ(s− 1)

ζ(k + s− 1)ζ(n+ s− 1) [Dorigoni, AK]
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Polylog proposition

Applying Zagier’s proposition generates expressions like

∑

c>0

c−s
∑

q∈(Z/cZ)×

c∑

h=1

ζ
(
1− k,

h

c

)
Lin(e

2πihq/c)

=
ζ(1− k)ζ(n)ζ(n+ k + s− 2)ζ(s− 1)

ζ(k + s− 1)ζ(n+ s− 1) [Dorigoni, AK]

Putting everything together gives a general (unwieldy,
infinite sum) formula for seed modes of the form

cn(τ2) ∼ σa(n)(4π|n|)bτ r2 e−2π|n|τ2
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Polylog proposition

Applying Zagier’s proposition generates expressions like

∑

c>0

c−s
∑

q∈(Z/cZ)×

c∑

h=1

ζ
(
1− k,

h

c

)
Lin(e

2πihq/c)

=
ζ(1− k)ζ(n)ζ(n+ k + s− 2)ζ(s− 1)

ζ(k + s− 1)ζ(n+ s− 1) [Dorigoni, AK]

Putting everything together gives a general (unwieldy,
infinite sum) formula for seed modes of the form

cn(τ2) ∼ σa(n)(4π|n|)bτ r2 e−2π|n|τ2

This formula can be applied to the solutions for C2,1,1, C3,1,1

and recovers the known Laurent polynomials
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Modular graph functions

Case C2,1,1:

a0(τ2) =
2π4

14 175
τ42 +

πζ(3)

45
τ2 +

5ζ(5)

12π
τ−1
2 − ζ(3)2

4π2
τ−2
2 +

9ζ(7)

16π3
τ−3
2

+O(e−4π|n|τ2)
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Modular graph functions

Case C2,1,1:

a0(τ2) =
2π4

14 175
τ42 +

πζ(3)

45
τ2 +

5ζ(5)

12π
τ−1
2 − ζ(3)2

4π2
τ−2
2 +

9ζ(7)

16π3
τ−3
2

+O(e−4π|n|τ2)

Case C3,1,1:

a0(τ2) =
2π5

155 925
τ52 +

2π2ζ(3)

945
τ22 − ζ(5)

180
+

7ζ(7)

16π2
τ−2
2

− ζ(3)ζ(5)

2π3
τ−3
2 +

43ζ(9)

64π4
τ−4
2 + O(e−4π|n|τ2)
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Modular graph functions

Case C2,1,1:

a0(τ2) =
2π4

14 175
τ42 +

πζ(3)

45
τ2 +

5ζ(5)

12π
τ−1
2 − ζ(3)2

4π2
τ−2
2 +

9ζ(7)

16π3
τ−3
2

+O(e−4π|n|τ2)

Case C3,1,1:

a0(τ2) =
2π5

155 925
τ52 +

2π2ζ(3)

945
τ22 − ζ(5)

180
+

7ζ(7)

16π2
τ−2
2

− ζ(3)ζ(5)

2π3
τ−3
2 +

43ζ(9)

64π4
τ−4
2 + O(e−4π|n|τ2)

Agrees with [D’Hoker, Green, Vanhove]
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Salient features

‘Deformation’ of equation is important for convergence.
In particular when there are perfect squares on the

RHS, like E3/2(τ)
2 or in C2,1,1 case

Take limit ǫ → 0 at the end
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Salient features

‘Deformation’ of equation is important for convergence.
In particular when there are perfect squares on the

RHS, like E3/2(τ)
2 or in C2,1,1 case

Take limit ǫ → 0 at the end

For treating U-duality case fD6R4(τ) need one more
‘epicycle’: Differential operators acting on general seed.

Get the correct result (gs = τ−1
2 )

fD6R4 ∼ 2

3
ζ(3)2g−3

s +
4

3
ζ(2)ζ(3)g−1

s +4ζ(4)gs+
4ζ(6)

27
g3s+O(e−2π/gs)

[Other derivation of Poincaré ser. [Green, Miller, Vanhove]]

Modular graph functions and Poincaré series – p.18



Salient features

‘Deformation’ of equation is important for convergence.
In particular when there are perfect squares on the

RHS, like E3/2(τ)
2 or in C2,1,1 case

Take limit ǫ → 0 at the end

For treating U-duality case fD6R4(τ) need one more
‘epicycle’: Differential operators acting on general seed.

Get the correct result (gs = τ−1
2 )

fD6R4 ∼ 2

3
ζ(3)2g−3

s +
4

3
ζ(2)ζ(3)g−1

s +4ζ(4)gs+
4ζ(6)

27
g3s+O(e−2π/gs)

[Other derivation of Poincaré ser. [Green, Miller, Vanhove]]

Considering general seed with parameters a, b and r
also useful for getting non-perturbative contributions
under control: resurgence
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables

Here: Have finitely many perturbative terms: Laurent
polynomial in τ2...

Modular graph functions and Poincaré series – p.19
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables

Here: Have finitely many perturbative terms: Laurent
polynomial in τ2...

Deformation to general seed comes to the rescue:
Produces an artificial infinite tail that disappears in the limit
when deformation goes to zero.

Performing resurgent analysis before limit produces
non-perturbative terms that survive in the limit: Cheshire
cat resurgence. For C3,1,1

anp0 (τ2) ∼
∑

m>0

σ−3(m)σ−5(m)(πτ2)
−2me−4πmτ2

(

1 +
1

πmτ2

)
OK with [D’Hoker, Kaidi]
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Lambert series and iterated integrals

[w.i.p. with D. Dorigoni]
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Lambert series and iterated integrals

[w.i.p. with D. Dorigoni]

Methods help with asymptotics of Lambert series (q = e2πiτ )

Ls(q) =
∑

k>0

k−s qk

1− qk
=

∑

n>0

Lis(q
n) =

∑

n>0

σ−s(n)q
n

For s = 1− k with k ∈ N even get L1−k(q) = G0
k(q) (hol.

Eisenstein without constant term).
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Lambert series and iterated integrals

[w.i.p. with D. Dorigoni]

Methods help with asymptotics of Lambert series (q = e2πiτ )

Ls(q) =
∑

k>0

k−s qk

1− qk
=

∑

n>0

Lis(q
n) =

∑

n>0

σ−s(n)q
n

For s = 1− k with k ∈ N even get L1−k(q) = G0
k(q) (hol.

Eisenstein without constant term).

Zagier’s method leads quickly to asymptotic expansion

Ls(e
−2πy) ∼ ζ(1− s)Γ(1− s)(2πy)s−1

+

∞∑

k=0

(−2πy)k−1

Γ(k)
ζ(1− k)ζ(s+ 1− k) + O(e−2πny)

(Cf. [Banerjee, Wilkerson].) Also info on non-pert. terms
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Lambert series and iterated integrals

Can also obtain the ‘S-dual’ by similar methods for
s = k − 1 ∈ Z odd

Lk−1(e
2πiτ ) = τk−2Lk−1(e

−2πi/τ ) + Pk(τ)

‘modularity gap’
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Lambert series and iterated integrals

Can also obtain the ‘S-dual’ by similar methods for
s = k − 1 ∈ Z odd

Lk−1(e
2πiτ ) = τk−2Lk−1(e

−2πi/τ ) + Pk(τ)

‘modularity gap’

with polynomial

Pk(τ) =
#

τ
+ . . .+#τk−1

matches results by [Shimomura]

example of what Zagier calls a quantum modular form
(also close to quasi and mock in this case)
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Lambert series and iterated integrals

Note that since σs(m) = msσ−s(m):

L−s(q) = (q∂q)
sLs(q)

For negative integer s = 1− k interpret q∂q as iterated

integral.
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Lambert series and iterated integrals

Note that since σs(m) = msσ−s(m):

L−s(q) = (q∂q)
sLs(q)

For negative integer s = 1− k interpret q∂q as iterated

integral. In terms of notation of [Broedel, Schlotterer, Zerbini]

E0(k, 0k−2; τ) = (−1)k−1

∫

0≤q1≤···≤qk−1≤q

d log q1 · · · d log qk−1
G0

k(q1)

(2πi)k

= − 2

(k − 1)!
Lk−1(τ)

Consistent with their modular trms, also for E0(k, 0k−2−p) etc.
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Lambert series and iterated integrals

Note that since σs(m) = msσ−s(m):

L−s(q) = (q∂q)
sLs(q)

For negative integer s = 1− k interpret q∂q as iterated

integral. In terms of notation of [Broedel, Schlotterer, Zerbini]

E0(k, 0k−2; τ) = (−1)k−1

∫

0≤q1≤···≤qk−1≤q

d log q1 · · · d log qk−1
G0

k(q1)

(2πi)k

= − 2

(k − 1)!
Lk−1(τ)

Consistent with their modular trms, also for E0(k, 0k−2−p) etc.

Generalisation to multiple polylogs and MZV?
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Summary and outlook

General method for solving inhomogeneous modular
differential equations using Poincaré series

Reproduces correctly known results. Arguably more
involved where explicit lattice sums available

New handle on non-perturbative terms

Modular graph functions and Poincaré series – p.23



Summary and outlook

General method for solving inhomogeneous modular
differential equations using Poincaré series

Reproduces correctly known results. Arguably more
involved where explicit lattice sums available

New handle on non-perturbative terms

Outlook

Rankin–Selberg method for integral (recently: [D’Hoker])

Higher rank groups (U-duality, or higher loop)

Generalisation to modular graph forms

Extend propositions to (sv)MZV?

Relation to iterated integrals, representation theory?
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Summary and outlook

General method for solving inhomogeneous modular
differential equations using Poincaré series

Reproduces correctly known results. Arguably more
involved where explicit lattice sums available

New handle on non-perturbative terms

Outlook

Rankin–Selberg method for integral (recently: [D’Hoker])

Higher rank groups (U-duality, or higher loop)

Generalisation to modular graph forms

Extend propositions to (sv)MZV?

Relation to iterated integrals, representation theory?

Thanks for your attention!
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Extra slides
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General formula

For seed cn(τ2) ∼ σa(n)(4π|n|)bτ r2e−2π|n|τ2

2τ2
∑

c>0

∑

m>0

∑

q∈(Z/cZ)×

e2πimq/c

∫

R

e
−2πm 1+it

τ2c2(1+t2) σa(m)
(4πm)b

(τ2c2(1 + t2))r
dt

∼
23−2r+2bπτ1+b−r

2

Γ(r)

[

τ2

π

Γ(b+ 1)Γ(2r − b− 2)

Γ(r − b− 1)

ζ(2r − a− 2b− 2)ζ(1− a)

ζ(2r − a− 2b− 1)

+
( τ2

π

)a+1 Γ(a+ b+ 1)Γ(2r − a− b− 2)

Γ(r − a− b− 1)

ζ(2r − a− 2b− 2)ζ(a+ 1)

ζ(2r − a− 2b− 1)

+

(

π

τ2

)b
∑

n≥0

(

−π

τ2

)n Γ(2r + n− 1)

n! · Γ(r + n)

×
ζ(−b− n)ζ(−a− b− n)ζ(2r − a− b+ n− 1)ζ(2r − b+ n− 1)

ζ(2r + 2n)ζ(2r − a− 2b− 1)

]
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Resurgence analysis for C3,1,1
b

Asymptotic tail from b-deformation

a
asy
0 (τ2) =

16

π
sin(πb)

∑

n≥0

(4πτ2)
−n−5(6 + n)Γ(n+ 2)

ζ(2 + n)ζ(5 + n)ζ(7 + n)ζ(10 + n)

ζ(2n+ 12)

=
16

π
(4πτ2)

−3 sin(πb)
∑

m>0

σ−3(m)σ−5(m)
∑

n≥0

(4πmτ2)
−n−2(6 + n)Γ(n+ 2)

=
16

π
(4πτ2)

−3 sin(πb)
∑

m>0

σ−3(m)σ−5(m)

∫ ∞e−iθ

0
e−4πmτ2

t(6− 5t)

(t− 1)2
dt

θ = arg(4πmτ2)

Stokes jump for θ → 0± by −2πie−4πmτ2(4 + 4πmτ2).
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Resurgence analysis for C3,1,1
b

Asymptotic tail from b-deformation

a
asy
0 (τ2) =

16

π
sin(πb)

∑

n≥0

(4πτ2)
−n−5(6 + n)Γ(n+ 2)

ζ(2 + n)ζ(5 + n)ζ(7 + n)ζ(10 + n)

ζ(2n+ 12)

=
16

π
(4πτ2)

−3 sin(πb)
∑

m>0

σ−3(m)σ−5(m)
∑

n≥0

(4πmτ2)
−n−2(6 + n)Γ(n+ 2)

=
16

π
(4πτ2)

−3 sin(πb)
∑

m>0

σ−3(m)σ−5(m)

∫ ∞e−iθ

0
e−4πmτ2

t(6− 5t)

(t− 1)2
dt

θ = arg(4πmτ2)

Stokes jump for θ → 0± by −2πie−4πmτ2(4 + 4πmτ2).

Multiplied by i sin(πb) ⇒ replace by eiπb [same imaginary
part but remaining real part!] [Kozçac, Sulejmanpasic, Tanizaki,

Ünsal; Dorigoni, Glass]
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Resurgence analysis for C3,1,1
b

Asymptotic tail from b-deformation

a
asy
0 (τ2) =

16

π
sin(πb)

∑

n≥0

(4πτ2)
−n−5(6 + n)Γ(n+ 2)

ζ(2 + n)ζ(5 + n)ζ(7 + n)ζ(10 + n)

ζ(2n+ 12)

=
16

π
(4πτ2)

−3 sin(πb)
∑

m>0

σ−3(m)σ−5(m)
∑

n≥0

(4πmτ2)
−n−2(6 + n)Γ(n+ 2)

=
16

π
(4πτ2)

−3 sin(πb)
∑

m>0

σ−3(m)σ−5(m)

∫ ∞e−iθ

0
e−4πmτ2

t(6− 5t)

(t− 1)2
dt

θ = arg(4πmτ2)

Stokes jump for θ → 0± by −2πie−4πmτ2(4 + 4πmτ2).

Multiplied by i sin(πb) ⇒ replace by eiπb [same imaginary
part but remaining real part!] [Kozçac, Sulejmanpasic, Tanizaki,

Ünsal; Dorigoni, Glass]

In limit b → 0 left with

aasy0 (τ2) = −
∑

m>0

σ−3(m)σ−5(m)(πτ2)
−2me−4πmτ2

(

1 +
1

πmτ2

)
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