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Two types of modularity in string theory

World-sheet

wmw

Sp(4,7.)

closed n-point amplitude on genus h world-sheet >

iIncludes integral over cx. structure 7.

>+ related by large diffeos identified = modular inv.

Space-time

Compactification of 1I(B) string on torus 7¢ *
— U'dua“ty G(Z) [Hull, Townsend] 4

(G(Z) preserved at every order
In low-energy expansion

G(Z)
0 SL(2,7)
L SL(2,7)
T? | SL(2,7Z) x SL(3,7Z)
T3 SL(5,7)
T4 SO(5,5,7)
T° Ee6)(Z)
T° Er1y(Z)
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Two types of modularity in string theory

World-sheet % Q/\;é ”

Ap = f d:uh H f “vol Sp 2h <V1(21) V( n Z
modular invariant integrand
often computable only in o/ = /2 expansion
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Two types of modularity in string theory

World-sheet % Q/\;é ”

Ap = f dpp (T H f “vol Sp 2h - (Vi(z1) - Vi(zn)) s,

\ . J/

modular graph modular invariant integrand
functions often computable only in o/ = /2 expansion
Space-time

Low-energy o’-expansion G(Z) = SL(2,Z)

ry/=g(R+ (o)’ fra(T) R
+(o/)5 fpigs (T)D*R* + (a/)° fpopa(T) DOR* + . .)
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Two types of modularity in string theory

World-sheet % gfé:é ”

Ap = f dpp (T H f “vol Sp 2h - (Vi(z1) - Vi(zn)) s,

\ . J/

modular graph modular invariant integrand
functions often computable only in o/ = /2 expansion
Space-time
, . G(Z)=SL(2,7)
Low-energy o’-expansion
vv/=g(R+ (o)’ fpa(T) R*
+(a')’ fpapa(T) DR 4/a")® fps pa (T) DO R + .. )
\ /

U-duality invariant, sometimes constrained by susy
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Double expansion of string amplitudes

gs (loops/genus)
A

Modularity in two expansions
# In loop perturbation theory (gs)

[ o [ [
# |nenergy ()
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Double expansion of string amplitudes

Modularity in two expansions

# In loop perturbation theory (gs)
# In energy (o)

Two SL(2,7) act on different variables

gs (loops/genus)

A

#® World-sheet modulus 7 )
SR {ONONONO
(energy)
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Double expansion of string amplitudes

gs (loops/genus)
A

Modularity in two expansions
# In loop perturbation theory (gs) | . . .
# In energy (o)

Two SL(2,7) act on different variables ¢ o o o

#® World-sheet modulus 7 )

# Space-time axio-dilaton ! * * *
2= Co Fie? SR (ONONONO

(e?) = gs = includes non-pert. (energy)

M C ° ° — /
R R* D*R?
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Double expansion of string amplitudes

Modularity in two expansions 9s (loops/genus)

# In loop perturbation theory (gs) : c\ o o
» In energy (o)

Two SL(2,7) act on different variables ¢ o o o

» World-sheet modulus 7 i
# Space-time axio-dilaton ¢ o o o
z=C) + ie”? )g; : §<.> @ @ @
(e?) = ¢ = includes non-pert. oneray

M t ® ° — ./
R | R* D*R*
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Double expansion of string amplitudes

Modularity in two expansions 9s (loops/genus)

# In loop perturbation theory (gs) : c\ o o
» In energy (o)

Two SL(2,7) act on different variables ¢ o o o
#® World-sheet modulus 7 )
® o
# Space-time axio-dilaton * *
#=Co+ie * =adONC/RONO
(e?) = gs = includes non-pert. (energy)
M t o o
R R* D*R
\_/

Two types compute aspects of the same quantity and have
common features
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Modular differential equations

The SL(2,7)-invariant functions f(7) that appear in the two
cases satlsfy (modular) differential equation, e.g.

(A —s(s—1)) f(r) = R(7) R B
(A = 72(02 + 02) for r — 71 + im) / % S

5
N f//
b

24 f,-/

e

modular invariant ‘source’ St ¥t
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Modular differential equations

The SL(2,7)-invariant functions f(7) that appear in
cases satlsfy (modular) differential equation, e.g.

(A —=s(s—1)) f(r) = R(7)
B=B@ Ry orr—ntin) [ SN
modular invariant ‘source’ St Vit

Origin of differential equations different

# World-sheet Feynman rules give explicit functio
mU|t|p|e |3.’[’[IC€ Sum) [D’ Hoker, Green, Vanhove]

the two

n (as

# Space-time supersymmetry constrains coefficient

funC“OnS [Green, Sethi, Vanhove; Bossard, Verschinin]
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Modular differential equations

The SL(2,7)-invariant functions f(7) that appear in
cases satlsfy (modular) differential equation, e.g.

(A—s(s—1)) f(r) = R(7)

(A =75(02 +02) for 7 =71 +im) / /
modular invariant ‘source’ 5
Origin of differential equations different

¥

1.2
- T
h
o

the two

.

i / b
S

<
\.\

sl KN
/3/ Se—=a
Y ¥ AR YA I
0.5

5
!

2w
I|

# World-sheet Feynman rules give explicit function (as

mU|t|p|e |3.’[’[IC€ Sum) [D’ Hoker, Green, Vanhove]

# Space-time supersymmetry constrains coefficient

funC“OnS [Green, Sethi, Vanhove; Bossard, Verschinin]

Use differential equation as common starting point to learn

about f(7)! (Use 7 for both cases.)
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Interlude: Modular graph functions

At string one-loop encounter things like

from CFT.

Z seeG (21 — z¢|T)

k<t
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Interlude: Modular graph functions

Mandelstam variables

At string one-loop encounter things like )
ske = — T (Dx + pr)?

n

dQZZ'
H —— exp Z speG (2 — 20|T) (%)

.
i1 /5 12 k<t ]

from CFT.
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Interlude: Modular graph functions

Mandelstam variables

At string one-loop encounter things like )
ske = — T (Dx + pr)?

n

dZZZ'
H —— exp Z speG (2 — 20|T) (%)

.
i1 /5 12 k<t ]

from CFT. Scalar Green function on torus (z = ur + v)

2

01(z|7) N

Z o (2m)"/21(q)
T2

_ Z o2mi(nu—muv)
m|mT + n|? . .
(m,n)7(0,0) SL(2,7) invariant

2
27T22

2
G(z|t) = —log ‘

— 2log
T2
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Interlude: Modular graph functions

At string one-loop encounter things like  Mandelstam variables
ske = — T Pk + pe)?

n

dQZZ'
H —— exp Z seeG (21 — z¢|T) (%)

.
i1 /5 12 k<t

from CFT. Scalar Green function on torus (z = ur + v)

2

01(z|7) 27Tz§

2
G(z = —lo + — 2log |(2m)1/? ‘
(=I7) £ |G|+ — 2leg (2 21
_ Z 72 o2mi(nu—muv)
m|mT + n|? . .
(m,n)7(0,0) SL(2,7) invariant

Integral (x) not known in closed form. Evaluate by
expanding in Mandelstam/at low energies, i.e. o’
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Interlude: Modular graph functions

n
dZZi
exp
| | -
i—1 V% 2

Z seeG (21 — z¢|T)

k<t

Feynman rUIeS on ZT [D"Hoker, Green, Vanhove]

Gz — 2z0|T) = ®

Y

k

and integrate over vertex positions z;.

not nec.an
amplitude
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Interlude: Modular graph functions

n
d?z; not nec.an
CXp skeG (2 — 2¢|T) i
ZH1/ET - ; _ amplitude

Feynman rUIeS on ZT [D"Hoker, Green, Vanhove]

Gz — z|T) = . ’

and integrate over vertex positions z;. No tadpoles since

2
0,0:G(z|7) = 6P (2) + L | / C= Q) = 0
>

T2 T2
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Interlude: Modular graph functions

n
d?z; not nec.an
CXp skeG (2 — 2¢|T) i
ZH1/ET - ; _ amplitude

Feynman rUIeS on ZT [D"Hoker, Green, Vanhove]

Gz — z|T) = . ’

and integrate over vertex positions z;. No tadpoles since

2
0.0:G(elr) = ~m6®(:) + = [ TEG(aIn) =0
T2 y T2
Generates SL(2,7)-invariant functions, e.g. a propagators

a/lnarow

C1,1,1 :.@. or  Cope=<h>
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Interlude: Modular graph functions

Modular graph functions are nested lattice sums (from loop
momenta)

3
_ T2
@ - Z w3 maT+n1 |2 |maT+ne|?|(m1+me)T+n1+n2|?

(ml 7”1)#(070)
(m2 7”2)#(070)
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Interlude: Modular graph functions

Modular graph functions are nested lattice sums (from loop
momenta)

3
_ T2
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(ml 7n1)7é<070)
<m2 7n2)7é<070)
(ml TMma2,n1 _|_n2)7£<0’0)
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Interlude: Modular graph functions

Modular graph functions are nested lattice sums (from loop
momenta)

3
_ T2
@ - Z w3 |miT4n1 |2 meT4ne|?|(m1+m2)T+n1+n2|?

(ml 7n1)7é<070)
<m2 7n2)7é<070)
(ml TMma2,n1 _|_n2)7£<0’0)

— 2C(6)7T_3E3<7') —|— C(S) [Zagier]
non-holomorphic Eisenstein series

_ 13
BN = oty | 2 el
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Interlude: Modular graph functions

Modular graph functions are nested lattice sums (from loop

momenta)
3

_ T2
@ o Z w3 |maiT4+n1 |2|maT+n2|?|(m1+me)T+n1+n2|?

(ml 7”1)#(070)
(m2 7”2)#(070)
(m1 +Mma.,n1 —I—TLQ)#(0,0)

— 2<(6)ﬂ:_3£i367)'+'<(3) [Zagier]
non-holomorphic Eisenstein series
_ 1 ]
ES(T) 2(¢(2s) Z Im7+4n|?s
(m,n)#(0,0)
In general hard to extract information from nested sums;
some reSUItS sSee [Basu, Brodel, Brown, D’Hoker, Duke, Gerken,

Panzer, Schlotterer, Vanhove,

Green, Gurdogan, Kaidi, AK, Matthes,

Zerbini, ...]
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Modular differential equations

(A —s(s—1)) f(r) = R(7) [poly in MGFs]

Eg [Green, Vanhove; D’Hoker, Green, Vanhove]

(A —12) fpepa(T) = —4¢(3)° Eg2(7)?

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %2)
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Modular differential equations

(A —s(s—1)) f(r) = R(7) [poly in MGFs]
Eg [Green, Vanhove; D’Hoker, Green, Vanhove]

(A —12) fpepa(T) = —4¢(3)° Eg2(7)?

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %g)

Methods of solving this for real SL(2,7Z)-invariant f(7)
s FOUI’IeI’ deC0mpOSItIOn (COnVO|U'[I0n7) [Green, Miller, Vanhove]
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Modular differential equations

(A —s(s—1)) f(r) = R(7) [poly in MGFs]
Eg [Green, Vanhove; D’Hoker, Green, Vanhove]

(A —12) fpepa(T) = —4¢(3)° Eg2(7)?

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %g)

Methods of solving this for real SL(2,7Z)-invariant f(7)

o Fourier decomposition (convolution?) (creen, milier, vannove
# spectral decomposition (cusp forms?) (cuv; xlinger-Logan

# Poincare series

# (BPS) Lattice sums (zossara, 2x;
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Modular differential equations

(A —s(s—1)) f(r) = R(7) [poly in MGFs]
Eg [Green, Vanhove; D’Hoker, Green, Vanhove]

(A —=12) fpega(T) = —45(3)2E3/2(7’)2

(A=6)Cs,1,1(7) = 1—;27T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %(5))

Methods of solving this for real SL(2,7Z)-invariant f(7)

o Fourier decomposition (convolution?) (creen, milier, vannove
# spectral decomposition (cusp forms?) (cuv; xlinger-Logan

# Poincare series

K (BPS) Lat“Ce sSUums [Bossard, AK]

Very feW eXp“C”: SO|U’[IOHS knOWH [D’ Hoker, Green, Miller,
Russo, Vanhove; zerbini; Brown]. Often focus on Fourier zero
mode or even its Laurent polynomial in 7
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# spectral decomposition (cusp forms?) (cuv; xlinger-Logan
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K (BPS) Lat“Ce sSUums [Bossard, AK]

Very feW eXp“C”: SO|U’[IOHS knOWH [D’ Hoker, Green, Miller,
Russo, Vanhove; zerbini; Brown]. Often focus on Fourier zero
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Solving by Poincaré€ series ... .«

(A —=s(s—1)) f(r) = R(7) (1)

Assume that RHS has Poincaré series expansion

R(r)= > p(y7) B(Z):{(ﬂ n

~EB(Z)\SL(2,7)
/ p(1) = p(T +1)
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Solving by Poincaré€ series ... .«

(A —=s(s—1)) f(r) = R(7) (1)

Assume that RHS has Poincaré series expansion

AL

= ) gl
veBENSLEZ) N
‘'seed’
Then (1) becomes

(A—=s(s—1))a(r) = p(7) (1)

Make ansatz

f(7)




Solving by Poincaré€ series ... .«

(A —=s(s—1)) f(r) = R(7) (1)

Assume that RHS has Poincaré series expansion

R(r)= > p(y7) B(Z):{(ﬂ n

veB(Z)\SL(2,Z) 0  +1
/ p(T) = p(T+1)

= ) gl
YEB(Z)\SL(2,Z) K
‘'seed’
Then (1) becomes

(A—=s(s—1))a(r) = p(7) (1)

Make ansatz

f(7)

ldea: Try to solve (1°) rather than (1). Reduced complexity!

)j
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Example of Poincaré€ series

Non-holomorphic Eisenstein series

1 TS S
B =55 > oram= 2 ()

(¢,d)7(0,0) VEB(Z)\SL(2,Z)

: : __ at+b _ [ a b
Sum over images: 7 = ¢ for y = ( o )
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Example of Poincaré€ series

Non-holomorphic Eisenstein series

1 5
E. (1) = E 2 — E s
(7) 2((2s) e + d|?s [ (7).
(¢,d)#(0,0) YEB(Z)\SL(2,Z)

. b
Sum over images: 7 = “T+b for v = ( ! ) )
C

Fourier expansion for - — 7 + 1

VAT(s = 1/2)¢@s = 1)
D)) 2

12 '
2N Il 2o au(n) Koy (2w o)
n##0

Ey(T) =15 +

Modular graph functions and Poincaré series — p.11



Example of Poincaré€ series

Non-holomorphic Eisenstein series

1 5
E. (1) = E 2 — E s
(7) 2((2s) e + d|?s [ (7).
(¢,d)#(0,0) YEB(Z)\SL(2,Z)

. b
Sum over images: 7 = “T+b for v = ( ! ) )
C

Fourier expansion for - — 7 + 1

=1 ~
E ( ) — 54 ﬁF(S - 1/2)C<28 - 1) 1—s B
s\T 79 F( )C(QS) To _ de ql—2s

12 '
2 Il 2o au(n) Koy (2w o)

n##0
~ ;6_2W|”|T2 (1+0(h) j

24/ |n|7'2

Modular graph functions and Poincaré series — p.11



Solving by Poincaré series

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %g)
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Solving by Poincaré series

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %g)

For 03’1’1(7') — Z O'(”}/T) get
WEB(Z)\SL(Q,Z)

(A~ 6)0(r) = T2xP¢(10)7§ - 167~ (4)C(6) Ba(r)r + 0
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Solving by Poincaré series

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %2)

For C31.1(7) = > o(~7) get regulator

VEB(Z)\SL(2.2) lim E(7) = 1 \
172 ((5)

(A= 6)a(r) = =7 5C(10)75 — 167 2C(A)C(6) Bp(r)r§+ =7
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Solving by Poincaré series

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %2)

For C31.1(7) = > o(~7) get regulator

VEB(Z)\SL(2.2) lim E(7) = 1 \
172 ((5)

(A= 6)a(r) = =7 5C(10)75 — 167 2C(A)C(6) Bp(r)r§+ =7

Solve Fourier mode by mode o(7) = > _, Cn (o)™

6 273¢(3 5
o(r2) = g (10)7 + W9z§f§ s 10(6(5 i) )"
_ 27 2 _—27|n|m
cn(72) o_sz(n)mye

945

Modular graph functions and Poincaré series — p.12



Solving by Poincaré series

(A=6)Cs,1,1(7) = 1—227T_5C(10)E5(7) — 167 °¢(4)¢(6) B2 (1) E3(T) + %g)

For C31.1(7) = > o(~7) get regulator

YEB(Z)\SL(2,Z) 213% E(r) =1 \
172 ¢(5)

(A= 6)a(r) = =7 5C(10)75 — 167 2C(A)C(6) Bp(r)r§+ =7

Solve Fourier mode by mode o(7) = > _, Cn (o)™

6 _ 273 (3 ¢(5 !
co(m2) = g C(10)73 + 9455 o3 + 10(e(e—< i) ~6) 2
272 —orlnlr What does that sa
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Relating o(7) and f(7) = ZW o(y7)

Fourier expansions. For

o(7) =) cu(m2)e®™™ onehas f(r) =) ay(m)e*""

neZ NneZ

Modular graph functions and Poincaré series — p.13



Relating o(7) and f(7) = ZW o(y7)

Fourier expansions. For

o(7) =) cu(m2)e®™™ onehas f(r) =) ay(m)e*""

neZ NneZ

with

2Wmun—2ﬂdnlz§ij§—:j‘ T2
an(T2) = cn(72) _|_Z Z S(m,n; c)/ (W2+73) ¢,y (02(w2 _|_7_22)> dw

c>0mezZ
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Relating o(7) and f(7) = ZW o(y7)

Fourier expansions. For

o(7) =) cu(m2)e®™™ onehas f(r) =) ay(m)e*""

nez nez
with

2Wﬂun—2ﬂdﬂlz§ij§—:j‘ T2
an(T2) = cn(72) _|_Z Z S(m,n; c)/ (W2+73) ¢,y (02(w2 _|_7_22)> dw

c>0mezZ

Kloosterman sum

Smomi) = 3 emitmaina )
qe(Z/cZ)*

(Above formula for Fourier coefficient a,, (72) assumes absolute convergence.)
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Relating o(7) and f(7) = ZW o(y7)

Focus on zero mode (of sum f(7))

; —27m ——tt ’7'_1
ao(12) = co(m2) + T e2me/C/e 2 (1+t2) ¢, 2 dt
o) =colr)+m ) D, 3, 20+

c>0meZqe(Z/cL)X R

Modular graph functions and Poincaré series — p.14



Relating o(7) and f(7) = ZW o(y7)

Focus on zero mode (of sum f(7))

. ) it —1
ao(r2) =co(ma) + 12> > > 627”’”‘1/0/6 Wm02<1+t2>cm< P >dt

c>0meZqe(Z/cL)X R

In 03,1,1 example:

6 273¢(3 5
o(r2) = 5 ¢ (10)77 + 7T94%5( i 10(6(55 i) —6)"
272

Cn(TQ) — %0'_3 (n)7226_27r|”|72
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Relating o(7) and f(7) = ZW o(y7)

Focus on zero mode (of sum f(7))

. ) it .
ao(r2) = co(r2) + 12 > > 627”’”‘1/0/6 Wm02<1+t2>cm< = >dt

2 2
c>0mEZ qe(Z) cZ) X 2 c?(1+4t%)

In 03,1,1 example:

6 _ 2m°¢(3) ¢(5) :
27T2 — 4T || T
Cn(TQ) = %0'_3(%)7'226 2m|n|r;

Understand things like (c,,(72) ~ oq(n)(47r|n|)0rye2m1mI)

b .
SN Y e () [t
R

2\7r
c>0 m>0 q< Z/cZ T2 (1 —I_t )
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Z.agier’s proposition

C~T9
c>0 m>0 qe Z/cZ R

b 1412t
S5 5 e (2) [ttt
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Z.agier’s proposition

b .
S\ S\ Z 27T'Lmq/c ) 4dmm 6—27Tm 027':2[?_12;—152) dt
219 (1+ tQ)T
c>0 m>0 qe Z/cZ R

\ . J/
IV

k T(2r+k—1)
4 ™
A1=rT'(r) kz>:() (_ 027‘2) KT (k+r)
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Z.agier’s proposition

b .
S\ S\ Z 27T2mq/c ) 4dmm 6—27Tm CQT;?_lzj—tQ) dt
c2 79 (1 -+ tQ)T

c>0 m>0 q< Z/cZ R

A\ J/
N

T Tm k F(2’I“—|—k’—].)
A1="T(r) Z (_027‘2> K'T(k+7r)
k>0
Note that = only occurs in the combination mm = use a
proposition of Zagier’s for obtaining the asymptotic » — o
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Z.agier’s proposition

b .
S\ S\ Z 27T2mq/c ) 4dmm 6—27Tm CQT;?_lzj—tQ) dt
c2 79 (1 -+ tZ)T
c>0 m>0 q< Z/cZ R

A\ J/
N

k T(2r+k—1)
s T
A1=rT'(r) Z (_027‘2> KT (k+r)
k>0
Note that = only occurs in the combination mm = use a

proposition of Zagier’s for obtaining the asymptotic » — o

Suppose p(t) ~ )~ bst" around t ~ 0. Then

> o((m+ h)t) ~ % + ) bu ((=n, h)t"

m>0 n>0
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Z.agier’s proposition

b .
S\ S\ Z 27T2mq/c ) 4dmm 6—27Tm CQT;?_lzj—tQ) dt
c2 79 (1 -+ tZ)T
c>0 m>0 q< Z/cZ R

A\ J/
N

k T(2r+k—1)
s T
A1=rT'(r) Z (_027‘2> KT (k+r)
k>0
Note that = only occurs in the combination mm = use a

proposition of Zagier’s for obtaining the asymptotic » — o

Suppose p(t) ~ )~ bst" around t ~ 0. Then

[SO n
> el(m +y«t + ) b C(—n, h)t
m>0 n>0
‘Riemann term’

I, = [y (t)dt
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Z.agier’s proposition

142t

YN 2rimale, )<47Tm)b / o2t
2 (L +t2)"

C~T9
c>0 m>0 q< Z/cZ R

A\ J/
N

k T(2r+k—1)
s T
A1=rT'(r) Z (_027‘2> KT (k+r)
k>0
Note that = only occurs in the combination mm = use a

proposition of Zagier’s for obtaining the asymptotic » — o

Suppose p(t) ~ )~ bst" around t ~ 0. Then

I
Z o((m + h)t) ~g—2 + Z bp, C(—n, h)t"
t
m=>0 / n>0 \
‘Riemann term’ ‘Euler term’ (exchange sums)

Iy, = fooo p(t)dt ((=n,h) =) 5o(m—+h)"

(Hurwitz zeta, h > 0)
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Polylog proposition

Applying Zagier’s proposition generates expressions like

Z —5 Z ZC 1_ e 27m'hq/c>

c>0 q€(Z/cZ)* h=1
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Polylog proposition

Applying Zagier’s proposition generates expressions like

Z —5 Z ZC 1_ e 27m'hq/0)

c>0 q€(Z/cZ)* h=1

_ A —k)C(n)¢(n+k+s—2)¢(s —1)
h C(k TS5 — 1){(77, TS — 1) [Dorigoni, AK]
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Polylog proposition

Applying Zagier’s proposition generates expressions like

Z —5 Z ZC 1_ e 27m'hq/c>

c>0 q€(Z/cZ)* h=1

_ A —k)C(n)¢(n+k+s—2)¢(s —1)
h C(k TS5 — 1)C(n TS — 1) [Dorigoni, AK]

Putting everything together gives a general (unwieldy,
infinite sum) formula for seed modes of the form

cn(T2) ~ Ua(n)(477‘”‘)b756_27r‘n‘72
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Polylog proposition

Applying Zagier’s proposition generates expressions like

Z —5 Z ZC 1_ e (€2m'hq/0)

c>0 q€(Z/cZ)* h=1

(L = k)¢(n)¢(n+k+s—2)¢(s — 1)
((k+s—1)C(n+s—1) [Dorigoni, AK]

Putting everything together gives a general (unwieldy,
infinite sum) formula for seed modes of the form

cn(12) ~ ag(n)(4x|n|)Prye =2

This formula can be applied to the solutions for C3 1 1, C3 1 1
and recovers the known Laurent polynomials
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Modular graph functions

Case (5 1:
27t 4 mC(3) _ 5¢(5) 4 ¢(3)* _ 96(7)_—
R e R T e B e R T

4 0(6—47r|n|72)
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Modular graph functions

Case (1 1:

2 (3 5C(5) _4 (3% _5 9
ST 7T4§5)TQ+ 12<7r)721_4(—7r)272 +16§'('3) "2

4 0(6—47r|n|72)

ap(m2) =

Case ('3 1:

2m 5, 203 » ((5) | TUT) -
1559252 7 945 2 180 1672 Ty

C(3)C(5) _5 43C(9) _ 4l
— 27‘(‘3 723+m724+0(64|| )

ap(m2) =
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Modular graph functions

Case (1 1:

2 (3 5C(5) _4 (3% _5 9
ST 7T4§5)TQ+ 12<7r)721_4<—7r)272 +16573) "2

4 0(6—47r|n|72)

ap(m2) =

Case (51 1:

2m 5, 203 » ((5) | TUT) -
15592572 7 045 27 180 | 16x2 Ty
C(3)C(5) _3  43C(9) _ tlnlr

Q73 7_23—'_ 6474 7_24—'_0(6 . )

ap(m2) =

Agl’eeS W|th [D"Hoker, Green, Vanhove]
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Salient features

# ‘Deformation’ of equation is important for convergence.
In particular when there are perfect squares on the
RHS, like E3/5(7) orin Cy 11 case

® TJake limit ¢ — 0 at the end
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Salient features

# ‘Deformation’ of equation is important for convergence.
In particular when there are perfect squares on the

RHS, like E3/5(7) orin Cy 11 case
o Take limit e — 0 at the ena

# For treating U-duality case f;s:(7) need one more
‘epicycle’: Differential operators acting on general seed.

Get the correct result (g = 7, ')

4
Foems ~ 20805 >+ 502 (3)05 +HAC(A)gut o g +O(e /%)

[Other derivation of Poincaré ser. (creen, miller, vanhovel]
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Salient features

# ‘Deformation’ of equation is important for convergence.
In particular when there are perfect squares on the

RHS, like E3/5(7) orin Cy 11 case
o Take limit e — 0 at the ena

# For treating U-duality case f;s:(7) need one more
‘epicycle’: Differential operators acting on general seed.

Get the correct result (g = 7, ')

4
Foems ~ 20805 >+ 502 (3)05 +HAC(A)gut o g +O(e /%)

[Other derivation of Poincaré ser. (creen, miller, vanhovel]

# Considering general seed with parameters a, b and r
also useful for getting non-perturbative contributions
under control: resurgence
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables

Here: Have finitely many perturbative terms: Laurent
polynomial in 7...
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables

Here: Have finitely many perturbative terms: Laurent
polynomial in 7...

Deformation to general seed comes to the rescue:

Produces an artificial infinite tail that disappears in the limit
when deformation goes to zero.
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables

Here: Have finitely many perturbative terms: Laurent
polynomial in 7...

Deformation to general seed comes to the rescue:
Produces an artificial infinite tail that disappears in the limit
when deformation goes to zero.

Performing resurgent analysis before limit produces
non-perturbative terms that survive in the limit: Cheshire
cat resurgence.
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Resurgence

General resurgence: Use Borel summation, Stokes
phenomena etc. of infinite perturbative sequence to extract
non-perturbative contributions (instantons) to observables

Here: Have finitely many perturbative terms: Laurent
polynomial in 7...

Deformation to general seed comes to the rescue:
Produces an artificial infinite tail that disappears in the limit
when deformation goes to zero.

Performing resurgent analysis before limit produces
non-perturbative terms that survive in the limit: Cheshire

cat resurgence. For (s OK with (o' soker, ®aidi]

0§ (r2) ~ Y og(m)os(m)(wm)~Eme 1T (1 + mﬁ@)

m>0
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Lambert series and iterated integrals

[w.1.p. with D. Dorigoni]




Lambert series and iterated integrals

[w.1.p. with D. Dorigoni]

Methods help with asymptotics of Lambert series (¢ = ¢*™7)

Zk ° ZLlS Za_s(n)q

k>0 n>0 n>0

For s =1 —kwith k € Nevenget £, 1(q) = G} (q) (hol.
Eisenstein without constant term).
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Lambert series and iterated integrals

[w.1.p. with D. Dorigoni]

Methods help with asymptotics of Lambert series (¢ =

Zk ° ZLlS Za_s(n)q

k>0 n>0 n>0

2m7‘)

For s =1 —kwith k € Nevenget £, 1(q) = G} (q) (hol.
Eisenstein without constant term).

Zagier's method leads quickly to asymptotic expansion

Lo(e™™) ~ (1= s)(1 = s)(2my)"

oC 27Ty k 1 5
+ Z C(1—k)C(s+1—Fk)+O(e 2™

k=0
(Cf [Banerjee, Wilkerson] ) AlSO |nf0 on Non- per’[ ’[ermS

Modular graph functions and Poincaré ser

ies —p.20



Lambert series and iterated integrals

. o ‘modularity gap’
Can also obtain the ‘S-dual’ by similar methods for
s=Fk—1¢7Z odd

Li1(e¥™T) = 78722, (e7 2™ 4 Py(7)
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Lambert series and iterated integrals

. o ‘modularity gap’
Can also obtain the ‘S-dual’ by similar methods for
s=Fk—1¢7Z odd

Li1(e¥™T) = 78722, (e7 2™ 4 Py(7)

with polynomial
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Lambert series and iterated integrals

. o ‘modularity gap’
Can also obtain the ‘S-dual’ by similar methods for
s=Fk—1¢7Z odd

Ek_1(627m'7') _ Tk—2£k_1(€—2m'/7) 4 Pk(T)
with polynomial

# matches results by (shimonura;

o example of what Zagier calls a quantum modular form
(also close to quasi and mock in this case)
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Lambert series and iterated integrals

Note that since o;(m) = m?o_s(m):

L_s(q) = (q04)"Ls(q)

For negative integer s = 1 — k interpret ¢0, as iterated
integral.




Lambert series and iterated integrals

Note that since o;(m) = m?o_s(m):

L_s(q) = (q04)"Ls(q)

For negative integer s = 1 — k interpret ¢0, as iterated
Integral. In terms of notation of (srccae1, schiotterer, zerbini]

GR(q)
(27i)k

Eo(k,0° % 7) = (=) / dlog gy -+ dlog gy
0<q1<--<gr-1<q
y

= T = 1)!£k—1(7)

Consistent with their modular trms, also for &,(k, 0" ~277) etc.
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Lambert series and iterated integrals

Note that since o;(m) = m?o_s(m):

L_s(q) = (q04)"Ls(q)

For negative integer s = 1 — k interpret ¢0, as iterated
Integral. In terms of notation of (srccae1, schiotterer, zerbini]

GR(q)
(27i)k

Eo(k,0° % 7) = (=) / dlog gy -+ dlog gy
0<q1<--<gr-1<q
y

= T = 1)!£k—1(7)

Consistent with their modular trms, also for &,(k, 0" ~277) etc.

Generalisation to multiple polylogs and MZV?

Modular graph functions and Poincaré ser

ies — p.22



Summary and outlook

# General method for solving inhomogeneous modular
differential equations using Poincaré series

o Reproduces correctly known results. Arguably more
iInvolved where explicit lattice sums available

# New handle on non-perturbative terms
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Summary and outlook

# General method for solving inhomogeneous modular
differential equations using Poincaré series

o Reproduces correctly known results. Arguably more
iInvolved where explicit lattice sums available

# New handle on non-perturbative terms

Outlook

# Rankin—Selberg method for integral (recently: (o zoxer)
Higher rank groups (U-duality, or higher loop)
Generalisation to modular graph forms

Extend propositions to (sv)MZV?

e o o @

Relation to iterated integrals, representation theory?
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Summary and outlook

# General method for solving inhomogeneous modular
differential equations using Poincaré series

o Reproduces correctly known results. Arguably more
iInvolved where explicit lattice sums available

# New handle on non-perturbative terms

Outlook

# Rankin—Selberg method for integral (recently: (o zoxer)
Higher rank groups (U-duality, or higher loop)
Generalisation to modular graph forms

Extend propositions to (sv)MZV?

e o o @

Relation to iterated integrals, representation theory?
Thanks for your attention!
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Extra slides
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General formula

For seed ¢, (1) ~ oq(n)(dr|n|)brye 2™

. —2Tm 14t (47Tm)b
2 QMWWi/ Tac2(1+t2) o dt
72 Z Z Z € Re 0a(m) (Toc2(1 + t2))"

c>0m>0 q€(Z/cZ)*

93—2r+2b_ 1+b—r

N TT, 2 I'(b+ 1)I'(2r —b—2) ((2r —a — 2b—2)¢(1 — a)
'(r) ™ L(r—56—1) C(2r—a—2b—1)
ToNetl Ta+b+ 1)I'2r—a—b—2) {(2r —a—2b—2)((a+ 1)
i _) I(r—a—b—1) C(2r —a—2b—1)

™ b —m\" I'(2r+n—1)
+<7’2> 72(7’2) n!-I'(r+n)
((=b—n){(—a—b—n)(2r—a—-b+n—1)C2r—b+n—1)

8 C2r +2n)C(2r —a—2b— 1)
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Resurgence analysis for Cs

Asymptotic tail from b-deformation

a2 (ry) = 20 cin(b) 3™ (4rma) 5 (6 + m)T(n + 2) SE T B A T+ 1)CA0+ 1)

U S0 ¢(2n 4+ 12)

— E(471'7'2)_3 sin(7b) Z o_3(m)o_5(m) Z (47rm7'2)_”_2(6 +n)['(n + 2)

0
m>0 n=0 (\ 0 = arg(4dmms)

160
1 ooe t(6 — 5t
— _6(47'("7'2)_3 Sln(ﬂ'b) Z 0'_3(TfL)U_5(m) / 6—471'?’)’”’2 ( 2) dt
n m>0 0 (t B 1)

Stokes jump for 0 — 0= by —2mie 4" (4 4+ dwmm).
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Resurgence analysis for Cs

Asymptotic tail from b-deformation

a2 (ry) = 20 cin(b) 3™ (4rma) 5 (6 + m)T(n + 2) SE T B A T+ 1)CA0+ 1)

™ S0 ¢(2n 4+ 12)

— E(471'7'2)_3 sin(7b) Z o_3(m)o_5(m) Z (47rm7'2)_"_2(6 +n)['(n + 2)

0

m>0 n=0 (\ 0 = arg(4dmms)
- t(6 — 5t)
(t—1)

10

16 e

= —(4m7) P sin(mwb) > o _3(m)o_s5(m) / e~ dmmT2
7T 0

m>0

dt

Stokes jump for 0 — 0= by —2mie 4" (4 4+ dwmm).

Multiplied by i sin(7b) = replace by ¢ [same imaginary
part bUt I’emaining real part'] [Kozcac, Sulejmanpasic, Tanizaki,

Unsal; Dorigoni, Glass]
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[

Resurgence analysis for Cs

Asymptotic tail from b-deformation

ag” (T2) = 17T—6 sin(mb) Z (4772) "6 4+ n)T(n + 2) C(2+n)C(5 2—(27%723571—2#)7%)((10 +n)
n>0

— E(471'7'2)_3 sin(7b) Z o_3(m)o_5(m) Z (47rm7'2)_"_2(6 +n)['(n + 2)

0
" n=0 (\ 0 = arg(4dmms)
—i6
— —(47r7'2)—3 sin(7b) g 0_3(m)0_5(m)/ o 4mmTa ( )
T 0

m>0 (t o 1)2

dt

Stokes jump for 0 — 0= by —2mie 4" (4 4+ dwmm).

Multiplied by i sin(7b) = replace by ¢ [same imaginary
part bUt I’emaining real part'] [Kozcac, Sulejmanpasic, Tanizaki,

Unsal; Dorigoni, Glass]

In limit & — 0 left with

ay” (12) = — Z o—3(m)o_5(m)(mr2) " me= 1T (1 ’ 1 )

T
m>0

Modular graph functions and Poincaré series — p.26
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