Extraction of Transfer Map Including SelConsistent Space
ChargeEffects in aSymplectic TrackingCode
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Outline

AlIntroduction
A Selfconsistent symplectic multi-particle tracking model

AExtraction of transfer map including selconsistent space
charge using differential algebra

AAn illustrative example
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Introduction: Transfer Map Provides a Tool for Analysis,

Design and Tracking

A Use transfer map and normal form analysis to get amplitude
dependent tune shift, nonlinear resonance strength, nonlinear
chromaticity, including spacecharge effects

A Use transfer map for dynamic aperture study including spaceharge
effects

A Use transfer map for longterm tracking without numerical noise

A Use transfer map to design compensation elements to mitigate the
spacecharge effects

A Use transfer map for highorder matching
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A Symplectic MulttParticle Tracking Model (1)

multl-partlcle Hamlltonlan H(ri,ro,- -, p1,P2,-

prm ZZ+ZQ

external focusing/acceleration

dr; spacecharge

ds 5p7; Coulomb potential

- dg L
e = —[H(]

dS ar’i dS
A formal single step solution

((r) = exp(=r(: H )¢(0) H = HiH

C(1) = exp(—7(: Hy : +: H3:))C(0)

_ xp(—;r Hy 3)(0) + O(7)

(r) = M(?(@) -
= M(7/2) My (1) M (7/2)¢(0)

J.Qiang Phys. Rev. SAccel Beams 20, 014203 (2017).
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A Symplectic MulttParticle Tracking Model (2)

A The above integrator can be extended to higher order
A Each submap needs to besymplectic for the symplectic integrator

higher order: Moan+2(7) = Man(20T)Man(217) Man(207)

where 2o = 1/(2 — 21/ Cn+1)) and 2 = —21/@nt+1) /(9 — 91/ (2n+1))

Symplectic condition: | M;' JM; = J M is the Jacobi Matrix oM

where J denotes the 6 N x 6N matrix given by

J = ( OI é ) and 7 1s the 3N x 3N 1dentity matrix

H. Yoshida, PhysLett. A150, p. 262, 1990.
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A Symplectic MulttParticle Tracking Model (3)

2
> P2+ q(r) > M,
i i

A symplectic map forH, can be found from charged particle optics method

1
Hy = §ZZq¢(ri,rJ;) > M,

i
ri(r) = ri(0)
8H2 (I‘)

Pi (T) — Pi (O) o or. T

L 1

&2 Hs (v

I 0
Mo = ( ) To satisfy the symplectic condition:| 7, = [,©

M , will be symplecticif p; is updated from H, analytically
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Self-Consistent SpaceCharge Transfer Map (1)

olx=0,y) = 0
Po o __p sr=ay = 0
or2  0y2 € olr,y=0) = 0
o o(x,y =0 = 0
pla,y) = Z Z o sin(ayx) sin( B y)
=1 m=1
N N
Oz y) =Y ¢ sin() sin(Fny)
=1 m=1

4 a b . .
pm = 2 / ] oz, y) sin(ayz) sin(Bmy) dedy
ab Jo Jo

4 a b

o == [ [ oty sin(an) sy dody
ab Jo Jo

where oy = In/a and 3, = mw/b

Qﬁlm

Im

P
2 2 _ 2 2
€0Y[m where 7/ = o + 35,
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Self-Consistent SpaceCharge Transfer Map (2)

Np

1
= VZS@’—% (v —yj)
p j=1
Pm = %7; TN, Zf / (2 —2;)S(y — y;) sin(ox) sin( S,y dedy

Np E ’J'TL
o, y) _47T@FTY T

—1 =1 m=1 lm

sin(aga) sin(5m,y) / / (2 — 2;)S(y — y;) sin(agx) sin( By, y)dredy

O(wi, yi) //fzﬁwy (. —2:)S(y — yi)dady

/ / (v — 5)S(y — yy) sin(or2) sin(By)dady

P =1 m=1 757”
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Self-Consistent SpaceCharge Transfer Map (3)

K4 1 eagnd dn
H, ‘4W5@ﬁ7777

zljlllml

f}/l m

[0”“ /ob S — )8y — ;) sin(ew) sin(Bmy) dudy /0 /ob S(x —2i)S(y — i) sin(au) sin(Sny)dady
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Symplectic GridlessParticle Model

wis the particle
weight factor

1 4 1 .
H2 = 2—60%@9?222 TSIH(OZ[Zﬁj)

i 7 L m

sin(ﬁmyj) Sin(&zwi) Siﬂ(ﬁmyi)

p:m(T) - pm _T__wyyy -

€o ab ’ylm

M2 > sm(oz,ga?j) sm(ﬁmyj) cos(cw:cq;) sin( B,y
Bm
) = 0T E AT

sin(ay ;) sin(Bny;) sin(agx;) cos(Bmy;)
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Symplectic PICModel

l an

qj(af;] yJ Z Z Z Z P xrrr, yf’) Sln((){g.%‘p) Sln(ﬁmyﬁ) SlIl(OngC[) Sln(ﬁmyf)

l 1 m= l’Y‘Im I J/

Pai(T) = Dai(0) — T47TKZZ - agx: = S(yr — yi)o(xr, y)

0S(y. — yi
Pyi(T) = pyi(0 —747TKZZS rr — ) (?gy_ y)(#b(fcby.])

(- EFER (a—a] < b2
S(wr —x) = 7 %(%—'x—hx”) h/2 < |x; —xr| <3/2h
0 otherwise
((—2(==L)/h, lz; — x| < h/2
OS(xr —x;) < (-2 + W)/h, h/2 < |w; —xr| < 3/2h, x; > 2
Ox; B (2 + (“Em))/h, h/2 <|v;—xr| <3/2h, x; <uxj
L 0 otherwise
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Solution of Hamilton Equation in Transfer Map

U f can be avery complicated function

U M. is the i" order transfer map, and is related to
the i derivative of functionf

How to attain M effectively?
Consider a onedimensional Taylor approximation:
. 1 ; 1 1
FOO=100)+ (%= %) F00) + 5 (%= %)™ 0%) + 5 (%= %) (0) +3 + (%= %)™ F70(x))
To find the derivative, i.e. Taylor map, one can approximate the derivative numerically
f(x,+e)- f
f oo F00t8)- F0)

£ (%) ° f(x0+e) 21:(Xo)+ f(x,- € ®) loss of accuracy
e
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Introduction to Truncated Power Series Algebra (TPSA)

Use symbolic calculation from package like Mathematica:

on— - (1+2x%) .. BX+6X
0= (L+ x+ x?)? () = 1+ x+x?)°

For example:  f(X) =

1+ X+ X°

= A very complicated for high order derivatives
A even impossible for some function without closed form (e.g. simulation)

Define a Ndimension function space with bases:

The derivative up to Nth order can be regarded as a point in that space and
represented as a vector:

Df,, =[F (%), T (%), T (%), f(%).3 , ™ (x)]
For example, a constant c, its representation apc =[c,0,0,0,3 ,0]

a variable x as(Dx=[x,1,0,0,3 ,

XY y=f(x) DxY Df = f(Dx)
A point X in number space maps to A pointDxin DA vector space maps to
another point y=f(x) in number space another point Df in DA vector space
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