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• Primordial Black Holes (PBHs) [Hawking (1971)] could form from the 
collapse of cosmological perturbation during the radiation dominated era.

• PBHs can in principle span a large wide range of masses and if not evaporated 
( M > 1015 g ) are interesting candidates for dark matter, intermediate mass 
black holes and  the seeds of supermassive black holes. 

• Numerical hydrodynamical simulations in spherical symmetry of a 
cosmological perturbation, characterised by an amplitude δ,  have shown:

•                 

•    

•

Introduction
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�c = 0.4� 2/3 depending on the perturbation shape
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� < �c ) perturbation bounce
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� > �c ) PBH formation



Numerical Results: PBH formation/bounce  

IM, J. Miller, Rezzolla - CQG (2005) 

R(r, t) = 2M(r, t)
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Numerical Results: Scaling Law 
Class. Quantum Grav. 26 (2009) 235001 I Musco et al

Figure 1. Scaling behaviour for MBH as a function of (δ − δc) calculated for a radiative perfect
fluid. For MBH ! MH , the points are well fitted by a scaling law with γ = 0.357 and K = 4.02.

20 time steps (but offset by 10 time steps), we carry out a check to see whether #R/R has
become less than 4% across any zone resulting from a previous subdivision. If so, then it is
merged with the zone from which it was previously separated if that zone has the same #µ.
Again, only one merging is carried out at a time to allow relaxation. Other grid-management
routines are used so as to maintain a good overall grid structure.

We have successfully used the scheme with more than 30 levels of refinement and its
performance can be judged from the results which we present in the next section. All of the
features shown have been fully resolved with the AMR.

4. Description of the results

In this section we discuss the numerical results which we have obtained for PBH formation
in the radiative era, going closer to δ = δc than we have done before. The main result is shown
in figure 1 where the log of the black hole mass MBH normalized with MH (the mass inside the
cosmological horizon at the moment of horizon crossing) is plotted against the log of (δ − δc).
Note that the cosmological horizon mass continues to increase after the horizon-crossing time,
and so it is not inconsistent to have MBH > MH .

We find that for MBH ! MH (which corresponds to (δ − δc) ! 2 × 10−2), the points for
different cases rather accurately follow a scaling law

MBH

MH

= K(δ − δc)
γ , (28)

with γ = 0.357, close to the expected value for a perfect fluid of radiative particles [17]. For
larger values of the masses, the curve steepens slightly, as seen also in the past [8, 10, 11] but
there is no sign of divergence from the scaling law at lower masses, even though we have now
covered a range of masses in the scaling-law region of more than one thousand. The most
extreme case shown has (δ − δc) ∼ 10−11 and gives a black hole mass of ∼ 5 × 10−4MH .
These results are in contrast with those seen by Hawke and Stewart [10], where the scaling-law
behaviour persisted for a range of masses of ∼100 but terminated at low masses with the curve

8

MPBH = K(� � �c)
�MH
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MH � cosmological horizon mass



Curvature profile

• The asymptotic metric ( t ⟶ 0 ), describing super-horizon cosmological 
perturbations in the comoving synchronous gauge can be written as: 

• In the “linear regime” of cosmological perturbations, adiabatic perturbations 
on super horizon scales can be described by a time independent curvature 
profile using the quasi-homogeneous / gradient expansion approach. 

• The zero-order perturbation in the curvature is related  to the first non zero 
order perturbation in the metric/hydro variable. 
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ds2 ' �dt2 + a2(t)


1

1�K(r)r2
dr2 + r2d⌦2

�
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ds2 ' �dt2 + a2(t)e2⇣(r̃)
⇥
dr̃2 + r̃2d⌦2

⇤
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K(r)r2 = �r̃⇣ 0(r̃) [2 + r̃⇣ 0(r̃)]
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r = r̃e⇣(r̃)

Musco - PRD (2019)



• The typical scale of the perturbation is identified as the location where the 
perturbation reaches its maximum compactness. 

Perturbation amplitude / profile

rm : C 0(rm) = 0
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�(rm, tH) = 3
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⇢b
(rm, tH)
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• The perturbation amplitude can measured as the mass excess within a 
characteristic scale at “horizon crossing time”, independent from the 
curvature profile.
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Curvature power spectrum P⇣

PBH threshold prescription

2

Prescription scheme

The aim of the present paper is to enable the in-
terested reader to calculate the threshold for PBH for-
mation, when the Universe is still radiation dominated,
without the need for running numerical simulations. Al-
though non linear cosmological density perturbations are
described by a non Gaussian random field, we provide a
simple prescription to compute the threshold �c from the
shape of the Gaussian inflationary power spectrum. The
algorithm, divided into a few simple steps, accounts for
both the non linearities associated with the relation be-
tween the Gaussian curvature perturbation and the den-
sity contrast as well as for those, so far neglected in the
present literature, arising at horizon crossing. While a
more refined description of the various steps will be found
in the rest of the paper, we here provide the reader with
an overview:

1. The power spectrum of the curvature

perturbation: take the primordial power spec-
trum P⇣ of the Gaussian curvature perturbation
and compute, on superhorizon scales, its convolu-
tion with the transfer function T (k, ⌘)

P⇣(k, ⌘) =
2⇡

2

k3
P⇣(k)T 2(k, ⌘).

2. The comoving length scale r̂m of the per-
turbation is related to the characteristic scale k⇤
of the power spectrum P⇣ . Compute the value of
k⇤r̂m by solving the following integral equation

Z
dkk

2


(k2

r̂
2

m
� 1)

sin(kr̂m)

kr̂m

+ cos (kr̂m)

�
P⇣(k, ⌘) = 0 .

3. The shape parameter: compute the corre-
sponding shape parameter ↵ of the collapsing per-
turbation, including the correction from the non
linear e↵ects, by solving the following equation

F (↵) [1 + F (↵)] ↵ =�1

2


1+r̂m

R
dkk

4 cos (kr̂m)P⇣(k, ⌘)R
dkk3 sin (kr̂m)P⇣(k, ⌘)
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1 � 2
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e�1/↵

↵1�5/2↵
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5

2↵
,
1

↵

� .

4. The threshold �c: compute the threshold
at cosmological horizon crossing as function of ↵.
This expression takes into account also the non
linear e↵ects of the horizon crossing studied with
numerical simulations

�c '

8
><

>:

↵
0.125 � 0.05 0.1 . ↵ . 3

↵
0.06 + 0.025 3 . ↵ . 8

1.15 ↵ & 8

Following the present Introduction, Section II reviews
the mathematical formulation of the problem. In Sec-
tion III we discuss the relation between the threshold
�c and the shape of cosmological perturbation. In Sec-
tion IV we show how to compute the typical value of
the threshold �c as a function of the shape of the power
spectrum, analysing in detail some explicit examples. In
Section V we compute, using numerical simulations, the
amplitude of the threshold �c at horizon crossing, as a
function of the shape parameter measured on superhori-
zon scales. Finally in Section VI conclusions are pre-
sented, making a summary of the results. Throughout
we use c = G = 1.

II. INITIAL CONDITIONS FOR PBH
FORMATION

A. Gradient expansion

PBHs form from the collapse of non-linear cosmological
perturbations after they re-enter the cosmological hori-
zon. Following the standard result for extreme peaks we
assume spherical symmetry on superhorizon scales [53].
The local region of the Universe characterised by such
perturbations is described by an asymptotic form of the
metric, usually written as

ds
2 = �dt

2 + a
2(t)


dr

2

1 � K(r)r2
+ r

2d⌦2

�

= �dt
2 + a

2(t)e2⇣(r̂)
⇥
dr̂

2 + r̂
2d⌦2

⇤
, (1)

where a(t) is the scale factor, while K(r) and ⇣(r̂) are the
conserved comoving curvature perturbations defined on a
super-Hubble scale, converging to zero at infinity where
the universe is taken to be unperturbed and spatially flat.
The equivalence between the radial and the angular parts
gives

8
><

>:

r = r̂e
⇣(r̂)

,

drp
1 � K(r)r2

= e
⇣(r̂)dr̂ ,

(2)

and the di↵erence between the two Lagrangian coordi-
nates r and r̂ is related to the “spatial gauge” of the
comoving coordinate, which is fixed by the form cho-
sen to specify the curvature perturbation put into the
metric, i.e. K(r) or ⇣(r̂). From a geometrical point of
view the coordinate r̂ considers the perturbed region as
a local FRW separated universe, with the curvature per-
turbation ⇣(r̂) modifying the local expansion, while the
curvature profile K(r) is defined with respect to the back-
ground FRW solution (K = 0). Combining the two ex-
pressions in (2) one gets

K(r)r2 = �r̂⇣
0(r̂) [2 + r̂⇣

0(r̂)] , (3)

showing that K(r) is more directly related to the spa-
tial geometry of the spacetime, obtained as a quadratic
correction in terms of r̂⇣

0(r̂).
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PBH Abundance

C.Germani, IM -  PRL (2019)

•PBH Abundance in Peak Theory (Gaussian approximation): 
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•If  

• Narrow peak:

• Broad peak:

<latexit sha1_base64="EhxiV+3Mq7ODTyqACr3g0E716FM="></latexit>

k⇤
�

� 1 ) ⌫c ' 0.22

r
k⇤
�P0

) P0 ⇠ 7⇥ 10�4 k⇤
�

� 10�3

<latexit sha1_base64="Ui9zwfpMIUE4rJYvVY6EpaPNj3A="></latexit>

k⇤
�

⌧ 1 ) ⌫c ' 0.46(P0)
�1/2 ) P0 ⇠ 3⇥ 10�3



Non linear effects: power spectrum constraints

Delta function power spectrum 
S.Young, IM, C.Byrnes JCAP (2019)

• In order to generate the same number of PBHs when taking the non-linear (NL) relation into 
account, compared to the linear relation, the power spectrum amplitude needs to increase

• For the typical value of                  , power spectrum constraints are weakened by a factor of  2  
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Conclusions

• There is no universal threshold for PBH formation. The curvature profile (pressure 
gradients) play a key role determining the particular value of the threshold. This can be related 
to the morphology of the power spectrum of cosmological perturbations. 

• PBH formation is characterised by non liner curvature profile. The linear approximation 
does not gives accurate results. 

• The threshold, including also the non linear effects of the horizon crossing, could be 
computed with Gaussian statistics plus an algebraic correction accounting for the non 
linear effects. - IM, De Luca, Franciolini, Riotto - arXiv (2020) 

• The abundance of PBHs is exponentially sensitive to the threshold. The shape of the peak 
of the power spectrum is very important.  

• A large enough feature of the power spectrum on small scales (large k) could account for 
an important component of dark matter in PBHs.


