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Motivation and Introduction

Particle interpretation of DM and freeze-out

collider

DM

DM

indirect

d
ir
ec
t

SM

SM

Evidence for DM from many compelling (gravitational)
observations

� from CMB anysotropies with ΛCDM Planck Collab. Results 2018

DM as a particle: many candidates (e.g. review G. Bertone 2018)

Any model has to comply with

ΩDMh2(MDM,MDM’, αDM, αSM) = 0.1200± 0.0012

Thermal freeze-out

Boltzmann equation for DM (χ)

dnχ
dt

+ 3Hnχ = −〈σv〉(n2
χ − n2

χ,eq)

relevant processes χχ ↔ SMSM

〈σv〉: input from particle physics with v ∼
√

T/M < 1

〈σv〉 ≈ 〈a + bv2 + . . . 〉 ⇒ 〈σv〉(0) ≈
α2

M2

K. Griest and D. Seckel (1991), P. Gondolo and G. Gelmini (1991)
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Motivation and Introduction

Going towards a realistic picture

unitarity and gauge invariance → DM interacts with gauge bosons and scalars

F. Kahlhoefer, K. Schmidt-Hoberg, T. Schwetz and S. Vogl (2016)

· · ·

E ∼ ME ∼ Mv, Mv2

repeated soft interactions: Sommerfeld enhancement 〈σv〉 ≈ S 〈σv〉(0) and....

M

α
ΩDMh2 = 0.12

χχ̄

χχ̄

χχ̄

χ

χ

χ̄

χ̄
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Motivation and Introduction

Dark matter bound states

χχ̄

χχ̄

χχ̄

χ

χ

χ̄

χ̄ (χχ)bound + γ → (χχ)open (χχ)open → γ + (χχ)bound

bound states as additional d.o.f. in the Boltzmann equation B. von Harling and K. Petraki 2014

dYχ
dz

= −c1 S̄ann

z2
(Y 2
χ − Y 2

χ,eq)− c1 S̄BSF

z2
Y 2
χ + z c2 fion(z)Yb

dYb

dz
=

c1 barSBSF

4z2
Y 2
χ − zc2 [1 + fion(z)]Yb U(1) QED-like dark matter model

M. Cirelli, P. Panci, K. Petraki, F. Sala, M. Taoso (2016),, S.P. Liew and F. Luo (2016); P. Asadi, M. Baumgart, P. J. Fitzpatrick, E. Krupczak and

T. R. Slatyer (2016), M. Beneke, A. Bharucha, F. Dighera, C. Hellmann, A. Hryczuk, S. Recksiegel and P. Ruiz-Femenia (2016), A. Mitridate, M. Redi,

J. Smirnov and A. Strumia (2017), E. Braaten, E. Johnson and H. Zhang (2017), J. L. Feng, M. Kaplinghat, H. Tu and H. B. Yu (2019)...
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Motivation and Introduction

Problems and issues

many bound states may appear in the spectrum

their existence (formation/dissociation) depends on the temperature

bound-states calculations can be performed in pNREFTs

T. Matsui and H. Satz (1986); M. Laine, O. Philipsen, P. Romatschke and M. Tassler hep-ph/0611300, N. Brambilla, J. Ghiglieri, P. Petreczky, A. Vairo

0804.0993; M. Escobedo and J. Soto 0804.0691;
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(χχ)bound + Aµ → (χχ)open

(χχ)bound + f → (χχ)open + f
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Spectral function and NREFTs

NREFTs and pNREFTs for dark matter

Apply an EFT approach

Non-relativistic scales: M � Mv � Mv2 (Coulomb potential v ∼ α)

Thermal scales: πT and mD ≈ α1/2T , if weakly-coupled plasma πT � mD

r ≈ 1/Mv

M

p ≈ Mv

E ≈ Mv2

LRT = 1
2
χ̄(i /D −M)χ

LNREFT = ψ†
(
iD0 − D2

2M
+ · · ·

)
ψ + c

M2 ψ
†ψ†ψψ

LpNREFT =
∫
d3r Tr

{
φ†
[
i∂0 − Vφ − δMφ

]
φ
}

+ · · ·

1) work with the natural d.o.f. at a given scale

E ∼ Mv non-relativistic heavy particles

E ∼ Mv2 non-relativistic pairs ψψ → φs + φb ⇒ Vφ = V (r ,T ,mD) + iΓ(r ,T ,mD)

2) systematic expansions and power counting ⇒ 〈σv〉 ≈ c
M2 〈φ†φ〉T
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Spectral function and NREFTs

Spectral function and NREFTs II

hard

. . .

soft

M � T ,mD ,Mv ,Mv2

Annihilation of a heavy pair: DM-DM, with energies ∼ 2M

O = i
c

M2
ψ†ψ†ψψ , c ≈ α2 (inclusive s-wave annihilation )

G. T. Bodwin, E. Braaten and G. P. Lepage hep-ph/9407339

c

M � T ⇒ ∆x ∼ 1
k
∼ 1

M
� 1

T
local and insensitive to thermal scales
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Spectral function and NREFTs

Beyond the free case: the spectral function

(∂t + 3H)n = −〈σv〉(n2 − n2
eq) , 〈σv〉 =

4

n2
eq

c

M2
γ where γ = 〈ψ†ψ†ψψ〉T

D. Bodeker and M. Laine 1205.4987; S. Kim and M. Laine 1602.08105; S. Kim and M. Laine 1609.00474

γ =

∫ ∞
2M−Λ

dω

π
e−

ω
T

∫
k
ρ(ω, k) +O(e−4M/T ) , α2M � Λ ∼ M

non-relativistic dynamics:

Em ≡ ω = E ′ + 2M + k2

4M
and H = −∇

2

M
+ V (r ,T )

the spectral function ρ(E ′)[
H − iΓ(r ,T )− E ′

]
G(E ′; r , r ′) = Nδ3(r − r ′) lim

r,r′→0
ImG(E ′; r , r ′) = ρ(E ′)

Γ(r ,T ) is related to gauge-boson and 2→ 2 inelastic scatterings dissociation

processes (and formation)
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Spectral function and NREFTs

From ρ to a Schrödinger equation

non-relativistic dynamics:

Em ≡ ω = E ′ + 2M + k2

4M
and H = −∇

2

M
+ V (r ,T )

the spectral function ρ(E ′) is obtained from[
H − iΓ(r ,T )− E ′

]
G(E ′; r , r ′) = Nδ3(r − r ′) lim

r,r′→0
ImG(E ′; r , r ′) = ρ(E ′)

γ ≈
(
MT

2π

) 3
2

e−
2M
T

∫ ∞
−Λ

dE ′

π
e−

E′
T ρfree(E

′)⇒ 〈σv〉 =
c

M2

2M ω

ρ
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Spectral function and NREFTs

From ρ to a Schrödinger equation

non-relativistic dynamics:

Em ≡ ω = E ′ + 2M + k2

4M
and H = −∇

2

M
+ V (r ,T )

the spectral function ρ(E ′, 0) is obtained from[
H − iΓ(r ,T )− E ′

]
G(E ′; r , r ′) = Nδ3(r − r ′) lim

r,r′→0
ImG(E ′; r , r ′) = ρ(E ′)

γ ≈
(
MT

2π

) 3
2

e−
2M
T

∫ ∞
−Λ

dE ′

π
e−

E′
T ρ(E ′)⇒ 〈σv〉 =

c

M2
× S̄(mD , Γ)

2M2M − α2M ω

ρ
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Applications to DM models

Inert doublet model

Supplement SM with χ SU(2) doublet, no coupling with fermions, unbroken vacuum

We focus on the high-mass regime of the model: M >∼530 GeV

T. Hambye, F.-S. Ling, L. Lopez Honorez and J. Rocher, 0903.4010

Lχ = (Dµχ)†(Dµχ)−M2χ†χ

−
{
λ2 (χ†χ)2 + λ3 φ

†φ χ†χ + λ4 φ
†χ χ†φ +

[
λ5

2
(φ†χ)2 + h.c.

]}

Electroweak thermal potentials

VW(r) ≡
g2

2

4

∫
k
e ik·r i〈W+

0 W−0 〉T(0, k) similar for Bµ and W 3

i〈W+
0 W−0 〉T =

1

k2 + m2

W̃

− iπT

k

m2
E2

(k2 + mW̃ )2
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Applications to DM models

Bound states with electoweak gauge bosons

the thermally modified Sommerfeld factors are defined as

S̄i =

∫∞
−Λ

dE′
π ρ(E ′)e−E′/T∫∞

−Λ
dE′
π ρfree(E ′)e−E′/T

=
( 4π

MT

) 3
2

∫ ∞
−Λ

dE ′

π
e [ReVi (∞)−E′ ]/T ρi (E

′)

Ni

-4e-04 -2e-04 0e+00 2e-04

E’ / M

0e+00

2e-03

4e-03

6e-03

ρ
1
 /

 (
ω

2
 Ν

1
)

T = 600 GeV

T = 100 GeV

T = 10 GeV

M = 12 TeV

0 2 4 6 8 10 12 14

M / TeV

0.0

0.1

0.2

0.3

Ω
d

m
h

2

λ
3,4,5

 = 0

λ
3,4,5

 = 1

λ
3,4,5

 = π

0.50 0.55

overclosure

viable

at small enough T bound states start to form and contribute to the annihilation

cross section, up to 20% effect for large λ’s S.B. and M. Laine (2017)
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Applications to DM models

Coloured mediators: simplified models

Majorana fermion DM + scalar coloured mediator

L = LSM + Lχ + Lη + Lint

Lχ =
1

2
χ̄i /∂χ−

M

2
χ̄χ , Lη = (Dµη)† (Dµη)−M2

ηη
†η − λ2

(
η†η
)2

Lint = −y η†χ̄PRq − y∗ q̄PLχη − λ3η
†ηH†H

M. Garny, A. Ibarra and S. Vogl 1503.01500

Scalar DM + fermion coloured

L = LSM + Lχ + Lη + Lint

LS =
1

2
∂µS∂

µS −
M2

S

2
S2 −

λ2

4!
S4 −

λ3

2
S2 H†H , LF = F̄

(
i /D −MF

)
F

Lint = −y SF̄PRq − y∗Sq̄PLF ,

M. Garny, A. Ibarra and S. Vogl 1503.01500

we look at the coannihilation scenario: (Mη −Mχ)/Mχ, (MF −MS)/MS <∼ 0.2
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Applications to DM models

QCD-charged colored mediator χ− η model

Non-relativistic fields η = 1√
2M

(
φe−iMt + ϕ†e iMt

)
and χ = (ψe−iMt ,−iσ2ψ

∗e iMt)

〈
σeff v

〉
=

2c1 + 4c2Nc e
−∆MT /T + [c3S̄3 + c4S̄4CF + 2c5S̄5(Nc + 1)]Nc e

−2∆MT /T(
1 + Nc e

−∆M
T
/T
)2

S̄i from gluon exchange/gluo-dissociation/inelastic-parton scattering

∆MT ≡ ∆M +
(g2

s CF +λ3)T 2

12M
− g2

s CFmD
8π

, ∆M = Mη −M

∆M plays an important role on

1 the importance of bound state effects
2 conversion rate χ↔ η
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Applications to DM models

Spectral function, bound states and melting

-4e-02 -2e-02 0e+00 2e-02
E’ / M

0e+00
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4e-02
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ρ
 /
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ω
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free ∗ S

free
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T = 500 GeV

Gluon exchange, M = 3 TeV

-1×10
-2 0

E’ / M

10
-6

10
-4

10
-2

10
0

10
2

ρ
3
 /

 (
ω

2
 Ν

3
 )

T = 100 GeV

T = 10 GeV

T = 3 GeV

free

M = 3 TeV, ∆ M = 0

bound states start to form at z ∼ 20, z ≡ Mχ/T

at high temperatures: reduced Sommerfeld effect with respect to a massless gluon
SB and M. Laine (2018)
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Applications to DM models

Parameter space for DMχ + η model S.B. and S. Vogl (2018)
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Δ
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Δ
M
/M

χ
2∆M > |E1|, left λ3 = 0, right λ3 = 1.5, y ∈ [0.1, 2], dotted-black y = 0.3 (free)

Xenon1T sensitivity and DARWIN-like detector sensitivity see talk by José Matias-Lopes

larger values λ3 boost the annihilations because c3S̄3 ≈ (g 4
s + λ2

3)S̄3

Mχ ' 1.2TeV → Mχ ' 2.0 (3.1)TeV for ∆M/Mχ = 10−2 and λ3 = 0.0 (1.5)
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Applications to DM models

Parameter space for DMS + F model S.B. and S. Vogl (2019)
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throat-like behaviour due to SS → H†H; for λ3 = 1.5, (mt/MS)2 suppression is mild

there is an attractive potential and bound states from antitriplet (FF): 3⊗ 3 = 3̄⊕ 6

S O T ΣS T
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10
3

10
4

10
-3

10
-2

10
-1

MS [GeV]

Δ
M
/M

S

10
3

10
4

10
-3

10
-2

10
-1

MS [GeV]

Δ
M
/M

S

throat-like behaviour due to SS → H†H; for λ3 = 1.5, (mt/MS)2 suppression is mild

there is an attractive potential and bound states from antitriplet (FF): 3⊗ 3 = 3̄⊕ 6

S O T ΣS T

S. Biondini (Basel Universität) PONT 2020 8 December 19 / 20



Conclusions

Conclusions and outlook

the freeze-out calculation is factorized into 〈σv〉 ≈ ci 〈Oi 〉T
E ∼ M: matching coefficients at T = 0 → NREFTs

existence of bound states from a thermally modified Schrödinger equation for ρ(E)

Modest effect for the Inert Doublet Model: 1% to 20% (electroweak interactions)

Simplified models with mediator charged under QCD: much larger effect

⇒ parameter space compatible with relic density change substantially: up to 18-20 TeV

⇒ experimental prospects have to be adjusted accordingly

data files available S̄3 at http://www.laine.itp.unibe.ch/sommerfeld/

Provide new updated benchmarks for cosmologically viable parameter space:

self-interactions in the hidden sector, SM charged coannihlators, scalar force carriers ...

Derive evolution equations for DM pairs (bound state and scattering states) from out-of-equilibrium

field theory T. Binder, L. Covi and K. Mukaida (2018); S.B. and M. Laine (2019)
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Issue with Boltzmann and spectral function
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3
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a blind ∆M = 0 brings to very large masses M, however the splitting cannot be

arbitrary small!

if 2∆M − |E1| < 0 the lightest two-particle states are (η†η)

⇒ (χχ) rapidly convert into (η†η) that are short lived and promptly decay
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What if we deal with a simpler DM model without coannihilator?

Then exponential growth of S̄s drives the DM to very small values
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A different rate equation?

Recently an alternative form of the BE has been suggested T. Binder, L. Covi and K. Mukaida (2018)

ṅ + 3Hn = −〈σv〉(e2βµ(n) − 1)n2
eq

µ couples to the total number of dark sector particles

number density operator, total number of particles and eq. number density

N̂ =

∫
x
n̂(x) , neq = lim

µ→0
〈n̂〉

the density matrix has the form

ρ̂ =
exp[−β(Ĥ − µN̂)

Z
, Z = epβV , n(µ) =

∂p

∂µ

expand pressure in the fugacity expansion p = p0 + p1e
βµ + p2e

2βµ + · · · , and obtain n

nT = p1e
βµ + 2p2e

2βµ + · · · , eβµneq ≈
2n

√
1 + 8p̂2n

S. Biondini (Basel Universität) PONT 2020 8 December 3 / 0



Again the same problem
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s

T 3
Y , Ωdmh

2 =
Y (zf )M

[3.645× 10−12TeV]
≈ 0.12
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...Outlook

M

α
ΩDMh2 = 0.12

M

α
ΩDMh2 = 0.12

generic DM model with αDM, ..., sit down and write the pNREFT from the beginning

χ χ Q Q̄⇔
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Outlook...

Apply an open quantum system approach

heavy particle as a probe of the thermal environment

hard probe can gain or dissipate energy with the environment

Henv

Hint

Hsys

formation, dissociation and regeneration

→ real-time dynamics/non-equilibrium

scattering and bound states mix: ρ ≈ ρs + ρb

dρ

dt
= −i [Hsys, ρ] +

∑
n

(
CnρC

†
n −

1

2

{
C†n Cn, ρ

})

φs → φbφb → φs
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From ρ to a Schrödinger equation

non-relativistic dynamics:

Em ≡ ω = E ′ + 2M + k2

4M
and H = −∇

2

M
+ V (r ,T )

the spectral function ρ(E ′) is obtained from[
H − iΓ(r ,T )− E ′

]
G(E ′; r , r ′) = Nδ3(r − r ′) lim

r,r′→0
ImG(E ′; r , r ′) = ρ(E ′)

form inhomogeneous to homogeneous equation M.J. Strassler and M.E. Peskin (1991)

x ≡ αMr V ≡ α2MṼ , Γ ≡ α2MΓ̃ , E ′ ≡ α2MẼ ′

solve for the solution which is regular at the origin, u`(x) ∼ x`+1 for x � 1[
− d2

dx2
+
`(`+ 1)

x2
+ Ṽ − i Γ̃− Ẽ ′

]
u`(x) = 0

the s-wave (` = 0) spectral function is obtained from

ρ(E ′) =
αNM2

4π

∫ ∞
0

dxIm

[
1

u2
0(x)

]
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Gluo-dissociation

LD

LD+GD
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y = 0.3, Λ3 = 1.0

borrow the result from heavy quarkonium M � Mv � T � ∆V

δVGD =
4

3
CF

αs

π
r2 T 2∆Vf (∆V /T ) , ΓGD =

2

3
CFαs r

2(∆V )3nB(∆V ),

N. Brambilla, J. Ghiglieri, A. Vairo and P. Petreczky 0804.0993

S. Biondini (Basel Universität) PONT 2020 8 December 8 / 0



Gluo-dissociation
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y = 0.3, Λ3 = 1.0

this is not a rigorous way of implementing it:

other terms are missing beyond the static limit that are of the same order in the

thermal width N. Brambilla, M. A. Escobedo, J. Ghiglieri, J. Soto and A. Vairo (2010)

S. Biondini (Basel Universität) PONT 2020 8 December 8 / 0



Second model and pNREFT

LpNRQCD = Llight + LFF̄
pNRQCD + LFF

pNRQCD ,

LFF̄
pNRQCD =

∫
d3rTr

{
S
† [i∂0 − Vs − δMs ] S + O

† [iD0 − Vo − δMo ] O
}

+

∫
d3r

(
Tr
{
O
†r · gE S + S

†r · gE O
}

+
1

2
Tr
{
O
†r · gE O + O

†r · gE O
})

+ · · ·

LFF̄
pNRQCD =

∫
d3rTr

{
T
† [iD0 − VT − δMT ] T + Σ† [iD0 − VΣ − δMΣ] Σ

}
+

∫
d3r

8∑
a=1

3∑
`=1

6∑
σ=1

[(
Σ
σ
ij T

a
jkT

`
ki

)
Σσ†r · gE a

T
` −

(
T
`
ijT

a
jkΣ

σ
ki

)
T
`†r · gE a Σσ

]
+ · · ·
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Summary of the theoretical framework

relic density can be factorized in some steps M. Laine and S.‘Kim 1609.00474

Calculate the matching coefficients from the hard annihilation process, E ∼ 2M

Compute the static potentials and thermal widths

Extract the spectral function ⇒ annihilation rate

Solve the Boltzmann equation with the thermal cross section

Thermal Bound state SM dynamics
formation at T 6= 0

〈σv〉Tann

Boltzmann

Overclosure bounds

potentials

equation

M

α
ΩDMh2 = 0.12
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Thermal potentials

the potential that plays a role involves QCD gluons

r

V ≡
g2
s

2

∫
k
e ik·r

[
1

k2 + m2
D

− i
πT

k

m2
D

(k2 + m2
D)2

]

mD = gs

√
Nc

3
+

Nf

6
T

〈
σeff v

〉
=

2c1 + 4c2Nc e
−∆MT /T + [c3S̄3 + c4S̄4CF + 2c5S̄5(Nc + 1)]Nc e

−2∆MT /T(
1 + Nc e

−∆M
T
/T
)2

S. Biondini (Basel Universität) PONT 2020 8 December 11 / 0



Thermal potentials

the potential that plays a role involves QCD gluons

r

V ≡
g2
s

2

∫
k
e ik·r

[
1

k2 + m2
D

− i
πT

k

m2
D

(k2 + m2
D)2

]

mD = gs

√
Nc

3
+

Nf

6
T

〈
σeff v

〉
=

2c1 + 4c2Nc e
−∆MT /T + [c3S̄3 + c4S̄4CF + 2c5S̄5(Nc + 1)]Nc e

−2∆MT /T(
1 + Nc e

−∆M
T
/T
)2

S. Biondini (Basel Universität) PONT 2020 8 December 11 / 0



Matching coefficients

LNREFT = i
{
c1 ψ
†
pψ
†
qψqψp + c2

(
ψ
†
pφ
†
αψpφα + ψ

†
pϕ
†
αψpϕα

)
+ c3 φ

†
αϕ
†
αϕβφβ + c4 φ

†
αϕ
†
β ϕγφδ T

a
αβT

a
γδ + c5

(
φ
†
αφ
†
βφβφα + ϕ

†
αϕ
†
βϕβϕα

)}

c1 = 0 , c2 =
|y |2(|h|2 + g2

s CF )

128πM2
,

c3 =
1

32πM2

(
λ

2
3 +

g4
s CF

Nc

)
, c4 =

g4
s (N2

c − 4)

64πM2Nc

, c5 =
|y |4

128πM2
.
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Conversion rates: DMS+F model

...

Γ2→1 =
|y |2NcMS

4π

(
∆M

MS

)2

nF (∆M)

Γ2→2 =
|y |2Nc

8MS

∫
p

πm2
qnF

(
∆M + p2

2MS

)
p(p2 + m2

q)
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F
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Ms=3 TeV, 0.1 < y < 2.0
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