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Disclaimer:
This talk is strongly focussed on arXiv:2012.02726 [hep-phl].
Other notable recent contributions include:

e Escudero 2001.04466 [hep-ph]

e Akita / Yamaguchi 2005.07047 [hep-ph]

e Froustey / Pitrou / Volpe 2008.01074 [hep-ph]
e [[ apologise if I missed your work]
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The concept for the above figure originated in a 1986 paper by Michael Turner. PC] r‘|‘ic|e DO‘I‘G G rou p, I_B N I_ © 2 O ] 5 S U ppo r‘|‘ed by DO E



Od
(@
a

a
W04 SNOIIDNN

¢

(%)

WYO4 131DNN

P

a

o

(9]
(2]

oo
—
m
O
>
o)
~
>

=

m
7

)

=

G

<
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Ner AS A PROBE OF CoSMOLOGY AND PARTICLE PHYSICS

Expansion of the universe is controlled by energy density,

:
H = —-Cp.

The Standard Model assumptions are:

e particle content of the Standard Model of particle physics
(here: including neutrino masses)

e gravity described by General Relativity

e All species in thermal equilibrium at T >>1 MeV

Under these assumptions one can define:

11

— o eff

Py T /me—0 3



Ner AS A PROBE OF CoSMOLOGY AND PARTICLE PHYSICS

Expansion of the universe is controlled by energy density,

8T
H = _Gp )
3
Deviations from the Standard Model and / or General Relativity

can be parameterised as:

9 4/3
. m 7 4
P~ + Pneutrinos T [l’leW phy'SlCS eﬁeCtS] = Py T Neffpy - ]__51_1;l bt Neffg <ﬁ)

This can include:

* presence of extra particle species
 deviations from equilibrium
e deviations from the Hubble Law / General Relativity

Neff probes both, particle physics and cosmology!



N eff in the SM

Neff = 3 under the assumptions

e primordial plasma is an ideal gas
e neutrino decoupling happens instantaneous

e neutrino decoupling happens at T >> me

All three assumptions are violated in reality!



A NEW BENCHMARK VALUE FOR Nef IN THE SM

N:M = 3.0433 £0.0002

arXiv:2012.02726 [hep-ph]

— 0.34
Neff — 2.96t0.339 95 %, Plaan TT,TE’EE+10WE
Z mv < 0-12 GV, +lenSing+BAO. arXiv:1807.06209 [astro-ph.CO]



MoTIVATIONS FOR A PrECISION COMPUTATION

Upcoming experiment:

e CMB 54 will decrease observational error by a order of magnitude
e Theory error should be much smaller, so that the theory prediction
can be treated as an “exact number”

Controversy in the literature:

Neﬁ‘ p— 3 . 044 arXiv:1905.11290 [hep-ph]

N eﬁ' p— 3 . 052 arXiv:1512.02205 [astro-ph.CO]



SO WHAT S NEW?

New ingredients in arXiv:2012.02726 [hep-ph]:

e Use new FortEPiaNO code
e Include thermal correction to the QED equation of state

e complete numerical evaluation of the neutrino—neutrino collision
integral in the presence of neutrino flavour oscillations

¢ assessment of the uncertainties:

(i) numerical convergence.

(ii) the approximate modelling of the weak collision integrals in the presence of flavour
oscillations,

(iii) measurement errors in the physical parameters of the weak sector.
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QOED Equation of State

QED equation of state can be computed from partition function Z

In practice InZ is expanded in powers of ¢
mZ=mZY+mz® +mz® + ...
From this, contributions to energy, pressure and entropy care computed

T

P = > In ARl
T2 91ln Z(M) opPn)
(n) _ _ _p0)
P vV oT e
(n) 10 [T In Z(")] p(n) + pn)
S — p—

V oT T ’



QOED Equation of State

At zeroth order one finds ideal gas
T [ (14 e Fe/T)2
PO = — / dp p? 1
72 pp n_(l—e_Ev/T)_’

1 [ - 2F E ]
0) — — 2 € . gl
p 7_‘_2/0‘ dpp _eEe/T—I—]_ | eE'y/T—l_ )




QOED Equation of State O(e?)

The first correction comes from |nZ(2 = _%

T o272 2 ; 00 2 2
(2) _ = (2) _ p_ P
P Van 152 / dp nD o </0 dp Epnp>

p+p'5
| dp dp
167T // 4

E E 5 p — P
Kapusta / Gale, Finite-temperature field theory:
Principles and applications.

nDﬁDa

Usually the log-dependent term is neglected



OED Equation of State O(e?)[no log]

Neglecting the log term yields
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QOED Equation of State O(e?)

Adding the log term yields
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Avoiding Mistakes

e The previous formulae look a bit complicated, and one may be
tempted to simplify them...

e It is well known that some properties of a system of interaction
particles can be described in the quasiparticle picture, i.e., by
absorbing the effects of the interactions into modified dispersion
relations and couplings of effective quasiparticles [Landau, Weldon, Klimov.. |

* 50 maybe one can simply insert modified dispersion relations into
the ideal gas energy and pressure?

E3(p) = E5(p.T) = p* + 6m2(T),
E(p) — E%(p,T) = p* + m? + om2(p,T)



Avoiding Mistakes

However: While the quasiparticle picture works reasonably well in

transport equations [e.g. Arnold/ Yaffe/ Moore hep-ph /0209353 |,
it in general does not describe bulk properties well.

e In the present context it only works well to order ¢?

e The quasiparticle approximation describes interaction rates well,
but “double counts” the effect of the interactions when being used
to compute bulk properties

= need to add factor 1/2 in front of corrections!

This factor 1/2 was missed in [1512.02205], which explains the
huge value N.g = 3.052

Discrepancy in te literature solved!



QOED Equation of State O(e?)

The next correction comes from

7o =3} ;ii:f!ﬂéi:?*m
Kapusta / Gale, Finite-temperature field theor_y:
Principles and applications.
It reads
32
T e>T (3) _ € 1= /2
PG — —1nz0B) — 3/2(T — 12011
V t 1274 (T) P 87'('4 1




QOED Equation of State O(e?)

The next correction comes from

3) _ 1] 1 1 1
In Z(3) = 1 2€:::1? 3{:}+4€:/:?+...

Kapusta / Gale, Finite-temperature field theory:
Principles and applications.

32
T e3T 3) _ € 1
PB® = 1nz® = 32T =
v el P 74

It reads

IY20,1

e This correction was previously

00 p? + E§ neglected
I(T) = /() dp E, D e |t turns out to be important
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(QuanTuM KINETIC EQUATIONS

Neffis computed by solving the continuity equation

(d/dt)peot +3H (ptot + Prot) = 0,

and a density matrix equations for the neutrinos

Oro—pHO, = —iJH, o] +1]g)

effective Hamiltonian

including neutrino refraction L
., o collision integral
(“matter potential” or

“thermal mass”)



(QuanTuM KINETIC EQUATIONS

Using T = QMe, Y = ap, 2 = CLT7 this reads

%ﬁtot(ivaz(l‘)) — é [ﬁtot(ﬂfaz(l')) - 3Pt0t($’z($))]

and
do(x m2 | 3m?
ingj Y 7,,1 = \/ — ( ~i[H(z,y, 2(2)), o(x, y) | + L[o(=. y>1)
with
x° f zZ(x zZ(x vz, z(x



(QuanTuM KINETIC EQUATIONS

Using T = QMe, Y = ap, 2 = CLT7 this reads

d

@ﬁtot(aja 2(x)) =

and

do(z,y)
dx

with

H(z, y, z(z))

1

1 m SmP1
Mme xd 8T Ptot

/6UMUT\

mb 2y

vacuum mass M
and mixing

\\‘ matrix U /

5 [ﬁtot (337 Z($))

— 3Pt (, z(:c))]

( — i[[H(a:, y,z2(x)), o(z, y)] + Z|o(z, y)])

(l"

“matter potentials”

(Eo(2(2)) + Pe(2(2))
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COLLISION INTEGRALS

Neutrino-electron scattering and annihilation:

Z,.loe. )] = G) (I [0z, )] + 2™ oz, y)]} |

Iy = /dyzdy:s?:—zz—j Di(a,b,c,d) = 16 /ooi—; [ sin(xi),
T Jo i=a,b,c,d
sc LL ( (1) £(2) ,(3) £(4) RR ([ (1) £(2) ,(3) f£(4) o0
{(H2a(y Y2) +H2b(yay ) [F (Q JJe 08 fe ) + F. ( JJe 0 fe )} Do(a,b,c,d) = _17r_6 0 i_i‘ H [\ cos(Ai) — sin(\i)] H sin(\j)
—2x2HSC(y, y ) FsgL (1) f(2)’ Q f(4) FSI(;R (1 f(2)7 0(3)7 f6(4) bl S Z:a’b J:c,d
LA [ ( ) ( >]} Da(a,b,c,d) = 1: /O ‘i—’ﬁ\ T [Nicos(Ai) — sin(Ai)]
i=a,b,c,d
Ie" Z/dyzdyz;@y—él
€3 €4
< {1130 (g, ) Pt (00,02, 79, 59) 4 1132 (y, o) FER (00, 0, 189, 119
R 02) [ (60,02, 59, 0) + FEE (9,02, - f;4>)]} |
FE = 01— f2)G 06 (1 — oY) = (1 = £{9)o Gb< )G + hee.
SC _ SC e
I0(y,y3) = yys D1 + D2(yay37 Y2, Y4), Fob = () p@ga(q — (2))(} (1— oMY = (1 — )1 - F9G%0D oM 4 hec.,
15" (y, y2) = yy2 D1 — Da(y,y2, Y3, ya),
33(.% y2)/2 = yeyyz€es D1 + D3 — y€2D2(y3, Ya,Y, yz) — Y3 €4D2(y7 Y2,Ys3, y4),
55 (Y, Y1) /2 = yeays €4 D1 + D3 + €2 y3Da(y, Ya, y2,y3) + y €aDa(y2, Y3, Y, ya), G* = diag(gr,, gr., 1),
a’nn( Y3)/2 = yy2 €3 €4 D1 + D3 + ye3Da(y2, ya, y, y3) + y2 €4D2(y, y3, Y2, ya), G = diag(gr, 9r, 9R)
ann( )/2 = YY2€3€4 Dl + D3 + Y2 €3D2(y7 Ya, Y2, y3) + Yy €4D2(y2) Y3, Yy, y4)7



COLLISION INTEGRALS

Neutrino-neutrino scattering°

IVV[Q(xvy)] {ISC ] + Iggir[g(xay)]} )

1
Ly =7 / dyadys IT3;, (y, y2) Fi (Q( ), o ),0(3),9(4)) ,
air 1 Sc Vv
ISI/ — Z /dy2dy3 H2b(yay4) Fpalr( (1) ( )79( ) (4))

sc —

FYr = (1 — oM)(1 — o®) [Q<4> o)+ tr(- )| = oMo [(1 — o)1 = 0®)) + tr(- - )]

pair —

(1 — oW)®) [Q<4><1 — 0D 4 (- - )} oW1 = o®) [(1 — o) o® 4 (- - )] +he,

I13(y, y3) = yys D1+ D2(y, y3, Y2, ya), includes terms to fourth

18" (y, y2) = yy2 D1 — Da(y, Y2, Y3, Ya), der ; hiohl
115, (y,y2) /2 = yea ys €4 D1 + D3 — yeaDo(ys, ya, Y, y2) — ys3 €4D2(y, y2, Y3, ya), Oder 1N Q " 1g y non-

( )

157 (y, y4) /2 = y €2 y3 €4 D1 + D3 + €2 y3Da(y, ya, Y2, y3) + y €4D2(y2, y3, Y, ya), linear!
155" (v, y3) /2 = yy2 €3 €4 D1 + D3 + y e3Da(y2, ya, Y, y3) + y2 €4D2(y, Y3, y2,Y4),
H%Zm( )/2 =yy2€e3€4 D1+ D3+ yo €3D2(y,y4,y2,y3) + ye4D2(y2,y3 Y, y4),

F =1 - oM)e® [(11 — o)W +tr(-- )| =0 M (1 — ?) [@(2)(1 — o) +tr(- - )] +h.c.,




COLLISION INTEGRALS

e Most of the complication lies in the collision integrals.

e [t is very common to approximate the momentum dependence in
different ways, use linear response, assume kinetic equilibrium
etc...

e In this work we use the full momentum dependence

e We test ditferent approximations:

1. diagonal {Z,v|0]}oa =0
2.Solve {Zuv|0l}aa assuming diagonal @
3. keep full dependence



SO WHAT S NEW?

New ingredients in arXiv:2012.02726 [hep-ph]:

e Use new FortEPiaNO code
e Include thermal correction to the QED equation of state

e complete numerical evaluation of the neutrino—neutrino collision
integral in the presence of neutrino flavour oscillations

¢ assessment of the uncertainties:

(i) numerical convergence.

(ii) the approximate modelling of the weak collision integrals in the presence of flavour
oscillations,

(iii) measurement errors in the physical parameters of the weak sector.



Results!!!



Conservation Law Tests

We use four tests of conservation laws to assess the numerical error

1. Switch off collision integral
coming neutrino number and energy density must be conserved

2. Neutrino-Neutrino collisions only

coming neutrino number and energy density must be conserved

3. Neutrino-electron elastic scattering only
coming neutrino number density must be conserved

4. No electron-positron annihilations into neutrinos
coming neutrino number density must be conserved



Conservation Law Tests

N, grid T[] Ny || Number [%] | Energy [%)]
30 0.0000 0.0000
No collisions 40 0.0000 0.0000
50 0.0000 0.0000
30 0.0001 0.0001
Neutrino—neutrino only 40 0.0000 0.0000
50 0.0000 0.0000
GL 30 0.0021 -
Neutrino-electron elastic only | 40 0.0025 —
50 0.0026 -
30 0.0087 -
No ete -annihilation 40 0.0073 —
50 0.0064 —
60 0.0000 0.0000
No collisions 80 0.0000 0.0000
100 0.0000 0.0000
60 0.0000 0.0000
Neutrino—neutrino only 80 0.0000 0.0000
100 0.0000 0.0000
NC 60 0.0029 -
Neutrino—electron elastic only | 80 0.0029 —
100 0.0029 -
60 0.0029 —
No ete -annihilation 80 0.0029 E
100 0.0029 —

Gauss-Laguerre (GL)
quadrature

Newton—Cotes (NC)
quadrature

* NC has better
convergence

* accuracy of conservation
law can be used to
estimate the error on Neff



QOED Equation of State

ASM
eff

Benchmark A — {Z,,[0]},., =0
Assuming;:
e Normal ordering
e (2)Ih + (2)In+(3)+ type (a) weak rates 3.0429
e Damping for both {Z,.[o]},5 and {Z,v (0]},
e N, = 35, GL spacing of y; nodes Adding the O(e?)

Alternative estimates term is equally

Flavour oscillations important as
Inverted ordering adding neutrino
No oscillations 3.0420 . .

oscillations!

Finite-temperature QED corrections

(2)1h
(2)lA+ (2)In

(2)lA + (3)
(2)

)1 + (2) In+(3) 3.01202




Dependence on Particle Physics Parameters

Parameter |Units| Value + 1o uncertainty
- /1073 7.2973525693 4 0.0000000011
o me [MeV] 0.51099895000 = 0.00000000015
N sin Gy 0.23871 £ 0.00009
5 Gp[107°GeV™?] 1.1663787 £ 0.0000006
= mw [GeV] 80.379 + 0.012
sin? f15/10~"! 3.207 076
E sin? 013/1072 2.160" 0%
-*E sin2 023/:.0_1 5471_8%8
> Am3, [107%eV?] 7.55 010
AmZ, [1073eV?] (NO) 2.50 4 0.03
Am2, [1073eV?] (10) —2.427F008




Dependence on Particle Physics Parameters

 errors on QED parameters are totally negligible

e effect of errors on weak interaction parameters is smaller than
numerical uncertainty

e errors on neutrino mass splitting have no significant effect
(neutrinos oscillate many times in one Hubble time, the averaged
oscillation time only depends on the mixing angles)

e error on sin? fo3 also has no significant effect
(it simply converts muon-neutrinos into tauon-neutrinos, both of
which have the same effect on Neg)
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What was not accounted for?

e We did not incorporate thermal QED corrections to collision integrals

v Y e v e ® EStimate ln [200104466]
suggests ONef~ -0.0007

* To be investigated in

v e v e more detail...
(a) (b)
1 (& 1% (&
Y
8
1 e 1 e



Conclusion

e The updated calculation of Nefimproves on several aspects:

e Include thermal correction to the QED equation of state

e complete numerical evaluation of the neutrino—neutrino collision integral
in the presence of neutrino flavour oscillations

e assessment of the uncertainties:

e We believe that this exhausts all possible effects within the SM that
would change Negf appreciably.

e In that sense, this may be the ultimate computation of Nejfin the SM

Please complain Lf You disagree with this,
and let us know what we may have missed!
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Dependence on Momentum Discretisation

Ny grid {Zvvl0l}ga Ny Nesf%vI (no osc) NesflfvI (NO)
30 3.0420 3.0430
{Zoulo]} o =0 | 40 3.0420 3.0430
50 3.0420 3.0430
30 3.0488 3.0490
GL Diagonal p 40 3.0464 3.0468
50 3.0452 3.0456
30 3.0488 3.0490
Full 40 3.0464 3.0468
50 3.0452 3.0456
60 3.0420 3.0430
{Zov]0)} e =0 | 80 3.0419 3.0429
100 3.0419 3.0429
60 3.0427 3.0432
NC Diagonal p 80 3.0427 3.0432
100 3.0427 3.0432
60 3.0427 3.0433
Full 80 3.0427 3.0433
100 3.0427 3.0433

Gauss-Laguerre (GL)
quadrature

Newton—Cotes (NC)
quadrature



Dependence on Momentum Discretisation

N\
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Dependence on Initialisation Time
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