
Final Exam 
PHY410: Do problems 1-3 
PHY 505: Do all four problems.  

Accept the assignment from github classroom: https://classroom.github.com/a/F4z76yCS . You 
will then get a link to your own github area.  
You should submit your code through github classroom. Submit your writeup, and a link to your 
github classroom area where your code is, on UBLearns.  

Create a directory from the “top level” (CompPhys) named “Final” and name your files 
“Problem1.ipynb”, “Problem2.ipynb”, “Problem3.ipynb”, “Problem4.ipynb”. If you would like to 
code anything in C++, please use swig to create a python module with the notebook.  

https://classroom.github.com/a/F4z76yCS


Problem 1: Chua’s Circuit 
Chua's circuit is a classic example of a chaotic dynamical system. You 
may read about it here. Its circuit diagram and current-voltage 
characteristic plot for the component NR are:

Here, there is one inductor L, one resistor R, two capacitors C1 and C2, 
and NR is a nonlinear negative resistance called a “Chua’s diode”. You do 
not need to know the details of the Chua diode, nor to solve the above 
circuit. You may assume without proof that this corresponds to a 
dynamical system satisfying the following dimensionless equations:

where  and  are the voltages across capacitors  and ,  is the 
current through inductor ,  and  are constants, and the function  
is defined by the current-voltage characteristic above:
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https://en.wikipedia.org/wiki/Chua%27s_circuit
http://ieeexplore.ieee.org/stamp/stamp.jsp?arnumber=1085459


a. (5 points) Code this dynamical system and solve it with a standard 
Runge-Kutta scheme with the above parameters. Create time-series 
plots of x, y, and z versus time. 

b. (10 points) Take the Fourier transform of x(t) and plot its power 
spectrum.   

c. (10 points) Find a parameter that can be used for a bifurcation 
diagram. You may use this paper for inspiration. Create a bifurcation 
diagram as a function of any parameter you wish. 

https://people.eecs.berkeley.edu/~chua/papers/Chua92.pdf


Problem 2 : Difference equation as a 
matrix 

Consider a discretized system with N=9 discrete, equally spaced points, 
represented as a vector  with components . Consider discretized time 
evolution of this vector under the following dynamical system:

a. (5 points) In the jupyter notebook (i.e. in LaTeX), write down the 
symmetric matrix equation corresponding to this system. 

b. (10 points) Numerically calculate the eigenvalues and eigenvectors of 
the matrix with numpy. 

c. (10 points) Suppose the initial state of the dynamical system is 
completely random. Describe the long-term evolution of this equation 
as k gets very large. Hint: This is an eigenvalue problem, so express 
the initial state  as an expansion of eigenvectors.

~u u[i]

u[0]k+1 = 3u[0]k � u[1]k � u[2]k

u[1]k+1 = �u[0]k + 3u[1]k � u[2]k � u[3]k

u[2]k+1 = �u[0]k � u[1]k + 3u[2]k � u[3]k � u[4]k

u[3]k+1 = �u[1]k � u[2]k + 3u[3]k � u[4]k � u[5]k

. . .
u[7]k+1 = �u[5]k � u[6]k + 3u[7]k � u[8]k

u[8]k+1 = �u[6]k � u[7]k + 3u[8]k

~u0



Problem 3 : Hohmann transfer orbit 

A Hohmann transfer orbit is an “elliptic orbit used to transfer between 
two circular orbits of different radii around a central body in the same 
plane.” 

Consider motion of satellites around the earth (radius ) as described in 
the “Kepler” class in the “planetary.ipynb” notebook. Assume the earth is 
stationary at the origin, and you have an orbiting satellite of mass  
kg at orbit 1 with  in the  plane. Suppose you would like to 
reach a position at  at one specific place, parallel to a circular 
orbit at  as shown in the diagram. For concreteness, assume this 
is at  in the Figure. 

a. (5 points) Plot orbits 1 and 3 with the “kepler” class.  
b. (10 points) Solve for orbit 2 analytically. 
c. (10 points) Using a boundary value “shooting” method, adjust the 

speed of a satellite at  shot tangentially to orbit 1 to 
the right so that you achieve orbit 2 as shown in the Figure. Compare 
to the analytic solution in part b. 
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R2 = 2RE

R3 = 2RE

(x, y) = (0, 2RE)

(x, y) = (0,�1.2RE)

https://en.wikipedia.org/wiki/Hohmann_transfer_orbit


Problem 4 (505 Only) : Kronig-Penney 
again    

Consider a Kronig-Penney model with a space  with  as 
defined in the “wavepacket” python notebook. with 9 equally spaced 
narrow potential wells, each of width  and depth . That 
is, the first well should be centered at , the next at , etc, up 
to . That is,  satisfies: 

Here, . 

a. (5 points) Plot the Kronig-Penney potential in Matplotlib with python. 
b. (10 points) Starting with the “wavepacket” python notebook, 

implement a very narrow Gaussian wave packet ( ) with 
energy  that passes through the Kronig-Penney potential above, 
with Dirichlet boundary conditions. Start the simulation at . 
Take snapshots of the packet when the “peak” of the wave packet 
packet arrives at , , . Be sure to also plot the potential 
function from part a!   

a. (10 points) How would you modify the Kronig-Penney model so that 
the wave packet does not have any reflection by the individual 
potential wells? Implement this and repeat parts a and b. 
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