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— Quo vadis QCD theory: heavy-ion collion perspectives and beyond —
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I am talking about…

Neutron Star EoS 
□Machine learning with mock data 
□Machine learning with real data ~ Quarkyonic? 

Continuity from nuclear to three-flavor CFL state 
□Quark-hadron continuity 
□Any interface?  Vortex controversies 

Toward more realistic matter with two flavors 
□ Two-flavor case with only S-wave superfluidity 
□ P-wave superfluidity at high density
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Kurkela, Vuorinen, Fraga,  
Romatschke, Schaffner-Bielich, …
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MODEL Input Data

Nonlinear Mapping

Output Data

EXPERIMENT

Very Uncertain

Limited Information

Easy Hard

Accept? 
Exclude?

Theory
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Input Data

Nonlinear Mapping

Output Data

EXPERIMENT

Limited Information

Easy Hard

Exp.

Not unique… 
What is the 
“most likely” 
one?

Inverse Problem
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Several M-R 
observation points  
with errors

Several parameters  
to characterize EoS

Nonlinear 
Mapping

{Mi, Ri} {Pi}{Pi} = F ({Mi, Ri})

~ 5 Points~ 15 Points

・Bayesian Analysis 
・Supervised Learning

corresponding to 
5 polytropes (your choice)

observation data hopefully 
available in the future
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Test with mock data 
(not fitted results but reconstructed!)

Fujimoto-Fukushima-Murase, PRD(2018)

 : randomly generated original EoS
 : reconstructed EoS and guessed M-R

Two Typical Examples (not biased choice) 4
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].
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FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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Overall performance test 4

FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].

FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited

(with �M = 0.1M�, �R = 0.5 km)

Excellent performance!

For real data, we should take account of “error bars”

Fujimoto-Fukushima-Murase, PRD(2018)
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Fujimoto-Fukushima-Murase 
1903.03400 [nucl-th]
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Fujimoto-Fukushima-Murase, 1903.03400 [nucl-th]
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Fujimoto-Fukushima-Murase, 1903.03400 [nucl-th]
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Fujimoto-Fukushima-Murase, 1903.03400 [nucl-th]

Looks consistent with “quarkyonic scenario”
McLerran-Reddy (2018), Jeong-McLerran-Sen (2019)
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µ

P

EoS of 
Nuclear Matter

EoS of Quark Matter
1st-order transition  
  too soft EoS 
 (excludable)

Old View
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µ

P

EoS of 
Nuclear Matter

EoS of Quark Matter
Smooth Crossover 
from NM to QM

Another Possible View

No need to overcome 
the NM pressure 
(no two separate lines)
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Fradkin-Shenker (1979)

Connected  
smoothly

CSC phase 
of QCD

Hadronic phase 
of QCD
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FIG. 4. Quark chemical potentials, µu, µd, µ⇤
u, and µ⇤

d as
functions of the baryon number density nB normalized by
the normal nuclear density n0. The solid and dashed lines
represents results with and without the interaction e↵ects,
respectively.

ter, there must be at least one phase transition sepa-
rating these two states. This implies that, if two such
states are smoothly connected without a phase transi-
tion, the symmetry breaking pattern must be identical
on both sides. We describe in the following how this
symmetry argument works for quark-hadron continuity,
first in the three-flavor case and next in the two-flavor
case. While the former is well established through the
pioneering work of Ref. [1], the latter is a novel scenario
that we are proposing in the present work.

A. Three-flavor case

The ground state of three-flavor symmetric quark mat-
ter at high density supposedly accommodates diquark
condensates featuring a CFL phase. It has been demon-
strated that the CFL phase is characterized by the same
symmetry breaking pattern as the hadronic phase with
a superfluid [1]. Here, diquarks in the color-antitriplet,
the flavor-triplet, and the scalar channel, which are called
the “good” diquarks, play an essential role for the sym-
metry argument. We thus introduce the corresponding
good diquark operator as

�̂↵A
⌘ N ✏

↵��
✏
ABC

q̂
>
�B C�5 q̂�C , (13)

where N is a normalization. In the present study nu-
merical values of superconducting gaps are not essential,
so we often omit the normalization factor for simplicity.
The charge conjugation matrix, C ⌘ i�

0
�
2, is inserted

to form a Lorentz scalar. In the expression above the
spin or Dirac indices are all contracted implicitly. Greek
indices (↵,�, �) and capital indices (A,B,C) represent
color and flavor, respectively.

In terms of left-handed and right-handed fermions, the
diquark operator can be decomposed into �̂↵A

L
and �̂↵A

R
,

respectively. Because diquark condensation in the scalar
channel is favored by the axial anomaly, the left- and
right-handed condensates, �↵A

L
⌘ h�̂↵A

L
i and �↵A

R
⌘

h�̂↵A
R

i, in the CFL phase have the property:

�↵A
L

= ��↵A
R

= �
↵A� , (14)

where gauge fixing is assumed so that the color direction
aligns with flavor as �↵A, and � is a gap parameter.
Clearly �↵A

L
breaks both flavor SU(3)L and color

SU(3)C, but a simultaneous color-flavor rotation can
leave �↵A

L
unchanged. In the same way �↵A

R
breaks both

flavor SU(3)R and color SU(3)C down to their vectorial
combination. This unbroken vectorial symmetry is com-
monly denoted as SU(3)C+L+R. Hence the symmetry
breaking pattern can be summarized as G ! H with

G = [SU(3)C]⇥ SU(3)L ⇥ SU(3)R ⇥U(1)B ,

H = SU(3)C+L+R ,
(15)

apart from redundant discrete symmetries. Here
[SU(3)C] represents the global part of color symmetry
(while local gauge symmetry is never broken). The spon-
taneous breaking of global color symmetry makes all
eight gluons massive due to the Anderson-Higgs mech-
anism. It is important to note that U(1)B corresponding
to baryon number conservation is spontaneously broken,
so that the CFL state can be regarded as a superfluid.
A more detailed discussion on nontrivial realization of
the U(1)B breaking will be given when we consider the
two-flavor case in what follows.
The crucial point is now that chiral symmetry break-

ing (15) in the CFL phase is identical to the familiar sce-
nario in the hadronic phase. The low-energy properties
of matter are governed by NG bosons, which implies that
chiral EFT can be systematically formulated for the CFL
state [36, 37]. Therefore the theoretical descriptions of
hadronic and CFL matter are analogous by construction.
This is the basic message of Ref. [1] which pointed out the
important possibility that hadronic and CFL matter can
be continuously and indistinguishably connected.
Continuity is a strong hypothesis, requiring a one-to-

one correspondence between physical degrees of freedom
in hadronic and quark matter. The CFL phase works
with quarks, gluons and chiral NG bosons. The spec-
trum of their excitations can be translated into the rele-
vant composite degrees of freedom in the hadronic phase:
nonet baryons, octet vector mesons, and the octet of
pseudoscalar NG bosons. Further steps have recently
been made investigating the issue of vortex continuity
but some controversies still remain.
From the discussions so far one may have thought that

U(1)B is not necessarily broken in the hadronic phase.
Surely, on the one hand, the hadronic vacuum at zero
density does not break U(1)B. On the other hand, it is
known that nuclear matter can have a superfluid compo-
nent generated by the pairing interaction of nucleons. It
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rating these two states. This implies that, if two such
states are smoothly connected without a phase transi-
tion, the symmetry breaking pattern must be identical
on both sides. We describe in the following how this
symmetry argument works for quark-hadron continuity,
first in the three-flavor case and next in the two-flavor
case. While the former is well established through the
pioneering work of Ref. [1], the latter is a novel scenario
that we are proposing in the present work.
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condensates featuring a CFL phase. It has been demon-
strated that the CFL phase is characterized by the same
symmetry breaking pattern as the hadronic phase with
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right-handed condensates, �↵A

L
⌘ h�̂↵A

L
i and �↵A

R
⌘

h�̂↵A
R

i, in the CFL phase have the property:

�↵A
L

= ��↵A
R

= �
↵A� , (14)

where gauge fixing is assumed so that the color direction
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leave �↵A
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flavor SU(3)R and color SU(3)C down to their vectorial
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monly denoted as SU(3)C+L+R. Hence the symmetry
breaking pattern can be summarized as G ! H with

G = [SU(3)C]⇥ SU(3)L ⇥ SU(3)R ⇥U(1)B ,

H = SU(3)C+L+R ,
(15)

apart from redundant discrete symmetries. Here
[SU(3)C] represents the global part of color symmetry
(while local gauge symmetry is never broken). The spon-
taneous breaking of global color symmetry makes all
eight gluons massive due to the Anderson-Higgs mech-
anism. It is important to note that U(1)B corresponding
to baryon number conservation is spontaneously broken,
so that the CFL state can be regarded as a superfluid.
A more detailed discussion on nontrivial realization of
the U(1)B breaking will be given when we consider the
two-flavor case in what follows.
The crucial point is now that chiral symmetry break-

ing (15) in the CFL phase is identical to the familiar sce-
nario in the hadronic phase. The low-energy properties
of matter are governed by NG bosons, which implies that
chiral EFT can be systematically formulated for the CFL
state [36, 37]. Therefore the theoretical descriptions of
hadronic and CFL matter are analogous by construction.
This is the basic message of Ref. [1] which pointed out the
important possibility that hadronic and CFL matter can
be continuously and indistinguishably connected.
Continuity is a strong hypothesis, requiring a one-to-

one correspondence between physical degrees of freedom
in hadronic and quark matter. The CFL phase works
with quarks, gluons and chiral NG bosons. The spec-
trum of their excitations can be translated into the rele-
vant composite degrees of freedom in the hadronic phase:
nonet baryons, octet vector mesons, and the octet of
pseudoscalar NG bosons. Further steps have recently
been made investigating the issue of vortex continuity
but some controversies still remain.
From the discussions so far one may have thought that

U(1)B is not necessarily broken in the hadronic phase.
Surely, on the one hand, the hadronic vacuum at zero
density does not break U(1)B. On the other hand, it is
known that nuclear matter can have a superfluid compo-
nent generated by the pairing interaction of nucleons. It

Schaefer-Wilczek (1998)
Left and right diquarks break flavor and color  
Flavor rotation can be canceled by color rotation

Three-flavor symmetric color-superconductor (CFL)  
has symmetry breaking identical to the hadronic one.

Baryons 8+1 (low-lying) Quarks 3color × 3flavor = 9

qqq
qqq

Condensate
ExcitationFlavor 

Triplet Duality
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Order Parameter — Three flavor case
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FIG. 4. Quark chemical potentials, µu, µd, µ⇤
u, and µ⇤

d as
functions of the baryon number density nB normalized by
the normal nuclear density n0. The solid and dashed lines
represents results with and without the interaction e↵ects,
respectively.

ter, there must be at least one phase transition sepa-
rating these two states. This implies that, if two such
states are smoothly connected without a phase transi-
tion, the symmetry breaking pattern must be identical
on both sides. We describe in the following how this
symmetry argument works for quark-hadron continuity,
first in the three-flavor case and next in the two-flavor
case. While the former is well established through the
pioneering work of Ref. [1], the latter is a novel scenario
that we are proposing in the present work.

A. Three-flavor case

The ground state of three-flavor symmetric quark mat-
ter at high density supposedly accommodates diquark
condensates featuring a CFL phase. It has been demon-
strated that the CFL phase is characterized by the same
symmetry breaking pattern as the hadronic phase with
a superfluid [1]. Here, diquarks in the color-antitriplet,
the flavor-triplet, and the scalar channel, which are called
the “good” diquarks, play an essential role for the sym-
metry argument. We thus introduce the corresponding
good diquark operator as

�̂↵A
⌘ N ✏

↵��
✏
ABC

q̂
>
�B C�5 q̂�C , (13)

where N is a normalization. In the present study nu-
merical values of superconducting gaps are not essential,
so we often omit the normalization factor for simplicity.
The charge conjugation matrix, C ⌘ i�

0
�
2, is inserted

to form a Lorentz scalar. In the expression above the
spin or Dirac indices are all contracted implicitly. Greek
indices (↵,�, �) and capital indices (A,B,C) represent
color and flavor, respectively.

In terms of left-handed and right-handed fermions, the
diquark operator can be decomposed into �̂↵A

L
and �̂↵A

R
,

respectively. Because diquark condensation in the scalar
channel is favored by the axial anomaly, the left- and
right-handed condensates, �↵A
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R
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aligns with flavor as �↵A, and � is a gap parameter.
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ing (15) in the CFL phase is identical to the familiar sce-
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one correspondence between physical degrees of freedom
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U(1)B is not necessarily broken in the hadronic phase.
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IV. REARRANGEMENT OF THE
ORDER-PARAMETER OPERATORS

The following exercise is to formally demonstrate
quark-hadron continuity using gauge-invariant order pa-
rameters. An essential observation for the intuitive un-
derstanding of quark-hadron continuity lies in the fact
that no physical or gauge-invariant quantity can dis-
criminate nuclear and quark matter. This observation
is traced back to the absence of any order parameter for
deconfinement of dynamical quarks in the color funda-
mental representation.

Throughout this work we assume that the low-lying
baryons can be approximately described in terms of a
basic quark-diquark structure. In this picture the col-
orless spin- 1

2
baryon operators, with flavor indices A,B

shown explicitly, are given by:

B̂
AB
� = �̂↵A

q̂
B
↵� , (21)

where � denotes the spin index. We note again that the
normalization is dropped for notational brevity.

A. Three-flavor symmetric case

Here we start with the order parameters in the CFL
phase which are then translated into the hadronic repre-
sentation. The gauge-invariant order parameters are the
mesonic and the baryonic condensates defined as

M
AB = hM̂

AB
i = h�̂†A↵�̂↵B

i , (22)

⌥ABC = h⌥̂ABC
CFL

i = h✏
↵���̂↵A�̂�B�̂�C

i , (23)

respectively. We are primarily interested in superfluidity
aspects and hence focus on ⌥̂ABC . Decomposing �̂↵A

into quarks and combining the quark operators with the
remaining �̂�B and �̂�C to form two-baryon operators,
one arrives at

⌥̂ABC = 2✏AMN
B̂
BM
� (C�5)��0 B̂

CN
�0 . (24)

Let us now limit ourselves to the octet baryons:
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(25)
where (C�5)> = �C�5 is used with > denoting the trans-
pose. Thus, the flavor-singlet CFL order parameter,
⌥(0)

⌘ ✏
ABC⌥ABC , is smoothly connected to superfluid

strange baryonic matter, explicitly represented as

⌥(0) = 2(C�5)��0hB̂
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BB
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AB
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BA
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0

�0i .

(26)

At this point it is useful to consider the non-relativistic
reduction of the dibaryonic condensates. The term h⇤⇤i

may serve as a specific example. The generalization to
other terms is straightforward. Using a solution of the
Dirac equation with �

µ in the Dirac representation, the
four-component spinor of the ⇤ is expressed as

⇤ =

0

@
'⇤

� · p

Ep +m⇤

'⇤

1

A , (27)

with two-component spinors '⇤. The lower components
are negligible in the limit m⇤ � |p| and one finds

(C�5)��0h⇤�⇤�0i = h'
>
⇤
i�

2
'⇤i , (28)

in terms of the non-relativistic wave function '⇤ whose
two components correspond to the spin degrees of free-
dom.

B. Two-flavor 1S0 superfluid matter

The preceding subsection started by identifying the
ground state as quark matter in the CFL phase followed
by the rearrangement of order parameters in terms of
baryonic operators. For the two-flavor case we follow
an inverse sequence of steps: the starting point is now
neutron matter with a superfluid component and we in-
vestigate the possibility of a continuous transition to su-
perfluid quark matter with an excess of d-quarks.
As long as the baryon density is below the onset of

P -wave superfluidity, the neutron superfluid occurs in
the 1

S0 channel. In this case the superfluid order pa-
rameter in neutron matter is given by h'

>
n
i�

2
'ni in the

non-relativistic representation [see Eq. (28)], which can
be generalized into a relativistic expression as

h'
>
n
i�

2
'ni ! h⌥̂Si ⌘ hn̂�(C�5)��0 n̂�0i . (29)

The relativistic neutron operator, n̂, can be written in
terms of its composition of udd quarks, i.e.,

n̂� = ✏
↵�� (û>

↵C�5d̂�)d̂�� = �̂�
udd̂�� , (30)

where we have introduced the “good” two-flavor diquark
operator, �̂�

ud ⌘ ✏
↵��

û
>
↵C�5d̂� .

It is then straightforward to rearrange the indices and
factorize ⌥S ⌘ h⌥̂Si into (gauge-fixed) diquark conden-
sates in the mean field approximation as

⌥S = h�̂↵
ud�̂

�
ud d̂

>
↵C�5d̂�i ⇡ �↵

ud �
�
ud hd̂

>
↵C�5d̂�i . (31)

From this expression we see that a scalar hddi condensate
is induced in a scenario that smoothly connects to super-
fluid neutron matter to quark matter. The condensate
hddi is symmetric in flavor and anti-symmetric in spin,
and hence symmetric in the color indices ↵, �. This
means that the permitted color structure belongs to the
sextet representation. As previously argued in Sec. III,
hddi breaks U(1)B and therefore exhibits S-wave super-
fluidity. In essence, the neutron superfluid is transformed
continuously into the d-quark superfluid.
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From this expression we see that a scalar hddi condensate
is induced in a scenario that smoothly connects to super-
fluid neutron matter to quark matter. The condensate
hddi is symmetric in flavor and anti-symmetric in spin,
and hence symmetric in the color indices ↵, �. This
means that the permitted color structure belongs to the
sextet representation. As previously argued in Sec. III,
hddi breaks U(1)B and therefore exhibits S-wave super-
fluidity. In essence, the neutron superfluid is transformed
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At this point it is useful to consider the non-relativistic
reduction of the dibaryonic condensates. The term h⇤⇤i

may serve as a specific example. The generalization to
other terms is straightforward. Using a solution of the
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µ in the Dirac representation, the
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û
>
↵C�5d̂� .

It is then straightforward to rearrange the indices and
factorize ⌥S ⌘ h⌥̂Si into (gauge-fixed) diquark conden-
sates in the mean field approximation as

⌥S = h�̂↵
ud�̂

�
ud d̂

>
↵C�5d̂�i ⇡ �↵

ud �
�
ud hd̂

>
↵C�5d̂�i . (31)

From this expression we see that a scalar hddi condensate
is induced in a scenario that smoothly connects to super-
fluid neutron matter to quark matter. The condensate
hddi is symmetric in flavor and anti-symmetric in spin,
and hence symmetric in the color indices ↵, �. This
means that the permitted color structure belongs to the
sextet representation. As previously argued in Sec. III,
hddi breaks U(1)B and therefore exhibits S-wave super-
fluidity. In essence, the neutron superfluid is transformed
continuously into the d-quark superfluid.
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From this expression we see that a scalar hddi condensate
is induced in a scenario that smoothly connects to super-
fluid neutron matter to quark matter. The condensate
hddi is symmetric in flavor and anti-symmetric in spin,
and hence symmetric in the color indices ↵, �. This
means that the permitted color structure belongs to the
sextet representation. As previously argued in Sec. III,
hddi breaks U(1)B and therefore exhibits S-wave super-
fluidity. In essence, the neutron superfluid is transformed
continuously into the d-quark superfluid.
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Hadronic Phase : Chiral broken by the chiral condensate.

Quark Phase : Chiral broken by the diquark condensate.

Breaking patters is indistinguishable (due to anomaly)

Anomaly 
induced 

Interaction
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Ordinary meson-like Tetra-quark meson-like

Another view to understand the same physics
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Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].

q

qq q qq q

q
qq
qq

FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

Continuity of superfluid vortices

Alford-Baym-Fukushima- 
-Hatsuda-Tachibana (2018)
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Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].
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FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

Continuity of superfluid vortices

Alford-Baym-Fukushima- 
-Hatsuda-Tachibana (2018)

There should be an interface
Cherman-Sen-Yaffe (2018)

Braiding phase ~ Topological?
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Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].
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FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

Continuity of superfluid vortices

Alford-Baym-Fukushima- 
-Hatsuda-Tachibana (2018)

There should be an interface
Hirono-Tanizaki (2018)

Higher-form symmetry not broken  
Braiding phase unseen
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hudi
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alone does not break any symmetry!

2SC (two-flavor color-superconductor) may be 
connected to a QGP, but not to hadronic matter…?

How “neutron matter” melts into “quark matter” ? 2

Neutron superfluid Color superconductor
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⇠ n0 ⇠ 5n0 ⇠ 10n0

FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1.

This paper is organized as follows. In Sec. II we de-
scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-

FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration.
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

for the hadronic and the quark phases, respectively. Here
µe is the chemical potential of the (negatively charged)
electrons. Neutrinos decouple and do not contribute to
the chemical potential balance. For a given baryon num-
ber density, nB, in the hadronic phase, we have two more
conditions for the baryon number density and the electric
charge neutrality, namely,

np + nn = nB , np = ne . (2)

For non-interacting particles the density is related to the
chemical potential through

ni =
(µ2

i �m
2

i )
3/2

3⇡2
, (3)

where i stands for p, n, e in the hadronic phase and for u,
d, e in the quark phase. The equations (1,2,3) can then
be solved for the three variables, µp, µn, µe, as functions
of baryon density nB.

!
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Order Parameter — Two flavor case

6

IV. REARRANGEMENT OF THE
ORDER-PARAMETER OPERATORS

The following exercise is to formally demonstrate
quark-hadron continuity using gauge-invariant order pa-
rameters. An essential observation for the intuitive un-
derstanding of quark-hadron continuity lies in the fact
that no physical or gauge-invariant quantity can dis-
criminate nuclear and quark matter. This observation
is traced back to the absence of any order parameter for
deconfinement of dynamical quarks in the color funda-
mental representation.

Throughout this work we assume that the low-lying
baryons can be approximately described in terms of a
basic quark-diquark structure. In this picture the col-
orless spin- 1

2
baryon operators, with flavor indices A,B

shown explicitly, are given by:

B̂
AB
� = �̂↵A

q̂
B
↵� , (21)

where � denotes the spin index. We note again that the
normalization is dropped for notational brevity.

A. Three-flavor symmetric case

Here we start with the order parameters in the CFL
phase which are then translated into the hadronic repre-
sentation. The gauge-invariant order parameters are the
mesonic and the baryonic condensates defined as

M
AB = hM̂

AB
i = h�̂†A↵�̂↵B

i , (22)

⌥ABC = h⌥̂ABC
CFL

i = h✏
↵���̂↵A�̂�B�̂�C

i , (23)

respectively. We are primarily interested in superfluidity
aspects and hence focus on ⌥̂ABC . Decomposing �̂↵A

into quarks and combining the quark operators with the
remaining �̂�B and �̂�C to form two-baryon operators,
one arrives at

⌥̂ABC = 2✏AMN
B̂
BM
� (C�5)��0 B̂

CN
�0 . (24)

Let us now limit ourselves to the octet baryons:

B
AB
8 =

0

B@

1p
2
⌃0 + 1p

6
⇤ ⌃+

p

⌃�
�

1p
2
⌃0 + 1p

6
⇤ n

⌅� ⌅0
�

2p
6
⇤

1

CA

AB

,

(25)
where (C�5)> = �C�5 is used with > denoting the trans-
pose. Thus, the flavor-singlet CFL order parameter,
⌥(0)

⌘ ✏
ABC⌥ABC , is smoothly connected to superfluid

strange baryonic matter, explicitly represented as

⌥(0) = 2(C�5)��0hB̂
AA
8� B̂

BB
8�0 � B̂

AB
8� B̂

BA
8�0 i

/ (C�5)��0h
1

2
⇤�⇤�0+ 1

2
⌃0

�⌃
0

�0+⌃+

�⌃
�
�0+p�⌅

�
�0+n�⌅

0

�0i .

(26)

At this point it is useful to consider the non-relativistic
reduction of the dibaryonic condensates. The term h⇤⇤i

may serve as a specific example. The generalization to
other terms is straightforward. Using a solution of the
Dirac equation with �

µ in the Dirac representation, the
four-component spinor of the ⇤ is expressed as

⇤ =

0

@
'⇤

� · p

Ep +m⇤

'⇤

1

A , (27)

with two-component spinors '⇤. The lower components
are negligible in the limit m⇤ � |p| and one finds

(C�5)��0h⇤�⇤�0i = h'
>
⇤
i�

2
'⇤i , (28)

in terms of the non-relativistic wave function '⇤ whose
two components correspond to the spin degrees of free-
dom.

B. Two-flavor 1S0 superfluid matter

The preceding subsection started by identifying the
ground state as quark matter in the CFL phase followed
by the rearrangement of order parameters in terms of
baryonic operators. For the two-flavor case we follow
an inverse sequence of steps: the starting point is now
neutron matter with a superfluid component and we in-
vestigate the possibility of a continuous transition to su-
perfluid quark matter with an excess of d-quarks.
As long as the baryon density is below the onset of

P -wave superfluidity, the neutron superfluid occurs in
the 1

S0 channel. In this case the superfluid order pa-
rameter in neutron matter is given by h'

>
n
i�

2
'ni in the

non-relativistic representation [see Eq. (28)], which can
be generalized into a relativistic expression as

h'
>
n
i�

2
'ni ! h⌥̂Si ⌘ hn̂�(C�5)��0 n̂�0i . (29)

The relativistic neutron operator, n̂, can be written in
terms of its composition of udd quarks, i.e.,

n̂� = ✏
↵�� (û>

↵C�5d̂�)d̂�� = �̂�
udd̂�� , (30)

where we have introduced the “good” two-flavor diquark
operator, �̂�

ud ⌘ ✏
↵��

û
>
↵C�5d̂� .

It is then straightforward to rearrange the indices and
factorize ⌥S ⌘ h⌥̂Si into (gauge-fixed) diquark conden-
sates in the mean field approximation as

⌥S = h�̂↵
ud�̂

�
ud d̂

>
↵C�5d̂�i ⇡ �↵

ud �
�
ud hd̂

>
↵C�5d̂�i . (31)

From this expression we see that a scalar hddi condensate
is induced in a scenario that smoothly connects to super-
fluid neutron matter to quark matter. The condensate
hddi is symmetric in flavor and anti-symmetric in spin,
and hence symmetric in the color indices ↵, �. This
means that the permitted color structure belongs to the
sextet representation. As previously argued in Sec. III,
hddi breaks U(1)B and therefore exhibits S-wave super-
fluidity. In essence, the neutron superfluid is transformed
continuously into the d-quark superfluid.

Neutrons:

6

IV. REARRANGEMENT OF THE
ORDER-PARAMETER OPERATORS

The following exercise is to formally demonstrate
quark-hadron continuity using gauge-invariant order pa-
rameters. An essential observation for the intuitive un-
derstanding of quark-hadron continuity lies in the fact
that no physical or gauge-invariant quantity can dis-
criminate nuclear and quark matter. This observation
is traced back to the absence of any order parameter for
deconfinement of dynamical quarks in the color funda-
mental representation.

Throughout this work we assume that the low-lying
baryons can be approximately described in terms of a
basic quark-diquark structure. In this picture the col-
orless spin- 1

2
baryon operators, with flavor indices A,B

shown explicitly, are given by:

B̂
AB
� = �̂↵A

q̂
B
↵� , (21)

where � denotes the spin index. We note again that the
normalization is dropped for notational brevity.

A. Three-flavor symmetric case

Here we start with the order parameters in the CFL
phase which are then translated into the hadronic repre-
sentation. The gauge-invariant order parameters are the
mesonic and the baryonic condensates defined as

M
AB = hM̂

AB
i = h�̂†A↵�̂↵B

i , (22)

⌥ABC = h⌥̂ABC
CFL

i = h✏
↵���̂↵A�̂�B�̂�C

i , (23)

respectively. We are primarily interested in superfluidity
aspects and hence focus on ⌥̂ABC . Decomposing �̂↵A

into quarks and combining the quark operators with the
remaining �̂�B and �̂�C to form two-baryon operators,
one arrives at

⌥̂ABC = 2✏AMN
B̂
BM
� (C�5)��0 B̂

CN
�0 . (24)

Let us now limit ourselves to the octet baryons:

B
AB
8 =

0

B@

1p
2
⌃0 + 1p

6
⇤ ⌃+

p

⌃�
�

1p
2
⌃0 + 1p

6
⇤ n

⌅� ⌅0
�

2p
6
⇤

1

CA

AB

,

(25)
where (C�5)> = �C�5 is used with > denoting the trans-
pose. Thus, the flavor-singlet CFL order parameter,
⌥(0)

⌘ ✏
ABC⌥ABC , is smoothly connected to superfluid

strange baryonic matter, explicitly represented as

⌥(0) = 2(C�5)��0hB̂
AA
8� B̂

BB
8�0 � B̂

AB
8� B̂

BA
8�0 i

/ (C�5)��0h
1

2
⇤�⇤�0+ 1

2
⌃0

�⌃
0

�0+⌃+

�⌃
�
�0+p�⌅

�
�0+n�⌅

0

�0i .

(26)

At this point it is useful to consider the non-relativistic
reduction of the dibaryonic condensates. The term h⇤⇤i

may serve as a specific example. The generalization to
other terms is straightforward. Using a solution of the
Dirac equation with �

µ in the Dirac representation, the
four-component spinor of the ⇤ is expressed as

⇤ =

0

@
'⇤

� · p

Ep +m⇤

'⇤

1

A , (27)

with two-component spinors '⇤. The lower components
are negligible in the limit m⇤ � |p| and one finds

(C�5)��0h⇤�⇤�0i = h'
>
⇤
i�

2
'⇤i , (28)

in terms of the non-relativistic wave function '⇤ whose
two components correspond to the spin degrees of free-
dom.

B. Two-flavor 1S0 superfluid matter

The preceding subsection started by identifying the
ground state as quark matter in the CFL phase followed
by the rearrangement of order parameters in terms of
baryonic operators. For the two-flavor case we follow
an inverse sequence of steps: the starting point is now
neutron matter with a superfluid component and we in-
vestigate the possibility of a continuous transition to su-
perfluid quark matter with an excess of d-quarks.
As long as the baryon density is below the onset of

P -wave superfluidity, the neutron superfluid occurs in
the 1

S0 channel. In this case the superfluid order pa-
rameter in neutron matter is given by h'

>
n
i�

2
'ni in the

non-relativistic representation [see Eq. (28)], which can
be generalized into a relativistic expression as

h'
>
n
i�

2
'ni ! h⌥̂Si ⌘ hn̂�(C�5)��0 n̂�0i . (29)

The relativistic neutron operator, n̂, can be written in
terms of its composition of udd quarks, i.e.,

n̂� = ✏
↵�� (û>

↵C�5d̂�)d̂�� = �̂�
udd̂�� , (30)

where we have introduced the “good” two-flavor diquark
operator, �̂�

ud ⌘ ✏
↵��

û
>
↵C�5d̂� .

It is then straightforward to rearrange the indices and
factorize ⌥S ⌘ h⌥̂Si into (gauge-fixed) diquark conden-
sates in the mean field approximation as

⌥S = h�̂↵
ud�̂

�
ud d̂

>
↵C�5d̂�i ⇡ �↵

ud �
�
ud hd̂

>
↵C�5d̂�i . (31)

From this expression we see that a scalar hddi condensate
is induced in a scenario that smoothly connects to super-
fluid neutron matter to quark matter. The condensate
hddi is symmetric in flavor and anti-symmetric in spin,
and hence symmetric in the color indices ↵, �. This
means that the permitted color structure belongs to the
sextet representation. As previously argued in Sec. III,
hddi breaks U(1)B and therefore exhibits S-wave super-
fluidity. In essence, the neutron superfluid is transformed
continuously into the d-quark superfluid.

hddi
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mixture breaks U(1) leading to a superfluid!
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Figure 1: The nucleon-nucleon scattering phase shifts as a function of laboratory energy for the channels where
pairing in neutron stars matter appears. The S and P wave scattering is responsible for neutron-neutron and
proton-proton pairing, whereas the 3D2 wave scattering can occur only between neutrons and protons. The P
and F waves are coupled by the non-central tensor component of the nuclear interaction.

neutrons and protons form vastly separate Fermi surfaces. Then, for large differences in the numbers of protons
and neutrons (isospin asymmetry) only same isospin Cooper pairs can arise in the remaining 1S0 partial wave
channel.

At laboratory energies of nn scattering larger that EL = 250 MeV the measured scattering phase-shift in
the 1S0-wave interaction channel becomes negative, i.e., the interaction becomes repulsive, see Fig. 1. However,
already at EL ≃ 160 MeV the 3P2 −3 F2 tensor interaction becomes the most attractive channel for T = 1
(neutron-neutron and proton-proton) pairs. The corresponding density in neutron star matter is obtained
by noting that the center of mass energy of two scattering nucleons is EL/2, which should be of the order
of the Fermi energy of neutrons or protons. (Here we specialize the discussion to the high-density and low-
temperature regime of interest to superfluidity in neutron stars). Neutron Fermi energies become of the order
of εFn ≃ 60 MeV at the nuclear saturation density ns = 0.16 fm−3. Thus, we anticipate that neutron pairing in
the 1S0-wave vanishes at densities slightly above the saturation density and that the core of the star contains
superfluid featuring neutron pairs in the 3P2–3F2 partial wave. The spatial component of the wave-function
of these Cooper pairs is anti-symmetrical whereas the spin (S = 1) and isospin (T = 1) components are
symmetrical. Clearly, the pairing in this so-called triplet spin-1 channel is consistent with the Pauli principle
for two neutrons. Because the proton fraction in a neutron star core is small, about 5-10% of the net number
density, their Fermi energies, and consequently the center of mass scattering energies, remain low. Therefore,
proton pairs arise in the 1S0-wave up to quite high densities. It is conceivable that at densities higher than
a few times the nuclear saturation density higher partial waves can contribute to the pairing in neutron star
matter. For example, if the partial densities of neutrons and protons are forced to be close to each other by
some mechanism, i.e., matter is isospin symmetrical, then neutron-proton pairs can be formed in the most
attractive 3D2 partial wave with a wave function which is symmetrical in space, antisymmetrical in isospace
(T = 0) and symmetrical in spin (S = 1). A mechanism that can enforce equal numbers of neutrons and
protons is meson condensation [10].

The BCS theory was originally formulated in terms of a variational wave function of a coherent state which
minimized the energy of an ensamble of electrons interacting via contact (attractive) interaction [1]. Here we will
outline an alternative formulation based on the method of canonical transformations due to Bogolyubov [11].

3

Quark-hadron Continuity

24

Very natural for continuity to neutron matter!
Fujimoto-Fukushima-Weise (2019)

NN scattering (theory)

Haskell-Sedrakian (2017)  
Originally Kyoto group (Tamagaki et al.)

S-wave is suppressed at 
higher density because of 
short-range repulsive core!

Ishii-Aoki-Hatsuda (2007)
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FIG. 5. Short-range interaction between neutrons mediated
by quark-gluon exchange.

Two- or three-quark exchange processes are redundant
modulo exchange of the two nucleons. For two interacting
neutrons, assuming hudi pairing in 2SC configurations
(see Sec. III B), one can therefore focus on the exchange
interaction between the two d-quarks and construct the
dd potential as illustrated in Fig. 5: two d quarks cross
their lines in the presence of an exchanged gluon. Direct
gluon exchange without quark exchange is not allowed
because of color selection rules. The one-gluon exchange
(OGE) potential reads [41]:

V
OGE

12
=

 
X

A
T

A
1
T

A
2

!
↵s

4


1

r12
�

2⇡

3m2
q

(s1 ·s2) �
3(r12)

�
,

(39)
omitting the tensor term in this expression. Here r12 de-
notes the distance between quarks 1 and 2. Their spin
operators are denoted by s1 and s2. The color struc-
ture in front of the potential is exactly the same as the
representation in Eq. (38). In close analogy with the nn

interaction, short-range repulsion appears in the dd po-
tential. Therefore pairing in L = 0 is disfavored and
superfluidity appears predominantly in the L = 1 state.

B. Spin-orbit interaction favoring J = 2

The previous discussion has pointed to dd quark pair-
ing in 3

PJ states. While the spin triplet necessarily fol-
lows in L = 1 states from the statistics of the wave func-
tion, the total angular momentum J is still left unspeci-
fied.

In neutron star matter, 3
P2 neutron superfluidity oc-

curs because of the strong spin-orbit interaction between
neutrons. The matrix elements of

L · S =
1

2
[J(J + 1)� L(L+ 1)� S(S + 1)] (40)

are �2,�1 and +1 in 3
P0, 3

P1 and 3
P2 states, respec-

tively. With an extra minus sign in the spin-orbit poten-
tial, there is attraction in 3

P2 and repulsion in 3
PJ=0,1

channels. These features are also reflected in the em-
pirical triplet P -wave phase shifts. The tensor force in

3
P2 is relatively weak: ten times smaller than the one in
the 3

P0 channel. In the absence of the spin-orbit force,
superfluidity would in fact appear in 3

P0.
The neutron-neutron spin-orbit interaction is gener-

ated by Lorentz scalar and vector couplings of the neu-
trons. In chiral theories, such couplings involve two-
and three-pion exchange mechanisms. Phenomenologi-
cal boson exchange models [42, 43] associate these in-
teractions with scalar and vector boson fields, �(x) and
v
µ(x). The vector field includes isoscalar and isovector

terms (sometimes identified with ! and ⇢ mesons, but
ultimately representing multi-pion exchange mechanisms
together with short-distance dynamics). In the neutron-
neutron interaction the isoscalar and isovector terms have
the same weight (the extra factor in the isovector part is
⌧ 1 · ⌧ 2 = 1).
We start from the following boson-nucleon vertex La-

grangians:

LS =� gS  ̄(x) (x)�(x) ,

LV =� gV  ̄(x)�µ (x) v
µ(x)

+
gT

2mN
 ̄(x)�µ⌫ (x) @

⌫
v
µ(x) ,

(41)

where mN is the nucleon mass. Scalar and vector bo-
son masses will be denoted by mS and mV . Next, con-
sider the momentum space matrix elements of nucleon-
nucleon t-channel Born terms generated by these vertices
and identify their spin-orbit pieces. In the NN center-
of-mass frame, introduce initial and final state momenta,
p and p0, and total spin S = s1 + s2. Furthermore,

P =
1

2
(p+ p0) , q = p� p0

. (42)

The spin-orbit interaction matrix element deduced from
interactions in Eq. (41) to (leading) order p2

/m
2

N is:

hp0
|VLS |pi =

�
i

2m2

N


g
2

S

q2 +m
2

S

+
3g2V + 4gV gT
q2 +m

2

V

�
S · (P ⇥ q) . (43)

We note that upon Fourier transformation, Eq. (43) turns
into the r-space spin-orbit potential,

VLS(r) =
1

2m2

Nr

df(r)

dr
L · S ,

f(r) =
g
2

S

4⇡

e
�mSr

r
+

g
2

V

4⇡

✓
3 +

4gT
gV

◆
e
�mV r

r
, (44)

with L = r⇥P . For hL · Si = +1 in the 3
P2 channel, the

spin-orbit potential is attractive since d/dr(e�mr
/r) =

�(1 +mr)e�mr
/r

2
< 0.

Let us make a quick estimate of the magnitude of the
L ·S force at a distance r ⇠ 1 fm between two nucleons.
The isoscalar coupling parameters are, roughly, g2S/4⇡ ⇠

8 together with gV ' gS and gT ' 0. The isovector vec-
tor interaction has g

2

V /4⇡ ' 0.5 and gT /gV ' 6 (with

Short-range repulsive core arises from quark exchanges
Oka-Yazaki (1980)

Figure 1: The nucleon-nucleon scattering phase shifts as a function of laboratory energy for the channels where
pairing in neutron stars matter appears. The S and P wave scattering is responsible for neutron-neutron and
proton-proton pairing, whereas the 3D2 wave scattering can occur only between neutrons and protons. The P
and F waves are coupled by the non-central tensor component of the nuclear interaction.

neutrons and protons form vastly separate Fermi surfaces. Then, for large differences in the numbers of protons
and neutrons (isospin asymmetry) only same isospin Cooper pairs can arise in the remaining 1S0 partial wave
channel.

At laboratory energies of nn scattering larger that EL = 250 MeV the measured scattering phase-shift in
the 1S0-wave interaction channel becomes negative, i.e., the interaction becomes repulsive, see Fig. 1. However,
already at EL ≃ 160 MeV the 3P2 −3 F2 tensor interaction becomes the most attractive channel for T = 1
(neutron-neutron and proton-proton) pairs. The corresponding density in neutron star matter is obtained
by noting that the center of mass energy of two scattering nucleons is EL/2, which should be of the order
of the Fermi energy of neutrons or protons. (Here we specialize the discussion to the high-density and low-
temperature regime of interest to superfluidity in neutron stars). Neutron Fermi energies become of the order
of εFn ≃ 60 MeV at the nuclear saturation density ns = 0.16 fm−3. Thus, we anticipate that neutron pairing in
the 1S0-wave vanishes at densities slightly above the saturation density and that the core of the star contains
superfluid featuring neutron pairs in the 3P2–3F2 partial wave. The spatial component of the wave-function
of these Cooper pairs is anti-symmetrical whereas the spin (S = 1) and isospin (T = 1) components are
symmetrical. Clearly, the pairing in this so-called triplet spin-1 channel is consistent with the Pauli principle
for two neutrons. Because the proton fraction in a neutron star core is small, about 5-10% of the net number
density, their Fermi energies, and consequently the center of mass scattering energies, remain low. Therefore,
proton pairs arise in the 1S0-wave up to quite high densities. It is conceivable that at densities higher than
a few times the nuclear saturation density higher partial waves can contribute to the pairing in neutron star
matter. For example, if the partial densities of neutrons and protons are forced to be close to each other by
some mechanism, i.e., matter is isospin symmetrical, then neutron-proton pairs can be formed in the most
attractive 3D2 partial wave with a wave function which is symmetrical in space, antisymmetrical in isospace
(T = 0) and symmetrical in spin (S = 1). A mechanism that can enforce equal numbers of neutrons and
protons is meson condensation [10].

The BCS theory was originally formulated in terms of a variational wave function of a coherent state which
minimized the energy of an ensamble of electrons interacting via contact (attractive) interaction [1]. Here we will
outline an alternative formulation based on the method of canonical transformations due to Bogolyubov [11].

3

3P2 overcomes 1S0 to avoid  
short-range repulsion!
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FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1.

This paper is organized as follows. In Sec. II we de-
scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-

d

nB

n
d d

n
d

u u

nn 3P2 dd 3P2 (+ 2SC)

FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration.
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

for the hadronic and the quark phases, respectively. Here
µe is the chemical potential of the (negatively charged)
electrons. Neutrinos decouple and do not contribute to
the chemical potential balance. For a given baryon num-
ber density, nB, in the hadronic phase, we have two more
conditions for the baryon number density and the electric
charge neutrality, namely,

np + nn = nB , np = ne . (2)

For non-interacting particles the density is related to the
chemical potential through

ni =
(µ2

i �m
2

i )
3/2

3⇡2
, (3)

where i stands for p, n, e in the hadronic phase and for u,
d, e in the quark phase. The equations (1,2,3) can then
be solved for the three variables, µp, µn, µe, as functions
of baryon density nB.

Tensorial Condensate
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nel has so far been missing. It would then be instruc-
tive to see how the interaction in this channel could be
enlarged through the coupling to the energy-momentum
tensor in an explicit manner. Let us consider the four-
fermion coupling in the 3

P2 diquark channel, i.e.,

ÎP = ( ̄�irj
C ̄

>)( >
C�irj )

= (�iC)��0(C�i)⌧ 0⌧  ̄�(r
j
 )⌧ (rj ̄)�0 ⌧ 0 , (54)

where �, ⌧, . . . are spin indices.
Using the Fierz transformation matrix given explic-

itly in the Appendix A, the Fierz-rearranged four-fermion
coupling is found in the form

ÎP = �
3

4
( ̄rj

 )2 �
3

4
( ̄�0rj

 )2 �
1

4
( ̄�irj

 )2

+
1

4
( ̄�i0

r
j
 )2 �

1

8
( ̄�ij

r
k
 )2 +

3

4
( ̄�0�5rj

 )2

+
1

4
( ̄�i�5rj

 )2 �
3

4
( ̄i�5rj

 )2 , (55)

where we have introduced the compact notation

( ̄ �rj
 )2 for ( ̄ �

�!
r

j
 )( ̄

 �
rj � ) in each of the terms

on the right-hand side.
Notably, this Fierz transformed ÎP has a direct cor-

respondence to the energy-momentum tensor in the
fermionic sector, Tµ⌫ =  ̄i�

µ
@
⌫
 . For matter in equilib-

rium, Tµ⌫ = diag[",�p,�p,�p], with the energy density
" and the pressure p of fermionic matter. The tree-level
expectation value of ÎP in Eq. (55) thus becomes

hÎP i ⇡
3

4
p
2
. (56)

It is evident from this algebraic exercise that the 3
P2

diquark interaction couples to the pressure which is a
macroscopic quantity. Even if the direct mixing be-
tween the quark-antiquark (hole) and the diquark sec-
tors may not be large, the superfluid energy gap can be
enhanced by the macroscopic expectation value of the
energy-momentum tensor as given in Eq. (56). Here, we
also make a remark about a gauge-invariant description
of the 3

P2 diquark condensate. To form a gauge-invariant
quantity the color indices are saturated, and hÎP i is
nothing but such a gauge-invariant order parameter [see
Eq. (4) in Ref. [44] for a CFL counterpart]. Therefore, as
long as hÎP i 6= 0 as in Eq. (56) and the quark-hadron con-
tinuity is postulated, there is no strict way to attribute
hÎP i 6= 0 to either the energy-momentum tensor or the
3
P2 diquark condensate, but they are indistinguishable
and always mixed together.

B. Aspects of neutron star cooling phenomenology

The thermal emission of particles (e.g., neutrinos) from
the surface of neutron stars provides information about
processes occurring in the interior. A salient feature of

the mechanisms behind neutron star cooling is their sen-
sitivity to possible quark degrees of freedom inside the
stellar core.
In attempts to describe the actual neutron star cool-

ing data, 2SC quark matter turns out not to work. This
is due to the onset of direct quark Urca process, which
strongly a↵ects the cooling curve of the star. If we as-
sume pure 2SC matter only, some d-quarks are not paired
and remain as a normal component. Thus these residual
quarks in the normal phase emit neutrinos via the direct
Urca process and e�ciently induce cooling of the star.
Once the stellar mass exceeds a critical value for which
the direct Urca process sets in, the star cools too fast and
the existing data falls within a very narrow stellar mass
interval. Hence, the existing data is in favor of form-
ing the pairing among the residual quarks, so that the
superfluid gap exponentially suppresses the direct Urca
process. A way to proceed phenomenologically is to intro-
duce ad hoc an additional species X with a hypothetical
density-dependent pairing gap, �X, so that “2SC + X”
matter fits the empirically observed cooling pattern [45].
This additional weak pairing channel needs to have a
small gap �X ranging between 10 keV and 1 MeV.
One can speculate that 1

S0 or 3
P2 superfluidity of

d-quarks with its gap proportional to hddi might be a
natural candidate to substitute for the unknown X. The
typical magnitude of the neutron 3

P2 gap is �nn ⇠ 0.1
MeV [46, 47] (see also the recent review [24]). As we
have pointed out in Sec.VB, the attractive components
of spin-orbit forces between two neutrons or two d-quarks
are of similar magnitude, so that one can expect a gap,
�dd of order 10 - 100 keV, also for d-quark pairing. This
would be in accordance with the postulated properties
of X. Further justification by calculating �dd microscop-
ically is left for future studies.

VII. SUMMARY AND CONCLUSIONS

Quark-hadron continuity postulates a soft crossover
from hadronic to quark degrees of freedom in cold and
dense baryonic matter if the symmetry-breaking patterns
in the hadronic and quark domains are identical. Under
these conditions there is no phase transition from hadrons
to quarks. This scenario has been rigorously formulated
for the idealized case of matter composed of three mass-
less (u, d, s) quark flavors. The special situation with
NF = NC = 3 implies color-flavor locked (CFL) con-
figurations of diquark condensates. The CFL phase of
quark matter has the same symmetry-breaking pattern
as the corresponding three-flavor hadronic phase with a
baryonic superfluid. As part of this joint pattern, chiral
symmetry is spontaneously broken in both hadronic and
quark phases.
Explicit chiral symmetry breaking by the non-zero

quark masses in QCD separates the heavier strange quark
from the light u and d quarks. The composition of cold
matter in the real world is therefore governed by u and d
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Notably, this Fierz transformed ÎP has a direct cor-
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expectation value of ÎP in Eq. (55) thus becomes
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It is evident from this algebraic exercise that the 3
P2

diquark interaction couples to the pressure which is a
macroscopic quantity. Even if the direct mixing be-
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P2 diquark condensate. To form a gauge-invariant
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3
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B. Aspects of neutron star cooling phenomenology
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ing data, 2SC quark matter turns out not to work. This
is due to the onset of direct quark Urca process, which
strongly a↵ects the cooling curve of the star. If we as-
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Once the stellar mass exceeds a critical value for which
the direct Urca process sets in, the star cools too fast and
the existing data falls within a very narrow stellar mass
interval. Hence, the existing data is in favor of form-
ing the pairing among the residual quarks, so that the
superfluid gap exponentially suppresses the direct Urca
process. A way to proceed phenomenologically is to intro-
duce ad hoc an additional species X with a hypothetical
density-dependent pairing gap, �X, so that “2SC + X”
matter fits the empirically observed cooling pattern [45].
This additional weak pairing channel needs to have a
small gap �X ranging between 10 keV and 1 MeV.
One can speculate that 1
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d-quarks with its gap proportional to hddi might be a
natural candidate to substitute for the unknown X. The
typical magnitude of the neutron 3
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MeV [46, 47] (see also the recent review [24]). As we
have pointed out in Sec.VB, the attractive components
of spin-orbit forces between two neutrons or two d-quarks
are of similar magnitude, so that one can expect a gap,
�dd of order 10 - 100 keV, also for d-quark pairing. This
would be in accordance with the postulated properties
of X. Further justification by calculating �dd microscop-
ically is left for future studies.

VII. SUMMARY AND CONCLUSIONS

Quark-hadron continuity postulates a soft crossover
from hadronic to quark degrees of freedom in cold and
dense baryonic matter if the symmetry-breaking patterns
in the hadronic and quark domains are identical. Under
these conditions there is no phase transition from hadrons
to quarks. This scenario has been rigorously formulated
for the idealized case of matter composed of three mass-
less (u, d, s) quark flavors. The special situation with
NF = NC = 3 implies color-flavor locked (CFL) con-
figurations of diquark condensates. The CFL phase of
quark matter has the same symmetry-breaking pattern
as the corresponding three-flavor hadronic phase with a
baryonic superfluid. As part of this joint pattern, chiral
symmetry is spontaneously broken in both hadronic and
quark phases.
Explicit chiral symmetry breaking by the non-zero

quark masses in QCD separates the heavier strange quark
from the light u and d quarks. The composition of cold
matter in the real world is therefore governed by u and d
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if other channels negligible
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Summary

EoS construction 
□Machine learning more adaptive than Bayesian 
□More experimental data 

Quark-hadron continuity 
□Vortex (higher-form symmetry) controversies 
□Quarkyonic scenario 

Physics of 3P2 superfluidity 
□ Implication to NS cooling — 2SC+X scenario?
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