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Relativistic heavy ion collisions
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Effective theory for high energy QCD

Separation of scales into

• Hard partons – color charges J µ

• Soft partons – gauge field Aµ

Nuclei A and B have currents J−
A and J+

B

which are stochastic variables distributed

according to functionals WA/B [JA/B ].
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Color glass condensate

Gauge fields are obtained by solving the classical Yang-Mills equations, which reduce to

−∆⊥A∓
A/B

(
x±,x⊥

)
= J∓

A/B

(
x±,x⊥

)
in covariant gauge.



No analytic solution to Yang-Mills equations in the

forward lightcone! What now?

Assume recoilless nuclei and boost invariance

J∓
A/B

(x±,x⊥) = δ(x±)J∓
A/B(x⊥)

• analytic initial conditions on forward lightcone [1]

• 2+1D classical lattice simulations, see e.g. [2, 3]

• small τ expansion, see e.g. [4]

• dilute approximation, see e.g. [5]

No recoil, but keep longitudinal strcuture of nuclei

• 3+1D classical lattice simulations [6, 7]

• dilute approximation [8]
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Solution strategies
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No analytic solution to Yang-Mills equations in the

forward lightcone! What now?

Assume recoilless nuclei and boost invariance

J∓
A/B

(x±,x⊥) = δ(x±)J∓
A/B(x⊥)

• analytic initial conditions on forward lightcone [1]

• 2+1D classical lattice simulations, see e.g. [2, 3]

• small τ expansion, see e.g. [4]

• dilute approximation, see e.g. [5]

No recoil, but keep longitudinal strcuture of nuclei

• 3+1D classical lattice simulations [6, 7]

• dilute approximation [8]← this is what we do
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Solution strategies
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Dilute approxmation in 3+1D

Collisions are described by the YM equations

DµF
µν = Jν ,

DµJ
µ = 0,

where

Aµ(x) = Aµ
A(x) +Aµ

B(x) + aµ(x),

Jµ(x) = J µ
A(x) + J µ

B(x)︸ ︷︷ ︸
background

+ jµ(x)︸ ︷︷ ︸
perturbation

.

• We expand the YM equations in powers of JA and JB

• Background fields are solutions to all orders O(JA
n) and O(JB

n)

• We solve for jµ and aµ at O(JAJB) (see arXiv:2109.05028 for details)

https://arxiv.org/abs/2109.05028
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Field strength tensor

Perturbative field strength tensor [9]
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V := fabct
c
∂
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Perturbative energy-momentum tensor tµν = 2Tr
[
fµρfρ

ν + 1
4 g

µνfρσfρσ
]

x+x−

t

z

fµν(x)
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Nuclear model

Inspired by the McLerran-Venugopalan (MV) model we use a probability functional WA/B [J∓
A/B

] with

⟨J∓a
A/B(x

±,x⊥)⟩ = 0

⟨J∓a
A/B(x

±,x⊥)J∓b
A/B(x

′±,x′
⊥)⟩ = g2µ2

A/B︸ ︷︷ ︸
strength of

color charges
Qs ∝ g2µ

δab TR(
x± + x′±

2
)︸ ︷︷ ︸

longitudinal profile
Gaussian of

width R

Uξ(x
± − x′±)︸ ︷︷ ︸

long. correlations
Gaussian of

width ξ

δ(2)(x⊥ − x′
⊥)︸ ︷︷ ︸

transverse correlations

ξ ≪ RMV R

x±

J

ξ

ξ ≲ Rintermediate R

x±

J
ξ = 2Rcoherent R

x±

J

We use an infrared regulator m and ultraviolet regulator Λ when solving the Poisson equation.
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Numerical results

We obtain the non-trivial rapidity profile of the energy-momentum tensor
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Numerical results
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Excellent agreement between dilute approximation [8] and 3+1D simulations [6, 7] for g2µ/m = 0.5

Results differ by a scale factor for g2µ/m = 2.0
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Conclusions and outlook
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What we can do right now:

• Monte Carlo integration on GPUs

• Large speedup compared to lattice simulations

• Recover boost-invariant limit

What we are currently working on:

• More sophisticated nuclear models
(incorporating hot spots or PDFs)

• Angular momentum of the Glasma

• Coupling to kinetic theory and hydrodynamics

x

y

η

We have computed the full 3+1D field strength 

tensor of the Glasma in the dilute limit
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