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Bottomonium Suppression
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cartoon

• In a high temperature quark-gluon plasma we 
expect weaker color binding (Debye screening
+ asymptotic freedom)
E. V. Shuryak, Phys. Rept. 61, 71–158 (1980)
T. Matsui, and H. Satz, Phys. Lett. B178, 416 (1986)
F. Karsch, M. T. Mehr, and H. Satz, Z. Phys. C37, 617 (1988)

• Also, high energy plasma particles which slam into 
the bound states cause them to have shorter 
lifetimes à larger spectral widths
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TUMQCD Collaboration, 1804.10600
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Experimental data – 5.02 TeV Dimuon Spectra
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pp PbPb

pp-scaled

The CMS, ALICE, and ATLAS experiments have measured bottomonium 

production in both pp and Pb-Pb collisions at 5.02 TeV.  Here I show CMS results.



• Can trust heavy quark effective theory more.

• Cold nuclear matter (CNM) effects in AA
decrease with increasing quark mass. 

• The masses of bottomonia (! ~ 10 GeV)
are much higher than the temperature 
generated in HICs (T < 1 GeV) à bottomonia
production dominated by initial hard scatterings.

• Since bottom quarks and anti-quarks are relatively rare in 
RHIC and LHC HICs, the probability for regeneration of 
bottomonia through statistical recombination is much smaller 
than for charm quarks. [see e.g. E. Emerick, X. Zhao, and R. Rapp, arXiv:1111.6537 and others]

Why focus on bottomonia?
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A. Mocsy, P. Petreczky, 
and MS, 1302.2180



Conceptual problem
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• Bottomonium states have a large binding energy (1S ~ 1 GeV) and are 
produced locally (hard processes) at early times in hard collisions (t < 1 
fm/c).

• They then propagate through the plasma and interact with the medium.

• Bound states can break up and potentially re-form due to in-medium 
transitions induced by in-medium gluon absorption and emission.

QGP
|Ψ> = a |Y(1s)> + b |Y(2s)> + ... |Ψ> = a’ |Y(1s)> + b’ |Y(2s)> + ...



Open quantum system (OQS) approach

• Can treat heavy quarkonium states propagating through QGP using an open 

quantum system approach

• Total density matrix 

• Reduced density matrix (medium DOF integrated out)
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Probe

Medium

Probe = heavy-quarkonium state

Medium = light quarks and gluons that comprise the QGP

⇢probe = Trmedium[⇢tot]

<latexit sha1_base64="JzTAyIH5CW6x1pViUEWvfpQIbec=">AAACKHicbVBNSwMxFMzWr1q/qh69BIvgqeyKogfFghePFawW2qVk09c2NNksyVuxLPtzvPhXvIgo4tVf4rbdg7YOBCYz80jeBJEUFl33yyksLC4trxRXS2vrG5tb5e2dO6tjw6HBtdSmGTALUoTQQIESmpEBpgIJ98HwauzfP4CxQoe3OIrAV6wfip7gDDOpU75sm4HutBEeMYmMDiClF3R6vTVpbijoililLforjBpT6pc65YpbdSeg88TLSYXkqHfKb+2u5rGCELlk1rY8N0I/YQYFl5CW2rGFiPEh60MroyFTYP1ksmhKDzKlS3vaZCdEOlF/TyRMWTtSQZZUDAd21huL/3mtGHtnfiLCKEYI+fShXiwpajpujXaFAY5ylBHGjcj+SvmAGcYx63Zcgje78jy5O6p6x9WTm+NK7Tyvo0j2yD45JB45JTVyTeqkQTh5Ii/knXw4z86r8+l8TaMFJ5/ZJX/gfP8ApaKoIw==</latexit>

“Master equation”

d

dt
⇢tot = �i[Htot, ⇢tot]

<latexit sha1_base64="iKDAyQ0W7oUhRNXwpS/PRUGsSuQ=">AAACKXicbVDLSgMxFM34rPVVdekmWAQXWmakoguFgpsuK9gHdIaSyWTa0MxkSO6IZejvuPFX3Cgo6tYfMX0sauuBwMk555Lc4yeCa7DtL2tpeWV1bT23kd/c2t7ZLeztN7RMFWV1KoVULZ9oJnjM6sBBsFaiGIl8wZp+/3bkNx+Y0lzG9zBImBeRbsxDTgkYqVOouKEiNAuGWQBD7Kqe7LjAHiEDae43+IzjdnVGOp2LeJ1C0S7ZY+BF4kxJEU1R6xTe3EDSNGIxUEG0bjt2Al5GFHAq2DDvppolhPZJl7UNjUnEtJeNNx3iY6MEOJTKnBjwWJ2dyEik9SDyTTIi0NPz3kj8z2unEF55GY+TFFhMJw+FqcAg8ag2HHDFKIiBIYQqbv6KaY+Y6sCUmzclOPMrL5LGeckply7uysXK9bSOHDpER+gEOegSVVAV1VAdUfSEXtA7+rCerVfr0/qeRJes6cwB+gPr5xdYeqiH</latexit>

<latexit sha1_base64="FJMoKHeb5Rz9AyeK1oEGtI+HJn0=">AAACI3icbVDLSgMxFM34tr6qLt0Ei+CqzIioCELRjUsFq0KnDJn0tk2bSYbkjlim/Rc3/oobF4q4ceG/mD4Wvg5ccjjnXm7uiVMpLPr+hzc1PTM7N7+wWFhaXlldK65vXFudGQ5VrqU2tzGzIIWCKgqUcJsaYEks4Sbung39mzswVmh1hb0U6glrKdEUnKGTouJxaNo6ChHuMUeNA3pCQ5slUYemrvphakXUCQ1TLQk0lKN3LPajYskv+yPQvySYkBKZ4CIqvoUNzbMEFHLJrK0Ffor1nBkUXMKgEGYWUsa7rAU1RxVLwNbz0Y0DuuOUBm1q40ohHanfJ3KWWNtLYteZMGzb395Q/M+rZdg8qudCpRmC4uNFzUxS1HQYGG0IAxxlzxHGjXB/pbzNDOPoYi24EILfJ/8l13vl4KAcXO6XKqeTOBbIFtkmuyQgh6RCzskFqRJOHsgTeSGv3qP37L157+PWKW8ys0l+wPv8ApGrpXc=</latexit>

⇢tot =
X

j

pj | jih j |
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Bottomonium scales
• The mass scale is perturbative: !! ~ 5 GeV

• The system is non-relativistic (# ≪ 1), with #! ~ 0.1.
• ∆!) ~!#2 and	∆fs) ~!#4 Results of a non-relativistic potential model



Non-Relativistic QCD (NRQCD)
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• Integrating out the scale !
can be done perturbatively 
and is not affected by the 
presence of the medium 
since " ≫ Λ!"#, &.

• Hard gluons, with energy 
and momentum of order ". 

• Soft gluons, with energy 
and momentum of order 
"'. 

• Potential gluons, with 
energy of order "'2 and 
momentum of order "'. 

• Ultrasoft gluons, with both 
energy and momentum of 
order "'2



NRQCD à Potential NRQCD (pNRQCD)
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• Resulting degrees of 
freedom are singlet and 
octet states (see 
Lagrangian on next slide). 

• Allows to obtain 
manifestly gauge-invariant 
results.

• Easier connection to 
lattice QCD.

• We can use this as a 
starting point. 

Pineda and Soto, ‘97; Brambilla, Pineda, Soto, and Vairo ‘99, ‘00, ‘03

Degrees of freedom at the soft scale !" are integrated out

Power counting
<latexit sha1_base64="HBk4c0c3tj2BZzKF9Gl869tUw4o=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFtMuCG5cV7AOaUCbTSTt0Jgkzk0INwV9x40IRt/6HO//GaZuFth64cDjnXu69J0g4U9pxvq219Y3Nre3STnl3b//g0D46bqs4lYS2SMxj2Q2wopxFtKWZ5rSbSIpFwGknGN/O/M6ESsXi6EFPE+oLPIxYyAjWRurbpxJ5ignkhRKTzM0zMclR3644VWcOtErcglSgQLNvf3mDmKSCRppwrFTPdRLtZ1hqRjjNy16qaILJGA9pz9AIC6r8bH59ji6MMkBhLE1FGs3V3xMZFkpNRWA6BdYjtezNxP+8XqrDup+xKEk1jchiUZhypGM0iwINmKRE86khmEhmbkVkhE0O2gRWNiG4yy+vknat6l5Xa/dXlUa9iKMEZ3AOl+DCDTTgDprQAgKP8Ayv8GY9WS/Wu/WxaF2zipkT+APr8wf2R5Tj</latexit>

r ⇠ 1

mv

<latexit sha1_base64="2IkaZsqNxBISOtEDO5lrvvifrj8=">AAACH3icbVDLSgMxFM34rPVVdekmWAQXpcwUqS4LdeHCRSv2AZ1aMmmmBpOZIbkjlmH+xI2/4saFIuKuf2P6ALX1wIXDOfcm9x4vElyDbY+speWV1bX1zEZ2c2t7Zze3t9/UYawoa9BQhKrtEc0ED1gDOAjWjhQj0hOs5d1Xx37rgSnNw+AGhhHrSjIIuM8pASP1cmUoXGNXc4ldXxGaOGkiH25LKS78CO6Vea9Pei6wR0jq1Ys07eXydtGeAC8SZ0byaIZaL/fl9kMaSxYAFUTrjmNH0E2IAk4FS7NurFlE6D0ZsI6hAZFMd5PJfSk+Nkof+6EyFQCeqL8nEiK1HkrPdEoCd3reG4v/eZ0Y/PNuwoMoBhbQ6Ud+LDCEeBwW7nPFKIihIYQqbnbF9I6YWMBEmjUhOPMnL5JmqeiUi6X6ab5yPosjgw7RETpBDjpDFXSJaqiBKHpCL+gNvVvP1qv1YX1OW5es2cwB+gNr9A1mvaKZ</latexit>

t, R ⇠ 1

mv2
,

1

⇤QCD

<latexit sha1_base64="7hNoXrFSqLUwbUuqejaHRa88ffg=">AAACJnicbVDNSgMxGMz6W+tf1aOXYBEqlrJbRHsptHjxWMVWoVtKNs3W0Gx2Sb4VytKn8eKrePFQEfHmo5huC2rrQGAyMx/JN14kuAbb/rSWlldW19YzG9nNre2d3dzefkuHsaKsSUMRqnuPaCa4ZE3gINh9pBgJPMHuvMHlxL97ZErzUN7CMGKdgPQl9zklYKRurlovqOJNEU5wFdcLKTnFiev5WI2wS3shpDdXEk+Q0U/EFcbS3VzeLtkp8CJxZiSPZmh0c2O3F9I4YBKoIFq3HTuCTkIUcCrYKOvGmkWEDkiftQ2VJGC6k6RrjvCxUXrYD5U5EnCq/p5ISKD1MPBMMiDwoOe9ifif147Br3QSLqMYmKTTh/xYYAjxpDPc44pREENDCFXc/BXTB6IIBdNs1pTgzK+8SFrlknNeKl+f5WuVWR0ZdIiOUAE56ALV0BVqoCai6Am9oDF6s56tV+vd+phGl6zZzAH6A+vrG4QHoZM=</latexit>

A(r,R, t) = A(R, t) + r ·rA(R, t) + . . .

Gauge fields are multiple expanded

Non-analytic behavior in #à matching coefficients $



NRQCD à Potential NRQCD (pNRQCD)

M. Strickland 10

• Based on this Lagrangian, we can 
perform first-principles calculations.

• Right figure shows diagrams 
contributing to singlet and octet 
self-energies. 

• These enter into the calculation of 
Lindblad/collapse/jump operators.

<latexit sha1_base64="gkpQ43IAiOB+YuY6W25kG8rWVtk="></latexit>

L = �1
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<latexit sha1_base64="ZTNLDbIP+DX6sETmlMds/kPMdS4="></latexit>

+VATr
�
O

† r · gES + S
† r · gEO

 

<latexit sha1_base64="lvQR2KcEL8JHt7H7EVFsPGV+sNA="></latexit>

+
VB

2
Tr

�
O

† r · gEO +O
†
O r · gE

 

Pineda and Soto, ‘97; Brambilla, Pineda, Soto, and Vairo ‘99, ‘00, ‘03

<latexit sha1_base64="1JQGTTJsJXIFkxlnb9Zxw0XJr/Q="></latexit>

Vs(r) = �CF
↵s

r
<latexit sha1_base64="M15hNvdXyzvT6PjBsefJIqyJfBU="></latexit>

Vo(r) =
↵s

2Ncr

Singlet and octet potentials



OQS + pNRQCD à Lindblad equation

• Separation of time scales

– Medium relaxation time scale 

– Intrinsic probe time scale

– Probe relaxation time scale

M. Strickland 11

d⇢probe

dt
= �i[Hprobe, ⇢probe] +

X

n

✓
Cn ⇢probe C

†
n � 1

2
{C†

nCn, ⇢probe}
◆

<latexit sha1_base64="bqlq6O7tLsyz3JNqDNIWZhqoeXE="></latexit>

trel , tP � tM

<latexit sha1_base64="SGeQ3m6ttcH8d0IC6YUIiHvYhtI=">AAACE3icbVDJSgNBEO1xN25Rj14agyASwoxE9OBB8OJFiGAWyIShp1MZG3sWumvEMMw/ePFXvHhQxKsXb/6NnQ3U+KDg9XtVdNXzEyk02vaXNTM7N7+wuLRcWFldW98obm41dJwqDnUey1i1fKZBigjqKFBCK1HAQl9C0789H/jNO1BaxNE19hPohCyIRE9whkbyigfouQj3mCmQuVsuu+WJUMupGwR08rzMvWLJrthD0GnijEmJjFHzip9uN+ZpCBFyybRuO3aCnYwpFFxCXnBTDQnjtyyAtqERC0F3suFNOd0zSpf2YmUqQjpUf05kLNS6H/qmM2R4o/96A/E/r51i76STiShJESI++qiXSooxHQREu0IBR9k3hHElzK6U3zDFOJoYCyYE5+/J06RxWHGqlaOraunsdBzHEtkhu2SfOOSYnJELUiN1wskDeSIv5NV6tJ6tN+t91DpjjWe2yS9YH9+b6J6b</latexit>

• What are the relevant scales?

• Temperature "
• Bound state mass # ≫ "
• Bound state size % ~ 1/#) ~ *0 (Bohr radius)
• Debye mass #"
• Binding energy + ~#)2

tP ⇠ 1

!i � !j

<latexit sha1_base64="PQCo/t4i1AF5dSDYL8kWuC7/m1k=">AAACD3icbZC7TsMwFIadcivlFmBksahALFQJKoKBoRILY5HoRWqiyHGd1tSOI9tBqqK8AQuvwsIAQqysbLwNbpsBWn7J0qf/nKPj84cJo0o7zrdVWlpeWV0rr1c2Nre2d+zdvbYSqcSkhQUTshsiRRiNSUtTzUg3kQTxkJFOOLqe1DsPRCoq4js9TojP0SCmEcVIGyuwj3XQhJ6iHHqRRDhz88wTnAxQQOEpLPA+D+yqU3OmgovgFlAFhZqB/eX1BU45iTVmSKme6yTaz5DUFDOSV7xUkQThERqQnsEYcaL8bHpPDo+M04eRkObFGk7d3xMZ4kqNeWg6OdJDNV+bmP/VeqmOLv2MxkmqSYxni6KUQS3gJBzYp5JgzcYGEJbU/BXiITK5aBNhxYTgzp+8CO2zmluvnd/Wq42rIo4yOACH4AS44AI0wA1oghbA4BE8g1fwZj1ZL9a79TFrLVnFzD74I+vzBxtfnBI=</latexit>

hp(t)i ⇠ e�t/trel

<latexit sha1_base64="vmtu+AVcRiMAiIqVI3b/KPUk17Y=">AAACF3icbVA9T8MwEHX4LOUrwMhiUSHBQElQEQwMlVgYi0QBqQmV416LheNE9gVRRf0XLPwVFgYQYoWNf4PbZuDrSSc9v3cn370olcKg5306E5NT0zOzpbny/MLi0rK7snpukkxzaPJEJvoyYgakUNBEgRIuUw0sjiRcRDfHQ//iFrQRiTrDfgphzHpKdAVnaKW2Ww0kUz0JNN3CbRro8SMwIqZwle/gLrYDhDvMNcjBgLbdilf1RqB/iV+QCinQaLsfQSfhWQwKuWTGtHwvxTBnGgWXMCgHmYGU8RvWg5alisVgwnx014BuWqVDu4m2pZCO1O8TOYuN6ceR7YwZXpvf3lD8z2tl2D0Mc6HSDEHx8UfdTFJM6DAk2hEaOMq+JYxrYXel/JppxtFGWbYh+L9P/kvO96p+rbp/WqvUj4o4SmSdbJAt4pMDUicnpEGahJN78kieyYvz4Dw5r87buHXCKWbWyA84718pXp9R</latexit>

<latexit sha1_base64="pqrJQSR/IpQgkk58CZowdxAlKtQ=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUVgo6VWBiL1JfUVJXjOK1Vx45sB1RF+QIWfoWFAYRYmdn4G9w0A7Qc6UpH59xr33v8mFGlHefbKm1sbm3vlHcre/sHh0f28UlPiURi0sWCCTnwkSKMctLVVDMyiCVBkc9I35/dLPz+PZGKCt7R85iMIjThNKQYaSON7Vrq5Y+kkgQZ9CSdTDWSUjxAL5QIp26WdrJsbFedupMDrhO3IFVQoD22v7xA4CQiXGOGlBq6TqxHKZKaYkayipcoEiM8QxMyNJSjiKhRmm+SwZpRAhgKaYprmKu/J1IUKTWPfNMZIT1Vq95C/M8bJjpsjlLK40QTjpcfhQmDWsBFNjCgkmDN5oYgLKnZFeIpMjFok2DFhOCunrxOeo26e1Vv3F1WW80ijjI4A+fgArjgGrTALWiDLsDgETyDV/BmPVkv1rv1sWwtWcXMKfgD6/MHnyGdEg==</latexit>

! 1

T
<latexit sha1_base64="mdkQMXjZnvZ13p9Oc49SRKLlLU4=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgqswU0S4LIrisYB/QGUomzbShmcyQZJQS5gvc+CtuXCji1rU7/8Z0OgttPXDhcM69yb0nSBiVynG+rdLa+sbmVnm7srO7t39gHx51ZZwKTDo4ZrHoB0gSRjnpKKoY6SeCoChgpBdMr+Z+754ISWN+p2YJ8SM05jSkGCkjDe2a9vJHtCCjDHqCjicKCRE/QC8UCGs309dZNrSrTt3JAVeJW5AqKNAe2l/eKMZpRLjCDEk5cJ1E+RoJRTEjWcVLJUkQnqIxGRjKUUSkr/NNMlgzygiGsTDFFczV3xMaRVLOosB0RkhN5LI3F//zBqkKm76mPEkV4XjxUZgyqGI4zwaOqCBYsZkhCAtqdoV4gkwMyiRYMSG4yyevkm6j7l7UG7fn1VaziKMMTsApOAMuuAQtcAPaoAMweATP4BW8WU/Wi/VufSxaS1Yxcwz+wPr8AYhHnQM=</latexit>

! 1

E
<latexit sha1_base64="Tv2tHYT0LYIsEzn882wGRqTZkF4="></latexit>

! 1

self-energy
⇠ 1

↵sa20⇤
3

N. Brambilla, M. A. Escobedo, J. Soto and A. Vairo, 1612.07248, 1711.04515 

Λ = #, %

non-perturbative matching
(long-range quarkonium)

perturbative matching
(short-range quarkonium)

perturbative matching
&

&'$ ~ %

&' ~1*

QCD

NRQCD

pNRQCD

!′

!

<latexit sha1_base64="2fzt0R74ZMRd/nZ6oa+R+v47Ees=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXNWkiLosPsBlhb6gCWEynaRDZ5IwMxFKqBt/xY0LRdz6F+78G6dpFtp64MKZc+5l7j1+wqhUlvVtlJaWV1bXyuuVjc2t7R1zd68j41Rg0sYxi0XPR5IwGpG2ooqRXiII4j4jXX90PfW7D0RIGkctNU6Iy1EY0YBipLTkmQf2qYBOGMIWdCTlkHs3+fPWM6tWzcoBF4ldkCoo0PTML2cQ45STSGGGpOzbVqLcDAlFMSOTipNKkiA8QiHpaxohTqSb5RdM4LFWBjCIha5IwVz9PZEhLuWY+7qTIzWU895U/M/rpyq4dDMaJakiEZ59FKQMqhhO44ADKghWbKwJwoLqXSEeIoGw0qFVdAj2/MmLpFOv2ee1+v1ZtXFVxFEGh+AInAAbXIAGuANN0AYYPIJn8ArejCfjxXg3PmatJaOY2Qd/YHz+ADs3lNY=</latexit>

1/r � T ⇠ mD � E
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d⇢probe

dt
= �i[Hprobe, ⇢probe] +

X

n

✓
Cn ⇢probe C

†
n � 1

2
{C†

nCn, ⇢probe}
◆

<latexit sha1_base64="bqlq6O7tLsyz3JNqDNIWZhqoeXE="></latexit>

• .probe is Hermitian (includes singlet and octet states)

• Cn are the collapse (or jump) operators (connect different internal states)

• Partial and total decay width operators are

• Can reorganize Lindblad equation by defining  

d⇢probe

dt
= �iHe↵⇢probe + i⇢probeH

†
e↵ +

X

n

Cn ⇢probe C
†
n

<latexit sha1_base64="uVnyFvpO3/nZDYct7uBOYJLAPOM="></latexit>

ß Non-Hermitian effective HamiltonianHe↵ = Hprobe �
i

2
�

<latexit sha1_base64="XdpLn01j3InrZ1UP06s7YMl2SXI=">AAACFnicbVBNS8NAEN34WetX1aOXYBG8WBJR9KAgeLDHCrYVmhA224ku7iZhdyKWkF/hxb/ixYMiXsWb/8bth6CtDwbevjfDzrwwFVyj43xZU9Mzs3PzpYXy4tLyymplbb2lk0wxaLJEJOoqpBoEj6GJHAVcpQqoDAW0w9uzvt++A6V5El9iLwVf0uuYR5xRNFJQ2a0HHsI95hBFxcnPI1VJCMWuFynKcl7ke4V3TqWkQaXq1JwB7EnijkiVjNAIKp9eN2GZhBiZoFp3XCdFP6cKORNQlL1MQ0rZLb2GjqExlaD9fHBWYW8bpWtHiTIVoz1Qf0/kVGrdk6HplBRv9LjXF//zOhlGR37O4zRDiNnwoygTNiZ2PyO7yxUwFD1DKFPc7GqzG2qyQJNk2YTgjp88SVp7NXe/dnCxXz09HsVRIptki+wQlxySU1InDdIkjDyQJ/JCXq1H69l6s96HrVPWaGaD/IH18Q3QQaBk</latexit>

OQS + pNRQCD – Lindblad reorganization



LO OQS + pNRQCD Hamiltonian and collapse operators
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d⇢probe

dt
= �iHe↵⇢probe + i⇢probeH

†
e↵ +

X

n

Cn ⇢probe C
†
n

<latexit sha1_base64="uVnyFvpO3/nZDYct7uBOYJLAPOM="></latexit>

Six collapse operators cover
• singlet à octet, 
• octet à singlet
• octet à octet

N. Brambilla, M. A. Escobedo, J. Soto and A. Vairo, 1612.07248, 1711.04515 

<latexit sha1_base64="AcjqrLdD1gEY2ivwkuVhL5UGNvs=">AAAB9XicbVDLTgJBEJz1ifhCPXqZSEw8kV1i1CPRC0dM5JHASmaHBibMzm5melWy4T+8eNAYr/6LN//GAfagYCWdVKq6090VxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBw2TJRoDnUeyUi3AmZACgV1FCihFWtgYSChGYxupn7zAbQRkbrDcQx+yAZK9AVnaKX7areD8IRprKMAJt1C0S25M9Bl4mWkSDLUuoWvTi/iSQgKuWTGtD03Rj9lGgWXMMl3EgMx4yM2gLalioVg/HR29YSeWqVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9q/8VKg4QVB8vqifSIoRnUZAe0IDRzm2hHEt7K2UD5lmHG1QeRuCt/jyMmmUS95FqXx7XqxcZ3HkyDE5IWfEI5ekQqqkRuqEE02eySt5cx6dF+fd+Zi3rjjZzBH5A+fzBxM5kuU=</latexit>

Hprobe

mass shift

Total width à Im[V]

He↵ = Hprobe �
i

2
�

<latexit sha1_base64="XdpLn01j3InrZ1UP06s7YMl2SXI=">AAACFnicbVBNS8NAEN34WetX1aOXYBG8WBJR9KAgeLDHCrYVmhA224ku7iZhdyKWkF/hxb/ixYMiXsWb/8bth6CtDwbevjfDzrwwFVyj43xZU9Mzs3PzpYXy4tLyymplbb2lk0wxaLJEJOoqpBoEj6GJHAVcpQqoDAW0w9uzvt++A6V5El9iLwVf0uuYR5xRNFJQ2a0HHsI95hBFxcnPI1VJCMWuFynKcl7ke4V3TqWkQaXq1JwB7EnijkiVjNAIKp9eN2GZhBiZoFp3XCdFP6cKORNQlL1MQ0rZLb2GjqExlaD9fHBWYW8bpWtHiTIVoz1Qf0/kVGrdk6HplBRv9LjXF//zOhlGR37O4zRDiNnwoygTNiZ2PyO7yxUwFD1DKFPc7GqzG2qyQJNk2YTgjp88SVp7NXe/dnCxXz09HsVRIptki+wQlxySU1InDdIkjDyQJ/JCXq1H69l6s96HrVPWaGaD/IH18Q3QQaBk</latexit>
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d⇢probe

dt
= �iHe↵⇢probe + i⇢probeH

†
e↵ +

X

n

Cn ⇢probe C
†
n

<latexit sha1_base64="uVnyFvpO3/nZDYct7uBOYJLAPOM="></latexit>

Six collapse operators cover
• singlet à octet, 
• octet à singlet
• octet à octet

l=0

l=2

l=1

singlet octet
... ...

N. Brambilla, M. A. Escobedo, J. Soto and A. Vairo, 1612.07248, 1711.04515 

LO OQS + pNRQCD Hamiltonian and collapse operators



Going beyond leading order in E/T
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• Results on previous slides were obtained by truncating at leading order (LO) in 

E/T (binding energy over temperature).  This was extended to NLO in the 

reference above.

• By decomposing states into radial and angular components, for an isotropic 

system we can rewrite the operators as acting only on the 1d effective 

wavefunction 

u(r,t) = r R(r,t).  

• At NLO, there are six jump 

operators (shown on the right).

• Based on these, one can

write down the singlet

and octet non-Hermitian 

effective Hamiltonian (see 

ref above for details).

N. Brambilla, M.-A. Escobedo, A. Islam, M.S., A. Tiwari, A. Vairo, and P. Vander Griend, 2205.10289



Full NLO effective Hamiltonian
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N. Brambilla, M.-A. Escobedo, A. Islam, M.S., A. Tiwari, A. Vairo, and P. Vander Griend, 2205.10289



Values of "̂ and #$ used
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• We used NLO fits to recent 
lattice measurements of the 
heavy quark transport coefficient 
&̂ ≡ &/)&.  Note that this is 
related to the heavy quark 
diffusion constant D.

• The value of *+ ≡ +/)& is less 
constrained, we vary it in the 
range -3.5 < *+ < 0.

N. Brambilla, V. Leino, P. Petreczky, and A. Vairo, 2007.10078

• N. Brambilla, M. A. Escobedo, J. Soto and A. 
Vairo, 1612.07248.

• N. Brambilla, M. A. Escobedo, J. Soto and A. 
Vairo, 1711.04515.

• N. Brambilla, M. A. Escobedo, A. Vairo and P. 
Vander Griend, 1903.08063.

• N. Brambilla, V. Leino, P. Petreczky, and A. 
Vairo, 2007.10078

N. Brambilla, M. A. Escobedo, A. Vairo and P. Vander Griend, 1903.08063.



Computing survival probabilities with QTraj
• We sampled bottomonium production points 

and initial COM transverse momentum using 
Monte-Carlo sampling (physical trajectories).

• Temperature evolution provided by 3+1D 
anisotropic hydrodynamics (good description 
of identified soft hadron spectra and 
anisotropic flow, see backup slides for 
evidence).

• Along each physical trajectory, we solved the 
real-time 3D Schrödinger equation with a 
complex potential and stochastically sampled 
jumps à Lindblad equation.

• We then solved for the survival probability of 
S- and P-wave states (see box to the left).

M. Strickland 18

SP (n, l) =
|hn, l| (tf )i|2

|hn, l| (t0)i|2

<latexit sha1_base64="/1XTUQnAxgD/zybPuvVpKh/ySN8="></latexit>

Survival probability

• Used ! = 4096 points
• ' = 108 *0
• ∆, = 2 x 10-4 fm



Feed-down implementation
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• Ndirect corresponds to (N1S, N2S, N1P x 3, N3S, N2P x 3, N2D)T where, e.g.,  N1S is 

the final number of Y(1S) states that can decay in the dilepton channel.

• Ndirect can be obtained using <Nbin(b)> * sdirect * (Survival probability)

• After feed down, we then normalize 

by the pp collision result scaled to AA à RAA.  



NLO OQS + pNRQCD predictions for RAA vs Npart at LHC
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• Left panel:  Result including feed down, when varying .̂ over the theoretical uncertainty.  
• Right panel: Result including feed down, when varying /0 over the theoretical uncertainty
• Note:  The NLO results above ignore jumps (Heff only).  The effect of jumps is expected to be 

small based on prior studies, but requires lots of computer time (forthcoming). 
• The statistical uncertainty associated with the average over physical trajectories is on the 

order of the line width.

N. Brambilla, M.-A. Escobedo, A. Islam, M.S., A. Tiwari, A. Vairo, P. Vander Griend, 2205.10289
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NLO RAA vs transverse momentum
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• QTraj predictions consistent with experimental observations.

• Very flat.  Small decrease comes from longer time spent in the QGP 

as the velocity decreases.

• Once again, larger variation from uncertainty in /0. 

N. Brambilla, M.-A. Escobedo, A. Islam, M.S., A. Tiwari, A. Vairo, P. Vander Griend, 2205.10289
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NLO OQS + pNRQCD predictions for RAA vs Npart at LHC
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• Note that It is possible to use a shorter medium initialization time and 

obtain a similar description of the data.

• Above shows results using 1,-. = 0.25 fm rather than 0.6 fm

• In this case, I changed the central value of gamma plotted, but the range 

of variation is the same.

N. Brambilla, M.-A. Escobedo, A. Islam, M.S., A. Tiwari, A. Vairo, P. Vander Griend, 2205.10289
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4d flow tomography

Quark Matter 2019

Cern Courier, Fall 2019

Momentum-space anisotropies

ALICE

• Bottomonium probably doesn’t flow in the 

”collective flow” sense.

• However, there can be momentum-space 

anisotropies induced by path-length 

differences in suppression along the short 

and long sides of the QGP.



LO Momentum-space anisotropies at LHC
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N. Brambilla, M.-A. Escobedo, M.S., A. Vairo, P. Vander Griend, and J.H. Weber, 2107.06222 (Leading-Order)
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NLO Momentum-space anisotropies at LHC
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H. Alalawi, J. Boyd, and M. Strickland, forthcoming

• Forthcoming work on including the effect of fluctuating 
hydrodynamics.

• Using MUSIC + IPGlasma IC tuned to 5.02 TeV Pb-Pb collisions.
• Agrees well with aHydro results for RAA (not shown).
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NLO OQS + pNRQCD predictions for RAA vs Npart at RHIC
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M. Strickland and S. Thapa, forthcoming
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• Above are results from the NLO OQS + pNRQCD predictions for RAA at 200 GeV 
compared to recently reported STAR data (2207.06568).  Same parameters at LHC, 
only changed the hydrodynamic background.

• Framework does not predict enough 1S suppression

• STAR data indicate similar levels of suppression for the 1S and 2S for Npart < 200.

• Data from sPHENIX will be useful



Phenomenological KSU model RHIC predictions
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M. Strickland and S. Thapa, forthcoming

• Above are results from the KSU phenomenological potential.

• It reduces to a Cornell potential with string breaking at T=0.  Parameterization gives all 
observed bottomium vacuum eigenenergies to a few %.  For in-medium potential a KMS type 
potential  is used for the real part and the Laine et al result for the imaginary part is used.

• The KSU model gets closer to the STAR data for the 1S, however, it can’t explain the 2S results 
at the same time for Npart< 225.  The transverse momentum dependence which is dominated 
by large Npart events, is reasonably well described.
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A. Islam and M. Strickland, 2010.05457 and 2007.10211



Conclusions and Outlook
• First 3D quantum non-abelian treatment of heavy quarkonium within 

the OQS+pNRQCD framework.  Treatment has been extended to NLO 
in E/T.

• Transport coefficients used were constrained by independent lattice 
measurements.

• OQS + pNRQCD works quite well in describing bottomonium 
suppression and “flow” vs !/012 and "3 seen at LHC energies.

• However, the same setup, our preliminary results indicate that OQS + 

pNRQCD overpredicts RAA[1S] at 200 GeV when compared with recent 

STAR data.

• Our preliminary results indicate that the phenomenological KSU model 

does better in describing RAA[1S], however, it then underpredicts 

RAA[2S].  

M. Strickland 28
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Additional slides



Heuristic understanding – Noisy QM
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• Heavy quark bound states have an in-medium potential with both real 

and imaginary parts.  This is related to the large in-medium width.

• How can we understand the emergence of the imaginary part in a 

simple manner before leaping into open quantum systems + pNRQCD?

• Consider a non-relativistic bound state subject to a noisy potential

• Noise has zero mean, is uncorrelated in time, and has a spatial 

correlation function #(%)

Noise due to environment (assumed here to be color neutral).

Note: The treatment presented here does not include possibility of color-charged noise, more on this coming…
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• Expanding the time evolution operator up to '(∆)1/3)

• Now construct an effective Hamiltonian that is averaged over the noise

Imaginary part emerges 
through interference of 
wave function with itself 
when summing over 
environmental noise.

Imaginary part of the potential

Heuristic understanding – Noisy QM



A parallelizable approach:  Quantum trajectories
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d⇢probe

dt
= �iHe↵⇢probe + i⇢probeH

†
e↵ +

X

n

Cn ⇢probe C
†
n

<latexit sha1_base64="uVnyFvpO3/nZDYct7uBOYJLAPOM="></latexit>

Can treat this “quantum jump” term stochastically

• Can be reduced to the solution of a large set of “quantum trajectories” in which we 
solve a 1D Schrödinger equation with a non-Hermitian Hamiltonian ,#$$, subject 
to stochastic quantum jumps.  

• The evolution with the non-Hermitian -eff preserves 
the color and angular momentum state of the system 
(but not norm).

• Collapse/jump operators encode transitions 
between different color/angular momentum 
states (subject to selection rules).

• For each physical trajectory (path through the QGP) we average over a 
large set of independent quantum trajectories à Embarrassingly parallel

• Added benefit:  Can describe all angular momentum states (no cutoff) .

N. Brambilla, M.-A. Escobedo, M.S., A. Vairo, P. Vander Griend, and J.H. Weber, 2012.01240

Non-unitary “no jump” evolution

l=0

l=2

l=1

singlet octet

... ...



How can one numerically solve these equations?
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• Each block of the density matrix in color space can be decomposed into orbital 
angular momentum blockwise.

• Upon truncating in angular momentum (. ≤ .'()) one can reduce both 
the singlet and octet blocks of the reduced density matrix to size (.'() + 1)'.

• One can then discretize the radial wavefunction (4 = # of lattice points) and evolve 
the reduced density matrix using standard differential equation and matrix solvers 
gives ~ 4'(.'() + 1)' matrix size.

• Need to describe bound and unbound states with highly localized initial wave 
function, so the box must be large and have small lattice spacing à large 6 and 
large 7*+,.

• As 4 and .'() become large, the computation becomes very challenging.

• Need a better/faster method which we can easily parallelize.

d⇢probe

dt
= �iHe↵⇢probe + i⇢probeH

†
e↵ +

X

n

Cn ⇢probe C
†
n

<latexit sha1_base64="uVnyFvpO3/nZDYct7uBOYJLAPOM="></latexit>



Initial bottomonium wavefunction
• We took the initial wavefunction to be given by a smeared delta function (local 

production due to large mass, D ~ 1/M) of the form

• For a given (, the initial state is a quantum linear superposition of the eigenstates of H.

• Includes both bound and unbound states.

• We took Δ = 0.2 .- which reproduces results obtained with a true delta to within 1%. 
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3+1D hydrodynamical background

For 5.02 TeV, T0 = 630 MeV @ t0 = 0.25 fm/c
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• We use a 3+1D 
dissipative code 
for the hydro 
background 
(quasiparticle 
anisotropic 
hydrodynamics)

• Has been tuned to 
RHIC and LHC 
heavy ion 
collisions

• Reproduces 
spectra, 
multiplicities, 
identified elliptic 
flow of light 
hadrons, HBT radii, 
etc.


