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Motivations

A-theorem is a constraining tool for RG flows, also beyond perturbation theory.

Large-N methods can produce new results concerning conformal anomalies.

Usually, the a-theorem is valid within perturbative RG flows. We aim at find
non-trivial counter-examples in Large-N models.

Based on:
O. Antipin, NAD, F. Sannino, A. E. Thomsen [1808.00482]
NAD, F. Sannino, A. E. Thomsen... [Ongoing]
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Statements of the a-Theorem

weak version: It exists a quantity "a" defined at a CFT such that every RG flow
between two CFTs (IR/UV) satisfies aUV > aIR.

[Cardy, ’88] [Komargodski, Schwimmer ’11]

strong version: For every QFT it exist a function of the couplings ã(g) such that
- ã(g) monotonically decreases along RG flows
- at a fixed point it satisfies ã(g∗) = a

[Komargodski, Schwimmer ’11] [Jack, Osborn ’90]

gradient flow: the quantity ã satisfies an equation of the form:

∂iã = χijβ
j =⇒ µ dã

dµ
= βi∂iã = χgijβiβj

the strong version: χij to be symmetric and positive definite.

[ Jack, Osborn ’90]
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Statements of the a-theorem

"a" is a measure of effective degrees of freedom in a CFT: RG flows are irreversible

a

D.o.F (UV ) > D.o.F (IR)

Theory space has a foliated structure

Weyl consistency conditions

[ Jack, Poole ’14]

[ Antipin et al. ’13]

[ Poole, Thomsen ’19]
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Proposal in d = 4: Weyl Anomalies

CFTIR

S ∼ ∫
x gi(µ)Oi

CFTUV

Tµµ ⊃ βiOi

CFTIR[gµν]

S ∼ ∫
x
√−g gi(µ)Oi

CFTUV [gµν]

Tµµ ⊃ A I + βiOi

Weyl symmetry is broken by an additional c-number anomaly:

A = cW 2 − aE4; a ∼
∫
Sd

ddx〈Tµµ 〉

Proven to satisfy aUV > aIR.
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LRG - Introduction

Motivation for local renormalization group (LRG):

It gives ã as the loop-corrected E4 coefficient.

ã automatically satisfies a gradient flow equation.

It relates curved space anomalies to flat space divergences of correlators.

[ Jack, Osborn ’90 ’13]

[ Baume, Keren-Zur, Rattazzi, Vitale ’14]
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LRG - Introduction

Consider the connected vacuum functionalW:

eiW[γ,g] = N
∫
Dφ eiSCFT [γµν ,φ]+i

∫
x
g0(x)·O[φ]

,

∫
x

≡
∫

d4x
√
−γ.

The theory is regularized in d = 4− ε, and all CTs are in MS scheme

g0(x)→ g(x, µ) S → S + Sc.t.[γ, g].

If correclty renormalised, this generates connected green’s functions:

W[γ, J, µ] =
∑
n

1
n!

∫
{xi}

g(x1, µ)...g(xn, µ)〈T{O(x1)...O(xn)}〉R,γ .
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LRG - Weyl symmetry

Exact SO(d, 2)
ηµν→γµν======⇒ Diff(d)×Weyl ∼ Anomalous

Each symmetry acts on metric and CFT operators as:

Weyl: γµν → e−2σ(x)γµν , O → eσ(x)∆O,

Diff: γµν(x)→ ∂µξ
σ∂νξ

ργσρ(ξ−1(x)), O(x)→ O(ξ−1(x)).

Of course, we avoid Diff(d) anomalies,

∆σW =
∫
x

Aσ[γ, g]

∆ξW = 0.

Notice: Weyl anomalies are related to scale anomalies since

µ
d

dµW =
∫
x

Aσ=−1[γ, g]


= 0 and Aσ=−1 = 0 =⇒ no anomaly
= 0 and Aσ=−1 6= 0 =⇒ Type A anomaly
6= 0 =⇒ Type B anomaly

[ S. Deser, A. Schwimmer ’93]
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LRG - Weyl symmetry

The source transformation implementing Weyl is fixed:

∆σγµν = −2σγµν , ∆σgi = −σβ̂i where β̂i = −ρigiε+ βi(g)

This leaves the action invariant, apart from Sc.t:

∆σW [gi, γµν ] =
∫
x

σ

(
2γµν δ

δγµν
− β̂i δ

δgi

)
Sc.t. ≡

∫
x

Aσ[γµν , gi]

At the starting CFT the anomaly reads:

Aσ[γµν , 0] = σ{cW 2 − aE4}+O(∂σ).
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LRG - Gradient flow equation

We can consider an ansatz for Sc.t containing all possible tensor structures:

Sc.t ⊃
∫
x

√
γ µ−ε

{
λaE4 + 1

2Gij∂µg
i∂νg

jGµν + 1
2Aij ∇

2gi∇2gj

+ 1
2Bijk ∂µg

i∂µgj∇2gk
}
.

This can be used to obtain a formal expression for ∆σW . A similar expansion has to
be present for the RHS:

Aσ[γµν , gi] ⊃ ãE4 + 1
2χ

g
ij∂µg

i∂νg
jGµν + 1

2χ
a
ij ∇2gi∇2gj

+ 1
2χ

b
ijk ∂µg

i∂µgj∇2gk +O(∂σ) .

anomaly coefficient need to match some c.t. combinations. On top of that, the
anomaly is by definition a finite functional!
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LRG - Gradient flow equation

Matching O(σ):

χgij =
(
ε− β̂`∂`

)
Gij − G`j∂iβ̂` − Gi`∂j β̂`

χaij =
(
ε− β̂`∂`

)
Aij −A`j∂iβ̂` −Ai`∂j β̂`

χbijk =
(
ε− β̂`∂`

)
Bijk − B`jk∂iβ̂` − Bi`k∂j β̂` − Bij`∂kβ̂` − 2∂i∂j β̂`A`k, [...]

Matching O(∂σ):
8µ dã

dµ
= 8βi∂iã = χgijβiβj ,

χgij = −2χaij + χ̄aijkβ
k − β`∂`Vij − ∂iβ`V`j − ∂jβ`Vi` [...]

And every quantity on the RHS is written in term of Aij ,Bijk.

Take-home message:
We have a gradient flow equation and a calculation prescription for ã in terms of flat
spacetime CTs Aij , Bijk of marginal operators.
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general procedure for ã

Find which Green’s function Aij , Bijk renormalises. Using

δ

δgi(x)W [gi] = 〈[Oi(x)]〉,

applying an appropriate number of derivatives in the limit of flat space/sources one
gets:

〈[Oi(p)][Oj(q)]〉R = 〈[Oi(p)][Oj(q)]〉+ µ−εAijp2q2δ(p+ q),

〈[Oi(p)][Oj(q)][Oj(r)]〉R =〈[Oi(p)][Oj(q)][Oj(r)]〉+ ...

...+ µ−ε(Bijkp · qr2 + Bikjp · rq2 + Bjkiq · rp2).

=⇒ build some perturbative expansion for the 2,3-pt functions as well as
β-functions.
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LRG at large N

Application: Large Nf gauge theories (see Simone’s and Manuel’s talk).

L = i

N∑
i=1

ψ̄i /Dψi −
1

4g2F
2 + Lghost + Lg.f

Of course, we will use a normalisation different from the literature:

κ = β0α

π
= S2(Rφ)Nfg2

6π2 =⇒ βκ = κ2 +O (1/N) .

To have a feeling: now the (in)famous pole at 15/2 is found at κ = 5. We restrict
ourselves to LO, where the RG flow features a one-loop landau pole:

κ(µ) = log
(
Λ

µ

)−1

, Λ = µ0e
1/κ(µ0).

The marginal operator driving the flow is

[Oκ] = δS

δκ(x) = β0

16π2κ2F
2 + g.f. terms +O(1/N)
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LRG at large N

We study a one-coupling theory: all coupling indexes are suppressed.

The CTs A, Ā renormalize divergences in 2 and 3-pt function of F 2:
〈F 2F 2〉, 〈F 2F 2F 2〉 when insertion points merge.

We calculate the LO resummation of the metric and ã-function.

F 2(x) F 2(y)

F 2(x)

F 2(y)

F 2(z)
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LO a-function at large Nf

The final result reads:

χgκκ = d(G)
16π2κ2 ∂κ

[
κHa(κ)− 1

6κ
2 H̄a(κ)

]
,

where two resummed functions appear:

Ha(x) =
(1− x

3 )(240− 240x+ 90x2 − 15x3 + x4)Γ (4− x)
60(4− x)(6− x)Γ (1 + x

2 )Γ 3(2− x
2 ) ,

H̄a(x) = (80− 60x+ 13x2 − x3)xΓ (4− x)
120(4− x)Γ (1 + x

2 )Γ 3(2− x
2 ) .

we have poles at x = 5 + n, n ∈ N, the 1/Nf expansion is broken there.
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LO a-function at large Nf

0 1 2 3 4 5
−0.5

0

0.5

1

κ

χgκκ
ã

violation of metric positivity at κ∗ ∼ 0.51, =⇒ µ∗ ∼ 0.14Λ
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4-point function contribution

We added to the action marginal scalar primaries only, but those are not the only
ones appearing in the trace anomaly equation,

SCFT [γ, φ] +
∫
x

{
giOi +AAµ J

µ
A +maOa

}
.

Turns out that the JµA contribution modifies the metric definition χgκκ → T̂κκ.
Gets contribution from 4-pt functions:

F 2(x)

F 2(y) F 2(z)

F 2(w)F 2(x)

+2 perm.

[ Baume, Keren-Zur, Rattazzi, Vitale ’14]
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Metric comparisons
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ã comparison
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ã from χgκκ

ã from T̂κκ
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Redefinition of ã

violation of metric positivity at κ∗ = 0.51 (n.imp.) − 0.43 (imp.).

Caveat(?): The gradient flow equation is invariant under:

ã→ ã+ cijβ
iβj , χij → χij + Lβcij

The strong theorem is in principle valid as long as it exist a choice for cij such that
χij is positive definite.

=⇒ Can we find a more "physical" scheme?
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Dilaton Effective action

The Dilaton effective action is defined by:

Γ [γ̄, τ, µ] = W [γµν = e2τ γ̄µν , g
i(µ)].

where gi are now spacetime independent!

This effective action generates correlators of Tµµ :

Γ [γ̄, τ, µ] =
∑
n

in−1

n!

∫
{xi}

τ(x1)...τ(xn)〈T{T (x1)...T (xn)}〉γ̄,µ

Work with on-shell condition:

R(e2τ γ̄µν) = 0

The action can be split in two distinct contributions:

Γ = Γloc + Γn.loc
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2 → 2 dilaton scattering

The 2→ 2 dilaton scattering amplitude has an analogous splitting
A(s, t) = Aloc(s, t) +An.loc(s, t).

The non-local contribution can be obtained from the effective coupling in the
action for canonical dilatons e−τ = 1 + φ,

Leff = gi(µeτ )Oi =
(
gi − φβi + φ2

2 βj [δij + ∂jβ
i] + ...

)
Oi.

We look at the absorptive part in the specifical kinematic region t = 0 where:

A(s, 0) = −8s2α(s) so that ImA(s, 0) > 0 ⇐⇒ Imα(s) < 0
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Relation to a-function

Why do we use this definition? Because this amplitude satisfies:

A(s, 0) = A(−s, 0) , A(s, 0)∗ = A(s∗, 0),
∫
C

dsA(s, 0)
s3 = 0,

this conditions lead to the definition of a monotonically decreasing function:

ᾱ(s) =
∫ π

0
dθα(seiθ), ᾱ(s2)− ᾱ(s1) = − 2

π

∫ s2

s1

ds
s

Imα(s) > 0 (?)
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Computation strategy

To compute α(s) we need finite parts of F 2 correlators.

It possible to show that these multiple-chain diagrams are factorially divergent:
as a computational trick we consider renormalised chains for which the Borel
transform reads:

B
[

1
1−ΠR(k)

]
= e−Ct/2

(
k2

µ2

)t/2
For a double chain integral we use the convolution property:

B
[∑
n,m

α2 +mε

α1 + nε

]
∼
∫

[ui]

α2 − u2

α1 − u1

,

∫
[ui]

=
∫

du1 du2δ(
∑

ui − t/2)
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Result: 2-pt function part

Applying this procedure to the 〈F 2F 2〉 correlator one gets

B[〈F 2(p)F 2(−p)〉] =− 2ie−Ct/2

32π2

(
4π
β0

)2

(−s)2−t/2

×
∫
{ui}

G(1− u1, 1− u2) [1 + P(u1, u2)]

with a polynomial coming from the numerator structure,

P(u1, u2) = −2u2(1 + u2)(10 + 7u2 + 8u1 + 4u1u2 + u2
2)

(1 + u1 + u2)(2 + u1 + u2)2(3 + u1 + u2)
and a loop integral contribution:

G(1− u1, 1− u2) = Γ (−t/2)
Γ (2 + t/2)

Γ (1 + u1)
Γ (1− u1)

Γ (1 + u2)
Γ (1− u2) .

=⇒ This correlator is not Borel summable! Renormalon poles at t = 2n, n ≥ 1.
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Conclusions

To conclude:

We showed that "counterterm-derived" definitions of ã are not monotonic at LO
in large Nf .

We are extending the Large Nf methods to dilaton cross-sections.

Coming next:

Verify wether positivity is lost in the dilaton cross section.

Adress renormalon issues in the dilaton cross-sections and their relation to
non-perturbative contributions.

Thank you!
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