Weyl Consistency Conditions:

Predicting the shape of 3-functions

Anders Eller Thomsen

CP3-Origins, University of Southern Denmark

CP3

Primosten, 7th October 2019

aethomsen@cp3.sdu.dk

Anders Eller Thomsen (CP3—Origins ) Weyl CCs Primosten '19 1



[ C. Poole, AET [arXiv:1901.02749, 1906.04625] ]

B Motivation and Osborn’s Equation

[y

A Formalism and tensor—graph identification

N

w

B Computation and results

A Constraining the treatment of 5

~

Anders Eller Thomsen (CP3—Origins ) Weyl CCs Primo¥ten '19



Motivation and Osborn’s Equation
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m (-function are of interest in BSM physics and in AS, but limited by
perturbative computations.

m Local RG constrains /3 functions: 6D ¢, SUSY, 4D Yukawa...

m What can we say about generic, four-dimensional, renormalizable
theories?

m We can provide a hint to the treatment of 5 in dimensional
regularization.
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Osborn’s equation

Parametrize the anomaly A,W = [ d%z,/7.A, and set

Ay, Ap] W =0
to obtain Osborn's equation
. 0A .
A=~ =1T1,;B’
i B 1J

m Proposed A-function: A
m Would-be metric: 17
m Modified 3-function: B! = g1 — (S g)!

Osborn '89, '91, Jack and Osborn '90, '13, Baume et al. '14.
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Weyl consistency conditions

Osborn’s Equation, now what?

9rA(g) = Trs(g) [87(9) — (S(9) 9)”]
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Weyl consistency conditions

Osborn’s Equation, now what? Laegely Wikaes

9rAlg) = Trs(9) [87(9) — (S(9) 9)”]

Jack, Osborn '90 Fortin, Grinstein, Stergiou [1208.3674]
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Weyl consistency conditions

Osborn’s Equation, now what? Lerige y molsiem

orAlg) = Tr5(9) [87(9) — (S(9) 9)”]
Jack, Osborn '90 Fortin, Grinstein, Stergiou [1208.3674]

Expand OE in polynomials of the couplings, e.g.

/81 = chpn(g)y A= ZanQn(g)a

leads to more constraints than there are unknown coefficients of A, 17,
and S.
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Weyl consistency conditions

Osborn’s Equation, now what? Lerige y molsiem

orAlg) = Tr5(9) [87(9) — (S(9) 9)”]
Jack, Osborn '90 Fortin, Grinstein, Stergiou [1208.3674]

Expand OE in polynomials of the couplings, e.g.

/81 = chpn(g)y A= ZanQn(g)a

leads to more constraints than there are unknown coefficients of A, 17,
and S.

— Constraints on the coefficients of 7.

Jack, Osborn '90 Jack, Poole [1411.1301,.. ]
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Formalism and tensor—graph identification
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[S-functions in renormalizable t

Most general renormalizable theory in 4D (ignoring relevant couplings):
Z = ZprﬁuFf“”” + 3(Dyud)a(DF¢)q + ith] " (Dyt))!

5 ( aiﬂbzw] + H-C') $a — iAade¢a¢b¢c¢d
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[S-functions in renormalizable t

Most general renormalizable theory in 4D (ignoring relevant couplings):
Z = ZprﬁuFf“”” + 3(Dyud)a(DF¢)q + ith] " (Dyt))!

5 ( Yo' W + H.c. ) ba — 24 AabedPaPoPcPd

Present status of the S-functions: 3-2-2
m Gauge S-function to 2.9 (now 3) loop-orders
m Yukawa S-function to 2 loop-orders
m Quartic S-function to 2 loop-orders

Macachek, Vaughn '83, '84, '85 Luo, Wang, Xiao [hep-ph/0211440]
Pickering, Gracey, Jones [hep-ph/0104247]
Luo, Xiao [hep-ph/0212152]
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Fermion sector

Fermions can travel both directions in fermion loops:

.- ST === ~ Tr[Yo Y + YY)
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Fermion sector

Fermions can travel both directions in fermion loops:

Put fermion indices in a “Real representation”
0 Y, 0 ; i i 0
v; = t ] Ya = « ] Tu t = ’ Auyx |7
(U 0 Y, 0 —(T;n)
so that
igr (0 o 1T a
Z D5V DY — 5V y, Ve
a* 0
Tr[Yo Yy + YY) = Trlyass)
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Treatment of gauge couplings

Gauge group: G = x,G, =U(1)1 X ... x U(1)y, X Gpy1 X ...

LD — 242 u,;fw ful“’_ Z 4 2 uu'V MV

u>n u,v<n
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Treatment of gauge couplings

Gauge group: G = x,G, =U(1)1 X ... x U(1)y, X Gpy1 X ...

LD~ 242 uﬁv fUW_Z42 uwyurF

u>n u,v<n

Collect gauge couplings in a tensor, by defining collective index:

d(Gu)
A€ {(u,Ay): Ay <d(Gu)}  with Z >
U Ay=1
G2, = hZ, for A,B <n
gﬁduchAqu for A >n
Similar for structure constants and generators.
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Treatment of gauge couplings

Gauge group: G = x,G, =U(1)1 X ... x U(1)y, X Gpy1 X ...
u Au v v o__ A Y
2z = Z42uuvu“_242 wu B = —3GAEF, FoV
u>n u,v<n

Collect gauge couplings in a tensor, by defining collective index:

d(Gu)

Ac{(uAy): A< d(Gu)} with Z > >

U Ay=1
G2, = hZ, for A,B <n
gg5uv5A"B” for A >n
Similar for structure constants and generators.

Kinetic mixing is included on line with any other gauge coupling
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Diagram formalism

A typical tensor structure in the 3-loop gauge S-function:

3 ~
8L S (TATBTITL) o Trlwiia) G
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Diagram formalism
A typical tensor structure in the 3-loop gauge S-function:

, : )
51(4% D (THTITSTY)ab Tr[ysiia) Gp = O |
A ’\/\‘,\\ A B

~

Tensor structures are graphs:

Jack, Poole [1411.1301]
A~~~ B :GiBa 7 i _67,]7 (I b —5ab7
a a d A
1 5. L7 A
! - = Yaij, o = )\abcd) 5 = (T )1]7
i 1 j b . N ‘ q .]
A A 5 -2 ¢DBC
§ =@ § =Gabf
GRS B c
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Example: 1-loop Yukawa S-fun

All tensor structures that can appear in the 1-loop Yukawa (S-function

i ' i .
. . ! |
\ ’ 1 PN

LTy

0 vs) n§}; 'ni” | "éll)
BY = 49 plCa(S)ba  +05 yaCa(F) 05" sdfatiy
19 yo Yo (F) +95) 1 [Y2(S) ba;
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Example: 1-loop Yukawa (-fu

All tensor structures that can appear in the 1-loop Yukawa (S-function

. . " o
' ' ' '

' . '
' ' i '
' ' '
' ' ' '
' ' —_— '

* ‘ v PN

' S e [ N '

0 vs) vs) s )
BY = +9) y[Co(S)ba  +05” yuCa(F) +95") s as
19 yo Yo (F) +95) 1 [Y2(S) ba;

Consulting with literature we recover MS coefficients

® _y W _,

1
oD =0, o =6 (M _4 (1) _

04 = iy 05 _5
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Employing gauge identities

There seem to be another two tensor structures...
1
1
1
1

~
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Employing gauge identities

There seem to be another two tensor structures...
1
1
1
1

—i:e—l 2

...but they are made redundant by gauge identities.
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Computation and results
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l-loop (B-functions:
5= a0 .

a ,d

a
B Znn oy Zq(@
> ] / \\c

b

m Use couplings ¢! = {GiB, Ysiss )\abcd} and {fABC TA,j, T¢ ab}
parametrize A, Ty, and i
m Write up the system of equations resulting from OE (to 5 loops)

m Eliminate unknowns and find constraints on the 4-3-2 S-functions
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l-loop (B-functions:
5= a0 .

a ,d

a
B Znn oy Zq(@
> ] / \\c

b

m Use couplings ¢! = {GiB, Ysiss )\abcd} and {fABC TA,j, T¢ ab}
parametrize A, Ty, and i
m Write up the system of equations resulting from OE (to 5 loops)

m Eliminate unknowns and find constraints on the 4-3-2 S-functions
Thousands of diagrams introduced the need for automation
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dglc?pfl = ngT]JBJ
LHS:
1) Generate all unique closed graphs with < ¢ loops
2) Eliminate redundant TSs using gauge identities
3) Apply differential operator by marking each coupling
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dglalfl = ngT[JBJ

RHS:

1) Determine all unique 3 TSs by removing corresponding vertices from
closed graphs

2) (MS) Eliminate non-1PI vertex or fields-strength-type TS

3) Eliminate redundant TSs using gauge identities

4) At sufficiently high loop order, account for the shift 3/ — B’ using
all possible antisymmetric combinations of 2-point TSs

5) Determine T tensors from all closed contractions appearing in A,
marking 2 separate vertices

6) Insert all ¢1-loop BT TSs in the £o-loop TU, with 41 + 45 </, and
match to the LHS basis
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Example: 3-loop gauge [-funct
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Osborn's equation at 3 loops:
n 3 3) ¢
dg'orA > A ‘o +A® :b O
(3) 3 (3) E /
+2J410 ' +2.A11 "i} @
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Osborn's equation at 3 loops: F

dg"Try > 7;(;,)1 Q
87> oy :E +g5
dg'TrsB’ > T (vl :Z @ + 95"
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Osborn's equation at 3 loops:

ﬂJ (2)

(2) ,'
dg'Tr;B’ o 17 géQ +97 \} O
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Osborn's equation at 3 loops: C

Equating the LHS and the RHS of OE gives

3 =T 1 3 ,7- 2
9 T 2 9 . 1
AlO = y(y )1 Ué : All y(y )1 Ug )
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Osborn’s equation at 3 loops: ¢

Equating the LHS and the RHS of OE gives

& 1 3
Ay = Tgh o5 A =

AlO = 7-(2)1 Ué 2-"111 =

2
T i

1
7;/(7;)1 Ug)

We may eliminate Ag%) : .A ’7'gg1 and 7;( 1 to give

gl =

Satisfied by known values: t)il) =0, Uél) = —6, g((f)

Anders Eller Thomsen (CP3—Origins ) Weyl CCs

—1, and 9(2) =0.
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Findings by loop order

No. of coefficients
¢ | A 79 sen) g gD gD TS pasis  CCs
1 4 1 3 4
2 14 4 7 5 16 1
3 49 27 33 33 5 91 26
4 257 260 9 198 303 33 703 265
4()| 4 ® 5 . >
: Known

: Now determined from previous works

: Unknown
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@ Constraining the treatment of 5
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Chiral fermions in d dimensions

The Dirac algebra in Naive(normal) Dimensional Regularization obeys

{’Y,ua '71/} = 29;“/7 glwgz/,u =d, {7#7 '75} =0
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Chiral fermions in d dimensions

The Dirac algebra in Naive(normal) Dimensional Regularization obeys
{7 W} = 29, 9" o = d, {7 ¥} =0
Trace-cyclicity then implies
Tr[yu e pYovs) = 0

in contradiction with the d = 4 identity

Trhﬂ’)/l/)/p’}’cr'}%] = di€wpo
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~5 ambiguities in the SM

For the 3-loop Yukawa (-function a semi-naive treatment suffices

Tr[y*y"v 7 s] = 47 + O(e), P €apys = g[f;g 599 5]],

- d—
gwpo 24 wpo
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~5 ambiguities in the SM

For the 3-loop Yukawa (-function a semi-naive treatment suffices

Tr[y*y"v 7 s] = 47 + O(e), P €apys = g[fgg 599 5]],

- d—
gwpo 24 wpo

The 4-loop strong coupling S-function suffers from the first real ambiguity

as

1
BY 5 R ( 36 +32§3> T2a%a2, R=1,20r3.

Bednyakov, Pikelner [1508.02680]
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~5 [-functions at order 4-3-2

& 4
géoﬁ 9502

(3) (3)

D307 (s
AR A2 A, A0
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Inserting known LO values for the metric we obtain CCs

@ _1 3 @ _ 1 3 (4) (3)

1
G199 = 6U304’ 200 = 6‘33057 9201 = 603067
@ _ 1@ 3) _ . (3)

9202 = 3‘33077 9307 = D308

We can reverse-engineer coefficients the from 3-loop SM Yukawa results

3 3 3 3 3
Dow = —24, vk =12, nios = 0y = s =8 — 24G3
From which the 5 contribution is uniquely determined:

BY 5 (16 4 96¢3) TRa%a?, R=3

as
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m Constructed a fully general framework for all marginal couplings of 4D
renormalizable theories.

m Managed the full construction of the 3-loop gauge -function.

m Determined all Weyl consistency conditions between the gauge
coefficients up to order 4-3-2.

m Shown that consistency conditions can resolve the ~y5-related
ambiguity in the 4-loop a; S-function.
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