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• The precision era at LHC has already started with the Run II phase collecting an 
unprecedented amount of statistics (147 fb−1) 

• LHC operation is planned to continue for 20 years (up to 2038) collecting 20 times 
the statistics accumulated so far 

• Moreover, the design of Future Linear and Circular colliders is proceeding fast and 
their approval would extend the program for more than 40 years from now 

• Although no signal of physics beyond the Standard Model has been observed so far 

• In this scenario it is clear that Electroweak corrections will play an important role 

• In particular mixed QCD-EW corrections are already required for several processes 
in the most recent Les Houches wish list [Brooijmans et al. 2018] 

• In the following I’ll focus mainly on the Drell-Yan process 
2
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• From template fits to the reconstructed distributions of the charged lepton 
transverse momentum and of the W boson transverse mass in electron and 
muon decay channel, the ATLAS collaboration finds: 

• 14MeV comes mainly from pdf uncertainty 

• Uncertainty from QCD scale variations relatively small (although could be 
underestimated [Duhr, Dulat, Mistlberger 2001.07717] 

• Overall uncertainty coming from the lack of EW higher orders considered 
under control 

mW = 80370± 7(stat.)± 11(exp.syst.)± 14(mod.syst.)MeV = 80370± 19MeV

<latexit sha1_base64="W4fZrMyRWmWcgZzPegFS6btEsMQ="></latexit><latexit sha1_base64="W4fZrMyRWmWcgZzPegFS6btEsMQ="></latexit><latexit sha1_base64="W4fZrMyRWmWcgZzPegFS6btEsMQ="></latexit><latexit sha1_base64="W4fZrMyRWmWcgZzPegFS6btEsMQ="></latexit>

[ATLAS coll. 1701.0724]
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• Mixed QCD-EW corrections described by NLO QCD corrections matched to 
(multiple) parton shower programs 

• Approximated fixed order computation shows that the leading part of the 
mixed correction is given by QCD corrections in the production times QED 
corrections in the decay.   Δmw=-14MeV [Dittmaier, Huss, Schwinn 1511.08016] 

• mW shift induced by proper account of mixed corrections quite relevant and 
with a certain dependence on the way the computation is performed:  
➡ matching NLO corrections with PS 
     [Calame, Chiesa, Martinez, Montagna, Nicrosini, Piccinini, Vicini 1612.02841]     

find Δmw=-16MeV 

• In view of the precision attainable at the LHC it is desirable to evaluate 
exactly the mixed QCD-EW contribution 

➡ its knowledge could open the way to the simulation of the mixed 
contribution at NNLOPS level
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Outline

• The exact computation of full mixed QCD-EW corrections is on its way 

• I will discuss about some steps in this direction 

✦ qT subtraction scheme suitable for such NNLO computation 

✦ NLO corrections 
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The neutral current DY process represents a first step in this direction  

Recent developments (selected) 

• Mixed transverse momentum resummation for on-shell Z                                                                         
[Cieri, Ferrera, Sborlini 2018]  

• Inclusive mixed corrections for on-shell Z                                                                       
[de Florian, Der, Fabre 2018]  

• Differential mixed corrections for on-shell Z production + NLO EW to decay 
[Delto, Jaquier, Melnikov, Rontsch 2019]  

• NNNLO QCD corrections for DY lepton pair production via virtual photon 
[Duhr, Dulat, Mistelberger 2020] 
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• How it works in GoSam 

• Construction of 1-loop amplitude adopting the DRED scheme 

• Required the computation of all the renormalisation constants in DRED 

Massless light quarks

Massive light quarks

7

Automation of virtual one loop computation
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Where the notation R̃e means that the real part is taken only for the scalar functions con-

tained in the unrenormalized self energies. As in our computation the CKM matrix VCKM is

chosen to be diagonal and no renormalization of VCKM is needed, we do not discuss here the

renormalization conditions for the quark mixing matrix.
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17

The CDR to DRED conversion rules for up-type quarks, down-type quarks and leptons, re-

spectively, are:

δmDRED
u = δmCDR

u +
α

4π
mu

(3− 4s2W )2 + 2c2W (9 + 8s2W )

72c2Ws2W
,

δZLDRED
u = δZLCDR

u − α

4π

(3− 4s2W )2 + 2c2W (9 + 8s2W )

36c2Ws2W
,

δZRDRED
u = δZRCDR

u − α

4π

4

9c2W
; (12)

δmDRED
d = δmCDR

d +
α

4π
md

9 + 4s4W + 2c2W (9 + 2s2W )

72c2Ws2W
,

δZLDRED
d = δZLCDR

d − α

4π

(3− 2s2W )2 + 2c2W (9 + 2s2W )

36c2Ws2W
,

δZRDRED
d = δZRCDR

d − α

4π

1

9c2W
; (13)

δmDRED
e = δmCDR

e +
α

4π
me

1 + 4s2W (s2W − 2) + c2W (2 + 4s2W )

8c2W s2W
,

δZLDRED
e = δZLCDR

e − α

4π

1 + 2c2W
4c2Ws2W

,

δZRDRED
e = δZRCDR

e − α

4π

1

c2W
,

δZLDRED
ν = δZLCDR

ν − α

4π

1 + 2c2W
4c2Ws2W

. (14)

As in our numerical examples we deal with external massless quarks, following for example

Ref. [59], we adopt a slightly modified version of the on-shell scheme where the light quark

masses are set to zero in the corresponding external wave function renormalization counterterms

(and mass counterterms for light quarks vanish). In this approach eqs. (12)-(13) for massless

up and down-type quarks in particular become:

δZLDRED
u = δZLCDR

u − α

4π

(3− 4s2W )2 + 18c2W
36c2Ws2W

,

δZRDRED
u = δZRCDR

u − α

4π

4s2W
9c2W

; (15)

δZLDRED
d = δZLCDR

d − α

4π

(3− 2s2W )2 + 18c2W
36c2Ws2W

,

δZRDRED
d = δZRCDR

d − α

4π

s2W
9c2W

. (16)
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• How it works in GoSam 

• Once the amplitude in DRED is renormalised (see next slide) we convert it to 
CDR to match the conventions of integrators like POWHEG, SHERPA and 
others 

• following unitarity argument [Catani, Seymour, Trocsanyi 1997], shifts are 
easily derived (in general) for example from the shifts in the integrated 
Catani Seymour dipoles involved in a specific computation 

✓ QED radiation: shift is equal to the underlining tree level interference 
times the sum of factors: 

for each pair of emitter (i) and spectator (k), sigma being 1 (-1)     
for an incoming fermion and outgoing anti-fermions (viceversa) 

21

The factors qi, qk denote the fractional electric charges of emitter and spectator and nc is the

number of colors that can occur in the splitting (i.e. either one or three). In addition, we follow

Ref.[196] and introduce the sign factors σi,k which are defined to be +1 for incoming fermions

and outgoing anti-fermions and −1 for incoming anti-fermions and outgoing fermions. This can

be extended to the case of a final state W -boson and yields a +1 for an external W− and a

−1 for an external W+. The sign factors ensure the conservation of the electric charge which

is given by
∑

n

σn · qn = 0 . (22)

C. Subtraction terms and scheme dependence

Numerical simulations require the use of subtraction terms to render the real emission con-

tribution finite. One of the widely used subtraction methods in the context of electroweak

calculation is the dipole formalism [153] which has been adapted to electroweak calculations

[196, 197]. In practice the subtraction methods usually also takes care of issues regarding the

regularization scheme by adding appropriate additional terms to cancel the scheme dependence

in the virtual corrections.

As mentioned above, different regularization schemes lead to differences in the finite con-

tribution for the virtual corrections. At the one-loop level the transition from one scheme to

the other can be obtained by a simple shift that is proportional to the Born contribution [181].

Following the derivation of Ref. [181], in the case of photon emission one obtains a conversion

term of the form:

δRS = −1

2
qiσiqkσk (23)

changing from CDR to DRED. Here i denotes the emitter, k denotes the spectator. qi,k are the

fractional charges of emitter and spectator respectively, and σi,k are the sign factors as defined

in Eq. (22). However there is only a contribution in case of massless emitters. Soft singularities

are independent of the scheme and therefore a scheme dependence only arises from collinear

splittings. As these are finite in the massive case there is no transition term for massive emitters.

Eventually the full transition term is obtained by summing over all possible emitter-spectator

pairs.

8

Automation of virtual one loop computation
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• How it works in GoSam 

• We added the generation of the counter term diagrams that contracted with 
the Born amplitude provides the renormalisation  

• Technical strategy: introduce an extra dummy particle (Cx) with no 
momentum and mount all the counter term defining appropriate vertices 
including the Cx particle 

u(k1)

ū(k2)

νe(k3)

ν̄e(k4)

g(k5)

Cx(k6)

u

u

Z

Diagram 9

u(k1)

ū(k2)

νe(k3)

ν̄e(k4) g(k5)

Cx(k6)
u

u

Z

Diagram 10

u(k1)

ū(k2)

νe(k3)

ν̄e(k4)

g(k5)

Cx(k6)

u

Z
γ

Diagram 11

u(k1)

ū(k2)

νe(k3)

ν̄e(k4)

g(k5)

Cx(k6)

u

Z
Z

Diagram 12

u(k1)

ū(k2)

νe(k3)

ν̄e(k4)

g(k5)

Cx(k6)

u

Zu

Diagram 13

u(k1)

ū(k2)

νe(k3)

ν̄e(k4)

g(k5)

Cx(k6)

u

νe
Z

Diagram 14

u(k1)

ū(k2)

νe(k3)

ν̄e(k4)
g(k5)

Cx(k6)

u

νeZ

Diagram 15

u(k1)

ū(k2)

νe(k3)

ν̄e(k4)g(k5)

Cx(k6) u

Zu

Diagram 16

6

i gµ⌫ (ZAZ
1 p2 + ZAZ

2 )
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1 p2 + ZZZ

2 )
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Zi expressed in terms of the renormalisation constants of the previous slide

9
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• example:                plus EW corr.    (144 diagrams @1L, 4 helicities)             
                            plus QCD corr.    (24 diagrams @1L, 4 helicities) 

• setup: 

• phase space point (                  ): 

• results: 

          @NLOEW                                               @NLOQCD

uū ! ⌫⌫̄g
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mW = 80.376GeV

�W = 2.124GeV

mZ = 91.1876GeV

�Z = 2.4592GeV
<latexit sha1_base64="NN7Obs87RQGV6f4mqlBRABLFJ20="></latexit><latexit sha1_base64="NN7Obs87RQGV6f4mqlBRABLFJ20="></latexit><latexit sha1_base64="NN7Obs87RQGV6f4mqlBRABLFJ20="></latexit><latexit sha1_base64="NN7Obs87RQGV6f4mqlBRABLFJ20="></latexit>

↵ = 0.0072973525376

mt = 171.1GeV

mH = 125GeV

m⌧ = 1.77684GeV
<latexit sha1_base64="q+jAXBue51inSFXAB/TCyVtn4b8="></latexit><latexit sha1_base64="q+jAXBue51inSFXAB/TCyVtn4b8="></latexit><latexit sha1_base64="q+jAXBue51inSFXAB/TCyVtn4b8="></latexit><latexit sha1_base64="q+jAXBue51inSFXAB/TCyVtn4b8="></latexit>

   250.00000000000000        0.0000000000000000        0.0000000000000000        250.00000000000000     
   250.00000000000000        0.0000000000000000        0.0000000000000000       -250.00000000000000     
   82.919464801749541        60.472760266272836       -26.391765847389888        50.221087246723535     
   222.63574675290613       -179.51152719782607       -126.69164588330415       -35.937643199125638     
   194.44478844534430        119.03876693155314        153.08341173069402       -14.283444047597936 

GoSam
#               LO:  0.4625281418689202E-06
# NLO, finite part:  -27.66024207452922    
# NLO, single pole:  -1.333333333333026    
# NLO, double pole: -0.888888888888884    
# IR,  single pole:  -1.333333333333333    
# IR,  double pole: -0.8888888888888887 

uū ! ⌫⌫̄g
<latexit sha1_base64="jlENHmdAGHpEc8t5k5zWPEKS45g=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXJVEBLssuHFZwV6gCWUynaRDJzNhLkoJeQA3voobF4q49QHc+TZO0yy09YeBj/+cw5nzhymjSrvut1NZW9/Y3Kpu13Z29/YP6odHPSWMxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44vZ7X+/dEKir4nZ6lJEhQzGlEMdLWGtUbxg+RzEzuSxpPNJJSPECfG1jYFnIY2y636RaCq+CV0AClOqP6lz8W2CSEa8yQUkPPTXWQIakpZiSv+UaRFOEpisnQIkcJUUFWHJPDM+uMYSSkfVzDwv09kaFEqVkS2s4E6Ylars3N/2pDo6NWkFGeGk04XiyKDINawHkycEwlwZrNLCAsqf0rxBMkEdY2v5oNwVs+eRV6F03P8u1lo90q46iCE3AKzoEHrkAb3IAO6AIMHsEzeAVvzpPz4rw7H4vWilPOHIM/cj5/AJdJm+U=</latexit><latexit sha1_base64="jlENHmdAGHpEc8t5k5zWPEKS45g=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXJVEBLssuHFZwV6gCWUynaRDJzNhLkoJeQA3voobF4q49QHc+TZO0yy09YeBj/+cw5nzhymjSrvut1NZW9/Y3Kpu13Z29/YP6odHPSWMxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44vZ7X+/dEKir4nZ6lJEhQzGlEMdLWGtUbxg+RzEzuSxpPNJJSPECfG1jYFnIY2y636RaCq+CV0AClOqP6lz8W2CSEa8yQUkPPTXWQIakpZiSv+UaRFOEpisnQIkcJUUFWHJPDM+uMYSSkfVzDwv09kaFEqVkS2s4E6Ylars3N/2pDo6NWkFGeGk04XiyKDINawHkycEwlwZrNLCAsqf0rxBMkEdY2v5oNwVs+eRV6F03P8u1lo90q46iCE3AKzoEHrkAb3IAO6AIMHsEzeAVvzpPz4rw7H4vWilPOHIM/cj5/AJdJm+U=</latexit><latexit sha1_base64="jlENHmdAGHpEc8t5k5zWPEKS45g=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXJVEBLssuHFZwV6gCWUynaRDJzNhLkoJeQA3voobF4q49QHc+TZO0yy09YeBj/+cw5nzhymjSrvut1NZW9/Y3Kpu13Z29/YP6odHPSWMxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44vZ7X+/dEKir4nZ6lJEhQzGlEMdLWGtUbxg+RzEzuSxpPNJJSPECfG1jYFnIY2y636RaCq+CV0AClOqP6lz8W2CSEa8yQUkPPTXWQIakpZiSv+UaRFOEpisnQIkcJUUFWHJPDM+uMYSSkfVzDwv09kaFEqVkS2s4E6Ylars3N/2pDo6NWkFGeGk04XiyKDINawHkycEwlwZrNLCAsqf0rxBMkEdY2v5oNwVs+eRV6F03P8u1lo90q46iCE3AKzoEHrkAb3IAO6AIMHsEzeAVvzpPz4rw7H4vWilPOHIM/cj5/AJdJm+U=</latexit><latexit sha1_base64="jlENHmdAGHpEc8t5k5zWPEKS45g=">AAACDHicbZDLSsNAFIYn9VbrrerSzWARXJVEBLssuHFZwV6gCWUynaRDJzNhLkoJeQA3voobF4q49QHc+TZO0yy09YeBj/+cw5nzhymjSrvut1NZW9/Y3Kpu13Z29/YP6odHPSWMxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44vZ7X+/dEKir4nZ6lJEhQzGlEMdLWGtUbxg+RzEzuSxpPNJJSPECfG1jYFnIY2y636RaCq+CV0AClOqP6lz8W2CSEa8yQUkPPTXWQIakpZiSv+UaRFOEpisnQIkcJUUFWHJPDM+uMYSSkfVzDwv09kaFEqVkS2s4E6Ylars3N/2pDo6NWkFGeGk04XiyKDINawHkycEwlwZrNLCAsqf0rxBMkEdY2v5oNwVs+eRV6F03P8u1lo90q46iCE3AKzoEHrkAb3IAO6AIMHsEzeAVvzpPz4rw7H4vWilPOHIM/cj5/AJdJm+U=</latexit>

timing: 2.5ms

GoSam
#               LO:  0.1413813417377276E-07
# NLO, finite part:   2.59890042341055    
# NLO, single pole:  -3.99999999999999    
# NLO, double pole:  -2.66666666666665    
# IR,  single pole:  -4.000000000000000    
# IR,  double pole:  -2.666666666666666 

timing: 0.3ms

RECOLA

-27.66024207453221    

RECOLA

2.59890042341051    

µ = 500GeV
<latexit sha1_base64="TQEFd64f8p8wenmS+b9mLIPDpsU=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEFLsRCi50WcFeIA1lMp20Q+cSZiZCCX0MNy4UcevTuPNtnLRZaOsPAx//OYc5548SRrXxvG+ntLa+sblV3q7s7O7tH1QPjzpapgqTNpZMql6ENGFUkLahhpFeogjiESPdaHKb17tPRGkqxaOZJiTkaCRoTDEy1gr6PL258rw70qkMqjWv7s3lroJfQA0KtQbVr/5Q4pQTYTBDWge+l5gwQ8pQzMis0k81SRCeoBEJLArEiQ6z+coz98w6QzeWyj5h3Ln7eyJDXOspj2wnR2asl2u5+V8tSE3cCDMqktQQgRcfxSlzjXTz+90hVQQbNrWAsKJ2VxePkULY2JTyEPzlk1ehc1H3LT9c1pqNIo4ynMApnIMP19CEe2hBGzBIeIZXeHOM8+K8Ox+L1pJTzBzDHzmfP2cIj/o=</latexit><latexit sha1_base64="TQEFd64f8p8wenmS+b9mLIPDpsU=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEFLsRCi50WcFeIA1lMp20Q+cSZiZCCX0MNy4UcevTuPNtnLRZaOsPAx//OYc5548SRrXxvG+ntLa+sblV3q7s7O7tH1QPjzpapgqTNpZMql6ENGFUkLahhpFeogjiESPdaHKb17tPRGkqxaOZJiTkaCRoTDEy1gr6PL258rw70qkMqjWv7s3lroJfQA0KtQbVr/5Q4pQTYTBDWge+l5gwQ8pQzMis0k81SRCeoBEJLArEiQ6z+coz98w6QzeWyj5h3Ln7eyJDXOspj2wnR2asl2u5+V8tSE3cCDMqktQQgRcfxSlzjXTz+90hVQQbNrWAsKJ2VxePkULY2JTyEPzlk1ehc1H3LT9c1pqNIo4ynMApnIMP19CEe2hBGzBIeIZXeHOM8+K8Ox+L1pJTzBzDHzmfP2cIj/o=</latexit><latexit sha1_base64="TQEFd64f8p8wenmS+b9mLIPDpsU=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEFLsRCi50WcFeIA1lMp20Q+cSZiZCCX0MNy4UcevTuPNtnLRZaOsPAx//OYc5548SRrXxvG+ntLa+sblV3q7s7O7tH1QPjzpapgqTNpZMql6ENGFUkLahhpFeogjiESPdaHKb17tPRGkqxaOZJiTkaCRoTDEy1gr6PL258rw70qkMqjWv7s3lroJfQA0KtQbVr/5Q4pQTYTBDWge+l5gwQ8pQzMis0k81SRCeoBEJLArEiQ6z+coz98w6QzeWyj5h3Ln7eyJDXOspj2wnR2asl2u5+V8tSE3cCDMqktQQgRcfxSlzjXTz+90hVQQbNrWAsKJ2VxePkULY2JTyEPzlk1ehc1H3LT9c1pqNIo4ynMApnIMP19CEe2hBGzBIeIZXeHOM8+K8Ox+L1pJTzBzDHzmfP2cIj/o=</latexit><latexit sha1_base64="TQEFd64f8p8wenmS+b9mLIPDpsU=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEFLsRCi50WcFeIA1lMp20Q+cSZiZCCX0MNy4UcevTuPNtnLRZaOsPAx//OYc5548SRrXxvG+ntLa+sblV3q7s7O7tH1QPjzpapgqTNpZMql6ENGFUkLahhpFeogjiESPdaHKb17tPRGkqxaOZJiTkaCRoTDEy1gr6PL258rw70qkMqjWv7s3lroJfQA0KtQbVr/5Q4pQTYTBDWge+l5gwQ8pQzMis0k81SRCeoBEJLArEiQ6z+coz98w6QzeWyj5h3Ln7eyJDXOspj2wnR2asl2u5+V8tSE3cCDMqktQQgRcfxSlzjXTz+90hVQQbNrWAsKJ2VxePkULY2JTyEPzlk1ehc1H3LT9c1pqNIo4ynMApnIMP19CEe2hBGzBIeIZXeHOM8+K8Ox+L1pJTzBzDHzmfP2cIj/o=</latexit>
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Automation of virtual one loop computation

uū ! ⌫⌫̄�
<latexit sha1_base64="jOjXmqYYvxRYgkw8F4Im66O67rE=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhVdgVwZQBG8sI5gLZEM5OJsmQmdllLkpY9hVsfBUbC0Vs7ex8GyfJFpr4w8DHf87hzPmjhDNtfP/bW1vf2NzaLuwUd/f2Dw5LR8ctHVtFaJPEPFadCDTlTNKmYYbTTqIoiIjTdjS5ntXb91RpFss7M01oT8BIsiEjYJzVL1VsGIFKbRYqNhobUCp+wKG0eG47yHA4AiGgXyr7VX8uvApBDmWUq9EvfYWDmFhBpSEctO4GfmJ6KSjDCKdZMbSaJkAmMKJdhxIE1b10flGGz50zwMNYuScNnru/J1IQWk9F5DoFmLFers3M/2pda4a1XspkYg2VZLFoaDk2MZ7FgwdMUWL41AEQxdxfMRmDAmJciEUXQrB88iq0LqqB49vLcr2Wx1FAp+gMVVCArlAd3aAGaiKCHtEzekVv3pP34r17H4vWNS+fOUF/5H3+AJcpng8=</latexit><latexit sha1_base64="jOjXmqYYvxRYgkw8F4Im66O67rE=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhVdgVwZQBG8sI5gLZEM5OJsmQmdllLkpY9hVsfBUbC0Vs7ex8GyfJFpr4w8DHf87hzPmjhDNtfP/bW1vf2NzaLuwUd/f2Dw5LR8ctHVtFaJPEPFadCDTlTNKmYYbTTqIoiIjTdjS5ntXb91RpFss7M01oT8BIsiEjYJzVL1VsGIFKbRYqNhobUCp+wKG0eG47yHA4AiGgXyr7VX8uvApBDmWUq9EvfYWDmFhBpSEctO4GfmJ6KSjDCKdZMbSaJkAmMKJdhxIE1b10flGGz50zwMNYuScNnru/J1IQWk9F5DoFmLFers3M/2pda4a1XspkYg2VZLFoaDk2MZ7FgwdMUWL41AEQxdxfMRmDAmJciEUXQrB88iq0LqqB49vLcr2Wx1FAp+gMVVCArlAd3aAGaiKCHtEzekVv3pP34r17H4vWNS+fOUF/5H3+AJcpng8=</latexit><latexit sha1_base64="jOjXmqYYvxRYgkw8F4Im66O67rE=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhVdgVwZQBG8sI5gLZEM5OJsmQmdllLkpY9hVsfBUbC0Vs7ex8GyfJFpr4w8DHf87hzPmjhDNtfP/bW1vf2NzaLuwUd/f2Dw5LR8ctHVtFaJPEPFadCDTlTNKmYYbTTqIoiIjTdjS5ntXb91RpFss7M01oT8BIsiEjYJzVL1VsGIFKbRYqNhobUCp+wKG0eG47yHA4AiGgXyr7VX8uvApBDmWUq9EvfYWDmFhBpSEctO4GfmJ6KSjDCKdZMbSaJkAmMKJdhxIE1b10flGGz50zwMNYuScNnru/J1IQWk9F5DoFmLFers3M/2pda4a1XspkYg2VZLFoaDk2MZ7FgwdMUWL41AEQxdxfMRmDAmJciEUXQrB88iq0LqqB49vLcr2Wx1FAp+gMVVCArlAd3aAGaiKCHtEzekVv3pP34r17H4vWNS+fOUF/5H3+AJcpng8=</latexit><latexit sha1_base64="jOjXmqYYvxRYgkw8F4Im66O67rE=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhVdgVwZQBG8sI5gLZEM5OJsmQmdllLkpY9hVsfBUbC0Vs7ex8GyfJFpr4w8DHf87hzPmjhDNtfP/bW1vf2NzaLuwUd/f2Dw5LR8ctHVtFaJPEPFadCDTlTNKmYYbTTqIoiIjTdjS5ntXb91RpFss7M01oT8BIsiEjYJzVL1VsGIFKbRYqNhobUCp+wKG0eG47yHA4AiGgXyr7VX8uvApBDmWUq9EvfYWDmFhBpSEctO4GfmJ6KSjDCKdZMbSaJkAmMKJdhxIE1b10flGGz50zwMNYuScNnru/J1IQWk9F5DoFmLFers3M/2pda4a1XspkYg2VZLFoaDk2MZ7FgwdMUWL41AEQxdxfMRmDAmJciEUXQrB88iq0LqqB49vLcr2Wx1FAp+gMVVCArlAd3aAGaiKCHtEzekVv3pP34r17H4vWNS+fOUF/5H3+AJcpng8=</latexit>
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Figure 2. Feynman integrals relevant to the two-loop QED corrections to Bhabha electron-positron
scattering (left) and the two-loop mixed EW-QCD corrections to Drell-Yan lepton production
(right), which have problematic root-valued leading singularities.

and spurious singularities of individual multiple polylogarithms at pseudo-thresholds of the

Feynman integrals are avoided.

The outline of the article is as follows. In Section 2 we discuss the linear reducibility

of examples which are well-known in the literature to frustrate the standard machinery

of Feynman integral calculus. Specifically, we treat the integral topologies of Figure 2: a

five-line master integral for Bhabba scattering and a six-line master integral for Drell-Yan

production. Linear reducibility is a technical criterion which is of interest here because

linearly reducible Feynman integrals are guaranteed to be integrable in terms of multiple

polylogarithms to all orders in ✏. In Section 3, we define a normal form basis with ✏ d ln

di↵erential equations for the two-loop master integrals for the mixed EW-QCD corrections

to Drell-Yan production with two massive internal lines (see the right panel of Figure 1)

and discuss a partial rationalization of the roots appearing in our integral basis definition.

In Section 4, we show how to integrate the di↵erential equations directly in terms of

multiple polylogarithms even in the presence of root-valued symbol letters. In Section 5,

we review the analytic continuation of multiple polylogarithms and outline our procedure

to filter multiple polylogarithms with undesirable analytic properties out of our ansätze. In

Section 6, we present results for the most complicated two-loop mixed EW-QCD Drell-Yan

master integrals. In particular, we highlight the notable analytic features of our solution

for the six-line integral from the right panel of Figure 2. We conclude in Section 7 and,

for clarity, we give the set of complete ✏ d ln di↵erential equations for the two-loop master

integrals considered in this paper in Appendix A.

2 Linear reducibility for algebraic symbol letters

In this section, we discuss the direct integration of a five-line master integral for the two-loop

QED corrections to massive Bhabha scattering (left panel of Figure 2). This particular

five-line integral is of special interest because its symbol letters are believed to not be

simultaneously rationalizable [23]. It has been known for quite some time that the planar

master integrals for the two-loop QED corrections to Bhabha scattering (see the left panel

of Figure 1) satisfy ✏-decoupled di↵erential equations [17], but, even at leading order in

the ✏ expansion, it is not at all clear that integral (2.1) below may be expressed as a

linear combination of standard multiple polylogarithms [24–26]. In fact, it was suggested

in [27] that elliptic multiple polylogarithms [28] might actually be required for such cases.

It is therefore of some importance to demonstrate that one can actually integrate it to

– 3 –

diagrams with which have problematic 
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Two loop amplitudes

• Several groups are working on that 

• Master integrals computed by two groups: 
[Bonciani, Di Vita, Mastrolia, Schubert 1604.08581] 

[Heller, von Manteuffel, Schabinger 1907.00491] 

• Note that the presence of two internal masses, mw and mz, is critical 

• Full amplitude still not built, but is now certainly doable

explicitly present the system of di↵erential equations and the solutions for the one- and

two-loop MIs that contain one massive propagator. In Section 5, we give the system of

di↵erential equations for the one- and two-loop MIs containing two massive propagators.

Conclusions are given In Section 6. In Appendix A, we discuss the kinematic domain of

our analytic results. In Appendix B, we give the matrices of the system of di↵erential

equations in canonical form.

Our results are collected in ancillary files, that we include to the arXiv submission.

2 Notations and Conventions

In this paper we study the two-loop corrections to the following partonic scattering pro-

cesses:

q(p1) + q̄(p2) ! l�(p3) + l+(p4) , (2.1)

q(p1) + q̄0(p2) ! l�(p3) + ⌫(p4) . (2.2)

The external particles are considered mass-less and they are on their mass-shell, p21 = p22 =

p23 = p24 = 0. The scattering can be described in terms of the Mandelstam variables

s = (p1 + p2)
2 , t = (p1 � p3)

2 , u = (p1 � p4)
2 , (2.3)

in such a way that, for momentum conservation, we have s+ t+u = 0. The physical region

is defined by

s > 0 , t = �s

2
(1� cos(✓)) , (2.4)

where ✓ is the scattering angle in the partonic center of mass frame, lying in the range

0 < ✓ < ⇡. Therefore, while s > 0, t is always negative and �s < t < 0.

The quantum corrections to the processes (2.1) and (2.2) can be expanded in power

series of the coupling constants. At one loop, the QCD corrections consist on the exchange

of a virtual gluon between the initial-state quarks. The final state is not a↵ected, and at

most mass-less three-point functions have to be evaluated. The EW corrections, instead,

consist on the exchange of photons, Z and W bosons. Moreover, these quanta can be

exchanged between the quarks in the initial state as well as the leptons in the final state,

but they can also be exchanged between a quark in the initial state and a lepton in the

final state. Consequently, in the calculation of the one-loop corrections one has to evaluate

massive box and vertex diagrams. In the process of qq̄ ! l⌫ one has to evaluate diagrams

in which a Z and a W bosons are exchanged simultaneously. In order to reduce the number

of scales present in the calculation, we expand the Z propagators around mW :

1

p2 �m2
Z

=
1

p2 �m2
W ��m2

⇡ 1

p2 �m2
W

+
m2

Z

(p2 �m2
W )2

⇠ + ... (2.5)

where

⇠ =
�m2

m2
Z

=
m2

Z �m2
W

m2
Z

⇠ 1

4
(2.6)
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Figure 2. Feynman integrals relevant to the two-loop QED corrections to Bhabha electron-positron
scattering (left) and the two-loop mixed EW-QCD corrections to Drell-Yan lepton production
(right), which have problematic root-valued leading singularities.

and spurious singularities of individual multiple polylogarithms at pseudo-thresholds of the

Feynman integrals are avoided.

The outline of the article is as follows. In Section 2 we discuss the linear reducibility

of examples which are well-known in the literature to frustrate the standard machinery

of Feynman integral calculus. Specifically, we treat the integral topologies of Figure 2: a

five-line master integral for Bhabba scattering and a six-line master integral for Drell-Yan

production. Linear reducibility is a technical criterion which is of interest here because

linearly reducible Feynman integrals are guaranteed to be integrable in terms of multiple

polylogarithms to all orders in ✏. In Section 3, we define a normal form basis with ✏ d ln

di↵erential equations for the two-loop master integrals for the mixed EW-QCD corrections

to Drell-Yan production with two massive internal lines (see the right panel of Figure 1)

and discuss a partial rationalization of the roots appearing in our integral basis definition.

In Section 4, we show how to integrate the di↵erential equations directly in terms of

multiple polylogarithms even in the presence of root-valued symbol letters. In Section 5,

we review the analytic continuation of multiple polylogarithms and outline our procedure

to filter multiple polylogarithms with undesirable analytic properties out of our ansätze. In

Section 6, we present results for the most complicated two-loop mixed EW-QCD Drell-Yan

master integrals. In particular, we highlight the notable analytic features of our solution

for the six-line integral from the right panel of Figure 2. We conclude in Section 7 and,

for clarity, we give the set of complete ✏ d ln di↵erential equations for the two-loop master

integrals considered in this paper in Appendix A.

2 Linear reducibility for algebraic symbol letters

In this section, we discuss the direct integration of a five-line master integral for the two-loop

QED corrections to massive Bhabha scattering (left panel of Figure 2). This particular

five-line integral is of special interest because its symbol letters are believed to not be

simultaneously rationalizable [23]. It has been known for quite some time that the planar

master integrals for the two-loop QED corrections to Bhabha scattering (see the left panel

of Figure 1) satisfy ✏-decoupled di↵erential equations [17], but, even at leading order in

the ✏ expansion, it is not at all clear that integral (2.1) below may be expressed as a

linear combination of standard multiple polylogarithms [24–26]. In fact, it was suggested

in [27] that elliptic multiple polylogarithms [28] might actually be required for such cases.

It is therefore of some importance to demonstrate that one can actually integrate it to

– 3 –

diagrams with which have problematic 
root-valued leading singularities 
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cancellation of the IR divergences in the real corrections occurs pointwise at the integrand1122

level. From the numerical point of view, this approach is very robust and efficient, since1123

the resulting subtracted integrand is a harmless function, which contains at most integrable1124

singularities in the real emission phase space. On the other hand, as already discussed,1125

the construction of local counterterms is very involved due to the many overlapping sin-1126

gularities occurring at NNLO, which have to be isolated by means of suitable phase-space1127

parametrizations. At the same time, the counterterms should remain simple enough to al-1128

low one to perform their analytical integration over the radiation phase-space and to extract1129

the IR poles in the e regulator.1130

A different approach is possible if one relaxes the requirement to have local counterterms.1131

The key observations here are the following:1132

1. the single unresolved regions can be separated from the double unresolved ones by1133

defining a suitable resolution variable X (non negative), such that for X > 0 at most1134

one parton can become soft and/or collinear, while the double unresolved limit occurs1135

only at X = 0. Furthermore, the resolution variable X is a physical infrared safe1136

observable.1137

Then, the structure of the divergences greatly simplifies: in the region X > 0, there1138

are only NLO-type singularities (that can be handled by standard NLO subtraction1139

algorithms); in the region X = 0, there are the genuine NNLO-type of singularities.1140

2. The cross section ds/dFndX, differential with respect to the Born configuration Fn1141

and the resolution variable X, can be easily computed up to (at least) NNLO in the1142

unresolved region X = 0. By easily, we mean that either it is already available or it1143

is calculable with well established techniques. More in details, we formally split the1144

differential cross section into a regular and a singular part1145

ds

dFndX
=

ds

reg

dFndX
+

ds

sing

dFndX
. (2.6)

The singular part of the X spectrum contains all the contributions that are singular in1146

the X ! 0 limit, i.e. all the contributions which are either proportional to d(X) or1147

that behaves as lnk X/X for vanishing X. This logarithmic structure of the singular1148

contributions is a general result which follows directly from the IR structure of QCD1149

amplitudes [90, 91], the KLN theorem, and the fact that the resolution variable X is1150

a physical infrared safe observable. Since in the unresolved region, the phase-space1151

reduces to the Born one, ds

sing/dFndX can only depend on the lowest-order configu-1152

rations Fn. Hence, it can be written as1153

ds

sing

dFndX
(FN) = H(Fn)d(X) + Â

k�0
Ck(Fn)

"

q(X)
lnk X

X

#

+

(2.7)

in terms of usual plus distributions. In this form, it is manifest the cancellation be-1154

tween real and virtual IR divergences, with the finite remnant of the virtual contri-1155

butions, after the cancellation has taken place, contained in the coefficient H(Fn) of1156

the d(X) term. The coefficient functions appearing in Eq. (2.7) admit a perturbative1157

expansion in the strong coupling constant1158

H = Â
m�0

a

m
s H(m), Ck = Â

m�0
a

m
s C

(m)
k (2.8)
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and Eq. (2.7) can be recast in the form:1159

ds

sing

dFndX
(FN) = Â

m�0
a

m
s

"

H(m)(Fn)d(X) +
2m�1

Â
k=0

C(m)
k (Fn)

"

q(X)
lnk X

X

#

+

#

. (2.9)

At a given order m in the perturbative expansion, real emission processes of up to m1160

extra partons are included in the computation. The maximally IR singular configu-1161

ration corresponds to all the extra partons approaching simultaneously the soft and1162

collinear limits. The degree of the singularity is therefore 2m and this explains the1163

maximum value of the exponent k = 2m � 1 in Eq. (2.9). Indeed, after integrating over1164

the X variable, it produces a logarithmic divergent term raised to the power of 2m,1165

log2m X.1166

Having defined the singular part, the regular is formally defined as the difference1167

ds

reg

dFndX
=

ds

dFndX
� ds

sing

dFndX
. (2.10)

and, by construction it satifies the property1168

lim
X0!0

Z X0

0
dX

ds

reg

dFndX
= 0 (2.11)

What it is actually demanded is the knowledge of just the singular part, i.e. the de-1169

termination of the coefficient functions in Eq. (2.9) up to the desidered perturbative1170

order.1171

In the following, we will detail how it is possible to build a subtraction procedure for the1172

NNLO corrections starting from the above observations. As first step, we split the contribu-1173

tion of the real emission processes in Eq. (2.1) in the two regions X < Xmin and X > Xmin1174

1175

dsNNLO =
Z

dFnVV(Fn) +
Z

dFn+1RV(Fn+1)Q< +
Z

dFn+2RR(Fn+2)Q<

+
Z

dFn+1RV(Fn+1)Q> +
Z

dFn+2RR(Fn+2)Q> ,
(2.12)

where Q< ⌘ Q(Xmin � X) and Q> ⌘ Q(X � Xmin). Xmin plays the role of a small but finite1176

resolution cut-off. The three contributions in the first line of the r.h.s. of Eq. (2.12) live in the1177

unresolved region, so they can be formally re-combined to yeld the total NNLO correction1178

below Xmin1179

Z

dFnVV(Fn) +
Z

dFn+1RV(Fn+1)Q< +
Z

dFn+2RR(Fn+2)Q<

=
Z

dFndX
d(dsNNLO)

dFndX
Q< =

Z

dFndX

"

d(ds

sing
NNLO)

dFndX
+

d(ds

reg
NNLO)

dFndX

#

Q<

=
Z

dFndX
d(ds

sing
NNLO)

dFndX
Q< + O(Xl

min) .

(2.13)

In the above, we have used the decomposition into singular and regular part, Eq. (2.6), and1180

in the last step we have neglected the integral of the regular contribution, as it vanishes in the1181

Xmin ! 0 limit according to Eq. (2.11). Therefore, the error associated to this approximation1182

is power suppressed, modulo logarithmic enhancements, in the resolution cut-off Xmin.1183
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is obtained as the convolution of partonic cross sections and the customary scale-dependent1303

parton distributions fa/h(x, µ

2
F), being a = q f , q̄ f , g the parton label of the colliding hadrons.1304

As it is customary in QCD calculation, it is assumed that the parton densities are defined in1305

the MS factorization scheme and the strong coupling as(q2) corresponds to the QCD run-1306

ning coupling in the MS renormalization scheme.1307

We then decompose the fully differential cross section into a regular and a singular part1308

as in Eq. (2.6). In particular, we recall that the partonic cross section entering the singular1309

component contains all the contributions that are enhanced at small qT, i.e. either contri-1310

bution proportional to d

(2)(qT) or to large logarithms of the type 1/q2
T lnk M2/q2

T. Within1311

the transverse-momentum resummation formalism, only the singular component is consid-1312

ered, which represents what is needed to develope the subtraction scheme. The main result1313

is encoded in the resummation formula which predicts a universal structure for the singular1314

component in all-order perturbation theory. It explicitly reads [99, 108]1315

ds

sing
F

d2qTdM2dydW
(P1, P2; qT, M, y, W) =

M2

S Â
c=q,q̄,g

dŝ

(0)
cc̄,F

dM2dW
(P1, P2; M, W)

⇥
Z d2b

(2p)2 eib·qT Sc(M, b) Â
a1,a2

Z 1

x1

dz1

z1

Z 1

x2

dz2

z2
[HFC1C2]cc̄;a1,a2 fa1/h1(x1, b2

0/b2) fa2/h2(x2, b2
0/b2) ,

(2.25)

where b0 = 2e�gE , (gE = 0.5772 . . . is the Euler constant) is a numerical coefficient, S =1316

2P1 · P2 is the energy in the hadronic system, and the kinematical variables x1 and x2 are1317

x1 =
Mp

S
ey, x2 =

Mp
S

e�y . (2.26)

We highlight the main features of the resummation formula in Eq. (2.25):1318

• it factorizes the lowest order partonic cross section dŝ

(0)
cc̄,F, which introduce a trivial1319

process dependence due to the Born scattering amplitude of the partonic process cc̄ !1320

F;1321

• it involves the Fourier transformation with respect to the impact parameter b, which1322

represents the Fourier conjugate variable of the transverse momentum qT. Therefore,1323

the region qT/M ⌧ 1 corresponds to Mb � 1;1324

• the function Sc(M, b), which depends only on the type (c = q or c = g) of colliding1325

partons, is the Sudakov form factor whose all-order expression is [99]1326

Sc(M, b) = exp

(

�
Z M2

b2
0/b2

dq2

q2



Ac(as(q2)) ln
M2

q2 + Bc(as(q2))

�

)

. (2.27)

in terms of the perturbative functions1327

Ac(as) =
•

Â
n=1

⇣

as

p

⌘n
A(n)

c , Bc(as) =
•

Â
n=1

⇣

as

p

⌘n
B(n)

c . (2.28)

As stated in Eq. (2.27), it is responsible for the resummation of the large logarithmically-1328

enhanced contribtions.1329

• the parton densities are evaluated at the scale of b2
0/b2 which depends on the impact1330

parameter;1331

qT subtraction in a nutshell

• let X be a physical infrared safe variable that can separate the leading 
singularities from the rest

• the singular part can be expanded in powers of the strong coupling

• considering as X the transverse momentum of a colourless system produced 
in hadron collisions (qT), the coefficient functions can be obtained by 
comparing the fixed order with the expansion of the resummation formula:
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• Recent progress for NNLO subtraction schemes for all proposed solutions! 

• Here we consider the qT subtraction formalism [Catani, Grazzini 2007] 

• In the original formulation, the final state F of the Born process had to be a colourless 
system 

• All genuine NNLO singularities manifest themselves in the limit of vanishing transverse 
momentum of the Born final state system (qT) 

• Recently, the method has been successfully extended to treat radiation from the final state 
in case of massive particles as top pair production in hadron collisions                    

                                                         [Catani, Devoto, Grazzini, Kallweit, Mazzitelli 2019] 

• The method developed for NNLO QCD corrections contains all the ingredients to address 
mixed QCD-EW corrections to the Drell-Yan process 

✦ indeed, it contains much more and the downgrade is not as trivial as it might appear

qT subtraction

dσ(N )NLO = ℋF
(N )NLO ⊗ dσLO + [dσF+jet

(N )LO − dσCT]

16
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• the counter term is non local by construction 

• At NLO: initial state

Method

dσCT = dσL0 ⊗ ΣF ( qT

M ) d2qT

soft-collinear, proportional to the color charges

In Mellin space:

soft collinear

convolution with AP kernels

qT

M
> rcut

17
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• the counter term is non local by construction 

• At NLO: final state

Method

dσCT = dσL0 ⊗ ΣF ( qT

M ) d2qT

New contributions to the single pole part with non-trivial color structure

qT

M
> rcut

18
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Method: power corrections

• Real emission cross section and the counter term are integrated separately, 
giving rise to logs in rcut 

• Large global cancellation between logs (may affect numerical stability) 

• The slicing is exact in the zero rcut limit. For finite rcut, it introduces spurious 
power suppressed terms   

• Let’s have a closer look at the counter term: 

➡ Counter term develops quadratic dependence on rcut  (valid also at NNLO!)

Figure 1: Dependence of the NLO EW corrections to the fiducial pp ! Z⇤/�⇤ ! l+l� cross
sections in the dominant qq diagonal channel (left panel) and in the q�-o↵ diagonal channel (right
panel) at 14TeV on r

cut

. The NLO result is normalized to the r
cut

-independent cross section
computed with the Catani-Seymour subtraction. The lepton mass is fixed to ml = 10GeV. The
fiducial cuts in eq. (14) are applied.

distinct linear behavior in the dominant qq̄-annihilation channel emerges, in agreement with what

has already been observed for the case of the tt̄ cross section [24], which can be clearly interpreted

as a genuine new e↵ect due to the emission of radiation o↵ the massive final state.

4 Power corrections

In the following we analytically study the behavior of NLO cross sections computed with qT
subtraction in the r

cut

! 0 limit. We are interested in determining the structure of the leading

power correction to the inclusive cross section, and to identify the origin of the linear behavior

observed in Sec. 3.

We recall that when applying the qT subtraction formula the second term on the right hand

side of Eq. (9) is computed by introducing a lower limit r
cut

on the qT/M ratio. With such a

cuto↵ we can treat separately the real contribution d�̂l+l�+�
LO and the counterterm d�̂l+l�, CT

NLO . We

start our discussion from the contribution of the counterterm. From Eq. (2) we have

d�̂CT
ab (r

cut

) =
X

c=q,q̄,�

Z 1

r
cut

2rdr
↵
S

⇡
⌃(1)

cc̄ ab ⌦ d�̂l+l�

LO cc̄ (15)

The NLO coe�cient ⌃(1)

cc̄ ab depends on r = qT/M only through the functions Ĩi(r). Therefore we

have
d�̂CT

ab (r
cut

)

dr
cut

= �2r
cut

↵
S

⇡

⇣
⌃(1,2)

cc̄ abĨ2(rcut) + ⌃(1,1)
cc̄ abĨ1(rcut)

⌘
⌦ d�̂t¯t

LO cc̄ . (16)
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In the small r limit the integrals Ĩ
1

(r) and Ĩ
2

(r) read

Ĩ
1

(r) = � 1

r2
+

b2
0

4
(1� 2 ln r) +O(r2), (18)

Ĩ
2

(r) =
4 ln r

r2
+

b2
0

2

�
�1 + 2 ln2 r
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Ĩ
1

(r) = � 1

r2
+

b2
0

4
(1� 2 ln r) +O(r2), (18)

Ĩ
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Overview

~

We focus on pure QED case (laboratory process): 

• IS, FS and their interference are gauge invariant subsets and can be 
treated separately

20
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Questions

21

1. set up the framework for initial state mixed corrections  

2. Understand how the method performs with very small 
masses like muon mass 

3. in view of the challenging integration, could be helpful to 
keep under control the cut dependence
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We start our exploration considering 
hadroproduction of a Z boson 

decaying to neutrinos

22

1. set up the framework for initial state mixed corrections  

2. Understand how the method performs with very small 
masses like muon mass 

3. in view of the challenging integration, could be helpful to 
keep under control the cut dependence

Questions
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EW qT-subtraction:  abelianisation procedure 

• full EW for the virtual part and only photons in the real emission 

• There is no need to compute it from scratch. Recycle QCD computation 

• Exploit well established abelianisation procedure  
                                                                    [de Florian, Sborlini, Rodrigo 2016] 

• FSR soft radiation: 

                                                                      

the subtraction sees only the QED part

Cross-checks: it reproduces the analytical structure in the eikonal limit

trivial color structure

23
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EW qT-subtraction:  abelianisation at NLO (ISR)

1
N2

C
Tr[TaTa] = CF

NC

1
N2

C
NCe2

f =
e2

f

NC

1
NC

1
N2

C − 1 Tr[TaTa] = TR

NC

1
NC

NCe2
f = e2

f

Z /γ* Z /γ*

Z /γ*Z /γ*

24



/49

Altarelli-Parisi splitting kernel and hard collinear functions for NLO EW 

•  splitting:     

•  splitting:    

P(1,0)
qq → P(0,1)

qq =
e2

f

CF
P(1,0)

qq C(1,0)
qq → C(0,1)

qq =
e2

f

CF
C(1,0)

qq

P(1,0)
qg → P(0,1)

qγ =
e2

f NC

TR
P(1,0)

qg
C(1,0)

qg → C(0,1)
qγ =

e2
f NC

TR
C(1,0)

qg

Later we will also need the  splitting (for the corrections to the  Born):

P(1,0)
gq → P(0,1)

γq =
e2

f

CF
P(1,0)

gq

C(1,0)
gq → C(0,1)

γq =
e2

f

CF
C(1,0)

gq

•  splitting: 

l+

l−

EW qT-subtraction:  abelianisation at NLO (ISR)

25
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FIGURE 3.5: Mixed correction as a function of rcut in all the partonic channel
defined in the main text in proton-proton collisions at 14 TeV. The result is
normalised to the rcut-independent cross section given by the “analytic” com-

putation of Ref. [13].
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3.2.1 Dependence on rcut1931

As discussed in the previous chapter, the qT subtraction formula is affected by power cor-1932

rections in the rcut regulator modulo logarithmic enhancements. We study the stability of1933

the prediction for the total cross section by varying rcut in the nominal range [0.01, 1]% for1934

all the partonic channels but the diagonal quark-anti quark channel for which we restrict1935

the exploration range to the interval [0.1, 1]% where we have a good numerical control. In1936

Fig. 3.5, we plot the mixed correction D(1,1) for all the partonic channels as a function of1937

rcut normalised to the rcut-independent result given by the the “analytic” computation of1938

Ref. [13]. The behavior is nicely flat in all the partonic channels and it motivates our choice1939

of the cut-off, rcut = 0.8%. This result is consistent with what expected from the rcut analysis1940

on the color-singlet production in pure QCD, where the dependence on rcut is known to be1941

quadratic [38, 55].1942

3.2.2 Differential distributions1943

We conclude this chapter showing results for the relevant kinematical distributions, the ra-1944

pidity yZ and the transverse momentum pT,Z of the Z boson. This analysis is meant to be1945

a technical study more than a phenomelocical one. For this reason, we just focus on the1946

behavior of the reference central value scale µF = µR = MZ without performing a com-1947

plete analysis including scale variations and we do not push the computation further in the1948

direction to include also the decay of the Z boson into a lepton pair, that can be treated1949

consistently in the narrow-width approximation. For an on-shell Z, such computation has1950

already been performed in Ref. [17], providing a detailed phenomelogical study for physical1951

fiducial cross sections.1952

In that work, results on the inclusive cross sections are also given. This allows us to1953

performe a tuned comparison which provides us a completely independent validation of1954

our computation. The setup is very similar to the one in the previous section apart for1955

the hadronic center-of-mass energy: collider energy
p

s = 13 TeV, mass of the Z boson1956

MZ = 91.1876, effective electromagnetic coupling at LO a = 0.0075563839074311188 ⇠1957

1/132.3, electromagnetic coupling associated to the radiative corrections a(MZ) ⇠ 1/128 =1958

0.0078125, strong coupling constant as(MZ) = 0.11800, NNPDF31_nnlo_as_0118_luxqed1959

with five active flavours.1960

Following Ref. [17], we introduce the relative corrections1961

D(i,j)
r =

D(i,j)

sre f
(3.53)

with respect to the reference cross section given by the NLO QCD cross section1962

sre f = s

(0,0) + s

(1,0). (3.54)

We obtain the following results for the NLO QED, the NNLO QCD and the mixed QCD-1963

QED corrections1964

D(0,1)
r = (3.228± 0.004)⇥ 10�3, D(0,1)

r = (6.34± 0.14)⇥ 10�2, D(1,1)
r = (3.0± 0.1)⇥ 10�4 ,

(3.55)
which are in very good agreement with the results in Eq.(3.1) of Ref [17]. In particular, the1965

order O(a) and O(asa) results represent a check of our new computation, while the NNLO1966

QCD is given by the well-established code in Ref. [7].1967

In Fig. 3.6, we look at the behavior of the relative corrections D(0,1)
r and D(1,1)

r with the1968

rapidity (left panel) and with the transverse momentum (right panel) of the Z boson, which1969

76 Chapter 3. Mixed QCD-QED corrections to on-shell Z production

3.2.1 Dependence on rcut1931

As discussed in the previous chapter, the qT subtraction formula is affected by power cor-1932

rections in the rcut regulator modulo logarithmic enhancements. We study the stability of1933

the prediction for the total cross section by varying rcut in the nominal range [0.01, 1]% for1934

all the partonic channels but the diagonal quark-anti quark channel for which we restrict1935

the exploration range to the interval [0.1, 1]% where we have a good numerical control. In1936

Fig. 3.5, we plot the mixed correction D(1,1) for all the partonic channels as a function of1937

rcut normalised to the rcut-independent result given by the the “analytic” computation of1938

Ref. [13]. The behavior is nicely flat in all the partonic channels and it motivates our choice1939

of the cut-off, rcut = 0.8%. This result is consistent with what expected from the rcut analysis1940

on the color-singlet production in pure QCD, where the dependence on rcut is known to be1941

quadratic [38, 55].1942

3.2.2 Differential distributions1943

We conclude this chapter showing results for the relevant kinematical distributions, the ra-1944

pidity yZ and the transverse momentum pT,Z of the Z boson. This analysis is meant to be1945

a technical study more than a phenomelocical one. For this reason, we just focus on the1946

behavior of the reference central value scale µF = µR = MZ without performing a com-1947

plete analysis including scale variations and we do not push the computation further in the1948

direction to include also the decay of the Z boson into a lepton pair, that can be treated1949

consistently in the narrow-width approximation. For an on-shell Z, such computation has1950

already been performed in Ref. [17], providing a detailed phenomelogical study for physical1951

fiducial cross sections.1952

In that work, results on the inclusive cross sections are also given. This allows us to1953

performe a tuned comparison which provides us a completely independent validation of1954

our computation. The setup is very similar to the one in the previous section apart for1955

the hadronic center-of-mass energy: collider energy
p

s = 13 TeV, mass of the Z boson1956

MZ = 91.1876, effective electromagnetic coupling at LO a = 0.0075563839074311188 ⇠1957

1/132.3, electromagnetic coupling associated to the radiative corrections a(MZ) ⇠ 1/128 =1958

0.0078125, strong coupling constant as(MZ) = 0.11800, NNPDF31_nnlo_as_0118_luxqed1959

with five active flavours.1960

Following Ref. [17], we introduce the relative corrections1961

D(i,j)
r =

D(i,j)

sre f
(3.53)

with respect to the reference cross section given by the NLO QCD cross section1962

sre f = s

(0,0) + s

(1,0). (3.54)

We obtain the following results for the NLO QED, the NNLO QCD and the mixed QCD-1963

QED corrections1964

D(0,1)
r = (3.228± 0.004)⇥ 10�3, D(0,1)

r = (6.34± 0.14)⇥ 10�2, D(1,1)
r = (3.0± 0.1)⇥ 10�4 ,

(3.55)
which are in very good agreement with the results in Eq.(3.1) of Ref [17]. In particular, the1965

order O(a) and O(asa) results represent a check of our new computation, while the NNLO1966

QCD is given by the well-established code in Ref. [7].1967

In Fig. 3.6, we look at the behavior of the relative corrections D(0,1)
r and D(1,1)

r with the1968

rapidity (left panel) and with the transverse momentum (right panel) of the Z boson, which1969

76 Chapter 3. Mixed QCD-QED corrections to on-shell Z production

3.2.1 Dependence on rcut1931

As discussed in the previous chapter, the qT subtraction formula is affected by power cor-1932

rections in the rcut regulator modulo logarithmic enhancements. We study the stability of1933

the prediction for the total cross section by varying rcut in the nominal range [0.01, 1]% for1934

all the partonic channels but the diagonal quark-anti quark channel for which we restrict1935

the exploration range to the interval [0.1, 1]% where we have a good numerical control. In1936

Fig. 3.5, we plot the mixed correction D(1,1) for all the partonic channels as a function of1937

rcut normalised to the rcut-independent result given by the the “analytic” computation of1938

Ref. [13]. The behavior is nicely flat in all the partonic channels and it motivates our choice1939

of the cut-off, rcut = 0.8%. This result is consistent with what expected from the rcut analysis1940

on the color-singlet production in pure QCD, where the dependence on rcut is known to be1941

quadratic [38, 55].1942

3.2.2 Differential distributions1943

We conclude this chapter showing results for the relevant kinematical distributions, the ra-1944

pidity yZ and the transverse momentum pT,Z of the Z boson. This analysis is meant to be1945

a technical study more than a phenomelocical one. For this reason, we just focus on the1946

behavior of the reference central value scale µF = µR = MZ without performing a com-1947

plete analysis including scale variations and we do not push the computation further in the1948

direction to include also the decay of the Z boson into a lepton pair, that can be treated1949

consistently in the narrow-width approximation. For an on-shell Z, such computation has1950

already been performed in Ref. [17], providing a detailed phenomelogical study for physical1951

fiducial cross sections.1952

In that work, results on the inclusive cross sections are also given. This allows us to1953

performe a tuned comparison which provides us a completely independent validation of1954

our computation. The setup is very similar to the one in the previous section apart for1955

the hadronic center-of-mass energy: collider energy
p

s = 13 TeV, mass of the Z boson1956

MZ = 91.1876, effective electromagnetic coupling at LO a = 0.0075563839074311188 ⇠1957

1/132.3, electromagnetic coupling associated to the radiative corrections a(MZ) ⇠ 1/128 =1958

0.0078125, strong coupling constant as(MZ) = 0.11800, NNPDF31_nnlo_as_0118_luxqed1959

with five active flavours.1960

Following Ref. [17], we introduce the relative corrections1961

D(i,j)
r =

D(i,j)

sre f
(3.53)

with respect to the reference cross section given by the NLO QCD cross section1962

sre f = s

(0,0) + s

(1,0). (3.54)

We obtain the following results for the NLO QED, the NNLO QCD and the mixed QCD-1963

QED corrections1964

D(0,1)
r = (3.228± 0.004)⇥ 10�3, D(0,1)

r = (6.34± 0.14)⇥ 10�2, D(1,1)
r = (3.0± 0.1)⇥ 10�4 ,

(3.55)
which are in very good agreement with the results in Eq.(3.1) of Ref [17]. In particular, the1965

order O(a) and O(asa) results represent a check of our new computation, while the NNLO1966

QCD is given by the well-established code in Ref. [7].1967

In Fig. 3.6, we look at the behavior of the relative corrections D(0,1)
r and D(1,1)

r with the1968

rapidity (left panel) and with the transverse momentum (right panel) of the Z boson, which1969

in good agreement with [Delto, Jaquier, Melnikov, Röntsch 2019]

first index for QCD, second for QED

QCDxQED corrections for pp → Z(νν)
with qT-subtraction
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FIGURE 3.6: Rapidity yZ (left panel) and transverse momentum pT,Z (right
panel) of the Z boson produced in proton-proton collisions at

p
S = 13 TeV.

In the upper panels, we plot the NLO QCD cross section, in the lower panels,
the relative corrections O(a), O(a2

s ) and O(asa) as defined in Eq. (3.53).

are the relevant kinematical distributions that can be studied for this 2-to-1 reaction. We1970

recall that at LO, the pT distribution reduces to a delta function at pT = 0, while a non1971

trivial pT spectrum starts to appear when the NLO correction is included. This means that1972

the accuracy of the pT distribution is one order less than the accuracy of the computation,1973

(N)LO for a (N)NLO computation, while the rapidity contains genuine (N)NLO effects.1974

Looking at the rapidity distribution, we observe that both corrections have a flat behav-1975

ior, as it is usually expected, and give us the information about their relative importance.1976

Both corrections are positive with the mixed correction, as already seen in Eq. (3.54), smaller1977

by a factor of 10 than the NLO QED as expected by the naive power counting of the cou-1978

plings. As pinted out in Ref. [17], the relative importance of the mixed correction is rather1979

sensitive to the input parameters as at this energies, of relevance for the LHC physics, a large1980

cancellation occurs between the qq̄ and the Qg channels, as shown in Fig. 3.7.1981

As for the pT spectrum, we observe a rather flat behavior of the K-factor at moderate1982

and large pT, where the fix-order prediction is reliable. Going towards small pT, one starts1983

to observe the logarithmic divergence of the two contributions, especially for the mixed cor-1984

rection due to the higher logarithmic powers. Indeed, lowering the pT, the mixed correction1985

turns negative as expected from a NNLO correction.1986
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FIGURE 3.7: Impact of the dominant qq̄ and Qg channels for the relative
mixed correction as a function of the rapidity yZ (left panel) and of the trans-
verse momentum pT,Z (right panel) of the Z boson produced in proton-proton

collisions at
p

S = 13 TeV.
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D(1,1)
qq̄ [pb] D(1,1)

Qg [pb] D(1,1)
Qg

[pb] D(1,1)
gg

[pb] D(1,1)
qq+q̄q̄ [pb]

analytic 57.46 ± 0.02 �39.5 ± 0.2 �1.576 ± 0.009 0.6496 ± 0.0016 0.594 ± 0.001
qT subtraction 56.9 ± 0.6 �39.8 ± 0.5 �1.575 ± 0.013 0.646 ± 0.008 0.594 ± 0.003

TABLE 3.1: Mixed QCD-QED correction to on-shell Z boson production in
proton-proton collisions at

p
S = 14 TeV, split into the different partonic chan-

nels. We compare our results obtained with the numerical implementation of
the qT subtraction method with the “analytic” computation of Ref. [13]

2 TeV 14 TeV
D(1,1)

qq̄ [pb] 6.66 ± 0.06 57.46 ± 0.02 349 ± 3 analytic
D(1,1)

qq̄ [pb] 6.59 ± 0.12 56.9 ± 0.6 348 ± 7 qT subtraction

TABLE 3.2: Mixed QCD-QED correction to on-shell Z boson production in
the diagonal quark-anti quark channel in proton-proton collisions at different
collider energies. We compare our results obtained with the numerical imple-
mentation of the qT subtraction method with the “analytic” computation of

Ref. [13]

In the following we use the notation D(1,1) to denote the mixed correction. We decompose1906

this contribution according to the initial partonic channels:1907

D(1,1) = D(1,1)
qq̄ + D(1,1)

Qg + D(1,1)
Qḡ

+ D(1,1)
gḡ

+ D(1,1)
qq+q̄q̄ (3.52)

where Q stands for all quarks and anti quarks. The last channel corresponds to the contri-1908

bution due to identical quark-quark and anti quark-anti quark interactions. We consider the1909

following setup: collider energy
p

s = 14 TeV, mass of the Z boson MZ = 91.1876, effective1910

electromagnetic coupling at LO a = 0.00754757036825847 ⇠ 1/132.5, electromagnetic cou-1911

pling associated to the radiative corrections a(MZ) ⇠ 1/128 = 0.0078125, strong coupling1912

constant as(MZ) = 0.11800. We use NNPDF31_nnlo_as_0118_luxqed [74] pdf set which in-1913

cludes the LUX_QED [117, 118] photon pdf, and we consider the contribution of all the quarks1914

but the quark top. We set the renormalization scale and the factorization scale equal to each1915

other, with their common value being the mass of Z boson µF = µR = MZ.1916

In Tab. 3.1, we report the comparison between the results obtained with the analytic1917

computation of Ref [13] and with the qT subtraction formula, obtained at the fixed value1918

of the cut-off rcut = 0.8%, as motivated in the next section. We see that we get a good1919

agreement, within 1s with a precision of 1 � 2%.1920

The hard-virtual coefficient HF (1,1)
c,DY appears only in the corrections to the diagonal chan-1921

nel D(1,1)
qq̄ . We have found that the numerical impact of the hard-collinear coefficient in this1922

channel, which contains the contribution proportional to d(qT) and hence also the HF (1,1)
c,DY1923

term, is very small, being of the order of the numerical error of the entire correction. To have1924

a more stringent test of this contribution, we have consider two more points at well sepa-1925

rated collider energies,
p

s = 2 TeV and
p

s = 100 TeV. The results are shown in Tab. 3.2.1926

We got a good agreement even though we find that the contribution of the hard-collinear1927

component is very small also in those cases. Given the stability of the result to this large1928

variation in the collider energy, we can reasonably conclude that the implemention has been1929

tested with positive results and it is very unlikely that some of the terms are wrong.1930

[de Florian, Der, Fabre 2018] 

QCDxQED corrections for pp → Z(νν)
with qT-subtraction
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NLO EW correction to Z/W boson 
decaying to massive leptons

28

1. set up the framework for initial state mixed corrections  

2. Understand how the method performs with very small 
masses like muon mass 

3. in view of the challenging integration, could be helpful to 
keep under control the cut dependence

Questions
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Tools 

• Z/WGRAD, NLO EW to CC and NC DY 

• SANC, NLO EW to CC and NC DY 

• WINHAC, NLO EW + multiple photon to CC DY 

• HORACE, NLO EW + matched multiple photon emission to CC and NC DY 

• RADY, NLO EW + MSSM to NC DY 

• POWHEG, factorised QCDxEW matched to parton shower   

not meant 
to be 

exhaustive!

29

EW corrections to the Drell-Yan process
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Inhouse implementation  

Framework: dynnlo fortran code 

Matrix elements:  
• all tree-level amplitudes computed using helicity amplitudes (FORM)  
• EW on loop amplitude generated with GoSam and Recola for cross check 

Subtraction scheme:  
• qT subtraction, abelianised version of the heavy quark case 
• Catani-Seymour for cross check 

EW renormalization scheme: complex mass + Gmu-scheme 

Work in progress: port into MATRIX (in collaboration with S. Kallweit)

30

EW corrections to the Drell-Yan process
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Benchmark setup similar to [Dittmaier, Huber 2010]: 
Physical Parameters (Gµ-scheme): 

• GF = 1.16637 x10-5 GeV-2 α0 = 1/137.03599911   
• MW = 80.403 GeV  MZ = 91.1876 GeV  
• ΓW = 2.141 GeV  ΓZ = 2.4952 GeV 
• ml = mµ =105.658369 MeV        MH = 115 GeV 

Fiducial cuts: 
• Mll  >  50 GeV  pT,l  >  25 GeV  | yl |  <  2.5 
• no lepton-photon recombination 

31

NLO EW: physical case with muons
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100 Chapter 4. NLO EW and power Suppressed terms

FIGURE 4.7: NLO EW correction to the charged-current Drell-Yan process as a
function of rcut in the dominant qq diagonal channel (left panel) and in the off-
diagonal q(q̄)g channel (right panel) at 14 TeV. The NLO result is normalised
to the rcut-independent cross section computed with SANC. The lepton mass
is fixed to the muon mass, ml = m

µ

= 105.658369 MeV. The fiducial cuts in
Eq. (4.41) are applied.
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FIGURE 4.5: Comparison of the NLO EW corrections.....

NLO EW: differential distributions

✤ efficiency of the method strongly depends on the usage of Monte Carlo techniques 

➡ importance sampling and multi channel integration
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Let’s consider specifically 
hadroproduction of a Z boson 
decaying to charged leptons

33

1. set up the framework for initial state mixed corrections  

2. Understand how the method performs with very small 
masses like muon mass 

3. in view of the challenging integration, could be helpful to 
keep under control the cut dependence

Questions
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Benchmark setup similar to [Dittmaier, Huber 2010]: 
Physical Parameters (Gµ-scheme): 

• GF = 1.16637 x10-5 GeV-2 α0 = 1/137.03599911   
• MW = 80.403 GeV  MZ = 91.1876 GeV  
• ΓW = 2.141 GeV  ΓZ  = 2.4952 GeV 
• ml = 10 GeV                             MH = 115 GeV 

Fiducial cuts: 
•  Mll  >  50 GeV  pT,l  >  25 GeV  | yl |  <  2.5 
• no lepton-photon recombination 

* uncertainty dominated by the real-ct contribution and extrapolation at rcut =0 

*

34

NLO EW: case for regulator study



/49

 diagonal channel  off-diagonal channel

The qT prediction has been obtained with a linear extrapolation.  

Remark: Sizeable -dependence also in the  channel.  
Symmetric cuts on the pT of the leptons worsen the  dependence already for 
color singlet production (no final state radiation)  
[Grazzini, Kallweit, Wiesemann 2018] 

35

NLO EW: case for regulator study
Dependence of the NLO corrections on the rcut regulator for the fiducial 
cross section   
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Dependence of the NLO corrections on the rcut regulator for the inclusive 
cross section   

• Flat dependence in the qγ off-diagonal channel, as it occurs in color singlet 
[Grazzini, Kallweit, Wiesemann 2018]  

• Distinct linear behavior in the qq diagonal channel as in heavy quark 
production, genuine effect of the emission off massive final state  

 diagonal channel  off-diagonal channel

36

NLO EW: case for regulator study
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4.2. NLO EW for Drell-Yan lepton hadroproduction 97
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FIGURE 4.3: NLO EW correction to the neutral-current Drell-Yan process as a
function of rcut in the dominant qq diagonal channel (left panel) and in the off-
diagonal q(q̄)g channel (right panel) at 14 TeV. The NLO result is normalised
to the rcut-independent cross section computed with SANC. The lepton mass
is fixed to the muon mass, ml = m

µ

= 105.658369 MeV. The fiducial cuts in
Eq. (4.38) are applied.

our result with the one obtained with SANC. The agreement on the NLO correction, which2558

in turn amounts to a 4% effect compared to the LO, is pretty good, at the per mille level. In2559

Fig. 4.3, we show the rcut-dependence of the NLO correction to the fiducial cross section,2560

normalized to SANC. The behavior of both Dsqq̄ and Dsqg

are consistent to what has been2561

observed for the case of the heavy lepton, Fig. 4.1. This nicely demonstrates that, apart2562

from the numerical issues discussed in the previous section, the use of the qT-subtraction2563

formalism is not restricted to heavy fermions.

qT + GoSam SANC

Dsqq + Dsqg

(pb) �29.95 ± 0.04 �29.99 ± 0.02

TABLE 4.2: Tuned comparison for NLO EW corrections to the Drell-Yan pro-
cess with ml = m

µ

= 105.658369 MeV with the SANC generator. The qT result
is the limiting value for rcut ! 0 obtained with a linear fit for the NLO correc-
tion in the diagonal qq̄-annihilation channel, and it is the value at rcut = 0.01%

for the off-diagonal q(q̄)g channel.
2564

According to Fig. 4.3, the residual power corrections in rcut can be safetely neglected2565

for rcut . 0.1%. Setting rcut = 0.1%, we have computed a collection of phenomenolog-2566

ical relevant kinematical distributions: the dilepton invariant mass, the lepton transverse2567

momentum and rapidity, the dilepton transverse momentum and rapidity. In Figs.4.4-4.6,2568

we report the comparison with SANC. We see that, for all the observables considered, the2569

agreement is within few per mille, which is appropriate for phenomenology.2570

Charged-current2571

In this section, we show results for the charge-current Drell-Yan process pp ! µ

+
n

µ

. The2572

setup is similar to the neutral-current case of the previous section apart for the fiducial cuts.2573

We use the same selection cuts as in Ref.[167]:2574

pT,µ+ > 25 GeV pT,n
µ

> 25 GeV |y+
µ

| < 1.2 . (4.41)

NLO EW: physical case, comparison with SANC

37
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•                     at tree level simple enough to study rcut dependence  

• phase space parametrisation

Analytic computation of Power Corrections

qq̄ ! l+l��
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R1

R2

R3 = l+

l-

cms frame for leptons

γ

• qT appears explicitly among the integration variables.                    
It allows a simplified treatment of the cut in the integration.  

�
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38



/49

•                     at tree level simple enough to study rcut dependence  

• phase space parametrisation

qq̄ ! l+l��
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qT

M
> rcut

Analytic computation of Power Corrections
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•  First, integrate over angular variables exploiting known results
[W. Beenakker, H. Kuijf, W. L. van Neerven, PRD1989] 

• coefficient functions Ki regular at z=1 

• to get an expansion in rcut we treat the singular factors as distributions

Analytic computation of Power Corrections

40

di↵erential cross reads

d2�
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=

1

32s2
1

(2⇡)4
1p

(1� z)2 � 4zq2T/M
2

r
1� 4m2

M2

Z
d⌦|M|2. (23)

and the angular integral is defined in the centre-of-mass frame of the final-state leptons. By

integrating Eq. (23) over q2T and Q2 and keeping into account the phase space constraints we

obtain
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dr2
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= � 1
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alternative form:
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1
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1
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where

z
min

=
4m2

s
z
max

= 1� 2r
cut

p
1 + r2

cut

+ 2r2
cut

(26)

The matrix element squared |M|2 can be divided into three separate gauge invariant contributions:

final state radiation, initial state radiation and interference, and we discuss them in turn.

4.1 Final-state radiation

The integration of the matrix element squared corresponding to final state radiation over the

angular variables can be carried out along the lines of Ref. [43]. After partial fractioning, the

required angular integrals have the form

I(k,l) =

Z ⇡
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1
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where the coe�cients a, b, A,B,C are functions of the invariants s,Q2, u, t. The ensuing contri-

bution to d�/dr2
cut

can be expressed in the following form
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in terms of two coe�cient functions, K
1

and K
2

, which are regular at z = 1 (soft limit) and do

not depend on the cut-o↵ parameter r
cut

:
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In the small-r
cut

limit the integral in equation (28) can be computed by using the expansions
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and we obtain for the r
cut

dependence
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where � =
q
1� 4m2

s
and

�
0

(s) =
2⇡

9s
↵2e2q�(3� �2) (33)

is the Born cross section.

Eq. (32) shows that the final-state contribution to the NLO cross section, integrated down

to r
cut

, contains the expected single logarithmic term in r
cut

, which is due to soft emission and

will be cancelled by the subtraction counterterm (more precisely, by the term in the second line

in Eq. (5)). The leading power correction is linear in r
cut

and it is responsible for the behavior

observed in Fig. 1.

4.2 Initial-state radiation

The integration of the matrix element squared corresponding to initial-state radiation over the

angular variables is straightforward and we obtain
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FS  

Remark: up to the considered order, no dependence on the lower limit  

IS 

contribution to linear NLP

We expand all the relevant distributions 

r2cut
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Expansions
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In the small-r
cut

limit the integral in equation (28) can be computed by using the expansions
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dependence
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where � =
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1� 4m2

s
and

�
0

(s) =
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↵2e2q�(3� �2) (33)

is the Born cross section.

Eq. (32) shows that the final-state contribution to the NLO cross section, integrated down

to r
cut

, contains the expected single logarithmic term in r
cut

, which is due to soft emission and

will be cancelled by the subtraction counterterm (more precisely, by the term in the second line

in Eq. (5)). The leading power correction is linear in r
cut

and it is responsible for the behavior

observed in Fig. 1.

4.2 Initial-state radiation

The integration of the matrix element squared corresponding to initial-state radiation over the

angular variables is straightforward and we obtain
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In the small-r
cut

limit the integral in equation (28) can be computed by using the expansions
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and we obtain for the r
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dependence
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where � =
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1� 4m2

s
and

�
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↵2e2q�(3� �2) (33)

is the Born cross section.

Eq. (32) shows that the final-state contribution to the NLO cross section, integrated down

to r
cut

, contains the expected single logarithmic term in r
cut

, which is due to soft emission and

will be cancelled by the subtraction counterterm (more precisely, by the term in the second line

in Eq. (5)). The leading power correction is linear in r
cut

and it is responsible for the behavior

observed in Fig. 1.

4.2 Initial-state radiation

The integration of the matrix element squared corresponding to initial-state radiation over the

angular variables is straightforward and we obtain
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where the coe�cient functions K
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and K
4

now read
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The coe�cient function K
3

(z;m2/s) controls the most singular term, and is proportional to the

Altarelli-Parisi splitting function. In order to evaluate the integral in Eq. (34) we have to expand

the distribution
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in the small r
cut

limit. Since we know that linear terms in r
cut

are absent, we have to expand up

to O(r2
cut

). Such expansion is tricky, because the functions K
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(z;m2/s) and K
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square root which vanishes at z = z
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. This leads to spurious singularities when the distributions
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The integral from z
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to a can be safely computed by expanding in r
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z
max

can be computed by using the expansion
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where we have defined the distributions �(n)(z� b),
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, D(1)(z, a) and D(2)(z, a) through their

action on a test function f(z) as
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= T (0,1)(z, a) ln r2cut + T (0,0)(z, a)

+ T (2,1)(z, a)r2cut ln r
2
cut + T (2,0)(z, a)r2cut
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Born cross section

pure linear NLP (no logs!)

• Check: as byproduct we re-derive the result for the production of a color-
singlet system of fixed mass  [Cieri, Oleari, Rocco 2019] 

• Remark: Our partonic result is a smooth function of β, at variance with what 
happens for the on-mass shell color singlet production 
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Results
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Dependence of the real emission partonic cross section on the  regulator 

FS case IS case

43

Validation: numerical checks
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Hadronic cross section

110 Chapter 4. NLO EW and power Suppressed terms

FIGURE 4.9: Subtracted partonic cross section for final-state radiation (left
panel) and initial-state radiation (right panel). The solid lines represent the
subtraction of the leading-power term, while the red solid line is obtained by
subtracting also the next-to-leading power terms in Eq. (4.70) and Eq. (4.88),
respectively. The upper panels show the result normalised to the Born cross
section, while the lower panels show the result normalised to the rcut ! 0

limit. The computation is carried out at fixed b = 0.6.

4.5.4 Hadronic cross section2760

Before concluding this section, we briefly comment upon the behavior of the hadronic cross2761

section. Indeed, as we will show in the following, a residual dependence on rcut is contained2762

in the convolution integral with the PDFs, which can potentially lead to an additional linear2763

term in rcut. In the case of final-state radiation such contribution could modify the parton2764

level result. In the case of initial-state radiation such contribution could potentially change2765

the power counting, by making the power correction linear. In what follows, we show that2766

this is not the case and that, thanks to the analicity of the cross section such additional term2767

vanishes both for final-state and initial-state radiation.2768

The real contribution to the hadronic cross section reads2769

s(S, rcut) = Â
a,b

Z 1

0
dx1

Z 1

0
dx2 fa(x1, µF) fb(x2, µF)ŝab(s, rcut)d(x1x2S � s) (4.97)

where S is the hadronic CM-energy. The presence of a finite rcut implies that2770

s >
4m2

zmax
. (4.98)

where zmax, defined in Eq. (4.52), behaves linearly with rcut2771

zmax = 1 � 2rcut +O(r2
cut) . (4.99)
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4.6. Final-state radiation at next-to-leading power: beyond inclusive observables 111

The hadronic cross section in Eq. (4.97) can be rewritten as
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where in the last step, we have performed the change of variables2772

x1 =
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z
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z
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Hence, the presence of zmax as an upper integration limit in Eq. (4.100) could potentially2773

induce an additional linear term in rcut when the hadronic cross section is evaluated. How-2774

ever, the partonic cross section vanishes at the kinematical limit z = zmax2775
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s =
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= 0 . (4.102)

This is a sufficient mathematical condition to prevent the appearance of a further linear term2776

through integration. We thus conclude that, as anticipated, in the case of final-state radiation2777

the linear term in rcut is completely driven by the parton level result, while for initial-state2778

radiation the convolution with PDFs will not produce linear terms in rcut.2779

4.6 Final-state radiation at next-to-leading power: beyond inclu-2780

sive observables2781

The results presented in Sec. 4.5 have been obtained for the most inclusive observable, the2782

total partonic cross section without any fiducial cuts. This has been a crucial point in order to2783

perform the computation analytically. Given this limitation, the result cannot be employed2784

in practise to improve the efficiency of the subtraction when fiducial cuts are applied and2785

when one is interested in distributions. It is tempiting to extend the analysis for such cases2786

and to show a viable approach at least at NLO level. In what follows we outline a strategy to2787

remove the final-state linear power suppressed contribution from the qT subtration formula2788

at NLO at differential level.2789

Let us start from Eq. (2.81) at NLO2790
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where we have written explicitly the rcut constraint. Consider the following extension2791
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dŝ

F
NLO = HF

NLO ⌦ dŝ
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F, CT
NLO

i

Q
⇣qT

M
� rcut

⌘

, (4.103)

where we have written explicitly the rcut constraint. Consider the following extension2791

dŝ
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However:                                   a sufficient conditions to prevent the 
appearance of a further linear term upon 
integration

• In principle the convolution integrals might change the cut dependence                                   

• By using:
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Questions:

• can we remove the linear rcut dependence? 

• can we do it at differential level? 

Remarks: 
✦ this is just an academic exercise specific for qT subtraction at NLO: 

Catani Seymour dipoles or FKS local schemes do not have such problem 

✦ the aim is to improve the efficiency of the method for NNLO @ 
differential level eventually 

45
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Simple solution
• Note that qT counter term is integrated over the full qT range (from qT=0) 

• perform integration of real matrix element below rcut (only FSR for the 
moment) and use: 
✤ normal qt subtraction above rcut 
✤ another auxiliary cross section below rcut with the only requirement 

that it does not generate linear rcut dependance upon integration 

➡ one can chose also a local counter term 

(no need to make any analytic integration) 
➡ we have chosen a local mapping and a massive FKS subtraction 
where the jacobian J is given in Eq. (49) of Ref. [46] and d�B is the Born phase space element.

The local soft counterterm is defined as

d�̂CT
S = d�̂LO(�B)⇥

e2

4⇡3s
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⇠
dyd�
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(1 + �y
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�
(49)

where � =
p

1� 4m2/s and y
phy

is the cosine of the physical angle between the emitted photon

and the leptons in the Born configuration (in practice we have either y
phy

= y or y
phy

= �y

[46]). Finally, the master formula to compute the NLP correction as function of r
cut

is obtained

by subtracting the soft counterterm from the real emission contribution in the unresolved region

r < r
cut

d�̂FS

NLP

(r
cut

) = d�̂FS⇥(r
cut

M(�R)� qT )� d�̂CT
S ⇥(r

cut

p
s� qT ) (50)

where in the argument of the second theta function, we take the soft limitM(�R) ! M(�B) =
p
s.

The expression in Eq. (50) is fully di↵erential, so that it can be used also when cuts on the final

state are applied. The contribution in Eq. (50) can be combined with the standard qT subtraction

formula in Eq. (9) to obtain an improved subtraction procedure.

In Fig. 4 we study the r
cut

dependence of the NLO EW correction to the complete Drell-Yan

process when the qT subtraction formula is supplemented with the NLP term in Eq. (50). We

consider pp collisions at
p
S = 7 TeV and we compute the r

cut

dependent correction �qT (rcut) in

the case in which no cuts are applied (Fig. 4 (left)) and when asymmetric cuts on the transverse

momenta and rapidities are applied pT,l� > 25GeV and pT,l+ > 20GeV |yl| < 2.5. We see that in

both cases the linear dependence with r
cut

is nicely cancelled2

(a) Inclusive (b) With cuts

Figure 4: Comparison plots for the full DY process of the r
cut

-dependence with and without
the inclusion of the sub-leading linear power correction computed in a fully di↵erential fashion as
outlined in the main text.

2
As discussed in Sec. 3 when symmetric cuts are applied a linear dependence on rcut appears in the ISR

contribution.
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Hence, the presence of zmax as an upper integration limit in Eq. (4.100) could potentially2773

induce an additional linear term in rcut when the hadronic cross section is evaluated. How-2774
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This is a sufficient mathematical condition to prevent the appearance of a further linear term2776

through integration. We thus conclude that, as anticipated, in the case of final-state radiation2777

the linear term in rcut is completely driven by the parton level result, while for initial-state2778

radiation the convolution with PDFs will not produce linear terms in rcut.2779
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Pure QED case   

Including Z resonance   

inclusive

inclusive

asymmetric cuts
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Going beyond inclusive predictions
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Simple solution

• it remains to understand if it works also at NNLO 

✤ possibly an optimal double soft and a soft-collinear mappings and counter 
terms might be enough 

✤ we stress again that one can choose them without worrying of their 
analytic integration, because it is not needed
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Conclusion

• Current experiments at CERN and future plans urgently need of the computation 
of higher order corrections 

• mixed QCD-EW NNLO corrections among them 

• a campaign is ongoing in the community approaching the problem form different 
perspectives 

• subtraction schemes are in good shape, I have discussed a bit about qT 
subtraction for EW(QED) and mixed QCDxEW(QED) corrections 

• can be easily be extended to compute mixed corrections to tt production in pp 
and also in e+e- collisions 

• bottleneck is probably double virtual computation, but things are proceeding fast!

Stay tuned!
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