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e Jets in pQCD: parton cascade
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Jets in pQCD: parton cascade

Resummation of infrared, collinear singularities via
DLA/MLLA/NMLLA approach. ..

Combined NMLLA+DGLAP evolution of Fragmentation
Functions (FFs). NLO splitting functions and NNLO running
coupling

Parametrization of the FFs via distorted Gaussian. Energy
evolution of its moments (mean multiplicity, mean peak
position, width, skewness and kurtosis).

Data—Theory comparison for jets from et e -annihilation and
DIS jets data sets in the range 2 — 200 GeV

Determination of as(M2;,) from the energy evolution of FF
moments
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a5 extractions (PDG 2
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Motivation

The QCD coupling constant as

@ Less precisely determined among the coupling constants of the SM of
particle physics.

@ Importance: many fundamental SM observables at the LHC and
future FCC-ee depend on this key parameter described by QCD.

© Current uncertainty of the strong coupling world-average value:
as(mz) = 0.1181 £ 0.0011 is about 1%

@ Motivation: reduce the uncertainty by combining current a;
extractions with novel high-precision observables

© Novel NNLO* as(mz) determination from the energy-evolution of the
FF moments

v
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Motivation

Can we do better than this LO+LL (MLLA) results in the PDG?

Xp= (20 ) . L o
il 10! 102 19. Fragmentation functions in ete™, ep and pp collisions
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Figure 19.5:  Evolution of the peak position, &, of the ¢ distribution with the CM

energy v/s. The MLLA QCD prediction using ag(s = M%) = 0.118 is superimposed

In{1/x5)
? to the data of Refs. [26,28,29,32-34,36,41,55,56,73,74,77-83].
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Jet fragmentation in pQCD
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Jets in ete” — qg, DIS, p-p, p-pbar

@ Partonic cascade: treated in pQCD.
o Planar gauge: tree amplitudes =
parton shower picture
= (probabilistic interpretation of
. Hadronic s rs .
SoEs o branching processes).

@ Parton shower evolution in the

\\ B A Leading-Log Approx. (and
extensions: MLLA,
%—.llla-dronization NMLLA,...D ~ 0 (1 — g) for

7 Qo — Aqcp)
parton shower

@ Hadronization in the Local Parton
Hadron Duality Hypothesis (LPHD):

o Parton FFs ~ hadron distributions
modulo overall constant factor
K. [Dokshitzer, Khoze, Mueller]
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Soft/collinear res.: DLA, MLLA, next-to-MLLA,...

DLA: as ~1

@ resummation of soft and collinear gluons

@ main ingredient to the estimation of inclusive observables in jets
© neglects energy conservation
@ Anomalous dimension: v ~ \/as
Cras dz dk?
2
Tz ki

g _
daq—

Speaker (Redamy Perez Ramos) #QCD jets, #FFs, #as, #fits IPSA/LPTHE



Soft/collinear res.: DLA, MLLA, next-to-MLLA,...

MLLA: as + as ~ 1+ /as
@ O(as) collinear splittings (i.e. LLA FFs, PDFs at large x ~ 1)
@ partially “restores" energy conservation
© includes (MS) as running coupling effects (o S0, 1)
@ Anomalous dimension: v ~ /a5 + o

Cras(k? dk2
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Soft/collinear res.: DLA, MLLA, next-to-MLLA,...

Next-to-...-MLLA anomalous dimension

h

After diagonalisation, the Dy .

FFs can be determined through :
3/2
Voq ~ Os + s+ + ...
@ Includes higher order running coupling effects o (S0, 51)

@ Further improve the account of energy conservation

© Anomalous dimension: Note expansion in half-powers of as
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Anomalous dimension

NMLLA anomalous dimension

Rate of average multiplicity growth in QCD jets (for w = 0) :

% = PR W) + P ) + PLPWw)

DLA:
PE) = Su(s - 1) = O(/a3)
with
4~2 Nca
s= 1+w_20’ wherefyg: 2; °
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Anomalous dimension

NMLLA (NNLL+NLO*) anomalous dimension

Rate of average multiplicity in QCD jets (for w = 0) :

Yo = PO (w) + P (w) + PrD(w)

MLLA:

with
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Anomalous dimension

NMLLA (NNLL+NLO*) anomalous dimension

Rate of average multiplicity in QCD jets (for w = 0) :

0 1 *(2
% = PELW) + PEL) + PLw)

NMLLA (NNLL+NLO*) :

% a2(ws)™ 1 _ . _ _
Pﬁ):% [423(1 — 572) + Bay fo(1 — s7%) + BR(1—52)(3+5572)

- o w0y o (157

Bo
473 5 4Ncos
s=1/ +w2,were’yo o
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Anomalous dimension

Extension with splittings functions at NLO+resummed (small-x) (based on
C.-H. Kom, A. Vogt, K. Yeats JHEP 1210 (2012) 033)

4G
$ {— L+1)+1}
A
[e/
+ %’Zaﬂ{ —1¢? +ecAnf—2UC;nf)2l§(5— 1+28)+10C2 ‘(s— L
‘A
1
7{51C‘§‘76CA:|1+12CFM_{):{57l)+{lle‘+2CAnff4Can)S L
1
+(5C3 - 2CAnf+6Can) g(s— ri4(sici— 14CAﬂf+36Can)L} 32)
PLo) = Sp {N)—g ool (C3+ Cany - 2CF:|,){%(5—1)(L+1)+1} 33)
PR(N) = 1N{S—1) - R.—a,,(nc,, +2Cun; —4Crng) (S —1) — PL(N)

+ mc, a‘N{([lwa —576 G2|C — 140Cin; +4 Cinf — S6C{Crnp+ 16 CaCrny
—48CEn?) (S—1) + ([B30 5763 C +96 Cin, — 8CIn? —208CCyn;
+64CACFnE — 96 CFn? ) (S™! — 1) + (11C5 +2Canp— 4Cens (S — 1)} , (34)

! Ce

rEey = SEPLN) - b as (CE+Cany— 2cpnf)é(s—1+2g)

+

+ g.f aﬂ{ (L1CH+ 13Cng(Cy —2Cr) +2CEnf 8 (Ca— Cr)Grnd) (1 -57Y)
— (48Cf —45C3CF —7202C3(Ca— Cr) — 33C3n; +2Cn? + 48 C3Cpn;
—8Cinf) %(5— 1+28)+ (—54C4 +45CICr + T2 CF (C4 —CF) +23Cny

_ZBCjnfCF—B(CA—ZCF)CFn})é(.S'—I)L} 3.5)
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Anomalous dimension

NNLL + NLO (NMLLA) anomalous dimension

Rate of average multiplicity in QCD jets (for w = 0) :

0 1
7 = PELW) + P ) + PELw)

NNLL + NLO :
(2) a; —1[,.2 -2 -8 2 -2
P = rops(ws) ™ [4a(1 — %) + Barfo(1 —s7°) + 3(1 — s 72)
NC S = 2
X (3+55~2)— 64N, L In(Y+)\)] s o (ws) {(1+5 Y
ﬁo 27’(’
+a3(s—1)—as (1 — 571) - 36} :O(a3/2)
with
[ 442 ANcos
s=4/1+ %, where fyg = 2:
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Anomalous dimension fixed-order+log power counting

Order LL (DLA) NLL NNLL N3LL N‘LL
LOPY | O(yas) | Ofas) | O@¥?) | O2) | 0?
NLO P | o | o) | o

NNLO P O(a??)

LO o . O(as) O(a??) O(a2) O(al?)
NLOay | - 0w | o) | 0@
NNLO a O(ag/Q)

MLLA: NLL+LO : v = /a5 + as
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Anomalous dimension fixed-order+log power counting

Order LL (DLA) NLL NNLL N°LL N‘LL
LOPY | O(yas) | Olas) | 0@?) | 0@ | 0a¥?)
NLO PP 0(a??) O(a3) 0(a2?)

NNLO PQ) O(a®?)

LO o . Olas) | 0¥ | 0@d) | 0
NLO . . . O(?) | 0(2) | 0d?)
NNLO as 0(a?/2)

NMLA: NNLL+NLO* : v = \/as + as + a2
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Anomalous dimension fixed-order+log power counting

Order LL (DLA) NLL NNLL N°LL N‘LL
LOPY | O(yas) | Olas) | 0@?) | 0@ | 0a¥?)
NLO PP 0(a??) O(a3) 0(a2?)

NNLO PQ) O(a®?)

LO o . Olas) | 0¥ | 0@d) | 0
NLO . . . O(?) | 0(2) | 0d?)
NNLO as 0(a?/2)

NMLLA: NNLL+NLO : v = \/as + as + adr?
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Phenomenology: Generic distorted Gaussian

Ansatz for FF
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Single inclusive distribution: Distorted Gaussian

o DH(&, Y, \) = M exp |2k — L1sd — 1(2 4 k)82 + Lsa® + L ko

V2w
gg; — Gaussiani{ =35,0 - 14150, k-0 o 5= (ggé—)
Z o Mean multiplicity:
5t N =Dt w=0,Y,))
g o Mean peak position: &
010 o Dispersion (width): o

7 8 9
&=In(1x) o Skewness: s, kurtosis: k

@ Moments of the Distorted Gaussian (from anomalous dimension):

_ K. K.
N=Ky, =K, o=+K, 5:0%, k= "4

g

E6

Y 8 n
Koo = | dy(——) ~ulasly + ) LY =In—"
>0 /0 y( &u) Yolas(y +A)) - " %

@ Skewness and kurtosis (new ingredient) affect tails # Gaussian shape!
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Example: Distorted Gaussian fits to ete™ FFs

—

%_Lr\)w-hmcn\loocoo

IDistorted Gaussian (limiting spectrum, m_ =140 MeV)_—

1/6 do/dg
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Evolution of the NNLL+NNLO* moments of the (DG) FFs

Final expressions as a function of Y = In(E6/Q ) and A= In(Qy /A )"

@1y

(N=5) initial jet energy shower energy cutoff
PR X o Eie 7 ey Y A
® Multiplicity: N(Y) = K8 exp [z..)uzw(\/) FX—VA) — 049154610
06 01151 Iy 1 o6+ 0.4 gl
+ (0.0153206 + 041151 (Y + 3)) —ec — (0 . ﬂ] .
. ) § - YA
| Average_ £(Y) = 0.5Y 4 0.592722 (\/y - ﬁ) +0.0763404 In — (73)
, i Y+ _
e (V) = 0.5 502722 (VI TR — VA) + 0.0763404 1 355325
™ Peak pOS|t|On: 13 (Y) 0.5Y + 0.5 2123( Y + \/_) +0.0763404 In 0.355325. 74
Y.A) = by Y +A)¥2 - A¥2 4 16N
a(Y, )*(m) (Y + A2 — *7}’1 )\/ )+>\]
m Width: i [%(;m a2 YN - o ( "\‘sz(y 2+ —fz(y x
et 352 6N,
- ﬁfZ("‘)‘)+ﬁf?(y')‘)> u;, (In2(Y + X)—2)f3(Y, A)]m}‘ﬂm
1
oY) = 036499, /(Y + \)2/2 — A3/2 {1 — 020973071 (Y, A)——— — [L61321 £2(Y, )
. |
m Skewness: e . e
+ 0.049219F3(Y. \) + (0.32230 — 0246692 1n(Y +A)) f2(¥: V)] 35 A} . 76)
1.94704 _
. W)=~ {1 — 0.200739f, (V. \) m} . 78)
m Kurtosis:
k) = -2 rS“M {1 £ [L19896.£, (Y, A) — 1.99826£4(Y, A)]
Vi NGE 19896 1(Y. A) — 1. N T
[1 (v45)
& [LO7SIBFE(Y, A) + 6.45283£2(Y, A) + 1.28056 £3(Y. A) — 2.30583 f1(V, A) fa (¥ A)

— 7.13372f5(Y, \) + 0.0217751 fe(Y. \)
— (0.986767 f3(Y, ) — 0.822306 f6(Ys A)) In(Y + A)] Y;I/\} . (80)
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Evolution of the NNLL+NNLO* moments of the (DG) FFs

(limiting spectrum)

Expressions evolved down to Aqcp Qo ~ Aqep

1
“Multiplicity :  M(Y) = KD exp {2450217\/7 — 0.491546In Y — (0.06889 — 0.411511n Y) —
VY
1
+  (0.00068 — 0.161658 In y);}
#Peak position :  Emax(Y) = 0.5Y + 0.592722v'Y — 0.351319 + 0.002
3/4 1 1 1.98667
*Width :  o(Y) = 0.36499Y 1 —0.299739 — — (1.4921 — 0.246692In Y) — +
VY Y y3/2
. ) 180445 [ a0 L 1.64009
*OKewness : S| = - — U. _—
y3/4 VY Y
Kurtosi k(Y) 215812 1 — 0.799305 ! + (0.730466 — 0.1644611n Y) 1 _ 805 (1)
*Kurtosis : = — — U. —_— . — U. n —_—
VY VY Y y3/2

* Evolution of all moments depend on 1 single free parameter Aqcp,
which can be extracted from fits of exp. ete™ and e”p — jets(hadrons)
data.
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Hadron mass effects

ap 10 -
o 9; Distorted Gaussian (£=3.7, 6=1.1, s=-0.25, k=-1.0)
Z E . Massless partons (m = 0.)
D of off
8; — Effective mass (m_ =0.23 GeV)
7=
6
5t
ar
3
2=
1=
% 9
&=1In(1/x)

Including hadron mass my, effects (mixture of pions (65%), kaons (35%)
and protons (5%)):

! L‘}IO(& + =In(1/x) =1In Vs/2
rdey 67V STREO T (\/(s/4)e2fp v msﬁ)
mp ~ O(/\QCD) Ep= P% + mgff Pn = (\/5/2) exp(fgp)
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Hadron mass effects

oV [BES]

Distorted Gaussian (limiting spectrum, m_=140 MeV) eV [BES]

1/o d()'/dé
ARSRARARR

thiit

i

[FN] |
kAR
288898
EOECEE
FEhihh
R
ITTITIT

14

t

ALEPH]

DOND o N WA 01O N 0O O

data/(DG fit)

cooco

8§ 9 10

& =In(1/x)

@ Best agreement reached for my = 0.14 GeV: consistent with a
dominant pion composition of the inclusive charged hadron spectra.
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Part Il

Extraction of as(Mg,) from fits
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Fitting procedure

@ Experimental distribution will be fitted to the DG parametrization as
a function of ¢ in the energy range [0, Y].

1 Lﬂ _ /cchch
Ttot d£ Nc

DT (¢, Y), Yzln( Vs >

2N5ep

@ Each fit of the DG has five free parameters: maximum peak position,
total multiplicity, width, skewness and kurtosis.

@ Each parameter or component of the DG is derived from the fit for
each data set.
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Distorted Gaussian fits to ete~ FFs

%1 0 Epistorted Gaussian (limiting spectrum, m_ =140 MeV)—— SAME
-~ B 9 =k
@ 34 eTe™ data-sets at 1§ i =
Vs = 2.2 —206 GeV =7 ES
~ 1200 data points 6 =
50 =
H H 4i 1 Ge\ PAL]
@ For increasing energy : Soie
peak shifts to right, width T
increases, moderate B

2 Of
- 206 GeV [ALEPH]

non-Gaussian tails

<x2Indf> = 0.37

@ Excellent fit at all
energies, with 5 free DG
parameters : Nop, Emax, ; .
o, s and k 8@ 9 10
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Distorted Gaussian fits to ep (DIS) FFs

o BriCk Wa” fra me : %ﬂ 8; DG fit to DIS (Breit frame) jet hadron data ~ —$— /5- 38 GV [ZEUS95)
. . B E iy imiti _ sm o= —§— (5= 53 GeV [ZEUS'95]
incomi ng q ua rkS Scatters _8 7?leltmg spectrum Qu acps My 110 MeV) 4 racovzesss

o C —§— 5 10.4 GeV [ZEUS'95]

off photos & returns =8 b s ovizeusen
. 50 4 75204 Gov zEUSSS)

along the same axis g R —
4} —!— {5~ 15.3 GeV [ZEUS'10]

C —|— (5=216 GeV [ZEUS'10]

3F —l— {5~ 30.5 GeV [ZEUS'10]

@ 15 ZEUS data-sets at g -

2 —4— 5= 61.1 GeV [ZEUS'10]

S = 3.8 - 173 GeV E —4— V5= 86.4 GeV [ZEUS'10]
f . E —p— F5- 1222 Gev ZEUS 0]
~ 250 data points (other N S

measured H1, ZEUS
moments added to global
fit)

<x?ndf> = 0.30

@ Excellent fits to DG but :
larger uncertainties than 7 t
eTe” measurements

Speaker (Redamy Perez Ramos) #QCD jets, #FFs, 7 i IPSA/LPTHE 20/35



Ney & FF peak vs. \/s: Data vs. NNLL+NLO*

£ 40 5 6
z E Multiplicity DG limiting-spectrum (mE"=130 MeV) ME E Max. peak DG limiting-spectrum (m!“=130 MeV)
35 —#— World e'e and DIS jet data =5 5L —%— World e'e” and DIS jet data
F == NLO"+NNLL / 8 b == NLOWNNLL
30 1,()=0.117 +.0.004 N ,(m)=0.122 £ 0.001 W'
E K™= 0.124 +0.002 4 2
o5l N x%ndf = 83.4/84 ¢
5; ¥2Indf = 146.6/141 + C ¥
20 | & ﬁ!‘(
E ﬂ i o 8,57
15F- i s a”«gp’
£ 2 29
10 C
F = 7
5— ﬁ L -0
E o P
E_. “gmmm Ll ] Ll L el
8A1 0.2 1 234 10 20 100200 8.81 2 3456 10 2030 100 200
Serer Qg (GEV) [Ser0-Qpys (GEV)

@ Theoretical N, absolutely normalized to match data (LHPD). QCD
coupling drives evolution: care about shape, NOT absolute Nch.

@ Very good agreement between ete™, DIS and theory for the FF peak
position

@ DIS multiplicity lower than e™e™ but with larger uncertainties
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FF width & skewness vs.

v/s: Data vs. NNLL+NLO*

-

[CIE== 2 Ty
£ ,gF Width DG limiting-spectrum (m_ =130 MeV) § F A
H F —%— World e’e and DIS jet data q;, [ ‘\ ‘
16 —— NLO"NNLL 05 || ‘ h
1.4 o ()=0.115 +0.002 ‘ N \\4 u M \
C ¥2/ndf = 90.3/71 o r -4 4
12 ; o | ;J.,L | ) || [
1= r “IT ‘ 4 __:‘4-:,“;__ . Ul
0.8; _o55 ‘ ‘ 1 _E-] . \—1—‘ru
F C Skewness DG limiting-spectrum (m =130 MeV)
0.6:* - —4— World e'e and DIS jet data
045 _ 4 == NLO*+NNLL
~ L ay(m)=0.115 £ 0.018
02 r x2Indf = 60. 7/60
C L Lol L L 5 | L Lol L
01 2 3456 10 20 30 100 200 _1"'1 2 3 456 10 20 30 100 200
Serer Qg (GEV) [Sere-Qpyg (GEV)
v
@ Good data-theory agreement (skewness has large experimental
uncertainties)
o Consistent e"e™ & e-p moments (but larger DIS uncertainties)
.
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Global fit of FF moments : Data

vs. NNLL+NLO*

ch

multiplicity N

-+ World e’ jet data
OWorld DIS jet data
—NLO*+NNLL fit

o
T

#World e'¢” jet data
© World DIS jet data
—NLO*+NNLL fit

" Global (4 moments) fit:
o (m2)=0.1190 = 0.0007

. |
10 20 100 200
YSere- Qg (GeV)

10 20 100 200
VSere-Qp g (GeV)

©
i

-#World e*e jet data
oWorld DIS jet data
—NLO*+NNLL fit

skewg eSS
o

o

—e— World e'e jet data
© World DIS jet data
—— NLO*+NNLL fit

. |
10 20 100 200
YSere- Qg (GEV)

L
100 200

16 20
{Sere-Qpyg (GEV)

@ \? averaging: increased uncertainty for few point fits to reach

x2/ndf ~ 1

@ Final as uncertainty of ~ 1.2% includes mqs, exp. fits and

correlations
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as at NNLL+NLO*: scale uncertainty

s [ B S
5k . F «Worlde'e jetdata
Z 5oL eWorlde'e jetdata wt 5L ©World DIS jet data
= [ OWorldDIS jet data ~ JF —NLO*+NNLL fit
G250 —NLO*+NNLL fit S f (Q. = dxAgop)
= E _ E = ‘QCD!
Spop QoMo &% °
S°F 3F
E1sp P
10p x
5; 1E Global (4 moments) fit:
E E og(m?)=0.1212 + 0.0013
01 L 01 4
10 20 30 100 200 10 20 30 100 200
{Se.eQp g (GEV) VSere- Qg (GEV)
© e @ —e— World e”¢ jet data
c1.80 eWorlde'e jetdata 2t & wond DI% fot data
= o'World DIS jet data e =F —— NLO*+NNLL fit
B1.68  ZNLO*+NNLL fit 0.5
1.4 (Q, = 4xAqcp) 2 f
1.2 w OfF
1 3
0.8f -0.5
0.6
0.4 -1
0.2 E
o, L 150 L
10 20 30 100 200 0 20 30 100 200
{Sov0nQpyg (GEV) VSe.0-Qps (GEV)
V.

o Extra uncertainty as(Qo = Aqep) — @s(Qo = 1GeV) = 2% due to
scaling variation
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as(Mz,) at NNLL+NLO* from low-z FFs evolution

e Most precise measurement of s among those at NLO* accuracy (with a
different set of systematic uncertainties):

[arXiv:1412.2102] «,=0.1186 + 0.0010

e+e-,DIS jet fragmentation (NLO*+NNLL) 0.118920.0014:4%5% (*)
CMS 3-jet cross sections (NLO) 03

CMS inclusive jet cross sections (NLO) E+G—+—3

ATLAS incl. jet cross sections (NLO)

Tevatron jets, Ao (NLO) ——
Tevatron jets (NLO) O

Jet hadron multiplicities (NLO+NNLL) [T

LEP 5-jet rates (NLO) —C—
Radiative Y decays (NLO) O

DIS jets (NLO) PO

Novel high-precision measurement of as at NNLL+NLO* accuracy
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Work in progress

Order LL (DLA) NLL NNLL N°LL N‘LL
LOPY | O(yas) | Olas) | 0@?) | 0@ | 0a¥?)
NLO PP 0(a??) O(a3) 0(a2?)

NNLO PQ) O(a®?)

LO o . Olas) | 0¥ | 0@d) | 0
NLO . . . O(?) | 0(2) | 0d?)
NNLO as 0(a?/2)

NMLLA: NNLL+NLO : v = \/as + as + adr?
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Work in progress

Order LL (DLA) NLL NNLL N°LL N‘LL
LO PO O(y/as) O(as) O(a??) O(e2) O(a3?)
NLO PV O@?) | 0(3) | 0(2?)

NNLO PQ) O(a®?)

LO as e O(as) O(a2?) 0O(a?) 0(a2/?)
NLO a o . 0(a37?) 0(?) 0(az?)
NNLO ay . . . . 0(a%?)

NNLL+NNLO* : v = \/as + as + a¥/? + a2 + a2/?
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Evolution of FF moments : LO, NLO*, NLO, NNLO*

Z 30F s 5 "
S | —-LowlL 2 45p ~ O
2 250 . NLO*+NNLL § 4 :tg ;"\:\"\I‘j}
= “F +
2 b NLO+NNLL £ 350 . NNLO“SNNLL
2820 — NNLONNLL 2 S ;
5 15 g2
F woo2r
10; 2 150~
o I
. 0.5F
c’ L L 0: L L
2 3456 10 2030 100 200 2 3456 10 20 30 100 200
E,, (GeV) E,.. (GeV)
= 1.40 P
B [ —-LowL § E —— LO*LL
120 £ 15 s NLO*+NNLL
¥ | NLO+NNLL % + sees NLO+NNLL
w == NNLO*+NNLL o F == NNLO*+NNLL
2 g E
0.8 w 0,5E
0.6 2 of
0. 0.5 ) e——
0.2F -
0: . | _q15t2” 1 " L
2 3456 10 2030 100 200 23456 10 20 30 100 200
E,, (GeV) E, (GeV)
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as(Mz,) at NNLL+NLO* from low-z FFs evolution

e Most precise measurement of as among those at NNLO* accuracy (with
a different set of systematic uncertainties):

World NNLO average: ¢,=0.1181+0.0013

7 hadronic decays (N°LO) =
Lattice QCD (NNLO) (eg]
DIS PDFs (NNLO) ——

e'e evt shapes,jets x-sections (NNLO) +—————
Z decays + EW fit (NNLO) o
tt cross sections CMS (NNLO) —_—C—

Other methods:
=

Pion decay factor (NNLO optimized) .
Soft jet FFs (NNLO*+NNLL) 0.120520.0010:333%
Hard FFs (NLO) e
Y decays (NLO) o
et y-p jets x-sections (NNLO*) —Oo—
FL in vy collisions (NLO) O
PP:PP jets x-sections (NLO) —i—
tt x-sections LHC/Tevatron (NNLO) —f o
W decays (NNLO) &
T T TS T S A B I A A SR Y RS |
0.11 0.12 0.1
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Part IV

Backup slides
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Angular Ordering (MLLA) and k;-ordering (DGLAP)

Q,’
a@) o, 0, M
=

AO: 0,> 0,(> ©,)> 0,
Successive parton decays (soft/collinear and/or hard/collinear) ruled by:

@ QCD coherence — Angular Ordering (AO) — MLLA evolution
equations for FFs at small x < 1: ev. time variable t =In©

e Soft FF x < 0.1: bulk of hadron production in jets

@ k,-ordering — DGLAP LLA evolution equations at large x ~ 1: ev.
time variable “t = Ink "

e Hard FF x > 0.1: hard-hadrons in jets
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DGLAP LO splitting functions a[l] — b[z]|c[1 — z]:

g
zp " q@
q@) p o q@) P A
(-2p q(@ (120 9
99 1+(1 Z) 1422
Py (2)=C—7— ng(z)=cF%
9 q
g P e g g p P
"""""" ¢}
(1-2)p % (1-2)p
P@)=2C,( 124 2 v 2(t-2)) PE(2)=T [224(1-2)]
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DGLAP versus MLLA evolution equations:

Renormalized QCD evolution equations for a[l] — b[z]|c[1 — z]:

d b IanH) X b (X
—— [XD5(x, In E6)] = / dzP,c(z [;DC (;,IanQ)]

@ z: energy fraction of intermediate parton; x: energy fraction of the
hadron.

@ ldentical but for one detail: for hard partons the shift in In z in the
argument of D and «s is negligible:

e for soft/collinear splittings z < 1: |Inz| > 1, © < 1: DLA.

o for hard/collinear splittings z ~ 1: Inz ~ 0, © <« 1: LLA.
o for soft/collinear + hard/collinear corrections: Modified-LLA (MLLA).
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Solving the evolution equations at small x (or w

ﬁ © E

a=(q, g

(1 —2)E PR
c <¥t:\_>

Mellin transform :

D(w, Y):/Ooodgewfo(g, Y), len%, Y =In g:
o o aas(Y =€ .
= 5y Dw.Y) = /0 aé [ (&) 2 =, v -9,
with MS NLO:
o _ Biin2(Y +))
O‘S(Y)_ﬁo(y+A) R YA
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Solving the evolution equations at small x (or w)

e Diagonalization of the matrix for P(2) — 2 eigenvalues: P14 ().
@ Express D, and D, as the linear combination of the corresponding
eigenvectors: D*:

iDi(w, Y, \) = Pis(Q)

as(Y 4N,
oY ( )Di(w7 Yy/\)u P++(Q) =5

c
o q a1 +4N:axQ

@ NMLLA evolution equation for D*:
o\ 0 . a 0 d\? s o

1 Biln2(YHN) |

B YHA

e MS NLO: as(Y) = ﬁ

e DLA term: o< O(1).

e Hard single logs: oc a1 ~ O(,/as) (MLLA or NLL+LO) &
x ap ~ O(as) (NMLLA or NNLL+NLO*).
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Exact Angular Ordering

’Z/h
// > ‘\’;__
/// g ©
e o z
DAY © -
E 1 gluon or a quark
o dQ / Aglg + Agg — g
d?ol e = —P¥E(2)dzV(R)—, V& (F)="2T "¢ €€
q—qg T q ( ) ( )87'(" g(q)( ) ag’gag’q

, 27 d¢ , 2
g \ _ g (=) _
<Vg(q)> - /o ng(q)(n) - @ﬂ(agq ~ 3g/g)

— _ /
agg=1-c0sO, ay,=1—-cos®

e ©' < © (MLLA exact AO), ©¢ > © (kinematics)
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Computation of the azimuthal average:
@ ri; and n5 are kept fixed, i rotates
\/ around 5.

"2 a,'j:].—ﬁ,"ﬁj:].—COS@,'j
i d¢ﬁ1 n2 (ﬁ ﬁ)(ﬁﬁg)
<‘7>"’Z’""_/ 2% (1= 7i-)(1—7i- i)
- ﬁgzcoselg
ni-ny = cos®©,
n

- 1l = cos ©1 :ﬁz-ﬁ1z+ﬁl-ﬁll
= cos ©3 cos O15 + sin Oy sin ©cos ¢

cos ©> cos@lg—cos@2< 1 >
< > azim=
J > azim 1—cos@2+ 1—cos©, 1—cos®;
Useful int |/ dx 2 t 2= b an
seful integral: = arctan —tan =
& a-+ bcosx 22 — p2 a+b 2

2
< Vo >aim=<Ro— T >azim= ;79(312 — a).
2
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Method of Generating Functionals

e Introduced in Jet Calculus by Konish, Ukawa and Veneziano (1979)

@ Taylor expansion of Z(u) = exp(u) can be said to generate a, =1
series according to the expansion:

d n
an = <du> Z(u)
{u=0}

@ natural numbers ag=0,a1=1,a=2...a,=n:

Z(u) = vexp(u)

@ Hermite polynomials H,(x):
Z(u; x) = exp(2xu — u?)

@ N—gluon production cross section as N—th term in a series expansion
of some “generating" object which contains the overall QCD cascade
picture.
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MLLA Master Equation for the splitting process A — BC

e From Z — MLLA Master Equation (exact Angular Ordering):

% E (1-2E Q

A=(Q.6)

LZA(p,@;{u}) - /d 2 81, ( 1)

din©
(zs(zp, o; {u}) Zc((1 - 2)p, ©;{u}) = Za(p, ©: {u}))
Z exp/ (tdt';, v~1+Va,+as+

@ Exact solution of approached integro-differential equations: MLLA
evolution equations at x < 1:
o for the one-particle inclusive distributions: D = £ Z(u),
o for n-particle correlations inside jets: D(") = 6u1§.'416un Z(u).
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