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Introduction

e−

e+ f −

f +

γ∗

e−

e+ f −

f +

Z∗

I We revisit the initial state corrections to e+ e− annihilation to a (virtual)
neutral vector boson.

I This corrections are important for the prediction of the Z -boson peak and for
t t̄ production at LEP, ILC and FCC-ee, and at Higgs factories through
e+ e− → Z∗ H0.
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Theory of Initial State Radiation

We look at the process:

e− + e+ → γ∗/Z∗ → f − + f +

with the invariants

(p− + p+)2 = s, p2
− = p2

+ = m2
e , q2 = s ′

The initial state radiation (ISR) of n particles can be described by:

dσ

ds ′
=
σ0(s ′)

4s
H
(
αs , z ≡

s ′

s
, ρ ≡ m2

e

s

)
,

where σ0(s ′) describes the leading order process e+ e− → f f̄ and H(αs , z , ρ)
radiator functions described by the Drell-Yan process.
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The O(α) Corrections

I The first radiative corrections come from the process

e+ + e− → γ∗/Z∗ + γ.

I To stay in d = 4, we can split the contributions into hard, soft and virtual
photons.

I The hard part is characterized by demanding k0 >
√
s∆
2

.

I The soft and virtual parts of the cross section have to be made infrared finite
by introducing a small photon mass λ.

I The cross section is then given by

dσ(1),I

ds′
=

dσ(0)

s

(α
π

) [
δ (1− z)

(
δS1

1 (λ,∆) + δV1
1 (λ)

)
+ θ(1− z −∆)δH1

1 (z)
]
.

I The result is given by

dσ(1),I

ds′
=

dσ(0)

s

α

π

[
δ (1− z)

(
−2 +

3

2
L + 2ζ2 + 2(L− 1) ln(∆)

)
+ θ(1− z −∆)

1 + z2

1− z
(L− 1) +O

(
m2

e

s

)]
with L = ln(s/m2

e).
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Why is it a ’revisit’?

ISR corrections have been calculated up to O(α2) in the asymptotic limit
m2

e/s � 1 with two different techniques:

1. Berends, Burgers, van Neerven (Nucl. Phys. B297 (1988) )
I Full calculation with massive electrons in the limit m2

e � s calculation in d = 4
with soft-hard separation, including soft and virtual photons, hard
bremsstrahlung, as well as fermion pair production.

I Calculational Technique:

o Direct integration over the phase space in d = 4 with soft-hard photon
separator and photon mass to regulate the infrared.

o Expansion in m2
e � s on integrand level (no details given).

2. Blümlein, De Freitas, van Neerven (Nucl. Phys. B855 (2012) )
I Direct calculation of the asymptotic limit m2

e � s using massive light-cone
operator matrix elements.

I The technique is based on asymptotic factorization.

Buza, Matiounine, Smith, Migneron, van Neerven (Nucl.Phys. B472 (1996) )

I It was already used in Berends et al, but only for the logarithmically
enhanced terms, claiming it works only at that level.
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Factorization in the Asymptotic Region

In the asymptotic region m2
e � s the cross section factorizes

dσij(s
′)

ds ′
=
σ(0)(s ′)

s

∑
l,k

Γl,i

(
z ,
µ2

m2
e

)
⊗ σ̃lk

(
z ,

s ′

µ2

)
⊗ Γk,j

(
z ,
µ2

m2
e

)
into

o massless cross sections σ̃ij

(
z , s′

µ2

)
Hamberg, van Neerven, Matsuura (Nucl. Phys. B359 (1991) )

Harlander, Kilgore (Phys. Rev. Lett. 88 (2002) )

o massive operator matrix elements Γij

(
z , µ

2

m2
e

)
, which carry all mass dependence

Blümlein, De Freitas, van Neerven (Nucl.Phys. B855 (2012) )

σ(0)(s ′) is the Born cross section and the Mellin convolution ⊗ is given by

f (z)⊗ g(z) =

1∫
0

dz1

1∫
0

dz2 f (z1)g(z2)δ(z − z1z2).
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Factorization in the Asymptotic Region

Γe+e+ = Γe−e− = 〈e|ONS,S
F |e〉 ,

Γe+γ = Γe−γ = 〈γ|OS
F |γ〉 ,

Γγe+ = Γγe− = 〈e|OS
V |e〉 ,

ONS,S
F ;µ1,...,µN

= iN−1S
[
ψ̄γµ1Dµ2 . . .DµNψ

]
− traces,

OS
V ;µ1,...,µN

= 2iN−2S
[
Fµ1αDµ2 . . .DµN−1F

α
µN

]
− traces

I The technique has been used to derive deep-inelastic scattering (DIS)
structure functions in the asymptotic limit Q2 � m2 up to O(α3

s ).

I In the context of DIS proven to work at α2
s in the

o non-singlet process
Buza, Matiounine, Smith, van Neerven (Nucl.Phys. B485 (1997) )

Blümlein, Falcioni, De Freitas (Nucl.Phys. B910 (2016) )

o pure-singlet process
Blümlein, De Freitas, Raab, Schönwald (Nucl.Phys. B945 (2019) )
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Factorization in the Asymptotic Region

The comparison between both calculations shows:

I the one-loop, i.e. O(α), agrees between both calculations

I the logarithmically enhanced terms at two-loops, i.e. O(α2), agree between
both calculations

I the constant terms do not agree

⇒ breakdown of asymptotic factorization or errors?

10 / 32



The O(α2) Corrections

I In Berends et al the O(α2) corrections have been split up into four distinct
processes:

o Process I, photon radiation

o Process II, non-singlet fermion pair production

o Process III, pure-singlet fermion pair production

o Process IV, interference between non-singlet and pure-singlet fermion pair
production

I In the calculation of Blümlein et al (Nucl. Phys. B855 (2012) ) process I and IV
are combined owed to the nature of the OMEs.

I We have to distinguish between vector and axial/couplings of the Z -boson.

I Contributions due to the diagram below were not considered before.

→ We find differences in all processes.
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Feynman diagrams

scalar phase-space integrals
(2 invariants, 2 angles)

scalar phase-space integrals
(2 invariants)

scalar phase-space integrals
(1 invariant)

Results for diagrams
(with full mass dependence)

Analytical expansion
e.g. Q2 � m2

QGRAF

[Nogueira ’93]

Feynman rules; projec-

tors; Dirac and color al-

gebra; partial fractioning

FORM [Vermaseren ’09]

Insertion of an-
gular integrals
(tabulated)

Integration over one invariant
with standard techniques

(at most one ratio-

nalizable square root)

Integration into iterated integrals
with in-house code [Raab ’19]

(Non-rationalizable square roots)
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Recalculation

I We want to use iterated integrals so we can work in a differential field.

Hw1,...,wn (x) =

x∫
0

dt fwn (t) Hw1,...,wn−1 (x), H̃w1,...,wn (x) =

1∫
x

dt fwn (t) Hw1,...,wn−1 (x).

I The steps to transform the last integrand to iterated integrals include:
o Express all logarithms and polylogarithms in terms of iterated integrals

evaluated at the last integration variable through linear differential equations.
o Find relations between the occurring letters and square roots to get rid of

redundancies.
o Compactify the integrand expressed in terms of iterated integrals as far as

possible.
→ Since we express everything in linearly independent quantities, the
complexity of the last integral can be drastically reduced in this step.

I The same technique has been successfully applied to calculate the full mass
dependence of the pure-singlet structure functions in deep-inelastic-scattering.

I Some integrands took up O(1 Mb) of disk space and the integration into
iterated integrals needed O(1 month).

I In total we need 37 letters to express the contributions due to fermion pair
production.
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structures, since
multiple square roots
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The Non-Singlet Case
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The Non-Singlet Case

I The explicit expansion of the analytical result in the limit m2
e � s gives

dσ(2),II(z)

ds′
=
σ(0)(s′)

s

( α
4π

)2
{

8

3

1 + z2

1− z
L2 −

[
16

9

11− 12z + 11z2

1− z
−

16

3

1 + z2

1− z
ln(z)

+
32

3

1 + z2

1− z
ln(1− z)

]
L +

32

9(1− z)3

(
7− 13z + 8z2 − 13z3 + 7z4

)
−

16z

9(1− z)4

(
3− 36z + 94z2 − 72z3 + 19z4

)
ln(z)−

8z2

3(1− z)
ln2(z)

−
(

32

9

11− 12z + 11z2

1− z
+

16

3

2 + z2

1− z
ln(z)

)
ln(1− z) +

32

3

1 + z2

1− z
ln2(1− z)

+
16z2

3(1− z)
Li2(z)−

16
(
2 + 3z2

)
3(1− z)

ζ2

}
+O

(
m2

e

s
L2

)
,

with L = ln(m2
e/s).

I The result contains higher denominator powers which have not been obtained
by Berends et al.
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The Non-Singlet Case

I We find the differences:

δI = −8 +
100

33
z ln2(z)− 8 ln(1− z) + 4(1− z) ln2(1− z)−

8(2− z)z

1− z
Li2(z) +

8(2− 2z + z2)

1− z
ζ2,
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The Non-Singlet Case

I We find the differences:

δII = −
128

9

[
3 +

1

(1− z)3
−

2

(1− z)2
− 2z

]
− 16

[
1 +

5z

3
+

8

9

1

(1− z)4
−

20

9

1

(1− z)3

+
4

9

1

(1− z)2

]
ln(z) +

8

3

1 + z2

1− z

[
10

9
−

14

3
ln(z)− ln2(z)

]
,
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The Non-Singlet Case

I We find the differences:

δIII =
160

3
−

32

z
+

128

3(1 + z)2
−

64

1 + z
+ 96(1 + z)ζ3 −

[
52(1− z) +

64

3z
(1− z3)

]
ln2(z)

−
56

3
(1 + z) ln3(z) +

[
24(1− z) + 16(1 + z) ln(z)

]
ζ2 + ln(z)

[
104

3
−

32

z
+

128

3(1 + z)3

−
256

3(1 + z)2
−

64

1 + z
+ 64

(
1− z +

1− z3

3z

)
ln(1 + z)

]
−
[

40(1− z) +
64

3z
(1− z3)

+ 48(1 + z) ln(z)

]
Li2(1− z) + 64

[
1− z +

1

3z
(1− z3)− (1 + z) ln(z)

]
Li2(−z)

+ 128(1 + z)Li3(−z)− 96(1 + z)S1,2(1− z) + 2δPS
interf ,
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I We find the differences:

δIV =
2(53 + 994z + 32z2 + 742z3 − 85z4 − 8z5)

9(1− z)(1 + z)2
− 8

[
1− 14z − 56z2 + 78z3 − 25z4

(1− z2)2

+
1 + z2

1− z
ln(z)

]
ζ2 −

8z(13 + 12z2 − 20z3 + 3z4

(1− z2)2
ln2(z)

+ 16

[
1− z + 7z2 − 3z3

(1 + z)2
+

7 + 3z2

2(1− z)
ln(z)

]
Li2(1− z) +

[
32(1 + 5z − 4z2)

(1− z)2
ln(1 + z)

−
16(4− 7z − 6z2 − 128z3 + 2z4 − 9z5)

3(1− z)2(1 + z)3

]
ln(z) +

32(1 + 5z − 4z2)

(1− z)2
Li2(−z),

⇒ Our results agree with the ones obtained through factorization.
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Numerical Illustration

I Relative deviation of the photon (I), non-singlet (II), pure-singlet (III) and their
interference (IV) contribution in %.
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Numerical Illustration
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I Illustration of the Wilson coefficients for the photonic (I), non-singlet (II),
pure-singlet (III), interference ×10 (IV) and neglected contributions ×100 multiplied
with the factor z(1− z). The black line represents the whole contribution to initial
state radiation.
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O(α2) QED Initial-State-Radiation – Phenomenology

The Z -Peak

blue: Born

green: O(α)

red: O(α2)

black: O(α2)
+ soft exponentiation

I The mass and width of the Z -boson are
measured very precisely:
∆MZ = ±2.3MeV, ∆ΓZ = ±2.1MeV (PDG)

I O(α2) corrections and soft exponentiation have
sizable impact on peak position and width.

I The differences we found can affect the width
of the peak within the accuracy of the
experiments.
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O(α2) QED Initial-State-Radiation – Phenomenology

t t̄ Production at Threshold

I Initial-state-radiation has a big effect on the shape of the threshold.

I Soft-photon resummation leads to a sizable effect.

I The O(α2) corrections are of the size of the anticipated accuracy.
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Drell-Yan Process at Hadron Colliders

Drell-Yan Process:

I The process describes the annihilation of a
quark-antiquark pair into a γ∗/Z∗ (or W )
boson.

I The virtual gauge boson subsequently
decays into a lepton pair
→ no QCD interference between initial
and final state .

q q̄ → γ∗/Z∗ → f f̄

The Drell-Yan process

o provides a precision test of the Standard Model.

o is an important input for the determination of parton distributions.

o is used as a ’Standard Candle’ for detector calibration.
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Drell-Yan Process at Hadron Colliders

Theoretical Status:

I Inlcusive:
o O(αs): Altarelli, Ellis, Martinelli; Nucl. Phys. B157 (1979)

o O(α2
s ): Hamberg, Neerven, Matsura; Nucl. Phys. B359 (1991)

I Differential:
o O(α2

s ): Anastasiou, Dixon, Melnikov, Petriello; Phys. Rev. D69 (2004)

Catani, Cieri, Ferrera, de Florian, Grazzini (DYNNLO); Phys. Rev. Lett. 103 (2009)

Gavin, Li, Petriello, Quackenbush (FEWZ); Comput. Phys. Commun. 182 (2011)

o O(ααs): Dittmeier, Huss, Schwinn Nucl.Phys. B885 (2014)

and many more...

⇒ The calculations are made for massless partons (u,d,s).

⇒ Our result provides the NNLO QED (and Abelian parts of the QCD) corrections
keeping the asymptotic mass dependence of the heavy quarks (c,b):
I The results complement the quarkonic channels of the original work (Hamberg, van

Neerven, Maatura) with asymptotic mass dependence.
I The full QCD calculation is not available but seems feasible.
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Drell-Yan Process at Hadron Colliders

I The Drell-Yan process is very precicley measured
at the Atlas and CMS (∼ 1 % error).

I The measurements provide an important input for
the golbal fit of parton distributions.
⇒ The data has potential to constrain the strange
quark distribution Eur. Phys. J. C (2017) .

Atlas results of unsupressed strange still under debate.

⇒ At high enough energies and precision the data
can also provide input for the heavy charm and
bottom quarks, here one has to account for mass
effects.
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Heavy Quark Parton Distributions

I For the description of the structure functions in deep-inelastic-scattering mass
effects are indispensable at small x.

I Our results can provide mass effects at NNLO in QED to the charm and
bottom annihilation.
⇒ Non-Abelian channels have to be added for the full QCD corrections.

I Conceptually one also has to consistently define the parton densities of the
heavy quarks.

I This can be done in the variable flavor number scheme which is fully known to
NLO and work is ongoing to extend it to NNLO and the simultaneous
decoupling of charm and bottom.
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The variable flavor number scheme

I Matching conditions for parton distribution functions:
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The variable flavor number scheme at NLO

Σ(x ,Q2)2-mass/Σ(x ,Q2) fb+b̄(x ,Q2)2-mass/fb+b̄(x ,Q2)
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I The ratio of the 2-mass contributions to the singlet parton distribution Σ(x,Q2) (left) and the heavy flavor

parton distribution fb+b̄(x,Q2) (right) over their full form in percent for mc = 1.59 GeV,mb = 4.78 GeV in the

on-shell scheme. Dash-dotted line: Q2 = 30 GeV2; Dotted line: Q2 = 30 GeV2; Dashed line: Q2 = 100 GeV2;
Dash-dotted line: Q2 = 1000 GeV2; Full line: Q2 = 10000 GeV2.

I For the PDFs the NNLO variant of ABMP16 with Nf = 3 flavors was used.
Alekhin et al., Phys. Rev. D 96 (2017) 1
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The variable flavor number scheme at NNLO

I At all OMEs except of A
(3)
Qg are known analytically.

⇒ In the single mass case all 1st order factorizable terms and 8000 Mellin
moments are know.

⇒ In the two mass case 1000 Mellin moments up to (m2
c/m

2
b)5 are known.

I The calculation needs large scale computer algebra on machines with
∼ 1 Tb of RAM.

I In the two mass case we also find iterated integrals over root valued letters,
which contain the Bjorken variable x and the mass ration η = m2

c/m
2
b in a

non-factorizing manner.
E.g.:

1
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1

1 + x
,

1
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√
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1
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1
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Conclusions

e+ e− → γ∗/Z∗

I We have recalculated the process e+ e− → γ∗/Z∗ up to O(α2) maintaining all mass terms
until the last integral and perform then the expansion in m2

e/s.

I Processes not dealt with in the work by Berends, Burgers and van Neerven (1987) have been
added.

I Both the vector and axial-vector contributions, which give partly different corrections, were
considered.

I We found differences to Berends et al. in all their processes I-IV.

I Our results do fully agree with the results of Blümlein, De Freitas, and van Neerven (2001).
⇒ This also verifies the factorization of the Drell-Yan process in massive environments and in
particular with massive external states.

I The contributing integrals are iterated integrals of square-root valued letters containing real
parameters and lead in part to incomplete elliptic integrals and associated higher functions.

I The found differences can lead to a resolvable shift in the width of the Z -boson.

I The O(α2) corrections to e+ e− → γ∗/Z∗ are now fully understood, which is important for
the physical measurements at future high-luminosity colliders.
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Conclusions

q q̄→ γ∗/Z∗

I The Drell-Yan process can be used as a precision test of the Standard Model.

I The Run 1 data of the LHC already has constraining power on the strange quark parton
distribution.

I At higher energies and more precision also the heavy charm and bottom quarks can become
accessible.

I Our result can be used to include mass effects into the QED initial state radiation of charm
and bottom quark annihilation.

I For the full QCD effects the non-Abelian parts need to be calculated.
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