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String theory low-energy effective action (o is the inverse
tension of the string) in D < 10 dimensions
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The coefficients of the higher derivative terms are automorphic
functions of the moduli ¢ € E4(IR)/K4

fily - @) = fr(o) Y € Ea(Z)

with E 4 (IR) the duality group
Supersymmetry leads to differential equations on . (@)
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This is extremely important for

>

UV divergences of maximal supergravity (creen, Russo, Vanhove; Pioline]
InD =4+ 6/L with L = 1,2, 3 the counter-term of the
UV divergences of maximal supergravity have been
extracted from the constant Fourier mode of the
automorphic couplings. As wellasthe L =2D =8
divergence with counter-term D6R4 [Green,Russo,Vanhove; Pioline]

flux compactification of type II and M-theory and the and
de Sitter space vacua

Flat space limit AdSs x S° and (discontinuities) of N = 4
CorrelatOI’S [Alday, Bissi, Perlmutter]

Flat space limit AdS, x S”/Z, and ABJM amplitude sinder

Chester, Pufu]
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Type IIB superstring in D = 10

The vacuum parametrized by QO = C(©) + ie~® in the duality
group coset SL(2,IR)/SO(2)
The Einstein frame effective action (§ = o’ *exp(2¢)

L1 :J'd1OX|—9|; < R—l—Zfo ) (€202)%05 R* + )

k=0

The coefficients are modular forms for SL(2,Z) with a U(1)
weight w set by the R-symmetry charge of the coupling

aQ+b cQ+d\" ab
w _ (== f.(Q L(2,Z
k(cQ+d> <cQ+d) <) (C d>es =
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Supersymmetry protected couplings

The %— aIld %—BPS protected teI'ms SatiSfy [Green, Vanhove; Green, Sethi; Sinha]

4(ImQ)%0005 Y (Q) =AY f(Q); k=0,2

Given by Eisenstein series f"(()) = E§V+k(Q)
2
(JmQ) %"
EY . (Q) = -
Q) 2 (MQ +n) %2+ (mQ +n) %5 —w

(m,n)ez2\(0,0)

o



Supersymmetry protected couplings

> R*: 1-BPS term one-loop exact

E9(Q) = 2¢(3)Q3 + 4((2) + non-pert.

N roj—
njw O

Q

> D*R*:  1-BPS term two-loop exact
30 2 8 2
Q, ZEg (Q)=27(5)Q5+ 0+ §C(4)Q2 + non-pert.

Only a finite number of perturbative term:
tree-level, one-loop, two-loop
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Supersymmetry protected couplings

The %—BPS iS not an EiSGl‘lStein SerieS [Green, Vanhove; Green, Miller, Vanhove]
43m(Q)2060453(Q) = 12f3(Q) — 6(f3(Q))?
with f5(Q) = E9(Q) the R* coupling.
2
> DPR*: [-BPS three-loop exact

0;'19(0) = 2ear0z + “E L agan0;2
4¢(6)
+ 57 O_ -+ non-pert.

Only a finite number of perturbative term:
tree-level, one-loop, two-loop, three-loop
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Weak coupling expansion

The weak coupling expansion reads

Q, ™Y (Q) = Z agQ§_29 + non-pert.
920

The power behaved terms are the perturbative contributions
given by the analytic contribution from genus-g four gravitons
amplitudes in string theory

> The tree level coefficients a are polynomial in odd zeta
values

> At genus one a'/((2) are polynomial in odd zeta values.
((2) is an overall normalisation of the genus one amplitude

> At genus two ab/((4) are polynomial in odd zeta values.
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Tree-level closed string amplitudes

Any closed string tree-level amplitudes can be decomposed

Mps(s, €) Zcr s, €)Mna(s,n", ")

c-(s, €) rational functions of kinematic invariant, polarisation
tensors, and colour factors

N
Mnia(s,n",n") == J H d®w; x
(PE)N 4
N
Ie.. ’ . 4 N
< T eyl [T w0t — qpetnees
1<i<j<N i=1
N
[Iwiwi (—wa™ 0 —wo)™ T (s —wy) (e —vy) ™
1 1<i<igN

with 1, 14, My, My, 145, 1y integers
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Four points closed string amplitude

The partial amplitudes of four points tree-level closed string
amplitudes are (114, 1;; in Z)

Ma(s,n,n) _J dPwiw P krke ]y [2ekeks
Hﬂ
X WM (1 — W) (1 — )"
E.g. For nio = nog = ny2 = oz = —1 we have

J |Z‘20c72|1 ‘2[3 2 dzdz o
H’ﬂ

(—27)
_( cn+1) o, n+ n+
- (2; gy (B k)

This expression has only odd zeta values
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Four points closed string amplitude

One can evaluate the integral by holomorphic factorisation

J dZW‘W‘Z(X/k1k2|1 o W|2Cxlk2~k3
P¢
X WM™ (1 — )28 (1 — )8 = sin(o/7ks - kg)

;
X J dww"‘/k1'k2(1 —w)"‘/k2'k3w“12(1 —w)"n=
0

!
X J dww“/k"k2(1 —w)“/k?k“wﬁmﬁ —w)"=
0
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Four points open string amplitude

We have the product of standard hypergeometric functions, e.g.

J x* 11 —x)P1dx =
[0,1]

= o (3 M (o))

(XB n>2

These function contain all the (-values. But in expansion of the
holomorphic factorisation the even (-values have disappeared.

This is a manifestation of the single-valued projection
introduced by F. Brown

N}
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Definition

For 0y := 0,04 := 1,00, ..., 0, distinct points of IPJE we
consider the formal alphabet X = {Gg, ..., 6, }, with words
W = 6‘L1 oo o é‘iu 6 X>I:‘

We define recursively hyperlogarithms (w.r.t. X) by setting for
allT > 0 Ls;(z) := log"(z) /r! and for all w = G, - - - 63, € X*

%z, d /
L.(z) —J 7ZL5-L2.».(;-L“ (z)).

0 2’ — 0y,

» Holomorphic, multi-valued on IPJE \ X.
» If X = {0, 1} we obtain multiple polylogarithms

Vy

' z
Liy, k. (z) = Z N ke

0<vi<--<Vy Vi Vr
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Proposition/Definition

For all 0; € X and all w € X", there exists locally K; € Z s.t.

Ki
Lo(2) =) Y cijw)(z—01) log“(z—ay).

k=0 j>0
We define [, (0;) :— cé?g(W), and 8x := QL. (0i)}o;ex]-

» [,,(0) =0 forany w € X",
> 80.1) 1s just the ring generated by multiple zeta values
(MZVs)

. 1
C(k1,...,kr):L1k1 ..... kr“): Z k1 ke
‘\) ...\)T
O<vi<---<vy, 1
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Theorem

The formal series Lx(z) := ), cx- Lw(z) w € C((X*)) is the
unique holomorphic multi-valued solution of the KZ-equation

such that F(z) ~ exp (6o log(z)) as z — O.
In particular, [, 1,(1) is the Drinfel’d associator.

Theorem (F. Brown)

There is a unique real-analytic single-valued solution
Lyx(z) € C((X")) of the KZ-equation s.t.
Lx(z) ~ exp (60 log|z|?) as z — 0.

o
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Definition

If we write Lx(z) = ), cx- Lw(z) W, we call £, (z)
single-valued hyperlogarithms.

» Single-valued hyperlogarithms are given by C-linear
combinations of products L, (z)L,,,(z).
> Lo(z) = Lo(z) + Lo(z) = log(z) + log(z) = log |z/2.

Proposition/Definition

For all o; € Xand all w € X7, there exists locally K; ¢ Z g s.t.

Z Z dkn1n Z’ GL) 1(2*61)n|09k|2—(¥i|2.

k=0 m,n>0

We define £, (03) := dgg (), and 8% := QUL (01)}e,exl-
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Single-valued multiple zeta values

» L,,(0) =0 forall we X",

> If X = {0, 1} wecall L, (1) single-valued MZVs. They
generate the ring 57 ;.

> We have 57 ;, C S/0,1). One can define a map

sV:C(ky,..o, ke) — V(Kq,..., ke).

> *¥(2k) =0

> (V(2k+1) =2¢(2k + 1)

> (%(3,5) = —10¢(3)¢(5)

> (%'(3,5,3) = 2¢(8,5,3) —2¢(83,5)¢(3) — 10¢(3)%¢(5).

~
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Closed string amplitudes from correlators

Introduce

In(z,2) =

N1
<\71 (0) H szliv(wr,wr)vwrz“)\7N+3(OO)I et X(z:2) 1>
r=2

N

:J [T Owi—wy) 90w — )95 [ [ d®ws

Y igi<igN i1
N

TTwe wi — 1) (wi — 2) S8 (g — 1)8 (g — 2)%
i=1

» By construction we have that My (s, n,n) = G (1, 1)

» As a CFT correlator G (z, z) is single-valued function of z

» The difference between the holomorphic and
anti-holomorphic exponent are integer (spins)
a—ab-bc—-¢g—gecZ {
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Four points case

For the four points case the holomorphic factorisation reads

S1(z,2) = J W (w—1)° (w—z) W (W—1)°" (W—2) ¢ d®w
C

One can perform the holomorphic factorisation

S1(z,2z) = (I1(ay,by,¢1,2) I2(ay,b4,¢1,2)) G <I1(a1,b1,c1,z)>

I>(ay, by, c1,2)

with

+o0
11(a1,b1,c1,z)zj W (w — 112 (w — 2)° dw,
1

I>(at, by, c1,2) —J w1 —w)® (z—w) dw,
0
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Holomorphic factorisation
CFT correlator decompose on conformal blocks

(N-+1)!

Sn(z.2) = )  Gy.I(a,b,c;g;2)1(a,b,E:§;2)
r,s=1

The conformal block are the ordered integrals

N
Iis,0)(a,b,c;g;2) :J Hdwj

Al(o,p) j=1

H ’Wﬂl - Wn‘gmn ngr{“ (Wnl - 1 )bm (Wm - Z)Cm 3

m,n m

integrated along the real line

Alo,p)  ={0 <wyy < <w



N

I((Y,p)(a,bsC;g;Z) J HdW]

Alo,p) 51
H |Wm _ Wn‘gm“ H W;l{“ (Wm - 1 )bm (Wm _ chm 3
m,n m

integrated along the real line

Alo,p) ={0 Swp1) <+ Swys) K21 <Kwgq) < KW}

The integrals [, , (a,b,c;g;z) are
> Aomoto-Gel’fand (hypergeometric) integrals
» multivalued solution of the Knizhnik-Zamolodchikov
equations
» conformal blocks for the CFT

—
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Monodromies

As CFT correlator G (z, z) is single-valued in C

(N+1)!
Sn(z.2)= )  GrsIi(a,b,c;g;2)1(a, 5,8 §;2)
r,s=1
The integrals I, (- - - ; z) have monodromies

0 /1 00 )
L(-52) 2 ) (1)Ll ;2)

Z* S
The monodromy matrices go and gy are the same for
I.(a,b,c;g;z) and I.(a,b,C;g;2) becausea—&EZN,
b—bezZNc—cezZN.g—gezZ =

—
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Monodromies around z = 0
(- ;z) have diagonal monodromies around z = 0

(N-+1)!

Sn(z.Z)= ) Grilila,b,c;9;2)16(a,b,E:8;2)

r,s=1

This imposes that the matrix G, has the bloc diagonal form

Gy 0
Gn=1] 0 Gl(f)
0

0

0

0
(3)
N

G

> ij " with i = 1, 3 are real square matrices of size N!

> Gﬁ " are diagonal matrix of size (N — 1) N/



Monodromies around z = 1
The monodromies of [..(- - - ;z) around z = 1 are not diagonal
but J.(a,b,c;g;z) = I,(a,b,c;g;1 — z) have diagonal

monodromies around z = 1

(N+1)!

Sn(z,z)= )  GidJrla,b,c;0;2)]:(a,b,€;8;2)

r,s=1

therefore
G (1)

G](f " are diagonal matrix of size (N — 1) N

—
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The two sets of integral are related by linear relations derived

l.lSlng the COl’ltOUI‘ defOI’Il’latIOI’l methOd Of [Bjerrum-Bohr, Damgaard, Vanhove]
(N+1)!
I(a,b,c;g;z) = )  S(A,B,C;G),*J:(a,b,c;g;2)
r=1

We need to solve the linear system

Gy 0 0
Gn=S(A,B,C;G)| 0 G¥ o0 [S(A,BC;G)
o 0 GY

must have the above block diagonal form of G,

R
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The linear system has unique solution up to an scale

Matching the closed string partial amplitude determines
the scale factor, therefore there is no ambiguities

The coefficients of the matrices G, and G, are rational
functions sin(7to’x ) where x are linear combination of
kinematic invariants. This is a non-local version of the
momentum kernel

The small o’ expansion of the I,.(--- ;z)and | (--- ;z) are
on multiple polylogarithm with coefficients polynomials of
MZV’s and 27ti.

The proof is constructive as it is for any CFT minimal
mOdClS [Dotsenko, Fateev]
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Matching closed string amplitudes

At z = 1 we get the colour-ordered open string amplitudes

Jiey(a,b,c;9;1) = Angs(o(1,...,N+1),1,N+2,N+3;n)
Jio,0)(a;b,c;9;1) =0

Mnis(sni)= Y Gop

0,pECN
X Anis(0(2,...,N+1),1, N+2,N+3;n)
x Ansa(p(2,...,N+1),1,N+2 N+3;1),

The o’ has only single-valued multiple zeta values as the
valuation at z = 1 of combination of single-valued multiple
polylogarithms
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Back to the four-point amplitude

_ - - - N ,b,c;
S1(z,2) = (Ji1),0) (@, b,62) Jip,(1))(a,b,¢;2)) Gy (}5;1()1’?)8 b CED
with

__sin(rt(A1+B4+Cq))sin(tA4) 0

~ in(7t(Bq+C

G = Sm(ﬂ(o1+ v __sin(tCy) sin(B1)

sin(7t(B1+Cq))

The |, integrals map at z — 1 to the open string amplitudes
Jine(a,b,c;1) = Ag(2,1,3,4;n);
Jo.()(a,b,ec;1) =0.

The value at z = 1 gives My(s,n,n) = G¢(1, 1) gives the
non-local version of the KLT relations given in sjcuum sobe. Damgard,

Vanhove]

- sin(2mta’ky - ko) sin(2mta'ks - kq)
M , I, — . A 2! 133545
4(8 " Tl.) Sln(27'[06,k2 . kg) | 4( n{')zil

7
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Remarks

Mn13(s, €) ZCT s,€)Mpys(s,n",n")

with Mn,s(s,n, 1) = Gn(1,1)

» It is not necessary that the total amplitude is given by the
special value at z = 1 of a single-valued correlation
function. It is enough that each partial amplitude arises this
way

» a given order in the &’-expansion can mix single-valued
multiple zeta values of different way (due to tachyonic
pole in the kinematic coefficients c.(s, €) for
heterotic-string amplitudes)
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Yet another look at the four points amplitude

We look back at the closed string four point amplitude

J 122521 — 222 dzdz
P

1 (—2mi)
_J Z oa™B™ (loglz?)™(log |1 — z2)™ dzdz
n pr =, mn! 1z|2]1 — z[]2 (—2mi)

- manLon(2)L1n(z) dzdz
_Lﬂ Z «"P

zI2[1 —z2  (—27i)

o+ R Lom(z)Ln(z) dzdz
2 o L);C P —22 (—2n)

We have the integral single-valued multiple-polylogarithm.

—
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Integration of single-valued hyperlogarithms

Theorem (0. Schnetz)
Let AY :=C|[z, - {Lw(2)hwex].

’ZG’ zcr’

If f(z), F(z) € A¥ e f]I,1 z)dzdzZ < oo and ZF(z) = f(z)
then

dzdz =
JIPJC f(z) (_Zzﬂzi) = Resz_F(z) — Z Resz_5 F(z)

Theorem (F. Brown)

For all f(z) € AY there exists (z) « /5 such that
2 F(z) = f(2).

Qe
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Back to the four-point amplitude

For all m,n > 1 we have that

Lom(z)Lin(z) .
Lﬂ SEEE dzdz < oo.
Moreover,
LOW(Z) - LW\)(Z)
F —
B= 2 z(1—2)
w=0Qm1in
satisfies
EF(Z) _ LOm(Z)L1n(Z)
0z |z]2[1 — 22

Therefore, by Schnetz’s theorem

L]TL LT‘- dd
| frpied = T ot e
P,

21 _ |2
1z|2|1 — z] —27i) et

SV
{0,1}

—
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The five-point amplitude

For all m, n,p, g, > 1 we have using Schnetz’s theorem

J [;0111(2),6111 (Z)Lop (u)L1q (U)Lzr (LL) dzdzdudu ..
(PL)? 2121 — zPu2[1 —uf? (—2mi)?
_J Z (Low(1) = Liw(1))Lom(z)Lin(z) dzdz

Pl ST |z[2|1 — z[]2 (—27i)

Problem: the dependence on z is also in the alphabet!
Theorem (V., Zerbini)

If 6; € X, we define X; to be X \ {G;}. For any w € X", any
2<i<nandany0<j<n

Lw(gj) — Z CuLu(Gi):

where ¢, € Y, and the sum over words 1 € X7 is finite.
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Higher-point amplitudes

Letk =n — 3, 0,p € & apermutation of k letters
Open superstring integrals:

K
Z&,Q(si,j) -
K . 5
J [Ty X% (1 — xq) siwe [Ticicjcr (xi —x;)%0
- .
0<xo) < <xoug <t Xp(1) (1T = %p00)) [ Tiq (Xp(i) — Xp(i-1))

Closed superstring integrals:
k(K
(—27i) ] (s15) =
k . . -
[Ty [zaf50t[1 — zq[sure H1<i<j<k |zi — 25?50

. k .
JUP‘)k Zo(1)Zo() (1 = Zp0)) (1 = Zo()) T izt (Zo(1) — Zp(i-1)) (Zo (i)

{3}
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Theorem (Broedel, Schlotterer, Stieberger, Terasoma)

All ngg (si;) can be expanded as Laurent series as the s; ;’s
tend to zero. The coefficients of these series belong to & 1,
(MZVs).

Before 2018:
Conjecture (Schlotterer, Stieberger)

All ]Elfg (si;) can be expanded as Laurent series as the s; ;’s
tend to zero. The coefficients of these series belong to &7
(single-valued MZVs).

Conjecture (Stieberger)

—
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Theorem (Broedel, Schlotterer, Stieberger, Terasoma)

All ngg (si;) can be expanded as Laurent series as the s; ;’s
tend to zero. The coefficients of these series belong to & 1,
(MZVs).

After 2018:
Theorem (Brown, Dupont — V., Zerbini)

All ]Qfg (si;) can be expanded as Laurent series as the s; ;’s
tend to zero. The coefficients of this series belong to 57
(single-valued MZVs).

Theorem (Brown, Dupont)
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Conclusion

» The holomorphic factorisation construction clarifies the
role of the momentum kernel in the single-valued
projection S is one block of G S(A,B,C;G)

> Notice that the o’ expansion does not need to have uniform
weight: tree-level heterotic string from the tachyonic pole,
or genus two type Il expansion [Green, Vanhove]

» Closed string amplitude are special value single-valued
CFT correlators, and open strings are multivalued
conformal block extended to higher genus

» The low-energy expansion of genus one closed string
amplitudes has single-valued modular graph functions

[D’Hoker, Green, Gurdogan, Vanhove; Zerbini; Brown; Gerken, Kleinschmidt, Schlotterer]

» Single-valued modular graph functions in degeneration
limits of genus-two amplitudes Hoker, Green, Piotine]
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