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@ Feynman integrals

® Feynman integrals that evaluate to multiple polylogarithms
(MPLs) are well understood.

® MPLs are not the end of the story.

=» Prime example: the massive sunrise.

ma
m
.
W

[Sabry; Broadhurst; Bauberger, Berends, Bohm, Buza; Catfo, Czyz, Laporta, Remidd;;
Laporta Remiddi; Bloch, Vanhove; Remiddi, Tancredi; Adams, Bogner, Weinzierl,
Schweitzer; Broedel, CD, Dulat, Penante, Tancredi; Hidding, Moriello]

® Goal of this talk:

= Review (some) functions related to elliptic and modular
curves that show up in Feynman integrals.

= [ocus on families of hypergeometric functions to illustrate

1deas.

= All concepts also show up for Feynman integrals.



@ Hypergeometric functions

® Consider the family of integrals: n;€Z a,b,ccC
1
T(nh n2,ns, >\) = / doy phrTae (1 _ x)n2+be (1 _ )\x)n3+c€
0

= For simplicity: a=b=c=1
® There are two ‘master integrals':

Ti(\) = T(—1,0,0; \) Ty(\) = T(0,0, —1; \)

® Goal: Compute the first few terms in the expansion 1n €:

® OI: How can we compute the t; x(\) ?
® O2: What are the properties of the t;1()\)?



@ Direct integration e'C

® I[f the integral 1s finite as € — 0, expand under the integral sign:

Th (M) = /01 drz€ (1 —x)¢ (1 — hg) e

B /0 1 iixm 1+ e(loga +log(l —x) +log(1 — Az)) + O(€%)]



@ Direct integration e

® I[f the integral 1s finite as € — 0, expand under the integral sign:

Th (M) = /01 drz€ (1 —x)¢ (1 — hg) e

B /0 1 fmm 1+ e(loga +log(l —x) +log(1 — Az)) + O(€%)]

| Poincaré; Kummer; ... ;

® Then integrate back in terms of MPLs:

Goncharov; Brown]

e A R) = e, Oy G(ar; 2 :10g<1——>
Glai,...,an;2) /o re—— G(ag,...,an;t) (a1; 2) a
1 2
T(\) = =5 G(LA) + T [G(0, 1;0) = G(L, L V)] + O(€)



@ Direct integration e

® I[f the integral 1s finite as € — 0, expand under the integral sign:

Th (M) = /01 drz€ (1 —x)¢ (1 — hg) e

B /0 1 fa;m 1+ e(loga +log(l —x) +log(1 — Az)) + O(€%)]

® Then integrate back in terms of MPLs: [ngﬁizﬁné?oe;nj” '
G(al,...,an;z):/() re— G(asg,...,a,;t) G(ai;z) = log (1_0,_1)
1 2¢€ 5

® T ()\) diverges, but can still be done with shight modification:

Ti(A) = © 4 ¢ [G(0,1; A) — Co] + O(2)

€



® Why MPLs?



@ Comments erc

® Why MPLs?

= We start from rational functions in 1 variable x [and logs] with

poles at x € {0,1,1/)\}.
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® Why MPLs?

= We start from rational functions in 1 variable x [and logs] with

poles at x € {0,1,1/)\}.

= ]st de Rham cohomology of punctured Riemann sphere 1s
generated by [the classes] of

dlog(x — x;) r; € {0,1,1/A}

= Rational fct. in z & log(z — ;) M . m MPLs



@ Comments e“’

® Why MPLs?

= We start from rational functions in 1 variable x [and logs] with

poles at x € {0,1,1/)\}.

= ]st de Rham cohomology of punctured Riemann sphere 1s
generated by [the classes] of

dlog(x — x;) r; € {0,1,1/A}

= Rational fct. in z M log(z — ;) M . m MPLs

® Numerical evaluation: We have fast and general numerical codes
to evaluate M PLs: [GiNaC; ...]

= Need to fix a branch for the log, e.g., for A > 1

G(1;A) =log(l — X)) =log(l —1/X) +log A+ im



@ Dhtferential equations efc

® We obtain a basis of pure functions: [Arkani-Hamed, Bourjaily, Cachazo, Trnka]

Tl A € 0 P1 A
(TQE)\§>:<O e)\)(PQE)\;)
Pi(A\) =1+ €2[G(0,1;0) — &) + O(€?)
Py(\) = —eG(1;2) + 262 [G(0,1; \) — G(1,1; \)] + O(€%)

= Differentiation lowers the weight.

= Only log-singularities.

® Pure functions satisty nice differential equations: [Henn]
0 —1>
Ay — ;
O Pl()‘) _€<A0 | Ay > (Pl()‘)> 0 =
AP )T UL T Py(A) (o 1 >
=19 _o
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@) Elliptic 2F1
® Consider the family of integrals: n; € Z  a,b,ceC

1
fr(fn/l7 N9, N3 )\) — / dil? x—1/2—|—n1—|—ae (1 o x)—l/Q—l—nz—l—be (1 o )\Qj)—l/2—|—n3—|—ce
0

= For simphiaty: a=b=c=1

= ‘Elliptic oF,": y* = z(x — 1)(z — 1/)\) defines a family of
elliptic curves.

® There are two ‘master integrals':

T1 ()\) — T(O, O, O; )\) TQ()\) — T(l, O, O; )\)

L dx
Ti(Mje=0 = /0 Vr(l— o)1 - z) 2K

® Goal: illustrate how the concepts known from previous example

generalise to elliptic case.



@Y Elliptic 2F1

® Proceed in the same way as in the non-elliptic case:

Ty (\) = % /0 d?w [1 + € (logx + log(1 — x) + log(1 — A\x)) + 0(62)}



@Y Elliptic 2F1

® Proceed in the same way as in the non-elliptic case:

Ty (\) = % /o d?x [1 + € (logx + log(1 — x) + log(1 — A\x)) + 0(62)}

® Ist de Rham cohomology of (punctured) elliptic curve generated by
dx T dx dx dx

Y Y T — T y(z — ;)




@Y Elliptic 2F1

® Proceed in the same way as in the non-elliptic case:

Ty (\) = % /0 dg [1 + € (logx + log(1 — x) + log(1 — A\x)) + 0(62)}

® Ist de Rham cohomology of (punctured) elliptic curve generated by
dx T dx dx dx

Y Y T — 1 y(z — ;)

® Build iterated integrals [from kernels with log-singularities): elliptic MPLs

| Brown, Levin]

(x 0)_ dx
o X o PO T 2VAK(\) y
E3(er i c:;x):/ dx on, (x,¢) E3 (62 ek o) dx
0 901(33,0): T —

Ti(A) =2K(A) [142¢ (& (35 +E(31:1) + & (g 1/a51)) + O(%)]



@ Elliptic polylogarithms e“’

® ¢MPLs also appear 1n string amplitudes — Relation?

® Definition of eMPLs in appearing in string amplitudes:
n; € N

4 ~
Genus 1: T(™ :::Z’ij;zm)Z/ d' g™ (' — 2, T)T( 25520 T) o
0

[~ Brown, Levin; Brodel, Mafra, Matthes, Schlotterer]

® [isenstein-Kronecker series:

9’ (0,7)01(z + a, T)
(n) 1\ )
(2,0,7) Zg %) 01(z,7)01(a, 7)

n>0

= Fach ¢'™ has (at most) simple poles at z=m +nr, m,n € Z .

® Relation between £ and T ?



@ The circle

® How to describe a circle?

N

(z,y) with y*=1-24"

AN

......
.........
........
......
PRANS .
........



@ The circle e“’

® How to describe a circle?

= (Can rescale ‘circumference’ to 1.

= Trigonometric function: cos#@

(cos’0)? =1 — (cos 0)? cos(f + 2m) = cos 6

= Inverse map: 4= / \/1



@ Elliptic curves e

® [Elliptic curves are the same as tori!

0.4
0.2

P A0 -15  -10 5 : o.‘\m 15

e N 0.2
' , 04

Z [ZU, Y, 1] Wlth y2 — 4373 — g2 — g3



@ Elliptic curves e

® [Elliptic curves are the same as tori!

AN

[z,y,1] with % = 423 — g2 — g5



@ Elliptic curves ef c

® [Elliptic curves are the same as tori!

0.4

02!

¥ —0.2:

7 //>'w1 —0.4;—
Z [337?/7 1] Wlth y2:4333—92513—93

= Can always rescale one ‘radius’ to 1: 7T=w2/w1 Im7 >0

= Weilerstrass p-function:

Gwnw) =5+ Y : 1
ZiW, W) = — N
p(z w1, w2) = — (z4+mwi +nw)?  (mwi + nws)?

(m,n)7(0,0)
o =4p” — gop — g3 (2 +wiywi, wa) = P(z;w1, ws)
X /
= |nverse map: — / da
o /423 — gax’ — g3



@ Elliptic polylogarithms

dx

log(1 — Az) ?
z)(1— A\x) 8| )

® Relation to integrals like / NETE

= They are the same thlng ! [Brodel, CD, Dulat, Tancredi]




@) Elliptic 2F1
® Final result:

0 ( U2() ) ( (21§>(>AK)</\> B X ( Ui
Uz() X(1+6¢) A(1+66)K(N) Us(

Ur(A\) =1+2¢ (& (§6:1) +E(51:1) + & (01/a31)) + O(€)

UQ()\): 271 — 53( ; )—53(_11;1)+53(1}>\;1)+

(285 (251) + 285 (21) + 285 (120:1) — 985 (2 1)) +O(e)

271

= Very reminiscent of non-elliptic case!

= U;(A\) Are pure functions of uniform weight:
Weight = Z un

Es (el eFix) =1
Length = &



@ Elliptic Feynman integrals e

Non-elliptic 2F1 Elliptic 2F1

Direct
integration ‘/ [MPLs] ‘/ [eMPLs]

Pure basis / [ Uniform weight] / [ Uniform weight]

Canonical DE [[EV4 [dlogs]

Numerical /
Evaluation




@  Differential equations

® Differential equation (T1()\),72()\)) 1s not in canonical form:

AN
|
P
/—\
N|—= O
o
[
N———
+
>~

| | —
—_
/\
|
N[N |
DO | D |
N
uy
|
> |
/\\
—_ O
|
N)O
N———
>~

| |
}_\
/\\



@ Dhtferential equations efc

® Differential equation (T1()\),72()\)) 1s not in canonical form:

AN
|
> =
O\
N|—= O
o
pd
N—
_|_
>~
| —_
[—
N\
|
N[ DO | =
DD | —
N
wy
|
> =
N\
)
|
N)O
N
>~
| —
}_\
N\
|
—_
o W

® Differential equation (U;()), Us())) takes the form:
1

Ut (A []+ ( )\ 1 o
aA( U;EAg ) =8l ( U;E)\g ) {1 = ( 4()\2£>;\-|-1)))£(()\)2 (A )1>‘ (M) )

TA—1)A OG-

= Equation in e-form, but matrix involves elliptic integrals.

= [ooks very different from integration kernels for e MPLs?!?



@ From dynamics to geometry e’C

® y’=z(z—1)(z—1/A) defines a family of elliptic curves.

= Different values of A correspond to elliptic curves of

‘difterent shapes’. 7
A= 0.8 /
KON @ ;

K(X) | \ |

0.0 0.5 1.0 1.5 2.0




@ From dynamics to geometry e’C

® y’=z(z—1)(z—1/A) defines a family of elliptic curves.

= Different values of A correspond to elliptic curves of

‘difterent shapes’. 7
A=0.7 /

K(1 — | f\ |

o BU=Nases \/ |

K(\) \

~1.0L— - :
0.0 05 1.0 15 2.0

-0.5¢




@ From dynamics to geometry e’C

® y’=z(z—1)(z—1/A) defines a family of elliptic curves.

= Different values of A correspond to elliptic curves of

‘difterent shapes’.

A=0.6
S G T S m /
NEZANAN

~1.0L— - - -
0.0 0.5 1.0 15 2.0

-0.5¢




@ From dynamics to geometry efc

® y’=z(z—1)(z—1/A) defines a family of elliptic curves.

= Different values of A correspond to elliptic curves of

‘different shapes’. o |
A=0.6 |
K(1—X) 0,911 . /\ /

m—} — . e 0.0
S NEPZERAN
® A torusis defined by (w2, w1). o5 i is "

= Rescale to (7,1) = (w2/w1,1).
= Rotation of the basis defines same torus:

w2 a W2 b a
(E)~ (28 (@) T (4h) €SL2,2)




E [terated int. of modular forms ¢ C

® Modular form ~ holomorphic function with nice transtformation

properties: L
aT n
() = v ar s
® Definition: Iterated integral of modular forms: [Manin; Brown]

dr’
f<f7;1,...,fz-k;7>=/ T Fa ) (g fii ™)

k

fi;. = modular forms of weight n;_ a=1

® lLooks very different from e MPLs....

= What is the connection to eMPLs...?



@ The differential of eMPLs e

. . , Brodel, CD, Dulat,
® Total differential of e MPL.s: Aq[;r] = (”'L;; 7“) [Penante, S di]t
N k—1 B
dI' (Ay--- Ag; 2,7) = Z(—l)an [ (A Ay 0 Apyo- - Ay 2, 7) w}(j"’;;o_:‘lnp-i—l)
p=1
ket T n —+7r 1 ( )
SN\ 1 B A Np—T
+2. 2. ( pn 1 ) (Al A][g]_1 Ap Apy1 -+ Ag; Z,T) wp P
p=1 r=0 L pP=
np1 + 7 —1 ] . (np—r)
_ ( pan L ) (Al - Ap_1 Ap Ap+1 - Ag; Z,T) Wppt1 | s

Integral on

Wiy = (dzj — dz) g™ (2 — 2i,7) {”dT g+ () — 2i,7)

Vij ) moduli space

= Differential involves 1-forms on moduli space.

= [terated integrals on moduli space.



@ The differential of eMPLs e

(e , U Si :
® Assume that z; are ‘rational”: z; = F—T r;, Si;, N integer
N N 19 <1
S

= g ( vt ) 1s always a combination of modular forms.

n

PRV
R ( + 2 ) _ N (22mis)T ) [Brodel, CD, Dulat,
N N Z k! hN’T’S (T) Penante, Tancredi; Zagier]

- hg\TfL)'rs are Eisenstein series of weight n for T'(NV).

eZWi(bs—ar)/N

hg\?)rs( ) — _an,N,'r‘,s(T) — ibn,N,r,s(T) — = Z (CL + b)n
(a,b)€Z? !
(a,b)#(0,0)

O COIlClllSiOIl: If aﬂ 24 iIl F( 7;11 7;;: ) 2, 7') are ‘rational’ [torsion points],
then the eMPL can be written 1in terms of 1iterated integrals of
modular forms | Eisenstein series]. [Brédel, CD, Dulat, Penante, Tancredi]



@ The differential of e MPLs

Ur(A) =1+ 2¢ (83(8(1)31)+53(8%;1)+53(81})\;1))—|—O(€2)

cee®y
..........
.........
-----
~-'_o.o".



@ The differential of eMPLs e

Ur(A) =1+ 2¢ (83(8(1)31)‘|‘53(8%;1)‘|‘53(81})\;1))—|—O(€2)

/
/
T = w2/w1 /
T ) /_ _ _ _ _
1 /
0.5+ . /
| /
/
1 /
1 /
1 /
0.0 /
/
\/
/
/
-0.5¢ /
/
/




@ The differential of e MPLs e

UL(A) = 1+ 2¢ (€5 (83:1) + & ($3:) + &5 (S gy 1)) + O(e)

T = wg/wl

0.5¢
0.0

1 1/
-0.5}




0.5¢
0.0

1 1/
-0.5}




@ The differential of eMPLs e

Ur(\) =1+2¢ (€ (§5:1) + & (§as D) +Es (ogmi 1) + O(%)

1.0 —

0.5+

0.0

1 1/

-0.5¢

K(1— )

-1.0 : 1 1 1
0.0 0.5 1.0 1.5 2.0 T = 1

K(M)
= The U;(\) can be expressed in terms of iterated integrals of
Eisenstein series.

U1(>\) =1+ 2¢ (8 ](32,2,1,0;7) + 41(32,2,1,1;7) — 2772[(1'7) — 4log2) T 0(62)

: . . 90
UQ()\) — 1T € (82#[(32,27170; 7') —+ 4Z7TI(8272,1,1; 7') + —](84 2.0,05 T )

(s

— AT log 2) —l— O (E 2) [Broédel, CD, Dulat, Penante, Tancredi; CD, Tancredi]



@ The differential of eMPLs e

® Relation to differential equation?

()= () o= (u

1
A—1)A
A= A+1)K(N)?

tm(A=1)A

TTENSIIV(ONE )

1
O—1)x




@ The differential of eMPLs e

® Relation to differential equation?

1 X
U, Uy A—1)A AA—1)AK(N)2
8,\( U, > = e ( U, ) () = ( 4(A2=2+1)K(N)? 1 )

T A—1)A O—1)x

® Change variables from A\ to 7 :

K1 - )) B i
TR AT = A= 1D RO




@ The differential of eMPLs e

® Relation to differential equation?

1 X
U, Uy A—1)A AA—1)AK(N)2
8,\( U, > = e ( U, ) () = ( 4(A2=2+1)K(N)? 1 )

T A—1)A O—1)x

® Change variables from A\ to 7 :

K(1—X) 5 T
T =1 T =
K(\) MT AN =1 K(N)?
T\ Uy ) Us ~ 16(/\(7)2—A(TZ)JJrl)K(/\(T))4 4K (A(1))°



@ The differential of eMPLs e

® Relation to differential equation?

1 X
U, Uy A—1)A AA—1)AK(N)2
8,\( U, > = e ( U, ) () = ( 4(A2=2+1)K(N)? 1 )

T (1) G-
® Change variables from A\ to 7 :
K1 —)\) i
T =1 a)\T —
K(\) AN(A—1)K(N)?
- 3 4K (A(7))*
87- U1 =€) Vs () = 2 L 4 .
U> Us L6(A(T)? A FD)KAM)! 4K (A (1))?

® KW\)™M7)?, 0<p<n: basis of modular forms of weight n
for T'(2).
1

= [xample: K(A\(7))* = az2.1.0(7) + 532,2,1,1(7)



@ Elliptic Feynman integrals e

Non-elliptic 2F1 Elliptic 2F1

Direct
ntearation V| [MPLs] v/ [eMPLs & MFs]

Pure basis / [ Uniform weight] / [ Uniform weight]

Canonical DE / [dlogs] / [modular forms]

Numerical /
Evaluation




@ Numerical evaluation L

® Modular forms for I'(2) are invariant under translations by 2.

= Fourier expansion in ¢z =¢€'"".

- Example: a4,2,170(7') = ——— — — (2 +



@ Numerical evaluation erc

® Modular forms for I'(2) are invariant under translations by 2.

= Fourier expansion in ¢z =¢€'"".

=> Example: 8_4727170(7') — ——= — —— (2 -

2 42 1472
I(a4,2,1,0;7) :—%log% | 3 ¢ - g5 + O(g)




@ Numerical evaluation L

® Modular forms for I'(2) are invariant under translations by 2.

= Fourier expansion in ¢z =¢€'"".

Tt 27t 274
- Example: 8_4727170(7') — —— < — —— (2 - C]g =+ O(qg)

® Carries over to 1terated integrals of modular forms:

2 42 1472
1(34,2,1,037):—%1%@12 | 2 q% | 3 Q§+O(qg)

® Convergence: |ga] =e ™7 < 1, for Im 7 > 0.
= (Converges fast for large Im 7.

= Converges slowly for small Im .



@ Numerical evaluation

® Numerical convergence of I(as210;7):

L
r= o+ 1@_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




@ Numerical evaluation

® Numerical convergence of I(as210;7):

L
r= o+ 1@_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




@ Numerical evaluation ero

® Numerical convergence of I(as210;7):

L
r= o+ 1@_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




@ Numerical evaluation et

® Numerical convergence of I(as210;7):

L
r= o+ 1@_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




@ Numerical evaluation ero

® Numerical convergence of I(as210;7):

L
r= o+ 1@_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




@ Numerical evaluation ero

® Numerical convergence of I(as210;7):

L
r= o+ 1@_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




@ Numerical evaluation ero

® Numerical convergence of I(as210;7):

L
r= o+ 12_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




&

® Numerical convergence of I(ay

_1,z A~ 0
R -

Numerical evaluation

2.1,03 7') :

0000192897 — 0.0062112101+

—6.985970464 — 0.1722570931




@ Numerical evaluation

® Numerical convergence of I(as210;7):

_1,z A~ 0
R -

0000192897 — 0.0062112101+

—6.985970464 — 0.1722570931




@ Numerical evaluation e

® Numerical convergence of I(as210;7):

L
r= o+ 12_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931




@ Numerical evaluation o

® Numerical convergence of I(as210;7):

L
r= o+ 12_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931

—8.379379471 — 0.1722570931




@ Numerical evaluation L

® For every 7 € H in each there 1s v = (‘C" 2) € SL(2,7Z) such that

atT + b
e — c F
e ct +d

F

4

~1  —1/2 1/2



@ Numerical evaluation L

® For every 7 € H in each there 1s v = (‘C" 2) € SL(2,7Z) such that

atT + b
e — c F
e ct +d

- Example:




@ Numerical evaluation L

® For every 7 € H in each there 1s v = (‘C" 2) € SL(2,7Z) such that

atT + b
e — c F
e ct +d

= FExample: v = (_12(1)) - 1_7_27- —




@ Numerical evaluation L

® For every 7 € H in each there 1s v = (‘C" Z) € SL(2,7Z) such that

b
W-T:m_—l_ c F /.:_1+§
CT—|—d g 2F2
, T 1 52
= Example: ~ = (_12(1)) )

® LKisensteln series transform nicely:

aT + b) n (1)
N,r,s — (CT T d) hN,rd sb,rc+sa (T) 1 T u u
(CT +d et 1 —1)2 12 1

hg\rfl,)r,s(T) — _afn,,N,fr',s(T) — Z.bfn,,]\f,T,S(T)



@ Numerical evaluation L

® For every 7 € H in each there 1s v = (‘C" Z) € SL(2,7Z) such that

at + b
T = c F
T ct +d
, |
-»Examplezyz(_z(l)) 7:1_7272_§+

® LKisensteln series transform nicely:

n at + b n 1 (n)
hEV,)TaS (CT _I_ d> — (CT —I_ d) hN,?“d—l—sb,rc—l—sa (7—)

hg\rfl,)r,s(,r) — _afn,,N,fr',s(T) — Z.]:)??,,]\T,T‘,S(T)

® Carries over to 1iterated integrals of Eisensteln series: [CD, Tancredi]

3

. 17T
I(ag21,0:7) = I(as2,1,0;7") + 2inl(ag2,1,0,1;7") — 320%(ag21,0,1, 1;7') — (3 — 135



@ Numerical evaluation L

® For every 7 € H in each there 1s v = (‘C" Z) € SL(2,7Z) such that

at + b
T = c F
T ct +d
, |
-»Examplezyz(_z(l)) 7:1_7272_§+

® LKisensteln series transform nicely:

n at + b n 1 (n)
hEV,)TaS (CT _I_ d> — (CT —I_ d) hN,?“d—l—sb,rc—l—sa (7—)

hg\rfl,)r,s(,r) — _afn,,N,fr',s(T) — Z.]:)??,,]\T,T‘,S(T)

® Carries over to 1iterated integrals of Eisensteln series: [CD, Tancredi]

3

. 17T
I(ag210;7) = I(a421,0;7) + 2inl(a421.0,1;7) — 327°1(a421,0,1,1;7") = (3 — 135
Multiple Modular Value [Brown]



@ Numerical evaluation o

® Numerical convergence of I(as210;7):

L
r= o+ 12_0 A ~ 0.0000192897 — 0.00621121014

—6.985970464 — 0.1722570931

—8.379379471 — 0.1722570931




@ Numerical evaluation o

® Numerical convergence of I(as210;7):

R
r=g+ 12—0 \ ~ 0.0000192897 — 0.00621121013
—0.985970464 — 0.1722570932 —8.379435764 — 0.1722570931

—8.379379471 — 0.1722570931




@ Numerical evaluation efc

® Numerical convergence of I(as210;7):

1 7

T = 5 -+ E A~ 0.0000192897 — 0.0002112101+
........ —6.985970464 — 0.172257093¢ | ' =8.379435764 — 0.1722570937
........... 6.122619677 — 0.172257093¢ | =8.579379471 — 0.1722570932
...... —12.526118272 — 0.172257093: | =8.379379471 — 0.172257093:
| [S8370957843 — 0.172257093i | —8.379379ATI — 0.172257093i
81370845867 — 0.172257093i 8370379471 — 0.172257093i
e e
........ B

81370379470 — 0.172257093 8370379471 — 0.172257093

8370379471 — 0.172257093 8370379471 — 0.172257093

81370379471 — 0.172257093 8370379471 — 0.172257093




@ Numerical evaluation e

® Numerical results for T3 (\) for all real values of X :

5.
|
| — Re, €°
5t —— Re, €
| — Im, €°
—10:- — Im, €’

-15 1

[CD, Tancredi]



@ Elliptic Feynman integrals e

Non-elliptic 2F1 Elliptic 2F1

Direct
ntearation V| [MPLs] v/ [eMPLs & MFs]

Pure basis / [ Uniform weight] / [ Uniform weight]

Canonical DE / [dlogs] / [modular forms]

Numerical / [Iterated Eisenstein
Evaluation

integrals]



@) The rho parameter

® All these ideas carry over to Feynman integrals.

® Example: the rho parameter at 3 loops.

- KHOWD numer 1ca11y from [ Grigo, Hoft, Marquard, Steinhauser].

= Was not known analytically.

@) ) Fro(t)
D_2—26 D—Q—Qe D=4—2



Same matrix as for sunrise/kite

(£ fm@ 00N Us(D
9(2)(75) — — P (t) (t—9)(t341)t\111(t) 0 Us(?)
\ fio(t) ) \ 0 . 1/ \ Uiol®)

Pure functions of uniform Weight;

expressible via eMPLs or iterated
Fisenstein integral

3G m?
op = ——L (50
P 167r2\@<

+ M(S(l) + (

7

1.0

) s 4 0<as<u>3>)

[Abreu, Becchetti, CD, Marzucca]



@ Conclusion e“’

® We have learned a lot about Feynman integrals that cannot be
expressed 1n terms of MPLs.

® IFor Feynman integrals that evaluate to iterated Eisenstein
integrals, we have now a solid understanding:

= Pure functions & differential equations in canonical form.

= Numerical evaluation & analytic continuation.

® Still a lot to do!

= More than one variable?

= More than one elliptic curve?

= Additional singularities (e.g., coming from subtopologies):

/1 da 1 L //\ dN K(\)
0o Vo(l—x)(1—Az) x—c 0 N —c




