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Feynman integrals
• Feynman integrals that evaluate to multiple polylogarithms 

(MPLs) are well understood.

• MPLs are not the end of the story.
➡ Prime example: the massive sunrise.
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in turn, has sparked a lot of activity in recent years in trying to uncover the mathematics of elliptic
Feynman integrals [12, 18–32]

The most prominent elliptic Feynman integral is the so-called sunrise integral, i.e., the two-loop integral
with three massive propagators. It had been observed already fifteen years ago that the maximal cut of
this integral can be expressed in terms of complete elliptic integrals of the first kind [21]. The result for
the full (uncut) integral, however, remained mysterious for more than a decade. In a landmark paper
Bloch and Vanhove have shown that the sunrise integral with three equal masses in two dimensions can
naturally be written in terms of a generalization of the dilogarithm to an elliptic curve [22]. The latter is
a special case of a more general class of functions, called elliptic multiple polylogarithms (eMPLs) [33–35],
and they have recently appeared also in the context of superstring amplitudes at one-loop [36–38]. The
result of ref. [22] has sparked a wealth of new results and representations for the sunrise integral, including
also higher-order terms in dimensional regularization and results in four space-time dimensions [12, 23–
30]. A common feature of these results is that most of them require the introduction of a new elliptic
generalization of MPLs, whose relationship to the eMPLs that have appeared in pure mathematics and
string theory is often unclear. This is somewhat disconcerting, because in the non-elliptic case it was
precisely the realisation that ordinary MPLs constitute the right class of functions with beautiful algebraic
properties that was at the heart of a lot of progress in multi-loop computations.

In the present paper, we try to close this gap, and we introduce a class of functions that are defined
as iterated integrals on an elliptic curve. The ensuing functions have at most logarithmic singularities
– thereby constituting a genuine generalization of polylogarithms to elliptic curves. We discuss how one
can easily compute the sunrise integral in term of these functions, and we present analytic results for all
the master integrals of the sunrise topology in d = 2 ≠ 2‘ dimensions. In particular, we present for the
first time an analytic expression for the second master integral in the case of three unequal masses. In a
companion paper [39], we study in detail some of the properties of our functions. In particular, we show
that they are equivalent to the eMPLs introduced in the mathematics literature. As such, our functions
genuinely deserve being called elliptic multiple polylogarithms as well. At the same time, this shows how
the sunrise integral is connected to the eMPLs that have appeared in mathematics and string theory.

The outline of the paper is as follows: after providing a lightning overview of some background on
the sunrise integrals in section II, we will jump into the evaluation of the first master integral for the
equal-mass sunrise integral in section III. This integral will serve as our prime example of how eMPLs
naturally arise in the context of the sunrise integrals. After this first encounter with iterated integrals
on elliptic curves, we will discuss and compute the second master integral for the equal-mass sunrise
integral in section IV. We will collect structural results of the first sections, including the complete set
of integration kernels that define eMPLs, in a brief summary section V. In section VI, we will apply our
new language to the more complex scenario of sunrise integrals with three di�erent masses. In particular,
we will discuss the unitary cut of the sunrise integral as well as the unequal-mass master integrals for the
sunrise topology from dispersion relations. In section VII we draw our conclusion.

II. THE SUNRISE INTEGRAL: OVERVIEW

The most popular example of a family of Feynman integrals that cannot be computed in terms of
multiple polylogarithms are the sunrise integrals, which have received a lot of attention over the last few
years. The sunrise integrals can be represented by the following graph,
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and the corresponding family of Feynman integrals reads
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where the integration measure is defined as
⁄
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i fid/2 , (II.2)

“E = ≠�Õ(1) is the Euler-Mascheroni constant and ‹i œ Z denote the multiplicities of the propagators. We
work in dimensional regularization in d = d0 ≠2‘ dimensions, where d0 is even. We define S = ≠s = ≠p2,
and the quantities ki and mi denote the loop momenta and the masses of the propagators respectively.
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• Goal of this talk: 
➡ Review (some) functions related to elliptic and modular 

curves that show up in Feynman integrals.
➡ Focus on families of hypergeometric functions to illustrate 

ideas.
➡ All concepts also show up for Feynman integrals.



Hypergeometric functions

• Consider the family of integrals: ni 2 Z
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➡ For simplicity: a = b = c = 1
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• There are two ‘master integrals’:

• Goal: Compute the first few terms in the expansion in   :✏
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• Q1: How can we compute the           ?

• Q2: What are the properties of the          ?
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Direct integration
• If the integral is finite as           , expand under the integral sign:✏ ! 0
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Direct integration
• If the integral is finite as           , expand under the integral sign:

• Then integrate back in terms of MPLs:

✏ ! 0
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Direct integration
• If the integral is finite as           , expand under the integral sign:

• Then integrate back in terms of MPLs:

✏ ! 0
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•         diverges, but can still be done with slight modification:
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• Why MPLs?
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➡ We start from rational functions in 1 variable    [and logs] with 
poles at                        .
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➡ Rational fct. in                                                 x
<latexit sha1_base64="bKyZiKcnqknMc4VlXJa9v4tOkvo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxjIB8wHJEfY2c8mavb1jd08MR8DexkIRW3+Snf/GzUehiQ8GHu/NMDMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbD6g0j+WdGSfoR3QgecgZNVaqP/aKJbfszkBWibcgJVig1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukWSl7F+VK/bJUrT7N48jDCZzCOXhwBVW4hRo0gAHCM7zCm3PvvDjvzse8NecsIjyGP3A+fwAM/I1+</latexit>

➡ 1st de Rham cohomology of punctured Riemann sphere is 
generated by [the classes] of                

d log(x� xi)
<latexit sha1_base64="RQMnwlCrXp/KLXdwImATw8z3LzY=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1IVlpgq6LLhxWcE+oDOUTCZtQzPJkGSkZSj4K9y4UMStf8ad/8b0sdDWA4GPc27IzQkTzrRx3W8nt7a+sbmV3y7s7O7tHxQPj5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4fB2mrceqdJMigczTmgQ475gPUawsZYf+Vz2y6OLUZedd4slt+LOhFbBW0AJFqp3i19+JEkaU2EIx1p3PDcxQYaVYYTTScFPNU0wGeI+7VgUOKY6yGY7T9CZdSLUk8oeYdDM/X0jw7HW4zi0kzE2A72cTc3/sk5qejdBxkSSGirI/KFeypGRaFoAipiixPCxBUwUs7siMsAKE2NrKtgSvOUvr0KzWvEuK9X7q1Kt9jSvIw8ncApl8OAaanAHdWgAgQSe4RXenNR5cd6dj/lozllUeAx/5Hz+AGsjkaw=</latexit> R

dx
���!

<latexit sha1_base64="c1n9CmLzVDZbyoacIOKu3hh2ZWA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdBlwY3LCvYBSSiTyaQdOpkJMxNtCQHxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nvClFGlHefbKq2srq1vlDcrW9s7u3v2/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxeT/zOPZGKCn6nxykJEtTnNKYYaSP17CN/JGl/oJGU4sELcp9yDaNR0bOrTs2ZAi4Td06qYI5mz/7yI4GzhHCNGVLKc51UBzmSmmJGioqfKZIiPER94hnKUUJUkE8fKOCpUSIYC2nK7J+qvydylCg1TkLTmSA9UIveRPzP8zIdXwU55WmmCcezRXHGoBZwkgaMqCRYs7EhCEtqboV4gCTC2mRWMSG4iy8vk3a95p7X6rcX1UbjcRZHGRyDE3AGXHAJGuAGNEELYFCAZ/AK3qwn68V6tz5mrSVrHuEh+APr8we1CJeD</latexit>

log(x� xi)
<latexit sha1_base64="A5Q5acVgbiU+NFJNI3t7Pe+1dmY=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMQD4bdKOgx4MVjBPOAzRJmJ7PJkNmZZWZWEpaAP+HFgyJe/Rpv/o2Tx0ETCxqKqm66u8KEM21c99vJra1vbG7ltws7u3v7B8XDo6aWqSK0QSSXqh1iTTkTtGGY4bSdKIrjkNNWOLyd+q1HqjST4sGMExrEuC9YxAg2VvI7XPbLo4tRl513iyW34s6AVom3ICVYoN4tfnV6kqQxFYZwrLXvuYkJMqwMI5xOCp1U0wSTIe5T31KBY6qDbHbyBJ1ZpYciqWwJg2bq74kMx1qP49B2xtgM9LI3Ff/z/NREN0HGRJIaKsh8UZRyZCSa/o96TFFi+NgSTBSztyIywAoTY1Mq2BC85ZdXSbNa8S4r1furUq32NI8jDydwCmXw4BpqcAd1aAABCc/wCm+OcV6cd+dj3ppzFhEewx84nz+qQJE+</latexit>

R
dx

���!
<latexit sha1_base64="c1n9CmLzVDZbyoacIOKu3hh2ZWA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdBlwY3LCvYBSSiTyaQdOpkJMxNtCQHxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nvClFGlHefbKq2srq1vlDcrW9s7u3v2/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxeT/zOPZGKCn6nxykJEtTnNKYYaSP17CN/JGl/oJGU4sELcp9yDaNR0bOrTs2ZAi4Td06qYI5mz/7yI4GzhHCNGVLKc51UBzmSmmJGioqfKZIiPER94hnKUUJUkE8fKOCpUSIYC2nK7J+qvydylCg1TkLTmSA9UIveRPzP8zIdXwU55WmmCcezRXHGoBZwkgaMqCRYs7EhCEtqboV4gCTC2mRWMSG4iy8vk3a95p7X6rcX1UbjcRZHGRyDE3AGXHAJGuAGNEELYFCAZ/AK3qwn68V6tz5mrSVrHuEh+APr8we1CJeD</latexit>

. . .<latexit sha1_base64="V/X9g3rwGaxG2/9xz22wm7MhrDA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmAckS5idnU3GzO4sM71CWAJ+ghcPinj1f7z5N04eB00saCiquunuClIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLaMyzXiTKal0J6CGS5HwJgqUvJNqTuNA8nYwupn67UeujVDJPY5T7sd0kIhIMIpWavVkqND0yxW36s5AVom3IBVYoNEvf/VCxbKYJ8gkNabruSn6OdUomOSTUi8zPKVsRAe8a2lCY278fHbthJxZJSSR0rYSJDP190ROY2PGcWA7Y4pDs+xNxf+8bobRtZ+LJM2QJ2y+KMokQUWmr5NQaM5Qji2hTAt7K2FDqilDG1DJhuAtv7xKWrWqd1Gt3V1W6vWneRxFOIFTOAcPrqAOt9CAJjB4gGd4hTdHOS/Ou/Mxby04iwiP4Q+czx/i04+6</latexit>

R
dx

���!
<latexit sha1_base64="c1n9CmLzVDZbyoacIOKu3hh2ZWA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdBlwY3LCvYBSSiTyaQdOpkJMxNtCQHxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nvClFGlHefbKq2srq1vlDcrW9s7u3v2/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxeT/zOPZGKCn6nxykJEtTnNKYYaSP17CN/JGl/oJGU4sELcp9yDaNR0bOrTs2ZAi4Td06qYI5mz/7yI4GzhHCNGVLKc51UBzmSmmJGioqfKZIiPER94hnKUUJUkE8fKOCpUSIYC2nK7J+qvydylCg1TkLTmSA9UIveRPzP8zIdXwU55WmmCcezRXHGoBZwkgaMqCRYs7EhCEtqboV4gCTC2mRWMSG4iy8vk3a95p7X6rcX1UbjcRZHGRyDE3AGXHAJGuAGNEELYFCAZ/AK3qwn68V6tz5mrSVrHuEh+APr8we1CJeD</latexit>

MPLs

x 2 {0, 1, 1/�}
<latexit sha1_base64="X/UNO/dYMB1TOi7wjGGEILz7Gjs=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILkpNfKDLghuXFewDmlAmk0k7OJmEmYlYQqG/4saFIm79Dnf+jdPHQlsPXDiccy/33hOknCntON9WYWl5ZXWtuF7a2Nza3rF395oqySShDZLwRLYDrChngjY005y2U0lxHHDaCh5uxn7rkUrFEnGvByn1Y9wTLGIEayN17YMnjwkvdypuxT31uBkMsTfs2mWn6kyAFok7I2WYod61v7wwIVlMhSYcK9VxnVT7OZaaEU6HJS9TNMXkAfdox1CBY6r8fHL+EB0bJURRIk0JjSbq74kcx0oN4sB0xlj31bw3Fv/zOpmOrv2ciTTTVJDpoijjSCdonAUKmaRE84EhmEhmbkWkjyUm2iRWMiG48y8vkuZZ1T2vXt5dlGu10TSOIhzCEZyAC1dQg1uoQwMI5PAMr/BmjawX6936mLYWrFmE+/AH1ucP4VeVMw==</latexit>

xi 2 {0, 1, 1/�}
<latexit sha1_base64="xmxNcCSymCaRP2ynOYyDUPKb9tE=">AAACAHicbVDLSsNAFL2pr1pfURcu3ASL4KLUxAe6LLhxWcE+oAlhMpm0g5NJmJmIJQTEX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JUkalsu1vo7SwuLS8Ul6trK1vbG6Z2zttmWQCkxZOWCK6AZKEUU5aiipGuqkgKA4Y6QR3VyO/c0+EpAm/VcOUeDHqcxpRjJSWfHPvwacu5W5u15yac+wyPRoit/DNql23x7DmiTMlVZii6ZtfbpjgLCZcYYak7Dl2qrwcCUUxI0XFzSRJEb5DfdLTlKOYSC8fP1BYh1oJrSgRuriyxurviRzFUg7jQHfGSA3krDcS//N6mYouvZzyNFOE48miKGOWSqxRGlZIBcGKDTVBWFB9q4UHSCCsdGYVHYIz+/I8aZ/UndP6+c1ZtdF4nMRRhn04gCNw4AIacA1NaAGGAp7hFd6MJ+PFeDc+Jq0lYxrhLvyB8fkDa9yWDw==</latexit>



Comments
• Why MPLs?

➡ We start from rational functions in 1 variable    [and logs] with 
poles at                        .

x
<latexit sha1_base64="bKyZiKcnqknMc4VlXJa9v4tOkvo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxjIB8wHJEfY2c8mavb1jd08MR8DexkIRW3+Snf/GzUehiQ8GHu/NMDMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbD6g0j+WdGSfoR3QgecgZNVaqP/aKJbfszkBWibcgJVig1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukWSl7F+VK/bJUrT7N48jDCZzCOXhwBVW4hRo0gAHCM7zCm3PvvDjvzse8NecsIjyGP3A+fwAM/I1+</latexit>

➡ Rational fct. in                                                 x
<latexit sha1_base64="bKyZiKcnqknMc4VlXJa9v4tOkvo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXAxjIB8wHJEfY2c8mavb1jd08MR8DexkIRW3+Snf/GzUehiQ8GHu/NMDMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbD6g0j+WdGSfoR3QgecgZNVaqP/aKJbfszkBWibcgJVig1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukWSl7F+VK/bJUrT7N48jDCZzCOXhwBVW4hRo0gAHCM7zCm3PvvDjvzse8NecsIjyGP3A+fwAM/I1+</latexit>

➡ 1st de Rham cohomology of punctured Riemann sphere is 
generated by [the classes] of                

d log(x� xi)
<latexit sha1_base64="RQMnwlCrXp/KLXdwImATw8z3LzY=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8Ei1IVlpgq6LLhxWcE+oDOUTCZtQzPJkGSkZSj4K9y4UMStf8ad/8b0sdDWA4GPc27IzQkTzrRx3W8nt7a+sbmV3y7s7O7tHxQPj5paporQBpFcqnaINeVM0IZhhtN2oiiOQ05b4fB2mrceqdJMigczTmgQ475gPUawsZYf+Vz2y6OLUZedd4slt+LOhFbBW0AJFqp3i19+JEkaU2EIx1p3PDcxQYaVYYTTScFPNU0wGeI+7VgUOKY6yGY7T9CZdSLUk8oeYdDM/X0jw7HW4zi0kzE2A72cTc3/sk5qejdBxkSSGirI/KFeypGRaFoAipiixPCxBUwUs7siMsAKE2NrKtgSvOUvr0KzWvEuK9X7q1Kt9jSvIw8ncApl8OAaanAHdWgAgQSe4RXenNR5cd6dj/lozllUeAx/5Hz+AGsjkaw=</latexit> R

dx
���!

<latexit sha1_base64="c1n9CmLzVDZbyoacIOKu3hh2ZWA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdBlwY3LCvYBSSiTyaQdOpkJMxNtCQHxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nvClFGlHefbKq2srq1vlDcrW9s7u3v2/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxeT/zOPZGKCn6nxykJEtTnNKYYaSP17CN/JGl/oJGU4sELcp9yDaNR0bOrTs2ZAi4Td06qYI5mz/7yI4GzhHCNGVLKc51UBzmSmmJGioqfKZIiPER94hnKUUJUkE8fKOCpUSIYC2nK7J+qvydylCg1TkLTmSA9UIveRPzP8zIdXwU55WmmCcezRXHGoBZwkgaMqCRYs7EhCEtqboV4gCTC2mRWMSG4iy8vk3a95p7X6rcX1UbjcRZHGRyDE3AGXHAJGuAGNEELYFCAZ/AK3qwn68V6tz5mrSVrHuEh+APr8we1CJeD</latexit>

log(x� xi)
<latexit sha1_base64="A5Q5acVgbiU+NFJNI3t7Pe+1dmY=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMQD4bdKOgx4MVjBPOAzRJmJ7PJkNmZZWZWEpaAP+HFgyJe/Rpv/o2Tx0ETCxqKqm66u8KEM21c99vJra1vbG7ltws7u3v7B8XDo6aWqSK0QSSXqh1iTTkTtGGY4bSdKIrjkNNWOLyd+q1HqjST4sGMExrEuC9YxAg2VvI7XPbLo4tRl513iyW34s6AVom3ICVYoN4tfnV6kqQxFYZwrLXvuYkJMqwMI5xOCp1U0wSTIe5T31KBY6qDbHbyBJ1ZpYciqWwJg2bq74kMx1qP49B2xtgM9LI3Ff/z/NREN0HGRJIaKsh8UZRyZCSa/o96TFFi+NgSTBSztyIywAoTY1Mq2BC85ZdXSbNa8S4r1furUq32NI8jDydwCmXw4BpqcAd1aAABCc/wCm+OcV6cd+dj3ppzFhEewx84nz+qQJE+</latexit>

R
dx

���!
<latexit sha1_base64="c1n9CmLzVDZbyoacIOKu3hh2ZWA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdBlwY3LCvYBSSiTyaQdOpkJMxNtCQHxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nvClFGlHefbKq2srq1vlDcrW9s7u3v2/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxeT/zOPZGKCn6nxykJEtTnNKYYaSP17CN/JGl/oJGU4sELcp9yDaNR0bOrTs2ZAi4Td06qYI5mz/7yI4GzhHCNGVLKc51UBzmSmmJGioqfKZIiPER94hnKUUJUkE8fKOCpUSIYC2nK7J+qvydylCg1TkLTmSA9UIveRPzP8zIdXwU55WmmCcezRXHGoBZwkgaMqCRYs7EhCEtqboV4gCTC2mRWMSG4iy8vk3a95p7X6rcX1UbjcRZHGRyDE3AGXHAJGuAGNEELYFCAZ/AK3qwn68V6tz5mrSVrHuEh+APr8we1CJeD</latexit>

. . .<latexit sha1_base64="V/X9g3rwGaxG2/9xz22wm7MhrDA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmAckS5idnU3GzO4sM71CWAJ+ghcPinj1f7z5N04eB00saCiquunuClIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLaMyzXiTKal0J6CGS5HwJgqUvJNqTuNA8nYwupn67UeujVDJPY5T7sd0kIhIMIpWavVkqND0yxW36s5AVom3IBVYoNEvf/VCxbKYJ8gkNabruSn6OdUomOSTUi8zPKVsRAe8a2lCY278fHbthJxZJSSR0rYSJDP190ROY2PGcWA7Y4pDs+xNxf+8bobRtZ+LJM2QJ2y+KMokQUWmr5NQaM5Qji2hTAt7K2FDqilDG1DJhuAtv7xKWrWqd1Gt3V1W6vWneRxFOIFTOAcPrqAOt9CAJjB4gGd4hTdHOS/Ou/Mxby04iwiP4Q+czx/i04+6</latexit>

R
dx

���!
<latexit sha1_base64="c1n9CmLzVDZbyoacIOKu3hh2ZWA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdBlwY3LCvYBSSiTyaQdOpkJMxNtCQHxV9y4UMStn+HOv3H6WGjrgQuHc+7l3nvClFGlHefbKq2srq1vlDcrW9s7u3v2/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxeT/zOPZGKCn6nxykJEtTnNKYYaSP17CN/JGl/oJGU4sELcp9yDaNR0bOrTs2ZAi4Td06qYI5mz/7yI4GzhHCNGVLKc51UBzmSmmJGioqfKZIiPER94hnKUUJUkE8fKOCpUSIYC2nK7J+qvydylCg1TkLTmSA9UIveRPzP8zIdXwU55WmmCcezRXHGoBZwkgaMqCRYs7EhCEtqboV4gCTC2mRWMSG4iy8vk3a95p7X6rcX1UbjcRZHGRyDE3AGXHAJGuAGNEELYFCAZ/AK3qwn68V6tz5mrSVrHuEh+APr8we1CJeD</latexit>

MPLs

• Numerical evaluation: We have fast and general numerical codes 
to evaluate MPLs:

➡ Need to fix a branch for the log, e.g., for

x 2 {0, 1, 1/�}
<latexit sha1_base64="X/UNO/dYMB1TOi7wjGGEILz7Gjs=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAILkpNfKDLghuXFewDmlAmk0k7OJmEmYlYQqG/4saFIm79Dnf+jdPHQlsPXDiccy/33hOknCntON9WYWl5ZXWtuF7a2Nza3rF395oqySShDZLwRLYDrChngjY005y2U0lxHHDaCh5uxn7rkUrFEnGvByn1Y9wTLGIEayN17YMnjwkvdypuxT31uBkMsTfs2mWn6kyAFok7I2WYod61v7wwIVlMhSYcK9VxnVT7OZaaEU6HJS9TNMXkAfdox1CBY6r8fHL+EB0bJURRIk0JjSbq74kcx0oN4sB0xlj31bw3Fv/zOpmOrv2ciTTTVJDpoijjSCdonAUKmaRE84EhmEhmbkWkjyUm2iRWMiG48y8vkuZZ1T2vXt5dlGu10TSOIhzCEZyAC1dQg1uoQwMI5PAMr/BmjawX6936mLYWrFmE+/AH1ucP4VeVMw==</latexit>

xi 2 {0, 1, 1/�}
<latexit sha1_base64="xmxNcCSymCaRP2ynOYyDUPKb9tE=">AAACAHicbVDLSsNAFL2pr1pfURcu3ASL4KLUxAe6LLhxWcE+oAlhMpm0g5NJmJmIJQTEX3HjQhG3foY7/8bpY6GtBy4czrmXe+8JUkalsu1vo7SwuLS8Ul6trK1vbG6Z2zttmWQCkxZOWCK6AZKEUU5aiipGuqkgKA4Y6QR3VyO/c0+EpAm/VcOUeDHqcxpRjJSWfHPvwacu5W5u15yac+wyPRoit/DNql23x7DmiTMlVZii6ZtfbpjgLCZcYYak7Dl2qrwcCUUxI0XFzSRJEb5DfdLTlKOYSC8fP1BYh1oJrSgRuriyxurviRzFUg7jQHfGSA3krDcS//N6mYouvZzyNFOE48miKGOWSqxRGlZIBcGKDTVBWFB9q4UHSCCsdGYVHYIz+/I8aZ/UndP6+c1ZtdF4nMRRhn04gCNw4AIacA1NaAGGAp7hFd6MJ+PFeDc+Jq0lYxrhLvyB8fkDa9yWDw==</latexit>

� > 1
<latexit sha1_base64="mc0adhT4NVEgMzvPHu9x5xQIH0k=">AAAB8HicbVDJSgNBFHzjGuMW9eilMQiewowLepKAF48RzCLJEHp6epImvQzdPUIYAv6DFw+KePVzvPk3dpaDJhY0FFXVvPcqSjkz1ve/vaXlldW19cJGcXNre2e3tLffMCrThNaJ4kq3ImwoZ5LWLbOctlJNsYg4bUaDm7HffKTaMCXv7TClocA9yRJGsHXSQ4e7aIyvg26p7Ff8CdAiCWakDDPUuqWvTqxIJqi0hGNj2oGf2jDH2jLC6ajYyQxNMRngHm07KrGgJswnC4/QsVNilCjtnrRoov7+kWNhzFBELimw7Zt5byz+57Uzm1yFOZNpZqkk00FJxpFVaHw9ipmmxPKhI5ho5nZFpI81JtZ1VHQlBPMnL5LGaSU4q1zcnZer1adpHQU4hCM4gQAuoQq3UIM6EBDwDK/w5mnvxXv3PqbRJW9W4QH8gff5A1xUkIU=</latexit>

G(1;�) = log(1� �) = log(1� 1/�) + log �+ i⇡
<latexit sha1_base64="Hq+EUwwrCBOd/Xt5uYDIW528/eA=">AAACL3icbZBbS8MwGIbTeZrzVPXSm+AQJsPZekBBhIGgXk5wB1jLSNN0C0sPJKkwysAf5I1/ZTciinjrvzDdiujmC4E3z/d9JN/rRIwKaRivWm5ufmFxKb9cWFldW9/QN7caIow5JnUcspC3HCQIowGpSyoZaUWcIN9hpOn0r9J684FwQcPgXg4iYvuoG1CPYiQV6ujXNyXzwmJqwEX78BJaLOyWzINZYh7+sHKKYHaFZWpFtKMXjYoxFpw1ZmaKIFOto48sN8SxTwKJGRKibRqRtBPEJcWMDAtWLEiEcB91SVvZAPlE2Ml43yHcU8SFXsjVCSQc098TCfKFGPiO6vSR7InpWgr/q7Vj6Z3bCQ2iWJIATx7yYgZlCNPwoEs5wZINlEGYU/VXiHuIIyxVxAUVgjm98qxpHFXM48rp3UmxWn2cxJEHO2AXlIAJzkAV3IIaqAMMnsAIvIF37Vl70T60z0lrTssi3AZ/pH19A91Tpco=</latexit>

[GiNaC; …]



Differential equations

• Pure functions satisfy nice differential equations:
A0 =

✓
0 �1
0 �2

◆

<latexit sha1_base64="4tVJ5xXHm2dxUXbDcSmeGrpOG0w="></latexit>

A1 =

✓
0 1
0 �2

◆

<latexit sha1_base64="zPIgZFUI+xBzB/QHRk9AUDxUHUg="></latexit>

• We obtain a basis of pure functions:

➡ Differentiation lowers the weight.
➡ Only log-singularities.

[Arkani-Hamed, Bourjaily, Cachazo, Trnka]

[Henn]

✓
T1(�)
T2(�)

◆
=

✓
✏ 0
0 ✏ �

◆✓
P1(�)
P2(�)

◆

<latexit sha1_base64="EeTSOJoYvmhncvhRKZmB/Ga92Gc="></latexit>

P1(�) = 1 + ✏2 [G(0, 1;�)� ⇣2] +O(✏3)
<latexit sha1_base64="nNj4/bWrzgagCZKic7xV6gmWljM="></latexit>

P2(�) = �✏G(1; z) + 2✏2 [G(0, 1;�)�G(1, 1;�)] +O(✏3)
<latexit sha1_base64="2cXcr1vKI2eFzHT7YlP9SzTwNEE="></latexit>

@�

✓
P1(�)
P2(�)

◆
= ✏

✓
A0

�
+

A1

1� �

◆ ✓
P1(�)
P2(�)

◆

<latexit sha1_base64="h4OR9tlNms/XzeNbOVWOXEtyDZk="></latexit>



Properties

Non-elliptic 2F1 Elliptic 2F1

Direct 
integration

Pure basis

Canonical DE

Numerical 
Evaluation

✓A

✓A

✓A

✓A

[MPLs]

[Uniform weight]

[dlogs]



Elliptic 2F1
• Consider the family of integrals: ni 2 Z

<latexit sha1_base64="DsHjfGkKHSb5R5Wmaf7kqfZUyh4=">AAACD3icbVDLSsNAFL3xWesr6tLNYBFclcQHuiy4cVnBPrAJYTKdtEMnkzAzKZRQ8Bfcu9VfcCdu/QT/wM9w0nZhWw8MHM65c+/hhClnSjvOt7Wyura+sVnaKm/v7O7t2weHTZVkktAGSXgi2yFWlDNBG5ppTtuppDgOOW2Fg9vCbw2pVCwRD3qUUj/GPcEiRrA2UmDbImAeE16MdT8M88dxYFecqjMBWibujFRghnpg/3jdhGQxFZpwrFTHdVLt51hqRjgdl71M0RSTAe7RjqECx1T5+ST5GJ0apYuiRJonNJqof3/kOFZqFIdmskioFr1C/M/rZDq68XMm0kxTQaaHoowjnaCiBtRlkhLNR4ZgIpnJikgfS0y0KWvuSrFbqkiNy6Yad7GIZdI8r7oX1av7y0qt9jQtqQTHcAJn4MI11OAO6tAAAkN4gVd4s56td+vD+pyOrlizYo9gDtbXLzCqnbg=</latexit>

a, b, c 2 C
<latexit sha1_base64="mCtA9OcEjU13ALkuS4dVpNyfN1w=">AAACEXicbVDLSgMxFM3UV62vsS7dBIvgopQZH+iy0I3LCvYBnaEkaaYNzWSGJCOWYcB/cO9Wf8GduPUL/AM/w0zbhW09EDicc3Pv4eCYM6Ud59sqrK1vbG4Vt0s7u3v7B/Zhua2iRBLaIhGPZBcjRTkTtKWZ5rQbS4pCzGkHjxu533mgUrFI3OtJTP0QDQULGEHaSH27jKq4SjwmvBDpEcZpI+vbFafmTAFXiTsnFTBHs2//eIOIJCEVmnCkVM91Yu2nSGpGOM1KXqJojMgYDWnPUIFCqvx0mj2Dp0YZwCCS5gkNp+rfHykKlZqE2EzmCdWyl4v/eb1EBzd+ykScaCrI7FCQcKgjmBcBB0xSovnEEEQkM1khGSGJiDZ1LVzJd0sVqKxkqnGXi1gl7fOae1G7urus1OtPs5KK4BicgDPggmtQB7egCVqAgEfwAl7Bm/VsvVsf1udstGDNiz0CC7C+fgHO4p39</latexit>

➡ For simplicity: a = b = c = 1
<latexit sha1_base64="IG9JTuK2Ys2QT9+TRyllftUCCSI=">AAACBHicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6CUQ8OIxgnlAsoTeyWwyZHZ2mZkVQgh48u5Vf8GbePU//AM/w9kkB5NY0FBUdU/3VJAIro3rfjsrq2vrG5u5rfz2zu7efuHgsK7jVFFWo7GIVTNAzQSXrGa4EayZKIZRIFgjGNxmfuORKc1j+WCGCfMj7EkecorGSg0sB2Va9jqFoltyJyDLxJuRIsxQ7RR+2t2YphGThgrUuuW5ifFHqAyngo3z7VSzBOkAe6xlqcSIaX80OXdMTq3SJWGsbElDJurfiRFGWg+jwHZGaPp60cvE/7xWasIbf8Rlkhom6XRRmApiYpL9nXS5YtSIoSVIFbe3EtpHhdTYhOa2ZG8rHepx3kbjLQaxTOrnJe+idHV/WaxUnqYh5eAYTuAMPLiGCtxBFWpAYQAv8ApvzrPz7nw4n9PWFWcW7BHMwfn6BRgpmLY=</latexit>

• There are two ‘master integrals’:

• Goal: illustrate how the concepts known from previous example 
generalise to elliptic case.

➡ ‘Elliptic      ‘’:                                     defines a family of 
elliptic curves. 

2F1
<latexit sha1_base64="8jTDWj0+axtHVAHvPObwVrSzIeY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd2o6DEgiMcI5gHJssxOepMhs7PLzKwQloC/4MWDIl79Hm/+jZPHQRMLGoqqbrq7wlRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBUObyZ+6xGV5ol8MKMU/Zj2JY84o8ZKrXwcVG8DLyiV3Yo7BVkm3pyUYY56UPrq9hKWxSgNE1Trjuemxs+pMpwJHBe7mcaUsiHtY8dSSWPUfj49d0xOrdIjUaJsSUOm6u+JnMZaj+LQdsbUDPSiNxH/8zqZia79nMs0MyjZbFGUCWISMvmd9LhCZsTIEsoUt7cSNqCKMmMTKtoQvMWXl0mzWvHOK5f3F+Va7WkWRwGO4QTOwIMrqMEd1KEBDIbwDK/w5qTOi/PufMxaV5x5hEfwB87nD9YBj6Q=</latexit>

y2 = x(x� 1)(x� 1/�)
<latexit sha1_base64="FFJOsNVQ1CCayt54m1SabjfMDJA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEdmGdqYpuhIIblxXsA9qxZDKZNjSTGZKMtAxFF/6KGxeKuPUr3Pk3ZtoutPXAvRzOuZfkHjdiVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5dhLDCp4ZCFoukiSRjlpKaoYqQZCYICl5GG279K/cY9EZKG/FYNI+IEqMupTzFSWuqYe8O7MryEg8LgyC6m7bjN9LaHih0zb5WsMeA8sackD6aodsyvthfiOCBcYYakbNlWpJwECUUxI6NcO5YkQriPuqSlKUcBkU4yPmEED7XiQT8UuriCY/X3RoICKYeBqycDpHpy1kvF/7xWrPwLJ6E8ihXhePKQHzOoQpjmAT0qCFZsqAnCguq/QtxDAmGlU8vpEOzZk+dJvVyyT0pnN6f5SuVxEkcW7IMDUAA2OAcVcA2qoAYweADP4BW8GU/Gi/FufExGM8Y0wl3wB8bnD4z+lWI=</latexit>

T (n1, n2, n3;�) =

Z 1

0
dx x�1/2+n1+a✏ (1� x)�1/2+n2+b✏ (1� �x)�1/2+n3+c✏

<latexit sha1_base64="AQRxJBZkVE+0U2xDt3Jma0G/ojk="></latexit>

T1(�) = T (0, 0, 0;�)
<latexit sha1_base64="NnsaRiaudPCWc+otZyp0LpCAQ6I=">AAACCHicbVDJSgNBEK2JW4zbqEcPNgYhgoQZFxRECHjxGCEbJMPQ09OTNOlZ6O4RwhDw4sVf8eJBEa9+gjf/xs4iaPQVBY/3quiu5yWcSWVZn0Zubn5hcSm/XFhZXVvfMDe3GjJOBaF1EvNYtDwsKWcRrSumOG0lguLQ47Tp9a9GfvOWCsniqKYGCXVC3I1YwAhWWnLN3ZprlzpcL/j4AF2iWsk61HXxLblm0SpbY6C/xJ6SIkxRdc2Pjh+TNKSRIhxL2batRDkZFooRToeFTippgkkfd2lb0wiHVDrZ+JAh2teKj4JY6I4UGqs/NzIcSjkIPT0ZYtWTs95I/M9rpyo4dzIWJamiEZk8FKQcqRiNUkE+E5QoPtAEE8H0XxHpYYGJ0tkVdAj27Ml/SeOobB+XT29OipXK3SSOPOzAHpTAhjOowDVUoQ4E7uERnuHFeDCejFfjbTKaM6YRbsMvGO9fQRWXWg==</latexit>

T2(�) = T (1, 0, 0;�)
<latexit sha1_base64="EfOHZm2mtnPPreopGk7UqNuUNf4=">AAACCHicbVDJSgNBEK1xjXEb9ejBxiBECGEmKgoiBLx4jJANkmHo6ekkTXoWunuEMAS8ePFXvHhQxKuf4M2/sbMImvig4PFeFVX1vJgzqSzry1hYXFpeWc2sZdc3Nre2zZ3duowSQWiNRDwSTQ9LyllIa4opTpuxoDjwOG14/euR37ijQrIorKpBTJ0Ad0PWYQQrLbnmQdUt5dtcD/j4GF2hat4uWAXr8kdyzZxVtMZA88SekhxMUXHNz7YfkSSgoSIcS9myrVg5KRaKEU6H2XYiaYxJH3dpS9MQB1Q66fiRITrSio86kdAVKjRWf0+kOJByEHi6M8CqJ2e9kfif10pU58JJWRgnioZksqiTcKQiNEoF+UxQovhAE0wE07ci0sMCE6Wzy+oQ7NmX50m9VLRPime3p7ly+X4SRwb24RDyYMM5lOEGKlADAg/wBC/wajwaz8ab8T5pXTCmEe7BHxgf30RGl1w=</latexit>

T1(�)|✏=0 =

Z 1

0

dxp
x(1� x)(1� �x)

= 2K(�)
<latexit sha1_base64="NBGT51SikX9fOziqqxR8wpAWnLI="></latexit>



• Proceed in the same way as in the non-elliptic case:

Elliptic 2F1

T1(�) =
1
p
�

Z 1

0

dx

y

⇥
1 + ✏ (log x+ log(1� x) + log(1� �x)) +O(✏2)

⇤

<latexit sha1_base64="6ZfkIYbY0H9sls9CDlOrocVaBYM="></latexit>



• Proceed in the same way as in the non-elliptic case:

Elliptic 2F1

dx

y
<latexit sha1_base64="LgD4rSQohkpxs/1jp4IPHvWn8YQ=">AAAB83icbZBLS8NAFIVv6qvWV9Wlm8EiuCqJD3QZcOOygn1AE8pkMmmHTiZhZiKGEPBXuHGhiFv/jDv/jdPHQlsPDBzOucPc+YKUM6Vt+9uqrKyurW9UN2tb2zu7e/X9g45KMklomyQ8kb0AK8qZoG3NNKe9VFIcB5x2g/HNpO8+UKlYIu51nlI/xkPBIkawNpHnRRKTInwsi7wc1Bt2054KLRtnbhowV2tQ//LChGQxFZpwrFTfsVPtF1hqRjgta16maIrJGA9p31iBY6r8YrpziU5MEqIokeYIjabp7xsFjpXK48BMxliP1GI3Cf/r+pmOrv2CiTTTVJDZQ1HGkU7QBAAKmaRE89wYTCQzuyIywgaDNphqBoKz+OVl0zlrOufNy7uLhus+zXBU4QiO4RQcuAIXbqEFbSCQwjO8wpuVWS/Wu/UxG61Yc4SH8EfW5w/6g5K0</latexit>

dx

x� xi
<latexit sha1_base64="tNUFV7nxnotCCXVlWV+dg/04nvo=">AAAB+XicbZBLSwMxFIXv+Kz1NerSTbAIbiwzPtBlwY3LCvYB7TBkMpk2NJMZkkxpGQb8IW5cKOLWf+LOf2P6WGjrgcDhnBty8wUpZ0o7zre1srq2vrFZ2ipv7+zu7dsHh02VZJLQBkl4ItsBVpQzQRuaaU7bqaQ4DjhtBYO7Sd8aUqlYIh71OKVejHuCRYxgbSLftruRxCQPR0U+Oh/5rPDtilN1pkLLxp2bCsxV9+2vbpiQLKZCE46V6rhOqr0cS80Ip0W5mymaYjLAPdoxVuCYKi+fbl6gU5OEKEqkOUKjafr7Ro5jpcZxYCZjrPtqsZuE/3WdTEe3Xs5EmmkqyOyhKONIJ2iCAYVMUqL52BhMJDO7ItLHBoU2sMoGgrv45WXTvKi6l9Xrh6tKrfY0w1GCYziBM3DhBmpwD3VoAIEhPMMrvFm59WK9Wx+z0RVrjvAI/sj6/AFEdZR5</latexit>

dx

y(x� xi)
<latexit sha1_base64="ZX2GTX6JcOH0hkNmBC9trCAnwIM=">AAAB/HicbZBLS8NAFIVv6qvWV7RLN8Ei1IUl8YEuC25cVrAPaEOYTCft0MkkzEykIUT8J25cKOLWH+LOf+P0sdDWAwOHc+4wdz4/ZlQq2/42Ciura+sbxc3S1vbO7p65f9CSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+6mfTtByIkjfi9SmPihmjAaUAxUjryzHIvEAhn/XGepdXx6dijJ7lnVuyaPZW1bJy5qcBcDc/86vUjnISEK8yQlF3HjpWbIaEoZiQv9RJJYoRHaEC62nIUEulm0+Vz61gnfSuIhD5cWdP0940MhVKmoa8nQ6SGcrGbhP913UQF125GeZwowvHsoSBhloqsCQmrTwXBiqXaICyo3tXCQ6RpKM2rpCE4i19eNq2zmnNeu7y7qNTrTzMcRTiEI6iCA1dQh1toQBMwpPAMr/BmPBovxrvxMRstGHOEZfgj4/MH+diVYQ==</latexit>

x dx

y
<latexit sha1_base64="MKtLIW+8g2QOTCZxIFI+khJohb0=">AAAB+HicbZBLS8NAFIVv6qvWR6Mu3QSL4EJK4gNdFty4rGAf0IQymUzaoZNJmJlIYwj4P9y4UMStP8Wd/8bpY6GtBwYO59xh7nx+wqhUtv1tlFZW19Y3ypuVre2d3aq5t9+WcSowaeGYxaLrI0kY5aSlqGKkmwiCIp+Rjj+6mfSdByIkjfm9yhLiRWjAaUgxUjrqm1U3FAjnY/c0GBd5VvTNml23p7KWjTM3NZir2Te/3CDGaUS4wgxJ2XPsRHk5EopiRoqKm0qSIDxCA9LTlqOISC+fLl5YxzoJrDAW+nBlTdPfN3IUSZlFvp6MkBrKxW4S/tf1UhVeeznlSaoIx7OHwpRZKrYmFKyACoIVy7RBWFC9q4WHSJNQmlVFQ3AWv7xs2md157x+eXdRazSeZjjKcAhHcAIOXEEDbqEJLcCQwjO8wpvxaLwY78bHbLRkzBEewB8Znz9z/pQD</latexit>

• 1st de Rham cohomology of (punctured) elliptic curve generated by

T1(�) =
1
p
�

Z 1

0

dx

y

⇥
1 + ✏ (log x+ log(1� x) + log(1� �x)) +O(✏2)

⇤

<latexit sha1_base64="6ZfkIYbY0H9sls9CDlOrocVaBYM="></latexit>



• Proceed in the same way as in the non-elliptic case:

Elliptic 2F1

• Build iterated integrals [from kernels with log-singularities]: elliptic MPLs

dx

y
<latexit sha1_base64="LgD4rSQohkpxs/1jp4IPHvWn8YQ=">AAAB83icbZBLS8NAFIVv6qvWV9Wlm8EiuCqJD3QZcOOygn1AE8pkMmmHTiZhZiKGEPBXuHGhiFv/jDv/jdPHQlsPDBzOucPc+YKUM6Vt+9uqrKyurW9UN2tb2zu7e/X9g45KMklomyQ8kb0AK8qZoG3NNKe9VFIcB5x2g/HNpO8+UKlYIu51nlI/xkPBIkawNpHnRRKTInwsi7wc1Bt2054KLRtnbhowV2tQ//LChGQxFZpwrFTfsVPtF1hqRjgta16maIrJGA9p31iBY6r8YrpziU5MEqIokeYIjabp7xsFjpXK48BMxliP1GI3Cf/r+pmOrv2CiTTTVJDZQ1HGkU7QBAAKmaRE89wYTCQzuyIywgaDNphqBoKz+OVl0zlrOufNy7uLhus+zXBU4QiO4RQcuAIXbqEFbSCQwjO8wpuVWS/Wu/UxG61Yc4SH8EfW5w/6g5K0</latexit>

dx

x� xi
<latexit sha1_base64="tNUFV7nxnotCCXVlWV+dg/04nvo=">AAAB+XicbZBLSwMxFIXv+Kz1NerSTbAIbiwzPtBlwY3LCvYB7TBkMpk2NJMZkkxpGQb8IW5cKOLWf+LOf2P6WGjrgcDhnBty8wUpZ0o7zre1srq2vrFZ2ipv7+zu7dsHh02VZJLQBkl4ItsBVpQzQRuaaU7bqaQ4DjhtBYO7Sd8aUqlYIh71OKVejHuCRYxgbSLftruRxCQPR0U+Oh/5rPDtilN1pkLLxp2bCsxV9+2vbpiQLKZCE46V6rhOqr0cS80Ip0W5mymaYjLAPdoxVuCYKi+fbl6gU5OEKEqkOUKjafr7Ro5jpcZxYCZjrPtqsZuE/3WdTEe3Xs5EmmkqyOyhKONIJ2iCAYVMUqL52BhMJDO7ItLHBoU2sMoGgrv45WXTvKi6l9Xrh6tKrfY0w1GCYziBM3DhBmpwD3VoAIEhPMMrvFm59WK9Wx+z0RVrjvAI/sj6/AFEdZR5</latexit>

dx

y(x� xi)
<latexit sha1_base64="ZX2GTX6JcOH0hkNmBC9trCAnwIM=">AAAB/HicbZBLS8NAFIVv6qvWV7RLN8Ei1IUl8YEuC25cVrAPaEOYTCft0MkkzEykIUT8J25cKOLWH+LOf+P0sdDWAwOHc+4wdz4/ZlQq2/42Ciura+sbxc3S1vbO7p65f9CSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+6mfTtByIkjfi9SmPihmjAaUAxUjryzHIvEAhn/XGepdXx6dijJ7lnVuyaPZW1bJy5qcBcDc/86vUjnISEK8yQlF3HjpWbIaEoZiQv9RJJYoRHaEC62nIUEulm0+Vz61gnfSuIhD5cWdP0940MhVKmoa8nQ6SGcrGbhP913UQF125GeZwowvHsoSBhloqsCQmrTwXBiqXaICyo3tXCQ6RpKM2rpCE4i19eNq2zmnNeu7y7qNTrTzMcRTiEI6iCA1dQh1toQBMwpPAMr/BmPBovxrvxMRstGHOEZfgj4/MH+diVYQ==</latexit>

x dx

y
<latexit sha1_base64="MKtLIW+8g2QOTCZxIFI+khJohb0=">AAAB+HicbZBLS8NAFIVv6qvWR6Mu3QSL4EJK4gNdFty4rGAf0IQymUzaoZNJmJlIYwj4P9y4UMStP8Wd/8bpY6GtBwYO59xh7nx+wqhUtv1tlFZW19Y3ypuVre2d3aq5t9+WcSowaeGYxaLrI0kY5aSlqGKkmwiCIp+Rjj+6mfSdByIkjfm9yhLiRWjAaUgxUjrqm1U3FAjnY/c0GBd5VvTNml23p7KWjTM3NZir2Te/3CDGaUS4wgxJ2XPsRHk5EopiRoqKm0qSIDxCA9LTlqOISC+fLl5YxzoJrDAW+nBlTdPfN3IUSZlFvp6MkBrKxW4S/tf1UhVeeznlSaoIx7OHwpRZKrYmFKyACoIVy7RBWFC9q4WHSJNQmlVFQ3AWv7xs2md157x+eXdRazSeZjjKcAhHcAIOXEEDbqEJLcCQwjO8wpvxaLwY78bHbLRkzBEewB8Znz9z/pQD</latexit>

• 1st de Rham cohomology of (punctured) elliptic curve generated by

'1(x, c) =
dx

x� c
<latexit sha1_base64="iN4vEl90ebXSFhin1cmVaaHmV8I=">AAACCHicbZDLSgMxGIUz9VbrbdSlC4NFqKBlxgu6EQpuXFawF+gMQybNtKGZzJBkSssw4MaNr+LGhSJufQR3vo3pZaGtBwKHc/6Q/J8fMyqVZX0buYXFpeWV/GphbX1jc8vc3qnLKBGY1HDEItH0kSSMclJTVDHSjAVBoc9Iw+/djPpGnwhJI36vhjFxQ9ThNKAYKR155r7TRyLuUs8uDY7xEbyGTiAQTtuDLB2c4Mwzi1bZGgvOG3tqimCqqmd+Oe0IJyHhCjMkZcu2YuWmSCiKGckKTiJJjHAPdUhLW45CIt10vEgGD3XShkEk9OEKjtPfN1IUSjkMfT0ZItWVs90o/K9rJSq4clPK40QRjicPBQmDKoIjKrBNBcGKDbVBWFD9V4i7SINQml1BQ7BnV5439dOyfVa+uDsvVioPExx5sAcOQAnY4BJUwC2oghrA4BE8g1fwZjwZL8a78TEZzRlThLvgj4zPH5lGmX0=</latexit>

[Brown, Levin]

E3 ( n1 ... nk
c1 ... ck ;�) =

Z �

0
dx'n1(x, c) E3 (

n2 ... nk
c2 ... ck ;x)

<latexit sha1_base64="mD8U87YM+smfCDppY8LAkYVVoUM="></latexit>

T1(�) =
1
p
�

Z 1

0

dx

y

⇥
1 + ✏ (log x+ log(1� x) + log(1� �x)) +O(✏2)

⇤

<latexit sha1_base64="6ZfkIYbY0H9sls9CDlOrocVaBYM="></latexit>

'0(x, 0) =
dx

2
p
�K(�) y

<latexit sha1_base64="44EeNsCmhP5yP/YjH/TeRW2J5cg="></latexit>

T1(�) = 2K(�)
⇥
1 + 2✏

�
E3 ( 0 1

0 0 ; 1) + E3 ( 0 1
0 1 ; 1) + E3

� 0 1
0 1/� ; 1

��
+O(✏2)

⇤
<latexit sha1_base64="fyxvVoCsxZCyolDJRxe3nn9qmmw="></latexit>



Elliptic polylogarithms 

• eMPLs also appear in string amplitudes — Relation?

• Definition of eMPLs in appearing in string amplitudes:

3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to define the incarnation of

elliptic multiple polylogarithms that we will consider throughout this paper. The functions

that we define are closely related to the multiple elliptic polylogarithms studied in the

mathematics [68, 78] and string theory literature [69–71]. However, as we will see below,

we prefer to work with functions that are manifestly holomorphic and do not depend on the

complex conjugated variables. This choice is motivated (among other things) by the fact

that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce

any explicit dependence on antiholomorphic variables.

We start by defining elliptic curves. We only introduce the bare minimum of mathemat-

ical background on elliptic curves to understand the definition of elliptic polylogarithms,

and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).

Loosely speaking, an elliptic curve can be defined as the zero set of a polynomial equation

of the form y2 = P (x), where P is a polynomial of degree three or four (with distinct

roots). Every elliptic curve defines a (compact) Riemann surface of genus one, and so it

is equivalent to a complex one-dimensional torus C/⇤, where ⇤ = Z!1 + Z!2 is a lattice

and !i are complex numbers that are linearly independent over R, called the periods of

the elliptic curve. We can perform a rescaling and assume without loss of generality that

!1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form

C/⇤⌧ , with ⇤⌧ = Z + Z⌧ , with Im ⌧ > 0. Unless stated otherwise, we will always assume

that the periods are (!1,!2) = (1, ⌧). Di↵erent values of ⌧ may still correspond to the same

elliptic curve. More precisely, ⌧ and ⌧ 0 define the same elliptic curve if and only if they

are related by an SL(2,Z) transformation, where SL(2,Z) acts on the upper half-plane via

Moebius transformations, called modular transformations,

⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d
, � =

�
a b
c d

�
2 SL(2,Z) . (3.1) {eq:modular_trafo}{eq:modular_trafo}

We now define a class of iterated integrals with at most logarithmic singularities.

Inspired by ref. [68, 69, 78], we define elliptic multiple polylogarithms (eMPLs) as

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 g(n1)(z0 � z1, ⌧) e�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.2) {eq:gamt_def}{eq:gamt_def}

where zi are complex numbers and ni 2 N are positive integers. The integers k and
P

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form

a shu✏e algebra,

e�(A1, . . . , Ak; z, ⌧) e�(Ak+1, . . . , Ak+l; z, ⌧) =
X

�2⌃(k,l)

e�(A�(1), . . . , A�(k+l); z, ⌧) , (3.3)

where we introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the weight

and the length of eMPLs.

In the case where (nk, zk) = (1, 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.
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ni 2 N
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• Eisenstein-Kronecker series:

We can always use the shu✏e algebra to write every eMPL as a linear combination of

products where the only divergent quantities are

e�
�

1 ... 1
0 ... 0| {z }
n times

; z, ⌧
�
=

1

n!
e�( 10 ; z, ⌧)

n , (3.4)

with
e�( 10 ; z, ⌧) = log

�
1� e2⇡iz

�
� 2⇡iz +

Z z

0
dz0

✓
g(1)(z0, ⌧)�

2⇡i

e2⇡iz � 1

◆
. (3.5) {eq:Gamma_reg}{eq:Gamma_reg}

The reason for this rather complicated-looking formula lies in the fact that we want eMPLs

to have a nice q-expansion (see Appendix ??), and at the same time we want to preserve

the shu✏e algebra structure.

The integration kernels in eq. (3.2) are defined through a generating series known as

the Eisenstein-Kronecker series,

F (z,↵, ⌧) =
1

↵

X

n�0

g(n)(z, ⌧)↵n =
✓01(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (3.6) {eq:Eisenstein-Kronecker}{eq:Eisenstein-Kronecker}

where ✓1 is the odd Jacobi theta function, and ✓01 is its derivative with respect to its

first argument. The functions g(n) appearing in eq. (3.6) have various nice properties, cf.

ref. [68, 69, 78]. In particular, they have definite parity

g(n)(�z, ⌧) = (�1)n g(n)(z, ⌧) , (3.7)

and satisfy the Fay identity [68],

g(m)(z1, ⌧) g
(n)(z2, ⌧) = �(�1)n g(m+n)(z1 � z2, ⌧)

+
nX

r=0

✓
m+ r � 1

m� 1

◆
g(n�r)(z2 � z1, ⌧) g

(m+r)(z1, ⌧)

+
mX

r=0

✓
n+ r � 1

n� 1

◆
g(m�r)(z1 � z2, ⌧) g

(n+r)(z2, ⌧) .

(3.8) {eq:Fay}{eq:Fay}

Seen as a function of z, the function g(1)(z, ⌧) has a simple pole with unit residue at every

point of the lattice ⇤⌧ . For n > 1, g(n)(z, ⌧) has a simple pole only at those lattice points

that do not lie on the real axis. As a consequence, the iterated integrals in eq. (3.2)

have at most logarithmic singularities, and therefore define generalisations of multiple

polylogarithms to elliptic curves.

At this point we have to make a comment about the integration kernels g(n), and

the ensuing iterated integrals e�. Every well-defined function on the torus C/⇤⌧ must be

invariant under translations by elements of the lattice ⇤⌧ . It turns out that the integration

kernels defined by the Eisenstein-Kronecker series in eq. (3.6) are not invariant under

translations by ⌧ . For example, we have

g(1)(z + 1, ⌧) = g(1)(z, ⌧) and g(1)(z + ⌧, ⌧) = g(1)(z, ⌧)� 2⇡i . (3.9) {eq:g1_periodicity}{eq:g1_periodicity}
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➡ Each        has (at most) simple poles at                    ,                . g(n)
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z = m+ n⌧
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m,n 2 Z
<latexit sha1_base64="EG8n3XINhwRb2Y7+i56BiJjhqyA=">AAAB+HicbVBNSwMxFHxbv2r9WvXoJVgED1J2RVBvBS8eK7ha7JaSTbNtaJJdkmyhLP0nXjyoePWnePPfmG33oK0DgWHmPd5kopQzbTzv26msrK6tb1Q3a1vbO7t77v7Bg04yRWhAEp6odoQ15UzSwDDDaTtVFIuI08dodFP4j2OqNEvkvZmktCvwQLKYEWys1HNdcSZDJkOBzTCK8qdpz617DW8GtEz8ktShRKvnfoX9hGSCSkM41rrje6np5lgZRjid1sJM0xSTER7QjqUSC6q7+Sz5FJ1YpY/iRNknDZqpvzdyLLSeiMhOFgn1oleI/3mdzMRX3ZzJNDNUkvmhOOPIJKioAfWZosTwiSWYKGazIjLEChNjy6rZEvzFLy+T4Lxx3fDvLurNZtlGFY7gGE7Bh0towi20IAACY3iGV3hzcufFeXc+5qMVp9w5hD9wPn8AArCTcw==</latexit><latexit sha1_base64="EG8n3XINhwRb2Y7+i56BiJjhqyA=">AAAB+HicbVBNSwMxFHxbv2r9WvXoJVgED1J2RVBvBS8eK7ha7JaSTbNtaJJdkmyhLP0nXjyoePWnePPfmG33oK0DgWHmPd5kopQzbTzv26msrK6tb1Q3a1vbO7t77v7Bg04yRWhAEp6odoQ15UzSwDDDaTtVFIuI08dodFP4j2OqNEvkvZmktCvwQLKYEWys1HNdcSZDJkOBzTCK8qdpz617DW8GtEz8ktShRKvnfoX9hGSCSkM41rrje6np5lgZRjid1sJM0xSTER7QjqUSC6q7+Sz5FJ1YpY/iRNknDZqpvzdyLLSeiMhOFgn1oleI/3mdzMRX3ZzJNDNUkvmhOOPIJKioAfWZosTwiSWYKGazIjLEChNjy6rZEvzFLy+T4Lxx3fDvLurNZtlGFY7gGE7Bh0towi20IAACY3iGV3hzcufFeXc+5qMVp9w5hD9wPn8AArCTcw==</latexit><latexit sha1_base64="EG8n3XINhwRb2Y7+i56BiJjhqyA=">AAAB+HicbVBNSwMxFHxbv2r9WvXoJVgED1J2RVBvBS8eK7ha7JaSTbNtaJJdkmyhLP0nXjyoePWnePPfmG33oK0DgWHmPd5kopQzbTzv26msrK6tb1Q3a1vbO7t77v7Bg04yRWhAEp6odoQ15UzSwDDDaTtVFIuI08dodFP4j2OqNEvkvZmktCvwQLKYEWys1HNdcSZDJkOBzTCK8qdpz617DW8GtEz8ktShRKvnfoX9hGSCSkM41rrje6np5lgZRjid1sJM0xSTER7QjqUSC6q7+Sz5FJ1YpY/iRNknDZqpvzdyLLSeiMhOFgn1oleI/3mdzMRX3ZzJNDNUkvmhOOPIJKioAfWZosTwiSWYKGazIjLEChNjy6rZEvzFLy+T4Lxx3fDvLurNZtlGFY7gGE7Bh0towi20IAACY3iGV3hzcufFeXc+5qMVp9w5hD9wPn8AArCTcw==</latexit><latexit sha1_base64="EG8n3XINhwRb2Y7+i56BiJjhqyA=">AAAB+HicbVBNSwMxFHxbv2r9WvXoJVgED1J2RVBvBS8eK7ha7JaSTbNtaJJdkmyhLP0nXjyoePWnePPfmG33oK0DgWHmPd5kopQzbTzv26msrK6tb1Q3a1vbO7t77v7Bg04yRWhAEp6odoQ15UzSwDDDaTtVFIuI08dodFP4j2OqNEvkvZmktCvwQLKYEWys1HNdcSZDJkOBzTCK8qdpz617DW8GtEz8ktShRKvnfoX9hGSCSkM41rrje6np5lgZRjid1sJM0xSTER7QjqUSC6q7+Sz5FJ1YpY/iRNknDZqpvzdyLLSeiMhOFgn1oleI/3mdzMRX3ZzJNDNUkvmhOOPIJKioAfWZosTwiSWYKGazIjLEChNjy6rZEvzFLy+T4Lxx3fDvLurNZtlGFY7gGE7Bh0towi20IAACY3iGV3hzcufFeXc+5qMVp9w5hD9wPn8AArCTcw==</latexit>

Genus 1:

[~ Brown, Levin; Brödel, Mafra, Matthes, Schlotterer]

• Relation between      and     ?   E3
<latexit sha1_base64="s2Ljff3ceUSaLn6t+cUZ2zp7Mjk=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJcFEVxWsA9oh5JJM21oJjMmdwplKPgXblwo4taPceffmD4W2nrgwuGce8nJCRIpDLrut5NbWV1b38hvFra2d3b3ivsHdROnmvEai2WsmwE1XArFayhQ8maiOY0CyRvB4GbiN4ZcGxGrBxwl3I9oT4lQMIpW8tsRxT6jMrsdd847xZJbdqcgy8SbkxLMUe0Uv9rdmKURV8gkNabluQn6GdUomOTjQjs1PKFsQHu8ZamiETd+Ng09JidW6ZIw1nYUkqn6+yKjkTGjKLCbk5Bm0ZuI/3mtFMNrPxMqSZErNnsoTCXBmEwaIF2hOUM5soQyLWxWwvpUU4a2p4ItwVv88jKpn5W98/Ll/UWpUnma1ZGHIziGU/DgCipwB1WoAYNHeIZXeHOGzovz7nzMVnPOvMJD+APn8wfOmpKG</latexit>

�̃
<latexit sha1_base64="WYNTTH9OBPIHZXSFuHY8pnPbByw=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTbAIrsqMD3RZcKHLCvYBnbHcyWTa0CQzJBmlDAV/hhsXirj1v7jz35g+Ftp6IPBxzg25OWHKmTau++0UlpZXVteK66WNza3tnfLuXlMnmSK0QRKeqHYImnImacMww2k7VRREyGkrHFyN89YDVZol8s4MUxoI6EkWMwLGWve+YTyiuX8NQsCoW664VXcivAjeDCpopnq3/OVHCckElYZw0LrjuakJclCGEU5HJT/TNAUygB7tWJQgqA7yydYjfGSdCMeJskcaPHF/38hBaD0UoZ0UYPp6Phub/2WdzMSXQc5kmhkqyfShOOPYJHhcAY6YosTwoQUgitldMemDAmJsUSVbgjf/5UVonlS90+r57VmlVnua1lFEB+gQHSMPXaAaukF11EAEKfSMXtGb8+i8OO/Ox3S04Mwq3Ed/5Hz+AOtOkzA=</latexit>



The circle
• How to describe a circle?

2⇡
<latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit>

0
<latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit>

✓
<latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit>

(x, y)
<latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit>

y2 = 1� x2
<latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit>

with
<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>



The circle
• How to describe a circle?

2⇡
<latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit><latexit sha1_base64="w4hjqQ3gNmSq4csQgRWoMabMCrc=">AAACAHicbVDLSgMxFL2pr1pfVZdugkVwVWaKoG6k4MZlBccW2qFk0kwbmskMSUYoQ1fu3eovuBK3/ol/4GeYaWdhWw8EDufcV06QCK6N43yj0tr6xuZWebuys7u3f1A9PHrUcaoo82gsYtUJiGaCS+YZbgTrJIqRKBCsHYxvc7/9xJTmsXwwk4T5ERlKHnJKTC41egnvV2tO3ZkBrxK3IDUo0OpXf3qDmKYRk4YKonXXdRLjZ0QZTgWbVnqpZgmhYzJkXUsliZj2s9mtU3xmlQEOY2WfNHim/u3ISKT1JApsZUTMSC97ufif101NeOVnXCapYZLOF4WpwCbG+cfxgCtGjZhYQqji9lZMR0QRamw8C1vy2UqHelqx0bjLQawSr1G/rrv3F7XmTZFRGU7gFM7BhUtowh20wAMKI3iBV3hDz+gdfaDPeWkJFT3HsAD09QvUJpc8</latexit>

0
<latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit><latexit sha1_base64="Kful0tr+2flvcr/5Zk6jYB8rOaw=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQiqBspuHHZgrGFNpTJ9KYdOnkwMxFKKLh3q7/gStz6Lf6Bn+GkzcK2Hhg4nHNfc/xEcKVt+9sqra1vbG6Vtys7u3v7B9XDo0cVp5Khy2IRy45PFQoeoau5FthJJNLQF9j2x3e5335CqXgcPehJgl5IhxEPOKPaSC27X63ZdXsGskqcgtSgQLNf/ekNYpaGGGkmqFJdx060l1GpORM4rfRShQllYzrErqERDVF52ezQKTkzyoAEsTQv0mSm/u3IaKjUJPRNZUj1SC17ufif1011cO1lPEpSjRGbLwpSQXRM8l+TAZfItJgYQpnk5lbCRlRSpk02C1vy2VIFalox0TjLQawS96J+U3dal7XGbZFRGU7gFM7BgStowD00wQUGCC/wCm/Ws/VufVif89KSVfQcwwKsr19yepXn</latexit>

✓
<latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit><latexit sha1_base64="xceLfCW26lBaQYA7XE6XePECI2w=">AAACAnicbVDLSsNAFJ34rPVVdelmsAiuSiKCupGCG5cVTFtoQ5lMb9qxkwczN0IJXbp3q7/gStz6I/6Bn+GkzcK2Hhg4nHNfc/xECo22/W2trK6tb2yWtsrbO7t7+5WDw6aOU8XB5bGMVdtnGqSIwEWBEtqJAhb6Elr+6Db3W0+gtIijBxwn4IVsEIlAcIZGanZxCMh6lapds6egy8QpSJUUaPQqP91+zNMQIuSSad1x7AS9jCkUXMKk3E01JIyP2AA6hkYsBO1l02sn9NQofRrEyrwI6VT925GxUOtx6JvKkOFQL3q5+J/XSTG48jIRJSlCxGeLglRSjGn+ddoXCjjKsSGMK2FupXzIFONoAprbks9WOtCTsonGWQximbjnteuac39Rrd8UGZXIMTkhZ8Qhl6RO7kiDuISTR/JCXsmb9Wy9Wx/W56x0xSp6jsgcrK9fzSuYWw==</latexit>

(x, y)
<latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit><latexit sha1_base64="wuG/1pHZ+YXDv6WwbCcac7rETas=">AAACAXicbVDLSsNAFL2pr1pfVZduBotQQUoigrqRghuXFYwW2lAm00k7dDIJMxMxhO7cu9VfcCVu/RL/wM9w0mZhWw8MHM65rzl+zJnStv1tlZaWV1bXyuuVjc2t7Z3q7t69ihJJqEsiHsm2jxXlTFBXM81pO5YUhz6nD/7oOvcfHqlULBJ3Oo2pF+KBYAEjWBvJrT+dpMe9as1u2BOgReIUpAYFWr3qT7cfkSSkQhOOleo4dqy9DEvNCKfjSjdRNMZkhAe0Y6jAIVVeNjl2jI6M0kdBJM0TGk3Uvx0ZDpVKQ99UhlgP1byXi/95nUQHF17GRJxoKsh0UZBwpCOU/xz1maRE89QQTCQztyIyxBITbfKZ2ZLPlipQ44qJxpkPYpG4p43LhnN7VmteFRmV4QAOoQ4OnEMTbqAFLhBg8AKv8GY9W+/Wh/U5LS1ZRc8+zMD6+gUFfpdN</latexit>

y2 = 1� x2
<latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit><latexit sha1_base64="DLqzS+ZFBq9gFNdd94FZ1Glg/1c=">AAACBXicbVBPS8MwHE3nvzn/TT16CQ7Bi6MdgnpQBl48TrBusnUjzdItLElLkoql7O7dq34FT+LVz+E38GOYbj24zQeBx3u/f3l+xKjStv1tFZaWV1bXiuuljc2t7Z3y7t69CmOJiYtDFsqWjxRhVBBXU81IK5IEcZ+Rpj+6zvzmI5GKhuJOJxHxOBoIGlCMtJEekm7t0jl56tZ65YpdtSeAi8TJSQXkaPTKP51+iGNOhMYMKdV27Eh7KZKaYkbGpU6sSITwCA1I21CBOFFeOjl4DI+M0odBKM0TGk7Uvx0p4kol3DeVHOmhmvcy8T+vHevg3EupiGJNBJ4uCmIGdQiz38M+lQRrlhiCsKTmVoiHSCKsTUYzW7LZUgVqXDLROPNBLBK3Vr2oOrenlfpVnlERHIBDcAwccAbq4AY0gAsw4OAFvII369l6tz6sz2lpwcp79sEMrK9fnjGYsw==</latexit>

with
<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>

➡ Trigonometric function: cos ✓
<latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit><latexit sha1_base64="1bsdfL0BeFYd1eoMh4t/37GbPdA=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMiqBspuHFZwbHFzlAyaaYNzSRDckcopR/g3q3+gitx62/4B36GmXYWtvVA4HDOfeVEqeAGXPfbKa2srq1vlDcrW9s7u3vV/YMHozJNmU+VULodEcMEl8wHDoK1U81IEgnWioY3ud96YtpwJe9hlLIwIX3JY04JWOkxoMoEMGBAutWaW3enwMvEK0gNFWh2qz9BT9EsYRKoIMZ0PDeFcEw0cCrYpBJkhqWEDkmfdSyVJGEmHE8vnuATq/RwrLR9EvBU/dsxJokxoySylQmBgVn0cvE/r5NBfBmOuUwzYJLOFsWZwKBw/n3c45pRECNLCNXc3orpgGhCwYY0tyWfrU1sJhUbjbcYxDLxz+pXde/uvNa4LjIqoyN0jE6Rhy5QA92iJvIRRRK9oFf05jw7786H8zkrLTlFzyGag/P1CwfHmiQ=</latexit>

(cos0 ✓)2 = 1� (cos ✓)2
<latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit><latexit sha1_base64="VpZtux3yiUlhdoEY6AUKnMag1uU=">AAACIHicbZDLSgMxFIYz9VbrbdSlm9Ai1oVlpgjqQim4cVnB2kKnlkyaaUMzF5IzQind+x7u3eoruBKX+gQ+hpnpILZ6IPDz/efkJL8bCa7Asj6M3MLi0vJKfrWwtr6xuWVu79yqMJaUNWgoQtlyiWKCB6wBHARrRZIR3xWs6Q4vE795z6TiYXADo4h1fNIPuMcpAY26ZrHs0FAdODBgQA7vqvgc20cp+0Fds2RVrLTwX2FnooSyqnfNL6cX0thnAVBBlGrbVgSdMZHAqWCTghMrFhE6JH3W1jIgPlOdcfqXCd7XpIe9UOoTAE7p74kx8ZUa+a7u9AkM1LyXwP+8dgzeaWfMgygGFtDpIi8WGEKcBIN7XDIKYqQFoZLrt2I6IJJQ0PHNbEnulspTk4KOxp4P4q9oVCtnFfv6uFS7yDLKoz1URGVkoxNUQ1eojhqIogf0hJ7Ri/FovBpvxvu0NWdkM7topozPb4+yohw=</latexit>

cos(✓ + 2⇡) = cos ✓
<latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit><latexit sha1_base64="CeEQAlPwcL9/3w+WftWbnvPYpYw=">AAACHHicbZDLSgMxFIYz9VbrbdSlIMEiVIQyUwR1oRTcuKzg2EJnKJk004ZmLiRnhFK68z3cu9VXcCVuBd/AxzDTzsK2Hgj8fP85OcnvJ4IrsKxvo7C0vLK6VlwvbWxube+Yu3sPKk4lZQ6NRSxbPlFM8Ig5wEGwViIZCX3Bmv7gJvObj0wqHkf3MEyYF5JexANOCWjUMQ9dGquKC30G5LTmJvwEX+GMTVHHLFtVa1J4Udi5KKO8Gh3zx+3GNA1ZBFQQpdq2lYA3IhI4FWxcclPFEkIHpMfaWkYkZMobTf4xxseadHEQS30iwBP6d2JEQqWGoa87QwJ9Ne9l8D+vnUJw4Y14lKTAIjpdFKQCQ4yzUHCXS0ZBDLUgVHL9Vkz7RBIKOrqZLdndUgVqXNLR2PNBLAqnVr2s2ndn5fp1nlERHaAjVEE2Okd1dIsayEEUPaEX9IrejGfj3fgwPqetBSOf2UczZXz9Aj2qoZA=</latexit>

➡ Inverse map: ✓ = �
Z x

0

dx0
p
1� x02

<latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit><latexit sha1_base64="2UlEftbPVjK/Pc7GWYxZFZOmrWA="></latexit>

➡ Can rescale ‘circumference’ to 1.
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<latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit><latexit sha1_base64="JZApCeFbrPJKztJb3BFVWNtk12o=">AAACA3icbVDLSsNAFL2pr1pfVZduBovgopREBHVXcOOygrGFNJTJdNIOnUzCzEQMoeDKvVv9BVfi1g/xD/wMJ20XtvXAhcM59869c4KEM6Vt+9sqrayurW+UNytb2zu7e9X9g3sVp5JQl8Q8lp0AK8qZoK5mmtNOIimOAk7bwei68NsPVCoWizudJdSP8ECwkBGsjdT2HutZ3fF71ZrdsCdAy8SZkRrM0OpVf7r9mKQRFZpwrJTn2In2cyw1I5yOK91U0QSTER5Qz1CBI6r8fHLuGJ0YpY/CWJoSGk3UvxM5jpTKosB0RlgP1aJXiP95XqrDSz9nIkk1FWS6KEw50jEq/o76TFKieWYIJpKZWxEZYomJNgnNbSnelipU44qJxlkMYpm4Z42rhnN7Xms2n6YZleEIjuEUHLiAJtxAC1wgMIIXeIU369l6tz6sz2lryZrleghzsL5+AbOUmKc=</latexit>

z
<latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit> with

<latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit><latexit sha1_base64="TRR7qsxnkOvXovUfJdZWF3SaU08=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCOqu4MZlBccW2qFk0kwbmmTG5IxahgEfwL1bfQVX4tan8A18DNPLwrb+EPj5z8k5hy9MBDfgut9OYWl5ZXWtuF7a2Nza3inv7t2aONWU+TQWsW6GxDDBFfOBg2DNRDMiQ8Ea4eByVG/cM214rG5gmLBAkp7iEacEbBS0gT2CltkDh37eKVfcqjsWXjTe1FTQVPVO+afdjWkqmQIqiDEtz00gyIgGTgXLS+3UsITQAemxlrWKSGaCbHx0jo9s0sVRrO1TgMfp3x8ZkcYMZWg7JYG+ma+Nwv9qrRSi8yDjKkmBKTpZFKUCQ4xHBHCXa0ZBDK0hVHN7K6Z9ogkFy2lmy2i2NpHJSxaNNw9i0fgn1Yuqd31aqdWeJoyK6AAdomPkoTNUQ1eojnxE0R16Qa/ozXl23p0P53PSWnCmXPfRjJyvX0ddnGU=</latexit>

• Elliptic curves are the same as tori! 

y2 = 4x3 � g2x� g3
<latexit sha1_base64="cMpFIS47xdb2QLFDxDzQh9aIFcI=">AAACEXicbZDLSgMxFIYz9VbrbaxLN8EiuLHMtAXdCAU3LivYC7TTIZNm2tBMZkgy0mEo+A7u3eoruBO3PoFv4GOYabuwrQcSPv7/JOfwexGjUlnWt5Hb2Nza3snvFvb2Dw6PzONiS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dbz249ESBryB5VExAnQkFOfYqS05JrFpF+5gbVJv3o5dCsTfVVds2SVrVnBdbAXUAKLarjmT28Q4jggXGGGpOzaVqScFAlFMSPTQi+WJEJ4jIakq5GjgEgnne0+hedaGUA/FPpwBWfq3xcpCqRMAk93BkiN5KqXif953Vj5105KeRQrwvF8kB8zqEKYBQEHVBCsWKIBYUH1rhCPkEBY6biWpmR/C+nLaUFHY68GsQ6tStnWfF8r1etP85Dy4BScgQtggytQB3egAZoAgwl4Aa/gzXg23o0P43PemjMWwZ6ApTK+fgGq0Jym</latexit><latexit sha1_base64="cMpFIS47xdb2QLFDxDzQh9aIFcI=">AAACEXicbZDLSgMxFIYz9VbrbaxLN8EiuLHMtAXdCAU3LivYC7TTIZNm2tBMZkgy0mEo+A7u3eoruBO3PoFv4GOYabuwrQcSPv7/JOfwexGjUlnWt5Hb2Nza3snvFvb2Dw6PzONiS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dbz249ESBryB5VExAnQkFOfYqS05JrFpF+5gbVJv3o5dCsTfVVds2SVrVnBdbAXUAKLarjmT28Q4jggXGGGpOzaVqScFAlFMSPTQi+WJEJ4jIakq5GjgEgnne0+hedaGUA/FPpwBWfq3xcpCqRMAk93BkiN5KqXif953Vj5105KeRQrwvF8kB8zqEKYBQEHVBCsWKIBYUH1rhCPkEBY6biWpmR/C+nLaUFHY68GsQ6tStnWfF8r1etP85Dy4BScgQtggytQB3egAZoAgwl4Aa/gzXg23o0P43PemjMWwZ6ApTK+fgGq0Jym</latexit><latexit sha1_base64="cMpFIS47xdb2QLFDxDzQh9aIFcI=">AAACEXicbZDLSgMxFIYz9VbrbaxLN8EiuLHMtAXdCAU3LivYC7TTIZNm2tBMZkgy0mEo+A7u3eoruBO3PoFv4GOYabuwrQcSPv7/JOfwexGjUlnWt5Hb2Nza3snvFvb2Dw6PzONiS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dbz249ESBryB5VExAnQkFOfYqS05JrFpF+5gbVJv3o5dCsTfVVds2SVrVnBdbAXUAKLarjmT28Q4jggXGGGpOzaVqScFAlFMSPTQi+WJEJ4jIakq5GjgEgnne0+hedaGUA/FPpwBWfq3xcpCqRMAk93BkiN5KqXif953Vj5105KeRQrwvF8kB8zqEKYBQEHVBCsWKIBYUH1rhCPkEBY6biWpmR/C+nLaUFHY68GsQ6tStnWfF8r1etP85Dy4BScgQtggytQB3egAZoAgwl4Aa/gzXg23o0P43PemjMWwZ6ApTK+fgGq0Jym</latexit><latexit sha1_base64="cMpFIS47xdb2QLFDxDzQh9aIFcI=">AAACEXicbZDLSgMxFIYz9VbrbaxLN8EiuLHMtAXdCAU3LivYC7TTIZNm2tBMZkgy0mEo+A7u3eoruBO3PoFv4GOYabuwrQcSPv7/JOfwexGjUlnWt5Hb2Nza3snvFvb2Dw6PzONiS4axwKSJQxaKjockYZSTpqKKkU4kCAo8Rtre+Dbz249ESBryB5VExAnQkFOfYqS05JrFpF+5gbVJv3o5dCsTfVVds2SVrVnBdbAXUAKLarjmT28Q4jggXGGGpOzaVqScFAlFMSPTQi+WJEJ4jIakq5GjgEgnne0+hedaGUA/FPpwBWfq3xcpCqRMAk93BkiN5KqXif953Vj5105KeRQrwvF8kB8zqEKYBQEHVBCsWKIBYUH1rhCPkEBY6biWpmR/C+nLaUFHY68GsQ6tStnWfF8r1etP85Dy4BScgQtggytQB3egAZoAgwl4Aa/gzXg23o0P43PemjMWwZ6ApTK+fgGq0Jym</latexit>
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X
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• Elliptic curves are the same as tori! 
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,
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1

z2
+
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!2 !3 = !1 + !2
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1

Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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➡ Weierstrass    -function:}
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We will always keep implicit the dependence of the Weierstrass } function on the periods.

The Weierstrass } function is by construction periodic, and it has a double pole at every

lattice point z 2 ⇤. In addition, it is an even function, }(�z) = }(z).

The derivative of a periodic function is still periodic, and so the derivative of an elliptic

function is itself elliptic. Since } is even and has a double pole, its derivative must define an

odd function with a triple pole (all definitions are understood modulo translations by the

lattice). Hence, }0 must have three zeros, and these are located precisely at the half-periods

!i/2, i 2 {1, 2, 3}, with !3/2 ⌘ !1/2 + !2/2. Indeed, invariance under translations by ⇤

gives

�}0(!i/2) = }0(�!i/2) = }0(!i/2 � !i) = }0(!i/2) , (4.3)

and so }0(!i/2) = 0.

The Weierstrass } function and its derivative are not only the prototypical examples of

functions that are both meromorphic and periodic, but they play a fundamental role in the

theory of elliptic functions. In fact, they are su�cient to recover all elliptic functions. More

precisely, one can show that every elliptic function can be written as a rational function in

} and }0. Note that the set of all elliptic functions forms a field, and so we can identify

the field of elliptic functions with the field of rational functions in (}, }0).

Finally, let us note that the Weierstrass } function and its derivative are not indepen-

dent, but they are coupled via a non-linear di↵erential equation

}02 = 4}3
� g2 } � g3 = 4(} � e1)(} � e2)(} � e3) , (4.4)

where gi and ei are constants that depend on the two periods !1 and !2. By di↵erentiation

we see that all the higher derivatives of } are polynomials in (}, }0), in agreement with the

fact that every elliptic function is a rational function in (}, }0). For example, we have

}00(z) =
1

6
}(z)2 �

1

2
g2 . (4.5)

4.2 From the torus to the elliptic curve: the Weierstrass model

In section 3 we have considered elliptic curves given by a cubic equation of the form (3.2).

In general, there can be several cubic polynomials that define the same elliptic curve E . In

particular, it can be shown that via a judicious change of variables every elliptic curve can

be represented as the solution set of a cubic equation of the form

y2 = 4x3
� g2x � g3 = 4(x � e1)(x � e2)(x � e3) , with e1 + e2 + e3 = 0 . (4.6)

An equation of this form is called a Weierstrass equation of the elliptic curve. We see

that, upon identifying (}, }0) with (x, y), eq. (4.4) has precisely the form of the Weierstrass

equation, and so there is a strong connection between the Weierstrass } function and

elliptic curves. The purpose of this section is to show that the torus and the Weierstrass

} function provide a natural parametrisation of any elliptic curve E .

Consider an elliptic curve E with periods !1 and !2 given by the Weierstrass equa-

tion (4.6). Comparing eq. (4.6) to the di↵erential equation (4.4) satisfied by the Weierstrass

} function, we see that for every point z on the torus C/⇤, the point [}(z), }0(z), 1] lies on
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}(z + !i;!1,!2) = }(z;!1,!2)
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➡ Inverse map: z =

Z x

1

dx0
p

4x03 � g2x0 � g3
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• Elliptic curves are the same as tori! 

➡ Can always rescale one ‘radius’  to 1: ⌧ = !2/!1
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Im ⌧ > 0
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y2 = 4x3 � g2x� g3
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Elliptic polylogarithms 

➡ They are the same thing!

• Relation to integrals like                                            ? 
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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<latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit>

1
<latexit sha1_base64="1YI1f6x1VTSgIdCXDnmorW1NdWo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe40omXAxjIB8wHJEfY2c8mavb1jd08IR8DexkIRW3+Snf/GzUehiQ8GHu/NMDMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/Vbj6g0j+W9GSfoR3QgecgZNVaqe71iyS27M5BV4i1ICRao9Ypf3X7M0gilYYJq3fHcxPgZVYYzgZNCN9WYUDaiA+xYKmmE2s9mh07ImVX6JIyVLWnITP09kdFI63EU2M6ImqFe9qbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf88ippXpS9y/JVvVKqVp/mceThBE7hHDy4hircQQ0awADhGV7hzXlwXpx352PemnMWER7DHzifP6JHjTo=</latexit>

⌧ = !2/!1
<latexit sha1_base64="sixmD87LiuSjqzcY1RhXKdQaG/8=">AAAB/3icbZDLSgMxGIUzXmu9jQpu3ASL4KrOVEU3QsGNywr2Ap1hyKRpG5rLkGSEMhb0Vdy4UMStr+HOtzFtZ6GtBwIf5/whf06cMKqN5307C4tLyyurhbXi+sbm1ra7s9vQMlWY1LFkUrVipAmjgtQNNYy0EkUQjxlpxoPrcd68J0pTKe7MMCEhRz1BuxQjY63I3Q8MSq8CyUkPRZWTHPzILXllbyI4D34OJZCrFrlfQUfilBNhMENat30vMWGGlKGYkVExSDVJEB6gHmlbFIgTHWaT/UfwyDod2JXKHmHgxP19I0Nc6yGP7SRHpq9ns7H5X9ZOTfcyzKhIUkMEnj7UTRk0Eo7LgB2qCDZsaAFhRe2uEPeRQtjYyoq2BH/2y/PQqJT90/L57VmpWn2c1lEAB+AQHAMfXIAquAE1UAcYPIBn8ArenCfnxXl3PqajC05e4R74I+fzB0vTlgk=</latexit>

dx'0(x, 0) =
dx

4
p
�K(�) y

= dz
<latexit sha1_base64="5Et26k85SYQQjK36KihCwaRbZwg="></latexit>

dx'±n(x, c) = dz
h
g(n)(z � zc, ⌧)± g(n)(z + zc, ⌧)� 2 �±n,1 g

(1)(z, ⌧)
i

<latexit sha1_base64="nM3CPT/0Pohd4o9XMcSnlbNVXYo="></latexit>

dx'1(x, c) =
dx

x� c
= dz

h
g(1)(z � zc, ⌧)± g(1)(z + zc, ⌧)� 2 g(1)(z, ⌧)

i

<latexit sha1_base64="u4vVNhTCSG2voHnteNr+3ZI3z7U="></latexit>

Z 1

0

dxp
x(1� x)(1� �x)

log(1� �x)
<latexit sha1_base64="bL8f5YCi7IDt1kdsteKkeLvEmm8="></latexit>



Elliptic 2F1
• Final result:

U1(�) = 1 + 2✏
�
E3 ( 0 1

0 0 ; 1) + E3 ( 0 1
0 1 ; 1) + E3

� 0 1
0 1/� ; 1

��
+O(✏2)

<latexit sha1_base64="gZ5lgnY+3Eij+9cqTAfKxmPMw1Y="></latexit>

U2(�) = ✏
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2⇡i� E3

��1
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�
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� 1
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2 E3 ( 20 ; 1)� 2 E3 ( 21 ; 1) 2 E3
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�
� 9 E3 ( 2

1 ; 1)
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<latexit sha1_base64="44Me/sWA/dtCHc60kNqetFZdndY="></latexit>

➡ Very reminiscent of non-elliptic case!
➡           Are pure functions of uniform weight:Ui(�)

<latexit sha1_base64="4Kh2QAaPoFypOjaBooxJhOl0RQU=">AAAB9HicbVBNS8NAFHypX7V+VT16WSxCvZTEKnosePFYwbSFNpTNZtMu3Wzi7qZQQsF/4cWDIl79Md78N27aHrR14MEwM499O37CmdK2/W0V1tY3NreK26Wd3b39g/LhUUvFqSTUJTGPZcfHinImqKuZ5rSTSIojn9O2P7rN/faYSsVi8aAnCfUiPBAsZARrI3lun1V73MQDfF7qlyt2zZ4BrRJnQSqwQLNf/uoFMUkjKjThWKmuYyfay7DUjHA6LfVSRRNMRnhAu4YKHFHlZbOjp+jMKAEKY2lGaDRTf29kOFJqEvkmGWE9VMteLv7ndVMd3ngZE0mqqSDzh8KUIx2jvAEUMEmJ5hNDMJHM3IrIEEtMtOkpL8FZ/vIqaV3UnHrt6v6y0mg8zesowgmcQhUcuIYG3EETXCDwCM/wCm/W2Hqx3q2PebRgLSo8hj+wPn8Aj3CRtg==</latexit>

E3 ( n1 ... nk
c1 ... ck ;�) =

Z �

0
dx'n1(x, c) E3 (

n2 ... nk
c2 ... ck ;x)

<latexit sha1_base64="mD8U87YM+smfCDppY8LAkYVVoUM="></latexit>

Weight = 

Length = k
<latexit sha1_base64="cOu4LAVRDl9FM9XD+ls1k/mujOc=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe40omXAxjIB8wHJEfY2c8mavb1jd08IR8DexkIRW3+Snf/GzUehiQ8GHu/NMDMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/Vbj6g0j+W9GSfoR3QgecgZNVaqj3rFklt2ZyCrxFuQEixQ6xW/uv2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ/NDp2QM6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO97E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbAo2BG/55VXSvCh7l+WreqVUrT7N48jDCZzCOXhwDVW4gxo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwD6L410</latexit>

kX

i=1

|ni|
<latexit sha1_base64="DniEJWlhbtQfuz0DST2T7/Id2Tg=">AAAB+nicbZBLSwMxFIXv+Kz1NdWlm2ARXJUZH+hGKLhxWcE+oB2HTJq2oUlmSDJKmRb8I25cKOLWX+LOf2P6WGjrgcDHOTfk5kQJZ9p43reztLyyurae28hvbm3v7LqFvZqOU0VolcQ8Vo0Ia8qZpFXDDKeNRFEsIk7rUf96nNcfqNIslndmkNBA4K5kHUawsVboFlo6FWHGrvzRfX8oQzYM3aJX8iZCi+DPoAgzVUL3q9WOSSqoNIRjrZu+l5ggw8owwuko30o1TTDp4y5tWpRYUB1kk9VH6Mg6bdSJlT3SoIn7+0aGhdYDEdlJgU1Pz2dj87+smZrOZZAxmaSGSjJ9qJNyZGI07gG1maLE8IEFTBSzuyLSwwoTY9vK2xL8+S8vQu2k5J+Wzm/PiuXy07SOHBzAIRyDDxdQhhuoQBUIPMIzvMKbM3RenHfnYzq65Mwq3Ic/cj5/ALJIlLA=</latexit>
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�
� 9 E3 ( 2

1 ; 1)
��

<latexit sha1_base64="44Me/sWA/dtCHc60kNqetFZdndY="></latexit>

+O(✏)
<latexit sha1_base64="vIiY31fuT7TwJffTXJ4LCbi6HBw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm8EiVIQy4wNdFty4s4J9QGcomfS2Dc0kQ5IRyljQX3HjQhG3/oY7/8ZM24W2HrhwOOdecnLCmFGlXffbyi0sLi2v5FcLa+sbm1v29k5diUQSqBHBhGyGWAGjHGqaagbNWAKOQgaNcHCV+Y17kIoKfqeHMQQR7nHapQRrI7XtvWM/wrpPMEtvRiUfYkWZ4Edtu+iW3TGceeJNSRFNUW3bX35HkCQCrgnDSrU8N9ZBiqWmhMGo4CcKYkwGuActQzmOQAXpOP/IOTRKx+kKaYZrZ6z+vkhxpNQwCs1mFlbNepn4n9dKdPcySCmPEw2cTB7qJszRwsnKcDpUAtFsaAgmkpqsDuljiYk2lRVMCd7sl+dJ/aTsnZbPb8+KlcrjpI482kcHqIQ8dIEq6BpVUQ0R9ICe0St6s56sF+vd+pis5qxphbvoD6zPH8gplls=</latexit>
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<latexit sha1_base64="le1+PGNto1wvT09FcBobdfyLkj8="></latexit>
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U1(�)
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◆

<latexit sha1_base64="ZPqijWHRGztuOir3ZGISxWRu4fE="></latexit>



Elliptic Feynman integrals

Non-elliptic 2F1 Elliptic 2F1

Direct 
integration

Pure basis

Canonical DE

Numerical 
Evaluation

✓A

✓A

✓A

✓A

[MPLs]

[Uniform weight]

✓A[eMPLs]

✓A[Uniform weight]

[dlogs]



Differential equations
• Differential equation                      is not in canonical form:(T1(�), T2(�))

<latexit sha1_base64="NH+0vN/JJyzvpHGQ2JNu1nJyuys=">AAACBHicbVDLSsNAFL3xWesr6rKbYBFakJJURZcFNy4r9AVtCJPJpB06mYSZiVBCQTf+ihsXirj1I9z5N04fiLYeuHDmnHuZe4+fMCqVbX8ZK6tr6xubua389s7u3r55cNiScSowaeKYxaLjI0kY5aSpqGKkkwiCIp+Rtj+8nvjtOyIkjXlDjRLiRqjPaUgxUlryzEKp4TmlHtMTASqfNrzqz6PsmUW7Yk9hLRNnToowR90zP3tBjNOIcIUZkrLr2IlyMyQUxYyM871UkgThIeqTrqYcRUS62fSIsXWilcAKY6GLK2uq/p7IUCTlKPJ1Z4TUQC56E/E/r5uq8MrNKE9SRTiefRSmzFKxNUnECqggWLGRJggLqne18AAJhJXOLa9DcBZPXiatasU5q1zcnhdrtftZHDkowDGUwIFLqMEN1KEJGB7gCV7g1Xg0no03433WumLMIzyCPzA+vgG0Z5ag</latexit>
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<latexit sha1_base64="C6lpTojVYhvFwbXwzv/erxlcZww="></latexit>
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<latexit sha1_base64="JrzpCYikZIUSSjRBG5DUqa7Vf08="></latexit>

B =
1

�

✓
0 0
1 �2

◆
+

1

�� 1

✓
�1 3
�1 3

◆

<latexit sha1_base64="z8IVSeoO8NgKUvSpU3UBLg7wf6g="></latexit>



Differential equations
• Differential equation                      is not in canonical form:(T1(�), T2(�))

<latexit sha1_base64="NH+0vN/JJyzvpHGQ2JNu1nJyuys=">AAACBHicbVDLSsNAFL3xWesr6rKbYBFakJJURZcFNy4r9AVtCJPJpB06mYSZiVBCQTf+ihsXirj1I9z5N04fiLYeuHDmnHuZe4+fMCqVbX8ZK6tr6xubua389s7u3r55cNiScSowaeKYxaLjI0kY5aSpqGKkkwiCIp+Rtj+8nvjtOyIkjXlDjRLiRqjPaUgxUlryzEKp4TmlHtMTASqfNrzqz6PsmUW7Yk9hLRNnToowR90zP3tBjNOIcIUZkrLr2IlyMyQUxYyM871UkgThIeqTrqYcRUS62fSIsXWilcAKY6GLK2uq/p7IUCTlKPJ1Z4TUQC56E/E/r5uq8MrNKE9SRTiefRSmzFKxNUnECqggWLGRJggLqne18AAJhJXOLa9DcBZPXiatasU5q1zcnhdrtftZHDkowDGUwIFLqMEN1KEJGB7gCV7g1Xg0no03433WumLMIzyCPzA+vgG0Z5ag</latexit>
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T2(�)
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<latexit sha1_base64="C6lpTojVYhvFwbXwzv/erxlcZww="></latexit>

A =
1

�

✓
0 0
1
2 �1

◆
+

1

�� 1

✓
� 1

2
1
2

� 1
2

1
2

◆

<latexit sha1_base64="JrzpCYikZIUSSjRBG5DUqa7Vf08="></latexit>
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✓
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◆

<latexit sha1_base64="z8IVSeoO8NgKUvSpU3UBLg7wf6g="></latexit>

• Differential equation                       takes the form:(U1(�), U2(�))
<latexit sha1_base64="VCZfJDo3fFIrbq6UaaMENiFrgE4=">AAACBHicbVDLSsNAFL2pr1pfUZfdBIvQgpSkKrosuHFZwbSFNoTJZNoOnUzCzEQooaAbf8WNC0Xc+hHu/BunD0RbD1w4c869zL0nSBiVyra/jNzK6tr6Rn6zsLW9s7tn7h80ZZwKTFwcs1i0AyQJo5y4iipG2okgKAoYaQXDq4nfuiNC0pjfqlFCvAj1Oe1RjJSWfLNYdn2n3GV6IkSVE9ev/Twqvlmyq/YU1jJx5qQEczR887MbxjiNCFeYISk7jp0oL0NCUczIuNBNJUkQHqI+6WjKUUSkl02PGFvHWgmtXix0cWVN1d8TGYqkHEWB7oyQGshFbyL+53VS1bv0MsqTVBGOZx/1Umap2JokYoVUEKzYSBOEBdW7WniABMJK51bQITiLJy+TZq3qnFbPb85K9fr9LI48FOEIyuDABdThGhrgAoYHeIIXeDUejWfjzXifteaMeYSH8AfGxze3lJai</latexit>

@�

✓
U1(�)
U2(�)

◆
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✓
U1(�)
U2(�)

◆

<latexit sha1_base64="EUzffKh3n6ZCQb3o5VZk7D6sHCU="></latexit>

⌦ =

 1
(��1)�

i⇡
4(��1)�K(�)2

4(�2��+1)K(�)2

i⇡(��1)�
1

(��1)�

!

<latexit sha1_base64="+ahASPnIgS/leQDUJ7u94qKCjSE="></latexit>

➡ Looks very different from integration kernels for eMPLs?!?

➡ Equation in   -form, but matrix involves elliptic integrals.✏
<latexit sha1_base64="hC7WAEe2EPW2YS7UADqPt07oQ4k=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHgxWMEs0AyhJ5OTdKkp3vs7hFCCPgNXjwo4tXf8ebf2FkOmvig4PFeFVX1olRwY33/28utrK6tb+Q3C1vbO7t7xf2DulGZZlhjSijdjKhBwSXWLLcCm6lGmkQCG9HgZuI3HlEbruS9HaYYJrQnecwZtU5qtjE1XCjZKZb8sj8FWSbBnJRgjmqn+NXuKpYlKC0T1JhW4Kc2HFFtORM4LrQzgyllA9rDlqOSJmjC0fTeMTlxSpfESruSlkzV3xMjmhgzTCLXmVDbN4veRPzPa2U2vg5HXKaZRclmi+JMEKvI5HnS5RqZFUNHKNPc3UpYn2rKrIuo4EIIFl9eJvWzcnBevry7KFUqT7M48nAEx3AKAVxBBW6hCjVgIOAZXuHNe/BevHfvY9aa8+YRHsIfeJ8/dHuQpQ==</latexit>



From dynamics to geometry
•                                   defines a family of elliptic curves.y2 = x(x� 1)(x� 1/�)

<latexit sha1_base64="FFJOsNVQ1CCayt54m1SabjfMDJA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEdmGdqYpuhIIblxXsA9qxZDKZNjSTGZKMtAxFF/6KGxeKuPUr3Pk3ZtoutPXAvRzOuZfkHjdiVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5dhLDCp4ZCFoukiSRjlpKaoYqQZCYICl5GG279K/cY9EZKG/FYNI+IEqMupTzFSWuqYe8O7MryEg8LgyC6m7bjN9LaHih0zb5WsMeA8sackD6aodsyvthfiOCBcYYakbNlWpJwECUUxI6NcO5YkQriPuqSlKUcBkU4yPmEED7XiQT8UuriCY/X3RoICKYeBqycDpHpy1kvF/7xWrPwLJ6E8ihXhePKQHzOoQpjmAT0qCFZsqAnCguq/QtxDAmGlU8vpEOzZk+dJvVyyT0pnN6f5SuVxEkcW7IMDUAA2OAcVcA2qoAYweADP4BW8GU/Gi/FufExGM8Y0wl3wB8bnD4z+lWI=</latexit>

➡ Different values of     correspond to elliptic curves of  
‘different shapes’.

�
<latexit sha1_base64="iJRLguaAm6nDKcmLjOZf8+yIaMY=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZcFNy4r2Ae0Q7mTybShmcyQZIQyFPwFNy4Ucev3uPNvTB8LbT0QOJxzwr33BKng2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kirImTUSiOgFqJrhkTcONYJ1UMYwDwdrB6Hbqtx+Z0jyRD2acMj/GgeQRp2is1O4JGw2xX664VXcGskq8BanAAo1++asXJjSLmTRUoNZdz02Nn6MynAo2KfUyzVKkIxywrqUSY6b9fLbuhJxZJSRRouyThszU3z9yjLUex4FNxmiGetmbiv953cxEN37OZZoZJul8UJQJYhIyvZ2EXDFqxNgSpIrbXQkdokJqbEMlW4K3fPIqaV1Uvcvq1X2tUq8/zesowgmcwjl4cA11uIMGNIHCCJ7hFd6c1Hlx3p2PebTgLCo8hj9wPn8AZG+QAg==</latexit>
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⌧ = i
K(1� �)

K(�)
<latexit sha1_base64="sojE0Ev9ykULoB2FxJ++kns2KqU="></latexit>

� = 0.8
<latexit sha1_base64="P9SCeqbrVQvZRgwxwlUf5tTfOCs=">AAACCHicbVDLSgMxFL3js9ZX1aWbwSK4GmZ8YDdCwY3LCvYB06FkMpk2NJMMSUYoQ8G1e7f6C+7ErX/hH/gZZtoubOuBwOGck9ybE6aMKu2639bK6tr6xmZpq7y9s7u3Xzk4bCmRSUyaWDAhOyFShFFOmppqRjqpJCgJGWmHw9vCbz8SqajgD3qUkiBBfU5jipE2kt9lJhqhG9ep9SpV13EnsJeJNyNVmKHRq/x0I4GzhHCNGVLK99xUBzmSmmJGxuVupkiK8BD1iW8oRwlRQT5ZeWyfGiWyYyHN4dqeqH9v5ChRapSEJpkgPVCLXiH+5/mZjmtBTnmaacLxdFCcMVsLu/i/HVFJsGYjQxCW1Oxq4wGSCGvT0tyU4m2pYjUum2q8xSKWSevc8S6cq/vLar3+NC2pBMdwAmfgwTXU4Q4a0AQMAl7gFd6sZ+vd+rA+p9EVa1bsEczB+voFJGWaYA==</latexit>

= i 0.735 . . .
<latexit sha1_base64="X31EZrDvM4IM33Lbf+jyPSG90o8=">AAACDnicbZDLSgMxFIYzXmu9dNSlm2ARXEiZsZa6EQpuXFawF+gMJZPJtKGZZEgyQhkKPoJ7t/oK7sStr+Ab+Bhm2i5s6w+Bn/+cnHP4goRRpR3n21pb39jc2i7sFHf39g9K9uFRW4lUYtLCggnZDZAijHLS0lQz0k0kQXHASCcY3eb1ziORigr+oMcJ8WM04DSiGGkT9e3SDfUunEq9WvNYKLTq22Wn4kwFV407N2UwV7Nv/3ihwGlMuMYMKdVznUT7GZKaYkYmRS9VJEF4hAakZyxHMVF+Nj18As9MEsJISPO4htP0748MxUqN48B0xkgP1XItD/+r9VIdXfsZ5UmqCcezRVHKoBYwpwBDKgnWbGwMwpKaWyEeIomwNqwWtuSzpYrUpGjQuMsgVk37suJWK7X7q3Kj8TSDVAAn4BScAxfUQQPcgSZoAQxS8AJewZv1bL1bH9bnrHXNmoM9Bguyvn4BA+mb1g==</latexit>



From dynamics to geometry
•                                   defines a family of elliptic curves.y2 = x(x� 1)(x� 1/�)

<latexit sha1_base64="FFJOsNVQ1CCayt54m1SabjfMDJA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEdmGdqYpuhIIblxXsA9qxZDKZNjSTGZKMtAxFF/6KGxeKuPUr3Pk3ZtoutPXAvRzOuZfkHjdiVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5dhLDCp4ZCFoukiSRjlpKaoYqQZCYICl5GG279K/cY9EZKG/FYNI+IEqMupTzFSWuqYe8O7MryEg8LgyC6m7bjN9LaHih0zb5WsMeA8sackD6aodsyvthfiOCBcYYakbNlWpJwECUUxI6NcO5YkQriPuqSlKUcBkU4yPmEED7XiQT8UuriCY/X3RoICKYeBqycDpHpy1kvF/7xWrPwLJ6E8ihXhePKQHzOoQpjmAT0qCFZsqAnCguq/QtxDAmGlU8vpEOzZk+dJvVyyT0pnN6f5SuVxEkcW7IMDUAA2OAcVcA2qoAYweADP4BW8GU/Gi/FufExGM8Y0wl3wB8bnD4z+lWI=</latexit>

➡ Different values of     correspond to elliptic curves of  
‘different shapes’.

�
<latexit sha1_base64="iJRLguaAm6nDKcmLjOZf8+yIaMY=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZcFNy4r2Ae0Q7mTybShmcyQZIQyFPwFNy4Ucev3uPNvTB8LbT0QOJxzwr33BKng2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kirImTUSiOgFqJrhkTcONYJ1UMYwDwdrB6Hbqtx+Z0jyRD2acMj/GgeQRp2is1O4JGw2xX664VXcGskq8BanAAo1++asXJjSLmTRUoNZdz02Nn6MynAo2KfUyzVKkIxywrqUSY6b9fLbuhJxZJSRRouyThszU3z9yjLUex4FNxmiGetmbiv953cxEN37OZZoZJul8UJQJYhIyvZ2EXDFqxNgSpIrbXQkdokJqbEMlW4K3fPIqaV1Uvcvq1X2tUq8/zesowgmcwjl4cA11uIMGNIHCCJ7hFd6c1Hlx3p2PebTgLCo8hj9wPn8AZG+QAg==</latexit>

⌧ = i
K(1� �)

K(�)
<latexit sha1_base64="sojE0Ev9ykULoB2FxJ++kns2KqU="></latexit>

� = 0.7
<latexit sha1_base64="S89plKxD2a1/bdoIXDRpJut5FlE=">AAACCHicbVDLSgMxFL3js9ZX1aWbwSK4GmZ8UDdCwY3LCvYB06FkMpk2NJMMSUYoQ8G1e7f6C+7ErX/hH/gZZtoubOuBwOGck9ybE6aMKu2639bK6tr6xmZpq7y9s7u3Xzk4bCmRSUyaWDAhOyFShFFOmppqRjqpJCgJGWmHw9vCbz8SqajgD3qUkiBBfU5jipE2kt9lJhqhG9ep9SpV13EnsJeJNyNVmKHRq/x0I4GzhHCNGVLK99xUBzmSmmJGxuVupkiK8BD1iW8oRwlRQT5ZeWyfGiWyYyHN4dqeqH9v5ChRapSEJpkgPVCLXiH+5/mZjq+DnPI004Tj6aA4Y7YWdvF/O6KSYM1GhiAsqdnVxgMkEdampbkpxdtSxWpcNtV4i0Usk9a54104V/eX1Xr9aVpSCY7hBM7AgxrU4Q4a0AQMAl7gFd6sZ+vd+rA+p9EVa1bsEczB+voFIsuaXw==</latexit>
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= i 0.825 . . .
<latexit sha1_base64="1mf3YZOL9Ep05JrcMwciwAMHMGE=">AAACDnicbZDNSgMxFIUz9a/Wn466dBMsggspM9ViN0LBjcsKthY6Q8lkMm1oJhmSjFCGgo/g3q2+gjtx6yv4Bj6GmbYL23ogcDj35t7LFySMKu0431ZhbX1jc6u4XdrZ3dsv2weHHSVSiUkbCyZkN0CKMMpJW1PNSDeRBMUBIw/B6CavPzwSqajg93qcED9GA04jipE2Ud8uX1Pv3Kk2anWPhUKrvl1xqs5UcNW4c1MBc7X69o8XCpzGhGvMkFI910m0nyGpKWZkUvJSRRKER2hAesZyFBPlZ9PDJ/DUJCGMhDSPazhN//7IUKzUOA5MZ4z0UC3X8vC/Wi/VUcPPKE9STTieLYpSBrWAOQUYUkmwZmNjEJbU3ArxEEmEtWG1sCWfLVWkJiWDxl0GsWo6tap7Ua3fXVaazacZpCI4BifgDLjgCjTBLWiBNsAgBS/gFbxZz9a79WF9zloL1hzsEViQ9fULA+qb1g==</latexit>



From dynamics to geometry
•                                   defines a family of elliptic curves.y2 = x(x� 1)(x� 1/�)

<latexit sha1_base64="FFJOsNVQ1CCayt54m1SabjfMDJA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEdmGdqYpuhIIblxXsA9qxZDKZNjSTGZKMtAxFF/6KGxeKuPUr3Pk3ZtoutPXAvRzOuZfkHjdiVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5dhLDCp4ZCFoukiSRjlpKaoYqQZCYICl5GG279K/cY9EZKG/FYNI+IEqMupTzFSWuqYe8O7MryEg8LgyC6m7bjN9LaHih0zb5WsMeA8sackD6aodsyvthfiOCBcYYakbNlWpJwECUUxI6NcO5YkQriPuqSlKUcBkU4yPmEED7XiQT8UuriCY/X3RoICKYeBqycDpHpy1kvF/7xWrPwLJ6E8ihXhePKQHzOoQpjmAT0qCFZsqAnCguq/QtxDAmGlU8vpEOzZk+dJvVyyT0pnN6f5SuVxEkcW7IMDUAA2OAcVcA2qoAYweADP4BW8GU/Gi/FufExGM8Y0wl3wB8bnD4z+lWI=</latexit>

➡ Different values of     correspond to elliptic curves of  
‘different shapes’.

�
<latexit sha1_base64="iJRLguaAm6nDKcmLjOZf8+yIaMY=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZcFNy4r2Ae0Q7mTybShmcyQZIQyFPwFNy4Ucev3uPNvTB8LbT0QOJxzwr33BKng2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kirImTUSiOgFqJrhkTcONYJ1UMYwDwdrB6Hbqtx+Z0jyRD2acMj/GgeQRp2is1O4JGw2xX664VXcGskq8BanAAo1++asXJjSLmTRUoNZdz02Nn6MynAo2KfUyzVKkIxywrqUSY6b9fLbuhJxZJSRRouyThszU3z9yjLUex4FNxmiGetmbiv953cxEN37OZZoZJul8UJQJYhIyvZ2EXDFqxNgSpIrbXQkdokJqbEMlW4K3fPIqaV1Uvcvq1X2tUq8/zesowgmcwjl4cA11uIMGNIHCCJ7hFd6c1Hlx3p2PebTgLCo8hj9wPn8AZG+QAg==</latexit>

⌧ = i
K(1� �)

K(�)
<latexit sha1_base64="sojE0Ev9ykULoB2FxJ++kns2KqU="></latexit>

� = 0.6
<latexit sha1_base64="HHMHK6JFdtax5BYc7ANzV74vTAg=">AAACCHicbVDLSgMxFL3js9ZX1aWbwSK4GmZ8b4SCG5cV7AOmQ8lkMm1oJhmSjFCGgmv3bvUX3Ilb/8I/8DPMtF3Y1gOBwzknuTcnTBlV2nW/raXlldW19dJGeXNre2e3srffVCKTmDSwYEK2Q6QIo5w0NNWMtFNJUBIy0goHt4XfeiRSUcEf9DAlQYJ6nMYUI20kv8NMNEI3rnPZrVRdxx3DXiTelFRhinq38tOJBM4SwjVmSCnfc1Md5EhqihkZlTuZIinCA9QjvqEcJUQF+XjlkX1slMiOhTSHa3us/r2Ro0SpYRKaZIJ0X817hfif52c6vg5yytNME44ng+KM2VrYxf/tiEqCNRsagrCkZlcb95FEWJuWZqYUb0sVq1HZVOPNF7FImqeOd+Zc3J9Xa7WnSUklOIQjOAEPrqAGd1CHBmAQ8AKv8GY9W+/Wh/U5iS5Z02IPYAbW1y8hMZpe</latexit>

0.0 0.5 1.0 1.5 2.0
-1.0

-0.5

0.0

0.5

1.0

= i 0.911 . . .
<latexit sha1_base64="sM+Q68t0GyxJ9HPv0K4Lj6CoICk=">AAACDnicbZDLSsNAFIYnXmu9NOrSzWARXEhIvKAuhIIblxXsBZpQJpNJO3QyE2YmQgkFH8G9W30Fd+LWV/ANfAwnbRe29YeBn/+cOefwhSmjSrvut7W0vLK6tl7aKG9ube9U7N29phKZxKSBBROyHSJFGOWkoalmpJ1KgpKQkVY4uC3qrUciFRX8QQ9TEiSox2lMMdIm6tqVG+qfuM615/ksElp17arruGPBReNNTRVMVe/aP34kcJYQrjFDSnU8N9VBjqSmmJFR2c8USREeoB7pGMtRQlSQjw8fwSOTRDAW0jyu4Tj9+yNHiVLDJDSdCdJ9NV8rwv9qnUzHV0FOeZppwvFkUZwxqAUsKMCISoI1GxqDsKTmVoj7SCKsDauZLcVsqWI1Khs03jyIRdM8dbwz5+L+vFqrPU0glcABOATHwAOXoAbuQB00AAYZeAGv4M16tt6tD+tz0rpkTcHugxlZX7/9XJvS</latexit>



From dynamics to geometry
•                                   defines a family of elliptic curves.y2 = x(x� 1)(x� 1/�)

<latexit sha1_base64="FFJOsNVQ1CCayt54m1SabjfMDJA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEdmGdqYpuhIIblxXsA9qxZDKZNjSTGZKMtAxFF/6KGxeKuPUr3Pk3ZtoutPXAvRzOuZfkHjdiVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5dhLDCp4ZCFoukiSRjlpKaoYqQZCYICl5GG279K/cY9EZKG/FYNI+IEqMupTzFSWuqYe8O7MryEg8LgyC6m7bjN9LaHih0zb5WsMeA8sackD6aodsyvthfiOCBcYYakbNlWpJwECUUxI6NcO5YkQriPuqSlKUcBkU4yPmEED7XiQT8UuriCY/X3RoICKYeBqycDpHpy1kvF/7xWrPwLJ6E8ihXhePKQHzOoQpjmAT0qCFZsqAnCguq/QtxDAmGlU8vpEOzZk+dJvVyyT0pnN6f5SuVxEkcW7IMDUAA2OAcVcA2qoAYweADP4BW8GU/Gi/FufExGM8Y0wl3wB8bnD4z+lWI=</latexit>

➡ Different values of     correspond to elliptic curves of  
‘different shapes’.

�
<latexit sha1_base64="iJRLguaAm6nDKcmLjOZf8+yIaMY=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZcFNy4r2Ae0Q7mTybShmcyQZIQyFPwFNy4Ucev3uPNvTB8LbT0QOJxzwr33BKng2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kirImTUSiOgFqJrhkTcONYJ1UMYwDwdrB6Hbqtx+Z0jyRD2acMj/GgeQRp2is1O4JGw2xX664VXcGskq8BanAAo1++asXJjSLmTRUoNZdz02Nn6MynAo2KfUyzVKkIxywrqUSY6b9fLbuhJxZJSRRouyThszU3z9yjLUex4FNxmiGetmbiv953cxEN37OZZoZJul8UJQJYhIyvZ2EXDFqxNgSpIrbXQkdokJqbEMlW4K3fPIqaV1Uvcvq1X2tUq8/zesowgmcwjl4cA11uIMGNIHCCJ7hFd6c1Hlx3p2PebTgLCo8hj9wPn8AZG+QAg==</latexit>

➡ Rotation of the basis defines same torus:

( !2
!1 ) ⇠

�
a b
c d

�
( !2
!1 )

<latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit><latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit><latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit><latexit sha1_base64="W/VftGWQo4T33vlfxQOK+iC4rP4="></latexit>

⌧ ⇠ a⌧ + b

c⌧ + d
<latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit><latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit><latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit><latexit sha1_base64="OAlPZYoejViqQe+kKK0+dAwz9Xw=">AAACH3icbZBPS8MwGMbT+W/Of1WPXqJDEITRiqDeBl48TrBusJaRZukWlqQlSYVRCt78Ht696lfwJF73DfwYpt0ObvOFwMPzvHnf5BcmjCrtOBOrsrK6tr5R3axtbe/s7tn7B48qTiUmHo5ZLDshUoRRQTxNNSOdRBLEQ0ba4ei2yNtPRCoaiwc9TkjA0UDQiGKkjdWzj32NUugryqEfSYQzVBjnYZ7hUvTznl13Gk5ZcFm4M1EHs2r17B+/H+OUE6ExQ0p1XSfRQYakppiRvOaniiQIj9CAdI0UiBMVZOVXcnhqnD6MYmmO0LB0/97IEFdqzEPTyZEeqsWsMP/LuqmOroOMiiTVRODpoihlUMew4AL7VBKs2dgIhCU1b4V4iAwRbejNbSlmSxWpvGbQuIsgloV30bhpuPeX9WbzecqoCo7ACTgDLrgCTXAHWsADGLyAN/AOPqxX69P6sr6nrRVrxvUQzJU1+QVeJKRJ</latexit>

• A torus is defined by              .(!2,!1)
T

<latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit><latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit><latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit><latexit sha1_base64="i/exgxJ1GvcCRQu0wVnzfUWwk58=">AAACE3icbZDLSsNAFIYn9VbrLSqu3ASLUEFKUgR1V3DjskJjC20Mk+mkHTqXMDMRSij4FO7d6iu4Erc+gG/gYzhpu7CtPwx8/OfMOYc/SihR2nW/rcLK6tr6RnGztLW9s7tn7x/cK5FKhH0kqJDtCCpMCce+JpridiIxZBHFrWh4k9dbj1gqInhTjxIcMNjnJCYIamOF9lGlKxjuw7B2PgPv7KEZ2mW36k7kLIM3gzKYqRHaP92eQCnDXCMKlep4bqKDDEpNEMXjUjdVOIFoCPu4Y5BDhlWQTc4fO6fG6TmxkOZx7Uzcvz8yyJQasch0MqgHarGWm//VOqmOr4KM8CTVmKPpojiljhZOnoXTIxIjTUcGIJLE3OqgAZQQaZPY3JZ8tlSxGpdMNN5iEMvg16rXVe/uolyvP00zKoJjcAIqwAOXoA5uQQP4AIEMvIBX8GY9W+/Wh/U5bS1Ys1wPwZysr19OJp5M</latexit>

➡ Rescale to                                 .(⌧, 1)T = (!2/!1, 1)
T

<latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit><latexit sha1_base64="rqMtnhwo42lRbXcYBPwBxy5g2Tc=">AAACInicbZDLSsNAFIYnXmu9RV26GaxCBalJEdSFUHDjskJjC00Mk+mkHTq5MDMRSii49j3cu9VXcCWuBB/Ax3CSZmFbDwz8/P+Zc2Y+L2ZUSMP40hYWl5ZXVktr5fWNza1tfWf3TkQJx8TCEYt4x0OCMBoSS1LJSCfmBAUeI21veJ3l7QfCBY3ClhzFxAlQP6Q+xUgqy9UPq7ZEyYl5fN+CV7BqRwHpI7d+WggzT1y9YtSMvOC8MAtRAUU1Xf3H7kU4CUgoMUNCdE0jlk6KuKSYkXHZTgSJER6iPukqGaKACCfNfzOGR8rpQT/i6oQS5u7fGykKhBgFnuoMkByI2Swz/8u6ifQvnJSGcSJJiCeL/IRBGcEMDexRTrBkIyUQ5lS9FeIB4ghLBXBqSzabC1+MywqNOQtiXlj12mXNvD2rNBqPE0YlsA8OQBWY4Bw0wA1oAgtg8ARewCt40561d+1D+5y0LmgF1z0wVdr3LyocosU=</latexit>

�
a b
c d

�
2 SL(2,Z)

<latexit sha1_base64="u2Ktl8aojAqbLsSZIpV7UcWxs9g="></latexit>

⌧ = i
K(1� �)

K(�)
<latexit sha1_base64="sojE0Ev9ykULoB2FxJ++kns2KqU="></latexit>

� = 0.6
<latexit sha1_base64="HHMHK6JFdtax5BYc7ANzV74vTAg=">AAACCHicbVDLSgMxFL3js9ZX1aWbwSK4GmZ8b4SCG5cV7AOmQ8lkMm1oJhmSjFCGgmv3bvUX3Ilb/8I/8DPMtF3Y1gOBwzknuTcnTBlV2nW/raXlldW19dJGeXNre2e3srffVCKTmDSwYEK2Q6QIo5w0NNWMtFNJUBIy0goHt4XfeiRSUcEf9DAlQYJ6nMYUI20kv8NMNEI3rnPZrVRdxx3DXiTelFRhinq38tOJBM4SwjVmSCnfc1Md5EhqihkZlTuZIinCA9QjvqEcJUQF+XjlkX1slMiOhTSHa3us/r2Ro0SpYRKaZIJ0X817hfif52c6vg5yytNME44ng+KM2VrYxf/tiEqCNRsagrCkZlcb95FEWJuWZqYUb0sVq1HZVOPNF7FImqeOd+Zc3J9Xa7WnSUklOIQjOAEPrqAGd1CHBmAQ8AKv8GY9W+/Wh/U5iS5Z02IPYAbW1y8hMZpe</latexit>

0.0 0.5 1.0 1.5 2.0
-1.0

-0.5

0.0

0.5

1.0

= i 0.911 . . .
<latexit sha1_base64="sM+Q68t0GyxJ9HPv0K4Lj6CoICk=">AAACDnicbZDLSsNAFIYnXmu9NOrSzWARXEhIvKAuhIIblxXsBZpQJpNJO3QyE2YmQgkFH8G9W30Fd+LWV/ANfAwnbRe29YeBn/+cOefwhSmjSrvut7W0vLK6tl7aKG9ube9U7N29phKZxKSBBROyHSJFGOWkoalmpJ1KgpKQkVY4uC3qrUciFRX8QQ9TEiSox2lMMdIm6tqVG+qfuM615/ksElp17arruGPBReNNTRVMVe/aP34kcJYQrjFDSnU8N9VBjqSmmJFR2c8USREeoB7pGMtRQlSQjw8fwSOTRDAW0jyu4Tj9+yNHiVLDJDSdCdJ9NV8rwv9qnUzHV0FOeZppwvFkUZwxqAUsKMCISoI1GxqDsKTmVoj7SCKsDauZLcVsqWI1Khs03jyIRdM8dbwz5+L+vFqrPU0glcABOATHwAOXoAbuQB00AAYZeAGv4M16tt6tD+tz0rpkTcHugxlZX7/9XJvS</latexit>

0

!2 !3 = !1 + !2

!1

1

Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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Iterated int. of modular forms

• Definition: Iterated integral of modular forms:

• Looks very different from eMPLs….

➡ What is the connection to eMPLs…?

• Modular form ~ holomorphic function with nice transformation 
properties:

with

A = �12!(0, 0, 2; ⌧)� 6!(0, 2, 0; ⌧) , (6.11)

B = 4!(0, 3, 3; ⌧)� 30!(0, 0, 6; ⌧)� 6!(0, 2, 4; ⌧)� 12!(0, 4, 2; ⌧)� 4!(3, 0, 3; ⌧)�
2⇡6

189
.

The structure of �(f) implies that both A and B must be constant. Indeed, if A and B

were not constant, they would have a nontrivial image under �, which, by coassociativity,

would imply terms in �(f) with symbols of length two in the second factor. Since the

latter are absent, we conclude that A and B must be constant, and equal to their value at

⌧ = i1. We find

�(f) = f ⌦ 1 + ⇡2
⌦


d⌧

2⇡i
G4(⌧)

�
�

⇡6

45
⌦


d⌧

2⇡i

�
. (6.12)

From this we conclude that f must have the form

f = f0 + ⇡2f1 , (6.13)

where f1 is an eMZV of weight three (the total weight is five), and f0 is such that �(f0) =

f0 ⌦ 1, which implies that f0 must be constant. After some experimentation, we find,

f0 = 0 and f1 = �
1

3
!(0, 3; ⌧) , (6.14)

in agreement with ref. [69].

7 Symbols and iterated integrals of modular forms

{sec:modular_forms}

So far we have used the construction of Section 4 to define symbols and a coaction on

both ordinary and elliptic MPLs. The advantage of the construction in Section 4 is that

it is not restricted to polylogarithmic functions, but it applies more generally to arbitrary

unipotent periods. In this section we apply the same construction to iterated integrals of

modular forms [73, 74]. In the next section, we show that these integrals arise naturally

when evaluating eMPLs at certain special points.

7.1 Modular forms

We start by giving a lightning review of modular forms. We limit ourselves to the strict

minimal mathematical background, and we refer to Appendix E and the literature for a

more detailed and more rigorous discussion (cf., e.g., ref. [84]).

In Section 3 we have seen that to every ⌧ in the upper half-plane H we can associate

a torus C/⇤⌧ , and two points in H define the same torus if and only if they are related

by a modular transformation, cf. eq. (3.1). Very loosely speaking, but su�cient for our

purposes, a modular form of weight n is a holomorphic function f from the extended upper

half-plane H ⌘ H [Q [ {i1} into the complex numbers C which transforms nicely under

modular transformations,

f

✓
a⌧ + b

c⌧ + d

◆
= (c⌧ + d)n f(⌧) . (7.1) {eq:weakly_modular}{eq:weakly_modular}
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2⇡i
fi1(⌧

0) I(fi2 , . . . , fik ; ⌧
0)
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The differential of eMPLs

More generally, at the level of the generating function, we have

F (z + 1,↵, ⌧) = F (z,↵, ⌧) and F (z + ⌧,↵, ⌧) = e�2⇡i↵ F (z,↵, ⌧) . (3.10)

Hence, strictly speaking, the g(n) are not well-defined functions on the torus. One can show

that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalisations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],

�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 f (n1)(z0 � z1, ⌧)�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.11) {eq:periodic_eMPLs}{eq:periodic_eMPLs}

where the functions f (n) are defined by the generating series

⌦(z,↵, ⌧) =
1

↵

X

n�0

f (n)(z, ⌧)↵n = exp


2⇡i↵

Im z

Im ⌧

�
F (z,↵, ⌧) . (3.12) {eq:Omega_def}{eq:Omega_def}

The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalisation of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eq. (2.9) and (2.10).

In order to apply this formula, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

most of the kernels are regular everywhere. In the next subsection we give the general

formula for the total di↵erential and the resulting symbol map, and we discuss some of its

basic properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
ni+r
zi

�
and Ai ⌘ A[0]

i , (3.13)

the total di↵erential of an eMPL takes the form

de� (A1 · · ·Ak; z, ⌧) =
k�1X

p=1

(�1)np+1 e�
�
A1 · · ·Ap�1

0
0 Ap+2 · · ·Ak; z, ⌧

�
!
(np+np+1)
p,p+1

+
kX

p=1

np+1X

r=0

"✓
np�1 + r � 1

np�1 � 1

◆
e�
⇣
A1 · · ·A

[r]
p�1 Âp Ap+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p�1

�

✓
np+1 + r � 1

np+1 � 1

◆
e�
⇣
A1 · · ·Ap�1 Âp A

[r]
p+1 · · ·Ak; z, ⌧

⌘
!
(np�r)
p,p+1

#
,

(3.14) {eq:gamma_differential}{eq:gamma_differential}
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• Total differential of eMPLs:

More generally, at the level of the generating function, we have
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that it is not possible to find a set of independent integration kernels that are at the same

time holomorphic, periodic and have at most simple poles at the lattice points. Instead,

one has to give up either holomorphicity or periodicity in order to define generalisations of

MPLs to elliptic curves. While in our applications the holomorphic, but non-periodic, ver-

sion of eMPLs defined in eq. (3.2) is most appropriate, we mention that in the mathematics

and string theory literature it is customary to consider iterated integrals defined through

integration kernels that are periodic, at the expense of giving up holomorphicity [68, 69, 78],
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X

n�0
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The functions f (n)(z, ⌧) are periodic with respect to translations in both the real and

⌧ directions, but they depend explicitly on the antiholomorphic variable z̄ through the

exponential factor in the right-hand side of eq. (3.12).

3.2 The total di↵erential and the symbol of eMPLs

In this section we propose a generalisation of the notion of symbols from ordinary MPLs to

eMPLs. Our starting point is the recursive definition of the symbol in eq. (2.9) and (2.10).

In order to apply this formula, we need a closed form for the total di↵erential of eMPLs,

similar to eq. (2.11). We also need to modify the recursive definition slightly, because in

the case of eMPLs not all the basic integration kernels have logarithmic divergences, but

most of the kernels are regular everywhere. In the next subsection we give the general

formula for the total di↵erential and the resulting symbol map, and we discuss some of its

basic properties.

If we introduce the following shorthand for the arguments of eMPLs

A[r]
i ⌘

�
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and Ai ⌘ A[0]

i , (3.13)

the total di↵erential of an eMPL takes the form
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(3.14) {eq:gamma_differential}{eq:gamma_differential}
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where similarly to the case of MPLs, the hat indicates that the corresponding argument is

absent. In the previous equation, we let (z0, zk+1) = (z, 0) and (n0, nk+1) = (0, 0), and we

use the convention that the binomial number
��1
�1

�
is 1. The di↵erential one-forms in this

formula are, for n � 0,

!(n)
ij = de�( n

zi ; zj , ⌧)� (�1)n de�( n0 ; zi, ⌧)�
nd⌧

2⇡i
Gn+1(⌧)

= (dzj � dzi) g
(n)(zj � zi, ⌧) +

nd⌧

2⇡i
g(n+1)(zj � zi, ⌧) ,

(3.15) {eq:empl_letter}{eq:empl_letter}

where G2m+1(⌧) = 0 and G2m(⌧) are the Eisenstein series3

G2m(⌧) =
X

(↵,�)2Z2

(↵,�) 6=(0,0)

1

(↵+ �⌧)2m
. (3.16) {eq:Eisenstein_series}{eq:Eisenstein_series}

For n = �1, we define

!(�1)
ij = �

d⌧

2⇡i
. (3.17) {eq:empl_letter_m1}{eq:empl_letter_m1}

The proof of eq. (3.14) is given in Appendix C. The structure of the total di↵erential is

very similar to the total di↵erential for ordinary MPLs in eq. (2.11). There are two main

di↵erences between eq. (2.11) and (3.14). First, the terms involving e�( ... 0 ...
... 0 ... ; z, ⌧) in the

first line are absent in the case of ordinary MPLs, because there are no non-trivial abelian

di↵erentials of the first kind on curves of genus zero. Second, the terms proportional to

non-trivial binomial coe�cients are absent in eq. (2.11). These arise from the application

of the Fay identity in eq. (3.8), which generalises partial fractioning to curves of genus

one. A very similar formula for the di↵erential of (twisted) elliptic multi-zeta values was

obtained in ref. [70, 71, 80]. Note that the right-hand side of eq. (3.14) only involves eMPLs

of length k�1. In other words, the action of the di↵erential lowers the length of an eMPL,

i.e., the number of integrations, by one unit. The weight, however, is not preserved, and

the right-hand side involves eMPLs of di↵erent weights. Finally, we stress that we can only

prove this formula for the holomorphic, non-periodic version of eMPLs in eq. (3.11). The

proof relies on the relations [68],

@zig
(n)(z0 � zi, ⌧) = �@z0g

(n)(z0 � zi, ⌧) ,

2⇡i @⌧g
(n)(z0 � zi, ⌧) = n @z0g

(n+1)(z0 � zi, ⌧) .
(3.18) {eq:proof_elements}{eq:proof_elements}

They can be used to turn all partial derivatives into derivatives in the integration variable

z0. The derivatives with respect to z0 can be integrated away using integration by parts.

This last step fails, at least naively, in the case of non-holomorphic functions, preventing

us from extending the proof to the non-holomorphic eMPLs of eq. (3.11).

Since the length of an eMPL is strictly lowered by the di↵erential, we see that eMPLs

satisfy a di↵erential equation without homogeneous part. We can then immediately write

3
We assume the standard regularisation for the case m = 1.
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We assume the standard regularisation for the case m = 1.
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Integral on 
moduli space

[Brödel, CD, Dulat, 
Penante, Tancredi]

➡ Iterated integrals on moduli space.

➡ Differential involves 1-forms on moduli space.



The differential of eMPLs
• Assume that     are ‘rational’: zi
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+
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ri, si, N integer
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➡                           is always a combination of modular forms.
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➡           are Eisenstein series of weight     for          . �(N)
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i.e., f|n� will in general not be invariant under �, but it is only invariant under the smaller

subgroup �(N).

While the previous argument shows that a modular form for a congruence subgroup

� of level N in general transforms into a linear combination of modular forms for �(N), it

does not allow us to predict this linear combination. This situation changes if we restrict

the discussion to a subset of modular forms, the so-called Eisenstein series, which we will

study in more detail in the next section.

2.3 Eisenstein series

The vector space Mn(�) of modular forms of weight n for � admits a direct sum decom-

position

Mn(�) = En(�)� Sn(�) . (2.10)

Here Sn(�) denotes the subspace of cusp forms, i.e., the subspace of modular forms of

weight n for � that vanish on Q [ {i1}. Its (orthogonal) complement is the Eisenstein

subspace En(�). So far mostly Eisenstein series have appeared in the context of Feynman

integral calculations. We therefore study the structure of the Eisenstein subspaces in detail

in the remainder of this section.

We first present an explicit basis for the space of Eisenstein series. There are numerous

ways to write down a basis for En(�) (cf., e.g., ref. [60]). Our choice is motivated by the

fact that Eisenstein series for �(N) are closely related to the Kronecker series and elliptic

polylogarithms [40, 43, 46]. Since �(N) ✓ � for every congruence subgroup � of level N ,

we only discuss the case of the principle congruence subgroup �(N), and we refer to the

literature for the other cases (see, e.g., ref. [60]).

We start by writing down a spanning set for En(�(N)) [46],

h(n)N,r,s(⌧) = �

X

(a,b)2Z2

(a,b) 6=(0,0)

e2⇡i(bs�ar)/N

(a⌧ + b)n
, (2.11)

where n and N are integers greater than unity and r, s are integers defined modulo N .

These functions transform like eq. (2.6) and form a spanning set for En(�(N)), except for

the case n = 2 and (r, s) = (0, 0) mod N , which is not a modular form. More generally,

we have [46],

h(n)N,r,s

✓
a⌧ + b

c⌧ + d

◆
= (c⌧ + d)n h(n)N,rd+sb,rc+sa(⌧) , � =

�
a b
c d

�
2 SL(2,Z) . (2.12)

The functions defined in eq. (2.11) admit a q-expansion that can be written down in

closed form

h(n)N,r,s(⌧) =
X

k�0

C(n)
N,r,s,k q

k
N . (2.13)

The Fourier coe�cients for k � 1 are given by (cf., e.g., ref. [60]),

C(n)
N,r,s,k = �

(2⇡i)n

Nn(n� 1)!

X

(c1,c2)2(Z/NZ)2

X

m|k
k=mc2

h
mn�1 e2⇡i(rc2�(s�m)c1)/N � (m $ �m)

i
.

(2.14)
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�an,N,r,s(⌧)� ibn,N,r,s(⌧)
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These functions transform like eq. (2.6) and form a spanning set for En(�(N)), except for

the case n = 2 and (r, s) = (0, 0) mod N , which is not a modular form. More generally,

we have [46],
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The functions defined in eq. (2.11) admit a q-expansion that can be written down in

closed form
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• Conclusion: If all     in                         are ‘rational’ [torsion points], 

then the eMPL can be written in terms of iterated integrals of 
modular forms [Eisenstein series].
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3.1 Elliptic multiple polylogarithms

The goal of this section is to give a short review of how to define the incarnation of

elliptic multiple polylogarithms that we will consider throughout this paper. The functions

that we define are closely related to the multiple elliptic polylogarithms studied in the

mathematics [68, 78] and string theory literature [69–71]. However, as we will see below,

we prefer to work with functions that are manifestly holomorphic and do not depend on the

complex conjugated variables. This choice is motivated (among other things) by the fact

that Feynman integrals give rise to holomorphic quantities, and we prefer not to introduce

any explicit dependence on antiholomorphic variables.

We start by defining elliptic curves. We only introduce the bare minimum of mathemat-

ical background on elliptic curves to understand the definition of elliptic polylogarithms,

and we refer to the literature for a detailed discussion, e.g., ref. [79] (see also ref. [47]).

Loosely speaking, an elliptic curve can be defined as the zero set of a polynomial equation

of the form y2 = P (x), where P is a polynomial of degree three or four (with distinct

roots). Every elliptic curve defines a (compact) Riemann surface of genus one, and so it

is equivalent to a complex one-dimensional torus C/⇤, where ⇤ = Z!1 + Z!2 is a lattice

and !i are complex numbers that are linearly independent over R, called the periods of

the elliptic curve. We can perform a rescaling and assume without loss of generality that

!1 = 1. In other words, every elliptic curve is isomorphic to an elliptic curve of the form

C/⇤⌧ , with ⇤⌧ = Z + Z⌧ , with Im ⌧ > 0. Unless stated otherwise, we will always assume

that the periods are (!1,!2) = (1, ⌧). Di↵erent values of ⌧ may still correspond to the same

elliptic curve. More precisely, ⌧ and ⌧ 0 define the same elliptic curve if and only if they

are related by an SL(2,Z) transformation, where SL(2,Z) acts on the upper half-plane via

Moebius transformations, called modular transformations,

⌧ 7! � · ⌧ =
a⌧ + b

c⌧ + d
, � =

�
a b
c d

�
2 SL(2,Z) . (3.1) {eq:modular_trafo}{eq:modular_trafo}

We now define a class of iterated integrals with at most logarithmic singularities.

Inspired by ref. [68, 69, 78], we define elliptic multiple polylogarithms (eMPLs) as

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z z

0
dz0 g(n1)(z0 � z1, ⌧) e�

� n2 ... nk
z2 ... zk ; z

0, ⌧
�
, (3.2) {eq:gamt_def}{eq:gamt_def}

where zi are complex numbers and ni 2 N are positive integers. The integers k and
P

i ni

are called the length and the weight of the eMPL. Just like ordinary MPLs, eMPLs form

a shu✏e algebra,

e�(A1, . . . , Ak; z, ⌧) e�(Ak+1, . . . , Ak+l; z, ⌧) =
X

�2⌃(k,l)

e�(A�(1), . . . , A�(k+l); z, ⌧) , (3.3)

where we introduced the notation Ai = ( ni
zi ). The shu✏e product preserves both the weight

and the length of eMPLs.

In the case where (nk, zk) = (1, 0), the integral in eq. (3.2) is divergent and requires

regularisation. Here we follow closely ref. [69] for the choice of the regularisation scheme.
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4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)
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fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)
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4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,
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+
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Figure 1: The lattice ⇤ spanned by the two periods !1 and !2. The grey-shaded area is the
fundamental parallelogram.

4. Elliptic curves and iterated integrals on a torus

The aim of this section is to provide the necessary mathematical background to understand

how the iterated integrals E3 defined in the previous section are connected to the elliptic

polylogarithms that appear in the mathematics literature [39, 42]. The material in this

section is not new and is in principle well known. We include it nonetheless because we

feel that some of these topics are rarely discussed in the Feynman integral literature.

4.1 Elliptic functions

Consider two complex numbers !1 and !2 that are linearly independent over the real

numbers. For concreteness, we will assume that !1 is real and positive while !2 is purely

imaginary with a positive imaginary part. We can define a lattice (see fig. 1)

⇤ = Z!1 + Z!2 = {m !1 + n !2 : m, n 2 Z} ⇢ C . (4.1)

Such a lattice is a discrete additive subgroup of C. The torus associated to the lattice ⇤ is

defined as the quotient C/⇤ of C by the lattice. In other words, we identify two complex

numbers whenever they di↵er by an element from the lattice. The torus is then obtained

by identifying opposite sites of the fundamental parallelgram {r !1 + s !2 : 0  r, s < 1}.

We now study functions on the torus C/⇤. In order to be well-defined, any function on

the torus must be invariant under translations by the periods !i, i.e., it must be a periodic

function, f(z+!i) = f(z), i = 1, 2. An elliptic function is a meromorphic periodic function.

The singularity structure of an elliptic function is very constrained. In particular, every

non-constant elliptic function must have at least two poles on the torus (counted with

multiplicity, e.g., a double-pole counts as two poles), and the number of zeroes must equal

the number of poles (again, counted with multiplicities). The prototypical example of an

elliptic function is the Weierstrass } function,

}(z; !1, !2) =
1

z2
+

X

(m,n) 6=(0,0)

✓
1

(z + m !1 + n !2)2
�

1

(m !1 + n !2)2

◆
. (4.2)

– 15 –

z
<latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit><latexit sha1_base64="GZEaGVe2wrXEDwasOE+1k5PF6sg=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrsiqLeCF48tuLbQLiWbzrah2eySZIVaCr171b/gSbz6W/wH/gyzbQ+29cHA472ZzOSFqeDauO63s7a+sbm1Xdgp7u7tHxyWjo4fdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ7ucr/xhErzRD6YYYpBTHuSR5xRY6X6c6dUdivuFGSVeHNShjlqndJPu5uwLEZpmKBatzw3NcGIKsOZwHGxnWlMKRvQHrYslTRGHYymh47JuVW6JEqULWnIVP07MaKx1sM4tJ0xNX297OXif14rM9FNMOIyzQxKNlsUZYKYhOS/Jl2ukBkxtIQyxe2thPWposzYbBa25G8rHelx0UbjLQexSvzLym3Fq1+Vq9XJLKMCnMIZXIAH11CFe6iBDwwQXuAV3pyJ8+58OJ+z1jVnnusJLMD5+gUPXZaz</latexit>

The differential of eMPLs
U1(�) = 1 + 2✏

�
E3 ( 0 1

0 0 ; 1) + E3 ( 0 1
0 1 ; 1) + E3

� 0 1
0 1/� ; 1

��
+O(✏2)

<latexit sha1_base64="gZ5lgnY+3Eij+9cqTAfKxmPMw1Y="></latexit>

0.0 0.5 1.0 1.5 2.0
-1.0

-0.5

0.0

0.5

1.0

1
<latexit sha1_base64="1YI1f6x1VTSgIdCXDnmorW1NdWo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe40omXAxjIB8wHJEfY2c8mavb1jd08IR8DexkIRW3+Snf/GzUehiQ8GHu/NMDMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/Vbj6g0j+W9GSfoR3QgecgZNVaqe71iyS27M5BV4i1ICRao9Ypf3X7M0gilYYJq3fHcxPgZVYYzgZNCN9WYUDaiA+xYKmmE2s9mh07ImVX6JIyVLWnITP09kdFI63EU2M6ImqFe9qbif14nNeGNn3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf88ippXpS9y/JVvVKqVp/mceThBE7hHDy4hircQQ0awADhGV7hzXlwXpx352PemnMWER7DHzifP6JHjTo=</latexit>

⌧ = !2/!1
<latexit sha1_base64="sixmD87LiuSjqzcY1RhXKdQaG/8=">AAAB/3icbZDLSgMxGIUzXmu9jQpu3ASL4KrOVEU3QsGNywr2Ap1hyKRpG5rLkGSEMhb0Vdy4UMStr+HOtzFtZ6GtBwIf5/whf06cMKqN5307C4tLyyurhbXi+sbm1ra7s9vQMlWY1LFkUrVipAmjgtQNNYy0EkUQjxlpxoPrcd68J0pTKe7MMCEhRz1BuxQjY63I3Q8MSq8CyUkPRZWTHPzILXllbyI4D34OJZCrFrlfQUfilBNhMENat30vMWGGlKGYkVExSDVJEB6gHmlbFIgTHWaT/UfwyDod2JXKHmHgxP19I0Nc6yGP7SRHpq9ns7H5X9ZOTfcyzKhIUkMEnj7UTRk0Eo7LgB2qCDZsaAFhRe2uEPeRQtjYyoq2BH/2y/PQqJT90/L57VmpWn2c1lEAB+AQHAMfXIAquAE1UAcYPIBn8ArenCfnxXl3PqajC05e4R74I+fzB0vTlgk=</latexit>

z0 = ⌧/2
<latexit sha1_base64="eolmeAFgO3Tikmtn0B9dWLI5zXI=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4GjO1tt0IBTcuK9gHtqVk0kwbmskMSUaoQ8Gte7f6C+7ErZ/hH/gZZjoVrOiBwOGcm/s4bsiZ0gh9WJml5ZXVtex6bmNza3snv7vXVEEkCW2QgAey7WJFORO0oZnmtB1Kin2X05Y7vkj81i2VigXiWk9C2vPxUDCPEayNdHPXR+ddjaOTYj9fQHa5XCo5VYhs5CBUKaakiCrQsdEMBTBHvZ//7A4CEvlUaMKxUh0HhboXY6kZ4XSa60aKhpiM8ZB2DBXYp6oXzzaewiOjDKAXSPOEhjP1548Y+0pNfNdU+liP1G8vEf/yOpH2qr2YiTDSVJB0kBdxqAOYnA8HTFKi+cQQTCQzu0IywhITbUJamJL0lspT05yJ5vt++D9pFm3n1D67KhVqtfs0pCw4AIfgGDigAmrgEtRBAxAgwCN4As/Wg/VivVpvaWnGmge7DxZgvX8B2xOaRA==</latexit>

z1 = 1/2 + ⌧/2
<latexit sha1_base64="7aWbmw2OLlJ2FpboldAkQcaYfEU=">AAACC3icbZDLSgMxFIYz9VbrrerSTbAIgjCdjJ1WF0LBjcsKthXasWTSTBuauZBkhFoKvoB7t/oK7sStD+Eb+Bhm2i5s9YfAz39Ozjl8XsyZVJb1ZWSWlldW17LruY3Nre2d/O5eQ0aJILROIh6JWw9LyllI64opTm9jQXHgcdr0BpdpvXlPhWRReKOGMXUD3AuZzwhWOrp76KALVLRP2gonRbuTL1imbaOSY0PLdMrn5YqjjTURRDNTADPVOvnvdjciSUBDRTiWsoWsWLkjLBQjnI5z7UTSGJMB7tGWtiEOqHRHk6vH8EgnXehHQr9QwUn6+8cIB1IOA093Blj15WItDf+rtRLln7kjFsaJoiGZLvITDlUEUwSwywQlig+1wUQwfSskfSwwURrU3JZ0tpC+HOc0GrQI4q9p2CY6NZ3rUqFafZxCyoIDcAiOAQIVUAVXoAbqgAABnsELeDWejDfj3fiYtmaMGdh9MCfj8weyE5sv</latexit>

z1/� = 1/2
<latexit sha1_base64="ejTksucLEeBZQUTldoGQrjs7Ktc="></latexit>

1/�
<latexit sha1_base64="ni3M2Y3bh3Rwn8IWAgoqC8ChIxM=">AAACBnicdVDLSgMxFM3UV62vqks3wSK4GufROnVXcOOygn1IO5RMJtOGZh4kGaEMBZfu3eovuBO3/oZ/4GeYaStY0QuBwzkn93G8hFEhDeNDK6ysrq1vFDdLW9s7u3vl/YO2iFOOSQvHLOZdDwnCaERakkpGugknKPQY6Xjjy1zv3BEuaBzdyElC3BANIxpQjKSibs2zPlNmHw3KFUOvOXXLtqGhG6ZddywFaudO1bqApm7MqgIW1RyUP/t+jNOQRBIzJETPNBLpZohLihmZlvqpIAnCYzQkPQUjFBLhZrOFp/BEMT4MYq5eJOGM/fkjQ6EQk9BTzhDJkfit5eRfWi+VQd3NaJSkkkR4PihIGZQxzK+HPuUESzZRAGFO1a4QjxBHWKqMlqbkvbkIxLSkovm+H/4P2pZu2nrtulppNO7nIRXBETgGp8AEDmiAK9AELYBBCB7BE3jWHrQX7VV7m1sL2iLYQ7BU2vsXljGaKw==</latexit>

1
<latexit sha1_base64="pK71j1OQ97eLBDKFe3PtaBW8tOY=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiuQpI2VHcFNy5bsA9oQ5lMb9qhkwczE6GEQvdu9RfciVt/xT/wM5y0XdjqgQuHc+6de+f4CWdSWdaXsbW9s7u3XzgoHh4dn5yWzs7bMk4FhRaNeSy6PpHAWQQtxRSHbiKAhD6Hjj+5z/3OEwjJ4uhRTRPwQjKKWMAoUVpq2oNS2TId+67qVLBlurWq47qaWAtge0XKaIXGoPTdH8Y0DSFSlBMpe7aVKC8jQjHKYVbspxISQidkBD1NIxKC9LLFoTN8rZUhDmKhK1J4of6eyEgo5TT0dWdI1Fhuern4n9dLVXDrZSxKUgURXS4KUo5VjPNf4yETQBWfakKoYPpWTMdEEKp0Nmtb8reFDOSsqKOxN4P4S9qOaVdMt1kt1+vzZUgFdImu0A2yUQ3V0QNqoBaiCNAzekGvxtx4M96Nj2XrlrEK9gKtwfj8AYMols4=</latexit>

0
<latexit sha1_base64="PtyxWRBCI9N/d7bp22Y2Y1mzIZM=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GjJ92l3BjcsW7APaoWTSTBuayQxJRihDoXu3+gvuxK2/4h/4GWbaClb0QOBwzs19HC/iTGmEPqzM1vbO7l52P3dweHR8kj8966gwloS2SchD2fOwopwJ2tZMc9qLJMWBx2nXm96mfveBSsVCca9nEXUDPBbMZwRrI7XQMF9AdrVaLheLENkI1Sulakqceq1Ugo5RUhTAGs1h/nMwCkkcUKEJx0r1HRRpN8FSM8LpPDeIFY0wmeIx7RsqcECVmywXncMro4ygH0rzhIZL9eePBAdKzQLPVAZYT9RvLxX/8vqx9m/chIko1lSQ1SA/5lCHML0ajpikRPOZIZhIZnaFZIIlJtpkszEl7S2Vr+Y5E833/fB/0inaTsmutMqFRmOxCikLLsAluAYOqIEGuANN0AYEUPAInsCztbBerFfrbVWasdbBnoMNWO9foP+W4g==</latexit>

➡ The           can be expressed in terms of iterated integrals of 
Eisenstein series.

Ui(�)
<latexit sha1_base64="h0GzXOuLlEuME6Y4dFTOtdPU/f4=">AAACCXicbVDLSsNAFL3xWeur6tLNYBHqpiQ+0GXBjcsKpi00oUwmk3boZBJmJkIJBffu3eovuBO3foV/4Gc4abuwrQcGDuecufdygpQzpW3721pZXVvf2Cxtlbd3dvf2KweHLZVkklCXJDyRnQArypmgrmaa004qKY4DTtvB8Lbw249UKpaIBz1KqR/jvmARI1gbyXN7rOZxEw/xWa9Stev2BGiZODNShRmavcqPFyYki6nQhGOluo6daj/HUjPC6bjsZYqmmAxxn3YNFTimys8nN4/RqVFCFCXSPKHRRP37I8exUqM4MMkY64Fa9ArxP6+b6ejGz5lIM00FmS6KMo50gooCUMgkJZqPDMFEMnMrIgMsMdGmprktxWypIjUum2qcxSKWSeu87lzUr+4vq43G07SkEhzDCdTAgWtowB00wQUCKbzAK7xZz9a79WF9TqMr1qzYI5iD9fULRJKbBQ==</latexit>

U1(�) = 1 + 2✏
�
E3 ( 0 1

0 0 ; 1) + E3 ( 0 1
0 1 ; 1) + E3

� 0 1
0 1/� ; 1

��
+O(✏2)

<latexit sha1_base64="gZ5lgnY+3Eij+9cqTAfKxmPMw1Y="></latexit>

U1,1(⌧) = 8 I(a2,2,1,0; ⌧) + 4 I(a2,2,1,1; ⌧)� 2⇡2I(1; ⌧)� 4 log 2 , (3.18)

U1,2(⌧) =
⇡2

6
+ 8 log2 2� 16⇡2 I(1, a2,2,1,0; ⌧)� 8⇡2 I(1, a2,2,1,1; ⌧) + 180 I(1, a4,2,0,0; ⌧)

� 16⇡2 I(a2,2,1,0, 1; ⌧) + 64 I(a2,2,1,0, a2,2,1,0; ⌧) + 32 I(a2,2,1,0, a2,2,1,1; ⌧)

� 8⇡2 I(a2,2,1,1, 1; ⌧) + 32 I(a2,2,1,1, a2,2,1,0; ⌧) + 16 I(a2,2,1,1, a2,2,1,1; ⌧)

� 32 log 2 I(a2,2,1,0; ⌧)� 16 log 2 I(a2,2,1,1; ⌧) + 8⇡2 log 2 I(1; ⌧) ,

and

U2,0(⌧) = 0 ,

U2,1(⌧) = i⇡ , (3.19)

U2,2(⌧) = 8i⇡I(a2,2,1,0; ⌧) + 4i⇡I(a2,2,1,1; ⌧) +
90

i⇡
I(a4,2,0,0; ⌧)� 4i⇡ log 2 .

Let us make some comments about these results. First, since ⌧ is purely imaginary for

0 < z < 1, we see that U1 and U2 are manifestly real and imaginary respectively (the

explicit factor of i in U2 is cancelled by another explicit factor of i in eq. (3.14)). Second,

the functions Ui are pure functions of uniform weight [63] in the sense of ref. [47]. We

emphasise that this statement depends on our choice for the periods of the elliptic curve:

in eq. (3.14) we have singled out the periods K(z) and iK(1 � z). We could of course

have made a di↵erent choice of periods, and any two choices are related by an SL(2,Z)

transformation,
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such that ⌧ transform as in eq. (2.4). A di↵erent choice would have led to a di↵erent form

for the matrix S(z) and the pure functions Ui(⌧). We will come back to this point in

Section 7 when we will discuss the analytic continuation of the integrals outside the range

0 < z < 1. Here we only mention that, if we denote by S(�, z) the matrix corresponding

to choosing another basis of periods (cf. eq. (3.20)), then this matrix will be related to

S(z) = S(1, z) through the relation

S(�, z) = S(z)M(��1, ⌧) , (3.21)

with

M(�, ⌧) =

 
c⌧ + d 0

c 1
c⌧+d

!
. (3.22)

Note that the matrices M(�, ⌧) respect the group law of SL(2,Z),

M(�1�2, ⌧) = M(�2, ⌧)M(�1, �2 · ⌧) and M(��1, ⌧) = M(�, ��1
· ⌧)�1 . (3.23)

4 Expressing iterated Eisenstein integrals in terms of multiple polylog-
arithms

In this section we discuss and clarify the relationship between iterated Eisenstein integrals

and another class of iterated integrals that often show up in Feynman integral computa-
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@⌧

✓
U1

U2

◆
= ✏ ⌦̃

✓
U1

U2

◆

<latexit sha1_base64="fOOgOiSZWplqWxC7RsKQPk589g4="></latexit>

⌦̃ =

 
4K(�(⌧))2

i⇡ 1

� 16(�(⌧)2��(⌧)+1)K(�(⌧))4

⇡2
4K(�(⌧))2

i⇡

!

<latexit sha1_base64="qNibQuKVmpbExmhaHMqCM5c+K1o="></latexit>



The differential of eMPLs
• Relation to differential equation?

⌦ =

 1
(��1)�

i⇡
4(��1)�K(�)2

4(�2��+1)K(�)2

i⇡(��1)�
1

(��1)�

!

<latexit sha1_base64="+ahASPnIgS/leQDUJ7u94qKCjSE="></latexit>

• Change variables from     to    :

⌧ = i
K(1� �)

K(�)
<latexit sha1_base64="sojE0Ev9ykULoB2FxJ++kns2KqU="></latexit>

⌧ = i
K(1� �)

K(�)
<latexit sha1_base64="sojE0Ev9ykULoB2FxJ++kns2KqU="></latexit>

�
<latexit sha1_base64="iJRLguaAm6nDKcmLjOZf8+yIaMY=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZcFNy4r2Ae0Q7mTybShmcyQZIQyFPwFNy4Ucev3uPNvTB8LbT0QOJxzwr33BKng2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kirImTUSiOgFqJrhkTcONYJ1UMYwDwdrB6Hbqtx+Z0jyRD2acMj/GgeQRp2is1O4JGw2xX664VXcGskq8BanAAo1++asXJjSLmTRUoNZdz02Nn6MynAo2KfUyzVKkIxywrqUSY6b9fLbuhJxZJSRRouyThszU3z9yjLUex4FNxmiGetmbiv953cxEN37OZZoZJul8UJQJYhIyvZ2EXDFqxNgSpIrbXQkdokJqbEMlW4K3fPIqaV1Uvcvq1X2tUq8/zesowgmcwjl4cA11uIMGNIHCCJ7hFd6c1Hlx3p2PebTgLCo8hj9wPn8AZG+QAg==</latexit>

@�⌧ =
i⇡

4� (�� 1)K(�)2
<latexit sha1_base64="o/QI82HQm/uGWFTc+/W0a3PXzlo="></latexit>

@�

✓
U1

U2

◆
= ✏⌦

✓
U1

U2

◆

<latexit sha1_base64="m+IU50v1QQl+n3pR3UNutTtavGU="></latexit>

@⌧

✓
U1

U2

◆
= ✏ ⌦̃

✓
U1

U2

◆

<latexit sha1_base64="fOOgOiSZWplqWxC7RsKQPk589g4="></latexit>

•                       ,                :  basis of modular forms of weight     
for        . 
K(�(⌧))2n�(⌧)p

<latexit sha1_base64="wb/NqdXhFHw6eRtz1q+6MA6GWjk=">AAACFnicbVBNS8NAEN3Ur1q/oh69BIvQHixJVfRY8CJ4qWBboUnLZrNtl242YXcillDwP3jxr3jxoIhX8ea/cftxsK0PBh7vzTAzz485U2DbP0ZmaXlldS27ntvY3NreMXf36ipKJKE1EvFI3vlYUc4ErQEDTu9iSXHoc9rw+5cjv3FPpWKRuIVBTL0QdwXrMIJBS23z2AX6ADJMr4cFl+u5ABdcwEmx2ErLYjgjteK2mbdL9hjWInGmJI+mqLbNbzeISBJSAYRjpZqOHYOXYgmMcDrMuYmiMSZ93KVNTQUOqfLS8VtD60grgdWJpC4B1lj9O5HiUKlB6OvOEENPzXsj8T+vmUDnwkuZiBOggkwWdRJuQWSNMrICJikBPtAEE8n0rRbpYYkJ6CRzOgRn/uVFUi+XnJPS2c1pvlJ5nMSRRQfoEBWQg85RBV2hKqohgp7QC3pD78az8Wp8GJ+T1owxjXAfzcD4+gUQK5+y</latexit>

⌦̃ =

 
4K(�(⌧))2

i⇡ 1

� 16(�(⌧)2��(⌧)+1)K(�(⌧))4

⇡2
4K(�(⌧))2

i⇡

!

<latexit sha1_base64="qNibQuKVmpbExmhaHMqCM5c+K1o="></latexit>

�(2)
<latexit sha1_base64="z1GRxBMwzbK34kYI7ThywrcJeU8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2E3KnoMeNBjBPOQZAm9k9lkyMzsMjMrhBDwH7x4UMSrn+PNv3HyOGhiQUNR1U13V5hwpo3nfTuZldW19Y3sZm5re2d3L79/UNdxqgitkZjHqhmippxJWjPMcNpMFEURctoIB9cTv/FIlWaxvDfDhAYCe5JFjKCx0kP7BoXAYvm0ky94JW8Kd5n4c1KAOaqd/Fe7G5NUUGkIR61bvpeYYITKMMLpONdONU2QDLBHW5ZKFFQHo+nBY/fEKl03ipUtadyp+ntihELroQhtp0DT14veRPzPa6UmugpGTCapoZLMFkUpd03sTr53u0xRYvjQEiSK2Vtd0keFxNiMcjYEf/HlZVIvl/yz0sXdeaFSeZrFkYUjOIYi+HAJFbiFKtSAgIBneIU3RzkvzrvzMWvNOPMID+EPnM8fuj+QGw==</latexit>

0  p  n
<latexit sha1_base64="OyOGe4Bpqd7EEqTKepUaRQJEsH0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0n8QI8FLx4r2FpIQ9lsJ+3SzSbsToQSCv4JLx4U8eqv8ea/cdP2oK0PZni8N8vOvDCVwqDrfjulldW19Y3yZmVre2d3r7p/0DZJpjm0eCIT3QmZASkUtFCghE6qgcWhhIdwdFP4D4+gjUjUPY5TCGI2UCISnKGVfLcrgaZFU71qza27U9Bl4s1JjczR7FW/uv2EZzEo5JIZ43tuikHONAouYVLpZgZSxkdsAL6lisVggny68oSeWKVPo0TbUkin6u8XOYuNGcehnYwZDs2iV4j/eX6G0XWQC5VmCIrPPooySTGhxf20LzRwlGNLGNfC7kr5kGnG0aZUsSF4iycvk/ZZ3TuvX95d1BqNp1kcZXJEjskp8cgVaZBb0iQtwklCnskreXPQeXHenY/ZaMmZR3hI/sD5/AFmG5EV</latexit>

0  p  n
<latexit sha1_base64="OyOGe4Bpqd7EEqTKepUaRQJEsH0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0n8QI8FLx4r2FpIQ9lsJ+3SzSbsToQSCv4JLx4U8eqv8ea/cdP2oK0PZni8N8vOvDCVwqDrfjulldW19Y3yZmVre2d3r7p/0DZJpjm0eCIT3QmZASkUtFCghE6qgcWhhIdwdFP4D4+gjUjUPY5TCGI2UCISnKGVfLcrgaZFU71qza27U9Bl4s1JjczR7FW/uv2EZzEo5JIZ43tuikHONAouYVLpZgZSxkdsAL6lisVggny68oSeWKVPo0TbUkin6u8XOYuNGcehnYwZDs2iV4j/eX6G0XWQC5VmCIrPPooySTGhxf20LzRwlGNLGNfC7kr5kGnG0aZUsSF4iycvk/ZZ3TuvX95d1BqNp1kcZXJEjskp8cgVaZBb0iQtwklCnskreXPQeXHenY/ZaMmZR3hI/sD5/AFmG5EV</latexit>

➡ Example: K(�(⌧))2 = a2,2,1,0(⌧) +
1

2
a2,2,1,1(⌧)

<latexit sha1_base64="2foSTidhq9ZG/llVfpTka7y3Ktw="></latexit>



Elliptic Feynman integrals
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✓A
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✓A

✓A
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✓A[eMPLs & MFs]

✓A[Uniform weight]
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Numerical evaluation
• Modular forms for         are invariant under translations by 2.�(2)

<latexit sha1_base64="Ol0CPd+2TWvOnAnb0fsNc+NPb7E=">AAACBnicbVDLTgIxFO3gC/GFunTTSExwQ2ZQo0sSF7rERB4GJuRO6UBD25m0HRNCSFy6d6u/4M649Tf8Az/DDrAQ8CQ3OTnn3t7bE8ScaeO6305mZXVtfSO7mdva3tndy+8f1HWUKEJrJOKRagagKWeS1gwznDZjRUEEnDaCwXXqNx6p0iyS92YYU19AT7KQETBWemjfgBBQLJ928gW35E6Al4k3IwU0Q7WT/2l3I5IIKg3hoHXLc2Pjj0AZRjgd59qJpjGQAfRoy1IJgmp/NDl4jE+s0sVhpGxJgyfq34kRCK2HIrCdAkxfL3qp+J/XSkx45Y+YjBNDJZkuChOOTYTT3+MuU5QYPrQEiGL2Vkz6oIAYm9HclvRtpUM9ztlovMUglkm9XPLOShd354VK5WkaUhYdoWNURB66RBV0i6qohggS6AW9ojfn2Xl3PpzPaWvGmQV7iObgfP0CiGaZfg==</latexit>

q2 = ei⇡⌧
<latexit sha1_base64="agI+TrC7deIpO3WAGEftDpnuMAY=">AAACEXicbZDLSsNAFIYnXmu9xbp0M1gEVyWpim6EghuXFewFmhgm05N26OTizEQsoeA7uHerr+BO3PoEvoGP4aTtwrb+MPDznzPnHD4/4Uwqy/o2lpZXVtfWCxvFza3tnV1zr9SUcSooNGjMY9H2iQTOImgopji0EwEk9Dm0/MFVXm89gJAsjm7VMAE3JL2IBYwSpSPPLN17VXyJ4S5jTsIcRdKRZ5atijUWXjT21JTRVHXP/HG6MU1DiBTlRMqObSXKzYhQjHIYFZ1UQkLogPSgo21EQpBuNr59hI900sVBLPSLFB6nf39kJJRyGPq6MySqL+drefhfrZOq4MLNWJSkCiI6WRSkHKsY5yBwlwmgig+1IVQwfSumfSIIVRrXzJZ8tpCBHBU1GnsexKJpViv2SeXs5rRcqz1NIBXQATpEx8hG56iGrlEdNRBFj+gFvaI349l4Nz6Mz0nrkjEFu49mZHz9AnFNncU=</latexit>

➡ Fourier expansion in              .

➡ Example: a4,2,1,0(⌧) = �
7⇡4

360
�

2⇡4

3
q2 +

2⇡4

3
q22 +O(q32)

<latexit sha1_base64="pLbmmHygzeFTDgAo5ksU2b9xpPc="></latexit>



Numerical evaluation

• Carries over to iterated integrals of modular forms:

• Modular forms for         are invariant under translations by 2.�(2)
<latexit sha1_base64="Ol0CPd+2TWvOnAnb0fsNc+NPb7E=">AAACBnicbVDLTgIxFO3gC/GFunTTSExwQ2ZQo0sSF7rERB4GJuRO6UBD25m0HRNCSFy6d6u/4M649Tf8Az/DDrAQ8CQ3OTnn3t7bE8ScaeO6305mZXVtfSO7mdva3tndy+8f1HWUKEJrJOKRagagKWeS1gwznDZjRUEEnDaCwXXqNx6p0iyS92YYU19AT7KQETBWemjfgBBQLJ928gW35E6Al4k3IwU0Q7WT/2l3I5IIKg3hoHXLc2Pjj0AZRjgd59qJpjGQAfRoy1IJgmp/NDl4jE+s0sVhpGxJgyfq34kRCK2HIrCdAkxfL3qp+J/XSkx45Y+YjBNDJZkuChOOTYTT3+MuU5QYPrQEiGL2Vkz6oIAYm9HclvRtpUM9ztlovMUglkm9XPLOShd354VK5WkaUhYdoWNURB66RBV0i6qohggS6AW9ojfn2Xl3PpzPaWvGmQV7iObgfP0CiGaZfg==</latexit>

q2 = ei⇡⌧
<latexit sha1_base64="agI+TrC7deIpO3WAGEftDpnuMAY=">AAACEXicbZDLSsNAFIYnXmu9xbp0M1gEVyWpim6EghuXFewFmhgm05N26OTizEQsoeA7uHerr+BO3PoEvoGP4aTtwrb+MPDznzPnHD4/4Uwqy/o2lpZXVtfWCxvFza3tnV1zr9SUcSooNGjMY9H2iQTOImgopji0EwEk9Dm0/MFVXm89gJAsjm7VMAE3JL2IBYwSpSPPLN17VXyJ4S5jTsIcRdKRZ5atijUWXjT21JTRVHXP/HG6MU1DiBTlRMqObSXKzYhQjHIYFZ1UQkLogPSgo21EQpBuNr59hI900sVBLPSLFB6nf39kJJRyGPq6MySqL+drefhfrZOq4MLNWJSkCiI6WRSkHKsY5yBwlwmgig+1IVQwfSumfSIIVRrXzJZ8tpCBHBU1GnsexKJpViv2SeXs5rRcqz1NIBXQATpEx8hG56iGrlEdNRBFj+gFvaI349l4Nz6Mz0nrkjEFu49mZHz9AnFNncU=</latexit>

➡ Fourier expansion in              .

➡ Example: a4,2,1,0(⌧) = �
7⇡4

360
�

2⇡4

3
q2 +

2⇡4

3
q22 +O(q32)

<latexit sha1_base64="pLbmmHygzeFTDgAo5ksU2b9xpPc="></latexit>

I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>



Numerical evaluation

• Carries over to iterated integrals of modular forms:

• Modular forms for         are invariant under translations by 2.�(2)
<latexit sha1_base64="Ol0CPd+2TWvOnAnb0fsNc+NPb7E=">AAACBnicbVDLTgIxFO3gC/GFunTTSExwQ2ZQo0sSF7rERB4GJuRO6UBD25m0HRNCSFy6d6u/4M649Tf8Az/DDrAQ8CQ3OTnn3t7bE8ScaeO6305mZXVtfSO7mdva3tndy+8f1HWUKEJrJOKRagagKWeS1gwznDZjRUEEnDaCwXXqNx6p0iyS92YYU19AT7KQETBWemjfgBBQLJ928gW35E6Al4k3IwU0Q7WT/2l3I5IIKg3hoHXLc2Pjj0AZRjgd59qJpjGQAfRoy1IJgmp/NDl4jE+s0sVhpGxJgyfq34kRCK2HIrCdAkxfL3qp+J/XSkx45Y+YjBNDJZkuChOOTYTT3+MuU5QYPrQEiGL2Vkz6oIAYm9HclvRtpUM9ztlovMUglkm9XPLOShd354VK5WkaUhYdoWNURB66RBV0i6qohggS6AW9ojfn2Xl3PpzPaWvGmQV7iObgfP0CiGaZfg==</latexit>

q2 = ei⇡⌧
<latexit sha1_base64="agI+TrC7deIpO3WAGEftDpnuMAY=">AAACEXicbZDLSsNAFIYnXmu9xbp0M1gEVyWpim6EghuXFewFmhgm05N26OTizEQsoeA7uHerr+BO3PoEvoGP4aTtwrb+MPDznzPnHD4/4Uwqy/o2lpZXVtfWCxvFza3tnV1zr9SUcSooNGjMY9H2iQTOImgopji0EwEk9Dm0/MFVXm89gJAsjm7VMAE3JL2IBYwSpSPPLN17VXyJ4S5jTsIcRdKRZ5atijUWXjT21JTRVHXP/HG6MU1DiBTlRMqObSXKzYhQjHIYFZ1UQkLogPSgo21EQpBuNr59hI900sVBLPSLFB6nf39kJJRyGPq6MySqL+drefhfrZOq4MLNWJSkCiI6WRSkHKsY5yBwlwmgig+1IVQwfSumfSIIVRrXzJZ8tpCBHBU1GnsexKJpViv2SeXs5rRcqz1NIBXQATpEx8hG56iGrlEdNRBFj+gFvaI349l4Nz6Mz0nrkjEFu49mZHz9AnFNncU=</latexit>

➡ Fourier expansion in              .

➡ Example: a4,2,1,0(⌧) = �
7⇡4

360
�

2⇡4

3
q2 +

2⇡4

3
q22 +O(q32)

<latexit sha1_base64="pLbmmHygzeFTDgAo5ksU2b9xpPc="></latexit>

• Convergence:                            , for               . |q2| = e�⇡Im ⌧ < 1
<latexit sha1_base64="ASfiSfxkGyuz6djTE7FIMnFG3VQ="></latexit>

Im ⌧ > 0
<latexit sha1_base64="VF21ZnhQ0YbpEx4NdnOEdVTDWIM=">AAACEnicbZDLSsNAFIYnXmu9Rbt0M1gEVyXxgq6k4EZ3FewFmlAm00k7dCYJMydiCQUfwr1bfQV34tYX8A18DCdtF7b1h4Gf/5w55/AFieAaHOfbWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmeMTqwEGwVqIYkYFgzWBwndebD0xpHkf3MEyYL0kv4iGnBEzUsUsesEdQMruVeOQBSfGV07HLTsUZCy8ad2rKaKpax/7xujFNJYuACqJ123US8DOigFPBRkUv1SwhdEB6rG1sRCTTfjY+foSPTNLFYazMiwCP078/MiK1HsrAdEoCfT1fy8P/au0Uwks/41GSAovoZFGYCgwxzkngLleMghgaQ6ji5lZM+0QRCobXzJZ8ttKhHhUNGncexKJpnFTc08r53Vm5Wn2aQCqgA3SIjpGLLlAV3aAaqiOKhugFvaI369l6tz6sz0nrkjUFW0Izsr5+AX1nnlM=</latexit>

➡ Converges fast for large        .Im ⌧ > 0
<latexit sha1_base64="VF21ZnhQ0YbpEx4NdnOEdVTDWIM=">AAACEnicbZDLSsNAFIYnXmu9Rbt0M1gEVyXxgq6k4EZ3FewFmlAm00k7dCYJMydiCQUfwr1bfQV34tYX8A18DCdtF7b1h4Gf/5w55/AFieAaHOfbWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmeMTqwEGwVqIYkYFgzWBwndebD0xpHkf3MEyYL0kv4iGnBEzUsUsesEdQMruVeOQBSfGV07HLTsUZCy8ad2rKaKpax/7xujFNJYuACqJ123US8DOigFPBRkUv1SwhdEB6rG1sRCTTfjY+foSPTNLFYazMiwCP078/MiK1HsrAdEoCfT1fy8P/au0Uwks/41GSAovoZFGYCgwxzkngLleMghgaQ6ji5lZM+0QRCobXzJZ8ttKhHhUNGncexKJpnFTc08r53Vm5Wn2aQCqgA3SIjpGLLlAV3aAaqiOKhugFvaI369l6tz6sz0nrkjUFW0Izsr5+AX1nnlM=</latexit>

➡ Converges slowly for small        .Im ⌧ > 0
<latexit sha1_base64="VF21ZnhQ0YbpEx4NdnOEdVTDWIM=">AAACEnicbZDLSsNAFIYnXmu9Rbt0M1gEVyXxgq6k4EZ3FewFmlAm00k7dCYJMydiCQUfwr1bfQV34tYX8A18DCdtF7b1h4Gf/5w55/AFieAaHOfbWlpeWV1bL2wUN7e2d3btvf2GjlNFWZ3GIlatgGgmeMTqwEGwVqIYkYFgzWBwndebD0xpHkf3MEyYL0kv4iGnBEzUsUsesEdQMruVeOQBSfGV07HLTsUZCy8ad2rKaKpax/7xujFNJYuACqJ123US8DOigFPBRkUv1SwhdEB6rG1sRCTTfjY+foSPTNLFYazMiwCP078/MiK1HsrAdEoCfT1fy8P/au0Uwks/41GSAovoZFGYCgwxzkngLleMghgaQ6ji5lZM+0QRCobXzJZ8ttKhHhUNGncexKJpnFTc08r53Vm5Wn2aQCqgA3SIjpGLLlAV3aAaqiOKhugFvaI369l6tz6sz0nrkjUFW0Izsr5+AX1nnlM=</latexit>

I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
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log q2 +
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3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
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i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>

�8.379379366� 0.172257093i
<latexit sha1_base64="iIOhKLZCKosOfByg1jICQyEXTlQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZEAZ2JG5cYiJgAhPSKR1o6DzSdkzIhMT/cO9Wf8GdcevKP/Az7MAsBDxpk5Nz7qM9bsSokKb5reU2Nre2d/K7hb39g8Mj/fikI8KYY9LGIQv5g4sEYTQgbUklIw8RJ8h3Gem6k5vU7z4SLmgY3MtpRBwfjQLqUYykkgb6WaluVOxGemq1kmlYdrlctc1GBdKBXjQNcw64TqyMFEGG1kD/6Q9DHPskkJghIXqWGUknQVxSzMis0I8FiRCeoBHpKRognwgnmf9hBi+VMoReyNUNJJyrfzsS5Asx9V1V6SM5FqteKv7n9WLp1Z2EBlEsSYAXi7yYQRnCNBA4pJxgyaaKIMypeivEY8QRliq2pS3pbC48MSuoaKzVINZJp2xYFaN6d11sNrKQ8uAcXIArYAEbNMEtaIE2wOAJvIBX8KY9a+/ah/a5KM1pWc8pWIL29Qu5B5xw</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>

�8.379379366� 0.172257093i
<latexit sha1_base64="iIOhKLZCKosOfByg1jICQyEXTlQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZEAZ2JG5cYiJgAhPSKR1o6DzSdkzIhMT/cO9Wf8GdcevKP/Az7MAsBDxpk5Nz7qM9bsSokKb5reU2Nre2d/K7hb39g8Mj/fikI8KYY9LGIQv5g4sEYTQgbUklIw8RJ8h3Gem6k5vU7z4SLmgY3MtpRBwfjQLqUYykkgb6WaluVOxGemq1kmlYdrlctc1GBdKBXjQNcw64TqyMFEGG1kD/6Q9DHPskkJghIXqWGUknQVxSzMis0I8FiRCeoBHpKRognwgnmf9hBi+VMoReyNUNJJyrfzsS5Asx9V1V6SM5FqteKv7n9WLp1Z2EBlEsSYAXi7yYQRnCNBA4pJxgyaaKIMypeivEY8QRliq2pS3pbC48MSuoaKzVINZJp2xYFaN6d11sNrKQ8uAcXIArYAEbNMEtaIE2wOAJvIBX8KY9a+/ah/a5KM1pWc8pWIL29Qu5B5xw</latexit>

�8.379379472� 0.172257093i
<latexit sha1_base64="AsQDcq55xQ1uKMg5yPJjXucTMz8=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZOZATKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPCkTU7OuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNKDt1dSqOXTINy7HtqmPWy5AO9aJpmAvATWJlpAgyNIf6T38U4tgngcQMCdGzzEgOEsQlxYzMC/1YkAjhKRqTnqIB8okYJIs/zOG1UkbQC7m6gYQL9W9HgnwhZr6rKn0kJ2LdS8X/vF4svdogoUEUSxLg5SIvZlCGMA0EjignWLKZIghzqt4K8QRxhKWKbWVLOpsLT8wLKhprPYhN0rYNq2xU7yvFRj0LKQ8uwRW4ARZwQAPcgSZoAQyewAt4BW/as/aufWify9KclvWcgxVoX7+1upxu</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>

�8.379379366� 0.172257093i
<latexit sha1_base64="iIOhKLZCKosOfByg1jICQyEXTlQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZEAZ2JG5cYiJgAhPSKR1o6DzSdkzIhMT/cO9Wf8GdcevKP/Az7MAsBDxpk5Nz7qM9bsSokKb5reU2Nre2d/K7hb39g8Mj/fikI8KYY9LGIQv5g4sEYTQgbUklIw8RJ8h3Gem6k5vU7z4SLmgY3MtpRBwfjQLqUYykkgb6WaluVOxGemq1kmlYdrlctc1GBdKBXjQNcw64TqyMFEGG1kD/6Q9DHPskkJghIXqWGUknQVxSzMis0I8FiRCeoBHpKRognwgnmf9hBi+VMoReyNUNJJyrfzsS5Asx9V1V6SM5FqteKv7n9WLp1Z2EBlEsSYAXi7yYQRnCNBA4pJxgyaaKIMypeivEY8QRliq2pS3pbC48MSuoaKzVINZJp2xYFaN6d11sNrKQ8uAcXIArYAEbNMEtaIE2wOAJvIBX8KY9a+/ah/a5KM1pWc8pWIL29Qu5B5xw</latexit>

�8.379379472� 0.172257093i
<latexit sha1_base64="AsQDcq55xQ1uKMg5yPJjXucTMz8=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZOZATKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPCkTU7OuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNKDt1dSqOXTINy7HtqmPWy5AO9aJpmAvATWJlpAgyNIf6T38U4tgngcQMCdGzzEgOEsQlxYzMC/1YkAjhKRqTnqIB8okYJIs/zOG1UkbQC7m6gYQL9W9HgnwhZr6rKn0kJ2LdS8X/vF4svdogoUEUSxLg5SIvZlCGMA0EjignWLKZIghzqt4K8QRxhKWKbWVLOpsLT8wLKhprPYhN0rYNq2xU7yvFRj0LKQ8uwRW4ARZwQAPcgSZoAQyewAt4BW/as/aufWify9KclvWcgxVoX7+1upxu</latexit>

�8.379379470� 0.172257093i
<latexit sha1_base64="D6wiIba4/nsQpF0/1i/yyuisBiw=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtU2S6Zh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xeyapxs</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

�8.379379471� 0.172257093i
<latexit sha1_base64="RAGSfXMeKA5olnS3ogLHOjqSaYY=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtW2SqZh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xe0Epxt</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>

�8.379379366� 0.172257093i
<latexit sha1_base64="iIOhKLZCKosOfByg1jICQyEXTlQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZEAZ2JG5cYiJgAhPSKR1o6DzSdkzIhMT/cO9Wf8GdcevKP/Az7MAsBDxpk5Nz7qM9bsSokKb5reU2Nre2d/K7hb39g8Mj/fikI8KYY9LGIQv5g4sEYTQgbUklIw8RJ8h3Gem6k5vU7z4SLmgY3MtpRBwfjQLqUYykkgb6WaluVOxGemq1kmlYdrlctc1GBdKBXjQNcw64TqyMFEGG1kD/6Q9DHPskkJghIXqWGUknQVxSzMis0I8FiRCeoBHpKRognwgnmf9hBi+VMoReyNUNJJyrfzsS5Asx9V1V6SM5FqteKv7n9WLp1Z2EBlEsSYAXi7yYQRnCNBA4pJxgyaaKIMypeivEY8QRliq2pS3pbC48MSuoaKzVINZJp2xYFaN6d11sNrKQ8uAcXIArYAEbNMEtaIE2wOAJvIBX8KY9a+/ah/a5KM1pWc8pWIL29Qu5B5xw</latexit>

�8.379379472� 0.172257093i
<latexit sha1_base64="AsQDcq55xQ1uKMg5yPJjXucTMz8=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZOZATKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPCkTU7OuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNKDt1dSqOXTINy7HtqmPWy5AO9aJpmAvATWJlpAgyNIf6T38U4tgngcQMCdGzzEgOEsQlxYzMC/1YkAjhKRqTnqIB8okYJIs/zOG1UkbQC7m6gYQL9W9HgnwhZr6rKn0kJ2LdS8X/vF4svdogoUEUSxLg5SIvZlCGMA0EjignWLKZIghzqt4K8QRxhKWKbWVLOpsLT8wLKhprPYhN0rYNq2xU7yvFRj0LKQ8uwRW4ARZwQAPcgSZoAQyewAt4BW/as/aufWify9KclvWcgxVoX7+1upxu</latexit>

�8.379379470� 0.172257093i
<latexit sha1_base64="D6wiIba4/nsQpF0/1i/yyuisBiw=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtU2S6Zh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xeyapxs</latexit>
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Numerical evaluation

�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

�8.379379471� 0.172257093i
<latexit sha1_base64="RAGSfXMeKA5olnS3ogLHOjqSaYY=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtW2SqZh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xe0Epxt</latexit>

�8.379379471� 0.172257093i
<latexit sha1_base64="RAGSfXMeKA5olnS3ogLHOjqSaYY=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtW2SqZh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xe0Epxt</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>

�8.379379366� 0.172257093i
<latexit sha1_base64="iIOhKLZCKosOfByg1jICQyEXTlQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZEAZ2JG5cYiJgAhPSKR1o6DzSdkzIhMT/cO9Wf8GdcevKP/Az7MAsBDxpk5Nz7qM9bsSokKb5reU2Nre2d/K7hb39g8Mj/fikI8KYY9LGIQv5g4sEYTQgbUklIw8RJ8h3Gem6k5vU7z4SLmgY3MtpRBwfjQLqUYykkgb6WaluVOxGemq1kmlYdrlctc1GBdKBXjQNcw64TqyMFEGG1kD/6Q9DHPskkJghIXqWGUknQVxSzMis0I8FiRCeoBHpKRognwgnmf9hBi+VMoReyNUNJJyrfzsS5Asx9V1V6SM5FqteKv7n9WLp1Z2EBlEsSYAXi7yYQRnCNBA4pJxgyaaKIMypeivEY8QRliq2pS3pbC48MSuoaKzVINZJp2xYFaN6d11sNrKQ8uAcXIArYAEbNMEtaIE2wOAJvIBX8KY9a+/ah/a5KM1pWc8pWIL29Qu5B5xw</latexit>

�8.379379472� 0.172257093i
<latexit sha1_base64="AsQDcq55xQ1uKMg5yPJjXucTMz8=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZOZATKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPCkTU7OuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNKDt1dSqOXTINy7HtqmPWy5AO9aJpmAvATWJlpAgyNIf6T38U4tgngcQMCdGzzEgOEsQlxYzMC/1YkAjhKRqTnqIB8okYJIs/zOG1UkbQC7m6gYQL9W9HgnwhZr6rKn0kJ2LdS8X/vF4svdogoUEUSxLg5SIvZlCGMA0EjignWLKZIghzqt4K8QRxhKWKbWVLOpsLT8wLKhprPYhN0rYNq2xU7yvFRj0LKQ8uwRW4ARZwQAPcgSZoAQyewAt4BW/as/aufWify9KclvWcgxVoX7+1upxu</latexit>

�8.379379470� 0.172257093i
<latexit sha1_base64="D6wiIba4/nsQpF0/1i/yyuisBiw=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtU2S6Zh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xeyapxs</latexit>



Numerical evaluation

• For every            in each there is                                     such that                ⌧ 2 H
<latexit sha1_base64="ZFVXKU97YdUE1AcF0R2j983+k7Y=">AAACEHicbVDLSsNAFJ3UV62vVJduBovgqiQ+0GXBTZcV7AOaUCbTSTt0MgkzN0oJBb/BvVv9BXfi1j/wD/wMJ20XtvXAwOGcO/ceTpAIrsFxvq3C2vrG5lZxu7Szu7d/YJcPWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0W3utx+Y0jyW9zBOmB+RgeQhpwSM1LPLHpDU49KLCAyDIKtPenbFqTpT4FXizkkFzdHo2T9eP6ZpxCRQQbTuuk4CfkYUcCrYpOSlmiWEjsiAdQ2VJGLaz6bRJ/jUKH0cxso8CXiq/v2RkUjrcRSYyTyhXvZy8T+vm0J442dcJikwSWeHwlRgiHHeA+5zxSiIsSGEKm6yYjokilAwbS1cyXcrHepJyVTjLhexSlrnVfeienV3WanVnmYlFdExOkFnyEXXqIbqqIGaiKJH9IJe0Zv1bL1bH9bnbLRgzYs9Qguwvn4B8y2eIA==</latexit>

� =
�
a b
c d

�
2 SL(2,Z)

<latexit sha1_base64="XFqHf/ycC1+hKuaJyvks8HaXvcQ="></latexit>

� · ⌧ =
a⌧ + b

c⌧ + d
2 F

<latexit sha1_base64="f2zmGLlZQhPDU+fQnZrTR8n4uxc="></latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>



Numerical evaluation

• For every            in each there is                                     such that                ⌧ 2 H
<latexit sha1_base64="ZFVXKU97YdUE1AcF0R2j983+k7Y=">AAACEHicbVDLSsNAFJ3UV62vVJduBovgqiQ+0GXBTZcV7AOaUCbTSTt0MgkzN0oJBb/BvVv9BXfi1j/wD/wMJ20XtvXAwOGcO/ceTpAIrsFxvq3C2vrG5lZxu7Szu7d/YJcPWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0W3utx+Y0jyW9zBOmB+RgeQhpwSM1LPLHpDU49KLCAyDIKtPenbFqTpT4FXizkkFzdHo2T9eP6ZpxCRQQbTuuk4CfkYUcCrYpOSlmiWEjsiAdQ2VJGLaz6bRJ/jUKH0cxso8CXiq/v2RkUjrcRSYyTyhXvZy8T+vm0J442dcJikwSWeHwlRgiHHeA+5zxSiIsSGEKm6yYjokilAwbS1cyXcrHepJyVTjLhexSlrnVfeienV3WanVnmYlFdExOkFnyEXXqIbqqIGaiKJH9IJe0Zv1bL1bH9bnbLRgzYs9Qguwvn4B8y2eIA==</latexit>

� =
�
a b
c d

�
2 SL(2,Z)

<latexit sha1_base64="XFqHf/ycC1+hKuaJyvks8HaXvcQ="></latexit>

� · ⌧ =
a⌧ + b

c⌧ + d
2 F

<latexit sha1_base64="f2zmGLlZQhPDU+fQnZrTR8n4uxc="></latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>
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<latexit sha1_base64="FauROpIWkflFvHK5VvC55KeLNjM="></latexit>

➡ Example: 



Numerical evaluation

• For every            in each there is                                     such that                ⌧ 2 H
<latexit sha1_base64="ZFVXKU97YdUE1AcF0R2j983+k7Y=">AAACEHicbVDLSsNAFJ3UV62vVJduBovgqiQ+0GXBTZcV7AOaUCbTSTt0MgkzN0oJBb/BvVv9BXfi1j/wD/wMJ20XtvXAwOGcO/ceTpAIrsFxvq3C2vrG5lZxu7Szu7d/YJcPWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0W3utx+Y0jyW9zBOmB+RgeQhpwSM1LPLHpDU49KLCAyDIKtPenbFqTpT4FXizkkFzdHo2T9eP6ZpxCRQQbTuuk4CfkYUcCrYpOSlmiWEjsiAdQ2VJGLaz6bRJ/jUKH0cxso8CXiq/v2RkUjrcRSYyTyhXvZy8T+vm0J442dcJikwSWeHwlRgiHHeA+5zxSiIsSGEKm6yYjokilAwbS1cyXcrHepJyVTjLhexSlrnVfeienV3WanVnmYlFdExOkFnyEXXqIbqqIGaiKJH9IJe0Zv1bL1bH9bnbLRgzYs9Qguwvn4B8y2eIA==</latexit>

� =
�
a b
c d

�
2 SL(2,Z)

<latexit sha1_base64="XFqHf/ycC1+hKuaJyvks8HaXvcQ="></latexit>

� · ⌧ =
a⌧ + b

c⌧ + d
2 F

<latexit sha1_base64="f2zmGLlZQhPDU+fQnZrTR8n4uxc="></latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>
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<latexit sha1_base64="FauROpIWkflFvHK5VvC55KeLNjM="></latexit>

⌧ 0 = �1
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2
<latexit sha1_base64="cOLBR/5OPryeaQg2YWC26JbCrRk="></latexit>

➡ Example: � =
�

1 0
�2 1

�
<latexit sha1_base64="fyYIjq3nB9VFzD/VOS3bRRiEtxE="></latexit>

⌧ 0 =
⌧

1� 2⌧
= �1

2
+

5i

2
<latexit sha1_base64="K+Xx9LUywPWbkncytcLicaMSj1Q="></latexit>



Numerical evaluation

• For every            in each there is                                     such that                ⌧ 2 H
<latexit sha1_base64="ZFVXKU97YdUE1AcF0R2j983+k7Y=">AAACEHicbVDLSsNAFJ3UV62vVJduBovgqiQ+0GXBTZcV7AOaUCbTSTt0MgkzN0oJBb/BvVv9BXfi1j/wD/wMJ20XtvXAwOGcO/ceTpAIrsFxvq3C2vrG5lZxu7Szu7d/YJcPWzpOFWVNGotYdQKimeCSNYGDYJ1EMRIFgrWD0W3utx+Y0jyW9zBOmB+RgeQhpwSM1LPLHpDU49KLCAyDIKtPenbFqTpT4FXizkkFzdHo2T9eP6ZpxCRQQbTuuk4CfkYUcCrYpOSlmiWEjsiAdQ2VJGLaz6bRJ/jUKH0cxso8CXiq/v2RkUjrcRSYyTyhXvZy8T+vm0J442dcJikwSWeHwlRgiHHeA+5zxSiIsSGEKm6yYjokilAwbS1cyXcrHepJyVTjLhexSlrnVfeienV3WanVnmYlFdExOkFnyEXXqIbqqIGaiKJH9IJe0Zv1bL1bH9bnbLRgzYs9Qguwvn4B8y2eIA==</latexit>

� =
�
a b
c d

�
2 SL(2,Z)

<latexit sha1_base64="XFqHf/ycC1+hKuaJyvks8HaXvcQ="></latexit>

� · ⌧ =
a⌧ + b

c⌧ + d
2 F

<latexit sha1_base64="f2zmGLlZQhPDU+fQnZrTR8n4uxc="></latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>

�1/2
<latexit sha1_base64="W84J66Godx8fsBbd2lZ4tzk/ZpM=">AAACAXicbVDLSgMxFL1TX7W+qi7dBIvgxjpTFV0W3LisYB/QDiWTZtrQTDIkGaEMBcG9W/0Fd+LWL/EP/AwzbRe29cCFwzn35t6cIOZMG9f9dnIrq2vrG/nNwtb2zu5ecf+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMbzO/+UiVZlI8mFFM/Qj3BQsZwSaTzrzzSrdYcsvuBGiZeDNSghlq3eJPpydJElFhCMdatz03Nn6KlWGE03Ghk2gaYzLEfdq2VOCIaj+d3DpGJ1bpoVAqW8Kgifp3IsWR1qMosJ0RNgO96GXif147MeGNnzIRJ4YKMl0UJhwZibKPox5TlBg+sgQTxeytiAywwsTYeOa2ZG8rHepxwUbjLQaxTBqVsndRvrq/LFWrT9OQ8nAEx3AKHlxDFe6gBnUgMIAXeIU359l5dz6cz2lrzpkFewhzcL5+AYrPl0k=</latexit>
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<latexit sha1_base64="FauROpIWkflFvHK5VvC55KeLNjM="></latexit>

⌧ 0 = �1

2
+
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2
<latexit sha1_base64="cOLBR/5OPryeaQg2YWC26JbCrRk="></latexit>

➡ Example: � =
�

1 0
�2 1

�
<latexit sha1_base64="fyYIjq3nB9VFzD/VOS3bRRiEtxE="></latexit>

⌧ 0 =
⌧
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<latexit sha1_base64="K+Xx9LUywPWbkncytcLicaMSj1Q="></latexit>

• Eisenstein series transform nicely:

i.e., f|n� will in general not be invariant under �, but it is only invariant under the smaller

subgroup �(N).

While the previous argument shows that a modular form for a congruence subgroup

� of level N in general transforms into a linear combination of modular forms for �(N), it

does not allow us to predict this linear combination. This situation changes if we restrict

the discussion to a subset of modular forms, the so-called Eisenstein series, which we will

study in more detail in the next section.

2.3 Eisenstein series

The vector space Mn(�) of modular forms of weight n for � admits a direct sum decom-

position

Mn(�) = En(�)� Sn(�) . (2.10)

Here Sn(�) denotes the subspace of cusp forms, i.e., the subspace of modular forms of

weight n for � that vanish on Q [ {i1}. Its (orthogonal) complement is the Eisenstein

subspace En(�). So far mostly Eisenstein series have appeared in the context of Feynman

integral calculations. We therefore study the structure of the Eisenstein subspaces in detail

in the remainder of this section.

We first present an explicit basis for the space of Eisenstein series. There are numerous

ways to write down a basis for En(�) (cf., e.g., ref. [60]). Our choice is motivated by the

fact that Eisenstein series for �(N) are closely related to the Kronecker series and elliptic

polylogarithms [40, 43, 46]. Since �(N) ✓ � for every congruence subgroup � of level N ,

we only discuss the case of the principle congruence subgroup �(N), and we refer to the

literature for the other cases (see, e.g., ref. [60]).

We start by writing down a spanning set for En(�(N)) [46],

h(n)N,r,s(⌧) = �

X

(a,b)2Z2

(a,b) 6=(0,0)

e2⇡i(bs�ar)/N
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i.e., f|n� will in general not be invariant under �, but it is only invariant under the smaller
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While the previous argument shows that a modular form for a congruence subgroup
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• Eisenstein series transform nicely:

i.e., f|n� will in general not be invariant under �, but it is only invariant under the smaller

subgroup �(N).

While the previous argument shows that a modular form for a congruence subgroup

� of level N in general transforms into a linear combination of modular forms for �(N), it

does not allow us to predict this linear combination. This situation changes if we restrict

the discussion to a subset of modular forms, the so-called Eisenstein series, which we will

study in more detail in the next section.

2.3 Eisenstein series

The vector space Mn(�) of modular forms of weight n for � admits a direct sum decom-

position

Mn(�) = En(�)� Sn(�) . (2.10)

Here Sn(�) denotes the subspace of cusp forms, i.e., the subspace of modular forms of

weight n for � that vanish on Q [ {i1}. Its (orthogonal) complement is the Eisenstein

subspace En(�). So far mostly Eisenstein series have appeared in the context of Feynman

integral calculations. We therefore study the structure of the Eisenstein subspaces in detail

in the remainder of this section.

We first present an explicit basis for the space of Eisenstein series. There are numerous

ways to write down a basis for En(�) (cf., e.g., ref. [60]). Our choice is motivated by the

fact that Eisenstein series for �(N) are closely related to the Kronecker series and elliptic

polylogarithms [40, 43, 46]. Since �(N) ✓ � for every congruence subgroup � of level N ,

we only discuss the case of the principle congruence subgroup �(N), and we refer to the

literature for the other cases (see, e.g., ref. [60]).

We start by writing down a spanning set for En(�(N)) [46],

h(n)N,r,s(⌧) = �

X

(a,b)2Z2

(a,b) 6=(0,0)

e2⇡i(bs�ar)/N

(a⌧ + b)n
, (2.11)

where n and N are integers greater than unity and r, s are integers defined modulo N .

These functions transform like eq. (2.6) and form a spanning set for En(�(N)), except for

the case n = 2 and (r, s) = (0, 0) mod N , which is not a modular form. More generally,

we have [46],
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The functions defined in eq. (2.11) admit a q-expansion that can be written down in

closed form
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The Fourier coe�cients for k � 1 are given by (cf., e.g., ref. [60]),
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i.e., f|n� will in general not be invariant under �, but it is only invariant under the smaller

subgroup �(N).

While the previous argument shows that a modular form for a congruence subgroup

� of level N in general transforms into a linear combination of modular forms for �(N), it

does not allow us to predict this linear combination. This situation changes if we restrict

the discussion to a subset of modular forms, the so-called Eisenstein series, which we will

study in more detail in the next section.

2.3 Eisenstein series

The vector space Mn(�) of modular forms of weight n for � admits a direct sum decom-

position

Mn(�) = En(�)� Sn(�) . (2.10)

Here Sn(�) denotes the subspace of cusp forms, i.e., the subspace of modular forms of

weight n for � that vanish on Q [ {i1}. Its (orthogonal) complement is the Eisenstein

subspace En(�). So far mostly Eisenstein series have appeared in the context of Feynman

integral calculations. We therefore study the structure of the Eisenstein subspaces in detail

in the remainder of this section.

We first present an explicit basis for the space of Eisenstein series. There are numerous

ways to write down a basis for En(�) (cf., e.g., ref. [60]). Our choice is motivated by the

fact that Eisenstein series for �(N) are closely related to the Kronecker series and elliptic

polylogarithms [40, 43, 46]. Since �(N) ✓ � for every congruence subgroup � of level N ,
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where n and N are integers greater than unity and r, s are integers defined modulo N .

These functions transform like eq. (2.6) and form a spanning set for En(�(N)), except for

the case n = 2 and (r, s) = (0, 0) mod N , which is not a modular form. More generally,

we have [46],

h(n)N,r,s

✓
a⌧ + b

c⌧ + d

◆
= (c⌧ + d)n h(n)N,rd+sb,rc+sa(⌧) , � =

�
a b
c d

�
2 SL(2,Z) . (2.12)

The functions defined in eq. (2.11) admit a q-expansion that can be written down in

closed form
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• Carries over to iterated integrals of Eisenstein series:
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• Eisenstein series transform nicely:

i.e., f|n� will in general not be invariant under �, but it is only invariant under the smaller

subgroup �(N).

While the previous argument shows that a modular form for a congruence subgroup

� of level N in general transforms into a linear combination of modular forms for �(N), it

does not allow us to predict this linear combination. This situation changes if we restrict

the discussion to a subset of modular forms, the so-called Eisenstein series, which we will

study in more detail in the next section.

2.3 Eisenstein series

The vector space Mn(�) of modular forms of weight n for � admits a direct sum decom-

position

Mn(�) = En(�)� Sn(�) . (2.10)

Here Sn(�) denotes the subspace of cusp forms, i.e., the subspace of modular forms of

weight n for � that vanish on Q [ {i1}. Its (orthogonal) complement is the Eisenstein

subspace En(�). So far mostly Eisenstein series have appeared in the context of Feynman

integral calculations. We therefore study the structure of the Eisenstein subspaces in detail

in the remainder of this section.

We first present an explicit basis for the space of Eisenstein series. There are numerous

ways to write down a basis for En(�) (cf., e.g., ref. [60]). Our choice is motivated by the

fact that Eisenstein series for �(N) are closely related to the Kronecker series and elliptic

polylogarithms [40, 43, 46]. Since �(N) ✓ � for every congruence subgroup � of level N ,

we only discuss the case of the principle congruence subgroup �(N), and we refer to the

literature for the other cases (see, e.g., ref. [60]).

We start by writing down a spanning set for En(�(N)) [46],

h(n)N,r,s(⌧) = �

X

(a,b)2Z2

(a,b) 6=(0,0)

e2⇡i(bs�ar)/N

(a⌧ + b)n
, (2.11)

where n and N are integers greater than unity and r, s are integers defined modulo N .

These functions transform like eq. (2.6) and form a spanning set for En(�(N)), except for

the case n = 2 and (r, s) = (0, 0) mod N , which is not a modular form. More generally,

we have [46],

h(n)N,r,s

✓
a⌧ + b

c⌧ + d

◆
= (c⌧ + d)n h(n)N,rd+sb,rc+sa(⌧) , � =

�
a b
c d

�
2 SL(2,Z) . (2.12)

The functions defined in eq. (2.11) admit a q-expansion that can be written down in

closed form

h(n)N,r,s(⌧) =
X

k�0

C(n)
N,r,s,k q

k
N . (2.13)

The Fourier coe�cients for k � 1 are given by (cf., e.g., ref. [60]),

C(n)
N,r,s,k = �

(2⇡i)n

Nn(n� 1)!

X

(c1,c2)2(Z/NZ)2

X

m|k
k=mc2

h
mn�1 e2⇡i(rc2�(s�m)c1)/N � (m $ �m)

i
.

(2.14)
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�an,N,r,s(⌧)� ibn,N,r,s(⌧)
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• Carries over to iterated integrals of Eisenstein series:

I(a4,2,1,0; ⌧) = I(a4,2,1,0; ⌧
0) + 2i⇡I(a4,2,1,0, 1; ⌧

0)� 32⇡2I(a4,2,1,0, 1, 1; ⌧
0)� ⇣3 �

i⇡3
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• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +
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3
q22 +

14⇡2

3
q42 +O(q62)
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<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

�8.379379366� 0.172257093i
<latexit sha1_base64="iIOhKLZCKosOfByg1jICQyEXTlQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZEAZ2JG5cYiJgAhPSKR1o6DzSdkzIhMT/cO9Wf8GdcevKP/Az7MAsBDxpk5Nz7qM9bsSokKb5reU2Nre2d/K7hb39g8Mj/fikI8KYY9LGIQv5g4sEYTQgbUklIw8RJ8h3Gem6k5vU7z4SLmgY3MtpRBwfjQLqUYykkgb6WaluVOxGemq1kmlYdrlctc1GBdKBXjQNcw64TqyMFEGG1kD/6Q9DHPskkJghIXqWGUknQVxSzMis0I8FiRCeoBHpKRognwgnmf9hBi+VMoReyNUNJJyrfzsS5Asx9V1V6SM5FqteKv7n9WLp1Z2EBlEsSYAXi7yYQRnCNBA4pJxgyaaKIMypeivEY8QRliq2pS3pbC48MSuoaKzVINZJp2xYFaN6d11sNrKQ8uAcXIArYAEbNMEtaIE2wOAJvIBX8KY9a+/ah/a5KM1pWc8pWIL29Qu5B5xw</latexit>

�8.379379472� 0.172257093i
<latexit sha1_base64="AsQDcq55xQ1uKMg5yPJjXucTMz8=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZOZATKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPCkTU7OuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNKDt1dSqOXTINy7HtqmPWy5AO9aJpmAvATWJlpAgyNIf6T38U4tgngcQMCdGzzEgOEsQlxYzMC/1YkAjhKRqTnqIB8okYJIs/zOG1UkbQC7m6gYQL9W9HgnwhZr6rKn0kJ2LdS8X/vF4svdogoUEUSxLg5SIvZlCGMA0EjignWLKZIghzqt4K8QRxhKWKbWVLOpsLT8wLKhprPYhN0rYNq2xU7yvFRj0LKQ8uwRW4ARZwQAPcgSZoAQyewAt4BW/as/aufWify9KclvWcgxVoX7+1upxu</latexit>

�8.379379470� 0.172257093i
<latexit sha1_base64="D6wiIba4/nsQpF0/1i/yyuisBiw=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtU2S6Zh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xeyapxs</latexit>

�8.379379471� 0.172257093i
<latexit sha1_base64="RAGSfXMeKA5olnS3ogLHOjqSaYY=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtW2SqZh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xe0Epxt</latexit>

�8.379435764� 0.172257093i
<latexit sha1_base64="i3sKBncX5wmPD3gDMbRllrvHqQQ=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE79Ypdda4rJdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29QuwsJxr</latexit>

�8.379379471� 0.172257093i
<latexit sha1_base64="RAGSfXMeKA5olnS3ogLHOjqSaYY=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtW2SqZh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xe0Epxt</latexit>

• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
⇡2

90
log q2 +

4⇡2

3
q22 +

14⇡2

3
q42 +O(q62)

<latexit sha1_base64="gyxQNNP8kxXj0X0gSLhzGwlYCbc="></latexit>

� ' 0.0000192897� 0.0062112101i
<latexit sha1_base64="BxuufIVsNBpeXADxdwkHkLcV91Y="></latexit>

⌧ =
1

2
+

i

10
<latexit sha1_base64="aL77IDQ+g6iL3ED3pGoAnoOBXOI=">AAACHnicbZDLSgMxFIYz9VbrbdSlC4NFEIQyUxXdCAU3LivYC3RKyaSZNjRzITkjlGHAje/h3q2+gjtxq2/gY5jpdGFbDwR+/v/knORzI8EVWNa3UVhaXlldK66XNja3tnfM3b2mCmNJWYOGIpRtlygmeMAawEGwdiQZ8V3BWu7oJstbD0wqHgb3MI5Y1yeDgHucEtBWzzx0gMT4GjueJDSx06Sanuaap4ltpT2zbFWsSeFFYU9FGU2r3jN/nH5IY58FQAVRqmNbEXQTIoFTwdKSEysWEToiA9bRMiA+U91k8pEUH2unj71Q6hMAnrh/byTEV2rsu7rTJzBU81lm/pd1YvCuugkPohhYQPNFXiwwhDijgvtcMgpirAWhkuu3YjokGgNodjNbstlSeSotaTT2PIhF0axW7LPKxd15uVZ7zCEV0QE6QifIRpeohm5RHTUQRU/oBb2iN+PZeDc+jM+8tWBMwe6jmTK+fgF6Q6MU</latexit>



Numerical evaluation
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�6.985970464� 0.172257093i
<latexit sha1_base64="V1wVSWQLMPi74X73DzDtuj0FHFQ=">AAACGXicbVDLSgMxFM3UV62vUXe6CRbBTYeZvrsruHFZwT6gHUomzbShmcyQZIRSCv6He7f6C+7ErSv/wM8wbWdhWw9cOJxzb27u8SJGpbLtbyO1tb2zu5fezxwcHh2fmKdnLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl749u5334kQtKQP6hJRNwADTn1KUZKS33zIle2atVSrWIXy8WcbTmVfL5UsWsFSPtm1rbsBeAmcRKSBQkaffOnNwhxHBCuMENSdh07Uu4UCUUxI7NML5YkQniMhqSrKUcBke50ccMMXmtlAP1Q6OIKLtS/E1MUSDkJPN0ZIDWS695c/M/rxsqvulPKo1gRjpeL/JhBFcJ5IHBABcGKTTRBWFD9V4hHSCCsdGwrW+ZvC+nLWUZH46wHsUlaecspWKX7YrZeS0JKg0twBW6AAyqgDu5AAzQBBk/gBbyCN+PZeDc+jM9la8pIZs7BCoyvX7QfnG0=</latexit>

6.122619677� 0.172257093i
<latexit sha1_base64="BNWWuDf+KiEmHK38wUUuJEApsDc=">AAACGHicbVDLSsNAFJ34rPUVdSVuBovgxpCktrG7ghuXFewD2lAm00k7dPJgZiKUUPwP9271F9yJW3f+gZ/hpM3Cth64cDjn3rlzjxczKqRpfmtr6xubW9uFneLu3v7BoX503BJRwjFp4ohFvOMhQRgNSVNSyUgn5gQFHiNtb3yb+e1HwgWNwgc5iYkboGFIfYqRVFJfP60alm1XrVrVca5Mw3Jsu+KYtTKkfb1kGuYMcJVYOSmBHI2+/tMbRDgJSCgxQ0J0LTOWboq4pJiRabGXCBIjPEZD0lU0RAERbjo7YQovlDKAfsRVhRLO1L8TKQqEmASe6gyQHIllLxP/87qJ9G/clIZxIkmI54v8hEEZwSwPOKCcYMkmiiDMqforxCPEEZYqtYUt2dtc+GJaVNFYy0GskpZtWGWjcn9dqtfykArgDJyDS2ABB9TBHWiAJsDgCbyAV/CmPWvv2of2OW9d0/KZE7AA7esXL6ScKw==</latexit>

�12.526118272� 0.172257093i
<latexit sha1_base64="esykNBqCpTBFDVwAP87qPB5hiSw=">AAACGnicbVDLTgIxFO3gC/E16pJNIzFxw2Q6iMCOxI1LTOSRACGd0oGGziNtx4RMWPgf7t3qL7gzbt34B36GHWAh4ElucnLOvb29x404k8q2v43M1vbO7l52P3dweHR8Yp6etWQYC0KbJOSh6LhYUs4C2lRMcdqJBMW+y2nbndymfvuRCsnC4EFNI9r38ShgHiNYaWlg5ovIscrODUJVp+IUbQtVHKdcsWslyAZmwbbsOeAmQUtSAEs0BuZPbxiS2KeBIhxL2UV2pPoJFooRTme5XixphMkEj2hX0wD7VPaT+REzeKmVIfRCoStQcK7+nUiwL+XUd3Wnj9VYrnup+J/XjZVX7ScsiGJFA7JY5MUcqhCmicAhE5QoPtUEE8H0XyEZY4GJ0rmtbEnfFtKTs5yOBq0HsUlajoVKVvn+ulCvLUPKgjy4AFcAgQqogzvQAE1AwBN4Aa/gzXg23o0P43PRmjGWM+dgBcbXLwfinJI=</latexit>

�8.370957843� 0.172257093i
<latexit sha1_base64="WYnhh3AvFatjkg5N1CX87imGcpQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZBjKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPAkTU7PuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNsB2zXnVqFbtkGpZTLlfV3YZ0qBdNw1wAbhIrI0WQoTnUf/qjEMc+CSRmSIieZUZykCAuKWZkXujHgkQIT9GY9BQNkE/EIFn8YQ6vlTKCXsjVCSRcqH87EuQLMfNdVekjORHrXir+5/Vi6dUGCQ2iWJIALxd5MYMyhGkgcEQ5wZLNFEGYU/VWiCeIIyxVbCtb0tlceGJeUNFY60FsknbZsGyjel8pNupZSHlwCa7ADbCAAxrgDjRBC2DwBF7AK3jTnrV37UP7XJbmtKznHKxA+/oFrVGcaQ==</latexit>

�8.379345867� 0.172257093i
<latexit sha1_base64="JNa//Swdw8rZmmzP+4XWOts0+Lc=">AAACGXicbVDLTsJAFJ3iC/FVdaebicTEDU1LwcKOxI1LTARMoCHTYQoTpo/MTE1IQ+J/uHerv+DOuHXlH/gZDtCFgCe5yck5986de7yYUSFN81vLbWxube/kdwt7+weHR/rxSVtECcekhSMW8QcPCcJoSFqSSkYeYk5Q4DHS8cY3M7/zSLigUXgvJzFxAzQMqU8xkkrq62elmmE7dbtSrV07JdOwnHK56ph1G9K+XjQNcw64TqyMFEGGZl//6Q0inAQklJghIbqWGUs3RVxSzMi00EsEiREeoyHpKhqigAg3nd8whZdKGUA/4qpCCefq34kUBUJMAk91BkiOxKo3E//zuon0a25KwziRJMSLRX7CoIzgLBA4oJxgySaKIMyp+ivEI8QRliq2pS2zt7nwxbSgorFWg1gn7bJh2Ub1rlJs1LOQ8uAcXIArYAEHNMAtaIIWwOAJvIBX8KY9a+/ah/a5aM1p2cwpWIL29Qu3UZxv</latexit>

�8.379379366� 0.172257093i
<latexit sha1_base64="iIOhKLZCKosOfByg1jICQyEXTlQ=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZMZEAZ2JG5cYiJgAhPSKR1o6DzSdkzIhMT/cO9Wf8GdcevKP/Az7MAsBDxpk5Nz7qM9bsSokKb5reU2Nre2d/K7hb39g8Mj/fikI8KYY9LGIQv5g4sEYTQgbUklIw8RJ8h3Gem6k5vU7z4SLmgY3MtpRBwfjQLqUYykkgb6WaluVOxGemq1kmlYdrlctc1GBdKBXjQNcw64TqyMFEGG1kD/6Q9DHPskkJghIXqWGUknQVxSzMis0I8FiRCeoBHpKRognwgnmf9hBi+VMoReyNUNJJyrfzsS5Asx9V1V6SM5FqteKv7n9WLp1Z2EBlEsSYAXi7yYQRnCNBA4pJxgyaaKIMypeivEY8QRliq2pS3pbC48MSuoaKzVINZJp2xYFaN6d11sNrKQ8uAcXIArYAEbNMEtaIE2wOAJvIBX8KY9a+/ah/a5KM1pWc8pWIL29Qu5B5xw</latexit>

�8.379379472� 0.172257093i
<latexit sha1_base64="AsQDcq55xQ1uKMg5yPJjXucTMz8=">AAACGXicbVDLTgIxFO3gC/E16k43jcTEDZOZATKwI3HjEhN5JEBIp3SgofNI2zEhExL/w71b/QV3xq0r/8DPsAOzEPCkTU7OuY/2uBGjQprmt5bb2t7Z3cvvFw4Oj45P9NOztghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem409vU7zwSLmgYPMhZRAY+GgfUoxhJJQ31i1LNKDt1dSqOXTINy7HtqmPWy5AO9aJpmAvATWJlpAgyNIf6T38U4tgngcQMCdGzzEgOEsQlxYzMC/1YkAjhKRqTnqIB8okYJIs/zOG1UkbQC7m6gYQL9W9HgnwhZr6rKn0kJ2LdS8X/vF4svdogoUEUSxLg5SIvZlCGMA0EjignWLKZIghzqt4K8QRxhKWKbWVLOpsLT8wLKhprPYhN0rYNq2xU7yvFRj0LKQ8uwRW4ARZwQAPcgSZoAQyewAt4BW/as/aufWify9KclvWcgxVoX7+1upxu</latexit>

�8.379379470� 0.172257093i
<latexit sha1_base64="D6wiIba4/nsQpF0/1i/yyuisBiw=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtU2S6Zh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xeyapxs</latexit>

�8.379379471� 0.172257093i
<latexit sha1_base64="RAGSfXMeKA5olnS3ogLHOjqSaYY=">AAACGXicbVBJSwMxGM3UrdZt1JtegkXw0mGmC9PeCl48VrALtEPJpJk2NLOQZIQyFPwf3r3qX/AmXj35D/wZZto52NZHAo/3viV5bsSokKb5reW2tnd29/L7hYPDo+MT/fSsI8KYY9LGIQt5z0WCMBqQtqSSkV7ECfJdRrru9Db1u4+ECxoGD3IWEcdH44B6FCOppKF+UaobFbuhTtW2SqZh2eVyzTYbFUiHetE0zAXgJrEyUgQZWkP9ZzAKceyTQGKGhOhbZiSdBHFJMSPzwiAWJEJ4isakr2iAfCKcZPGHObxWygh6IVc3kHCh/u1IkC/EzHdVpY/kRKx7qfif14+lV3cSGkSxJAFeLvJiBmUI00DgiHKCJZspgjCn6q0QTxBHWKrYVraks7nwxLygorHWg9gknbJhVYzafbXYbGQh5cEluAI3wAI2aII70AJtgMETeAGv4E171t61D+1zWZrTsp5zsALt6xe0Epxt</latexit>
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• Numerical convergence of                    :I(a4,2,1,0; ⌧) = �
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Figure 1: The real and imaginary parts of the first three orders in the ✏ expansion of the

master integral T1.

Since j(⌧) is a modular function for SL(2,Z), it must be a rational function of the Haupt-

modul z = �(⌧). We have

j(⌧) =
4
�
1� z + z2

�3

27 (1� z)2 z2
. (7.8)

We now see that the poles of the j-invariant are z 2 {0, 1}, while z 2 {�1, 1/2, 2} corre-

sponds to j(⌧) = 1! The corresponding values of ⌧ are

�(1 + i) = �1 , �(i) = 1/2 , �

✓
1

2
+

i

2

◆
= 2 . (7.9)

We quote this here merely as an observation, we will see a similar pattern in the next section

in the case of elliptic Feynman integrals, where the di↵erent regions will be determined by

the points where the j-invariant becomes infinite, zero or one.

7.3 Asymptotic expansions

Let us conclude this section with an illustration how we can obtain asymptotic expansions

of the elliptic 2F1 functions order by order in ✏. In Section 6.1 we have shown how we can

expand Eisenstein series and their iterated integrals into a q-series close to a cusp. In many

applications, however, one would like to have expansions in terms of the original variables

of the problem (e.g., kinematic variables in the case of Feynman integrals). In this section

we illustrate how we can obtain expansions in z close to the singular points z = 0 or z = 1.

In the following we only discuss in detail the expansion of T1(z) and T2(z) close to

z = 0. The case z = 1 can be dealt with in the the same way. We have ⌧(0) = i1, and

so expanding for small values of z is equivalent to expanding around ⌧(z) ⇠ i1. We can

easily expand all iterated Eisenstein integrals in eq. (4.13) into a q-series around ⌧ = i1

and then convert the q-series into a series in z by expanding eq. (3.16). We find

⌧(z) =
i

⇡
(4 log 2� log z)�

i

2⇡
z �

13i

64⇡
z2 �

23i

192⇡
z3 �

2701i

32768⇡
z4 +O(z5) . (7.10)
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Numerical evaluation
• Numerical results for          for all real values of     :T1(�)
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The rho parameter

• All these ideas carry over to Feynman integrals.

• Example: the rho parameter at 3 loops.
➡ Known numerically from [Grigo, Hoff, Marquard, Steinhauser].
➡ Was not known analytically.(1) (2) (3) (4) (5)

(6) (7) (8) (9) (10)

Figure 1: Master integrals for the family of integrals defined in eq. (2.5). Dots denote
squared propagators, blue (thick) lines denote propagators with mass m2

1, green (thin) lines
denote propagators with mass m

2
2, and dashed lines denote massless propagators.

It is convenient to work with the following basis of master integrals:

f1(t) = ✏
3(m2

1)
3✏
J0,2,0,2,0,2 ,

f2(t) = ✏
3(m2

1)
3✏
J2,0,0,2,0,2 ,

f3(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,1,2,0,1 ,

f4(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,2,1,1,0 ,

f5(t) = ✏
3 (✏� 1) (m2

1)
3✏
J0,2,1,2,1,0 ,

f6(t) = ✏
3 (✏� 1) (m2

1)
3✏
J2,0,2,0,1,1 ,

f7(t) = ✏
3 (✏� 1) (m2

1)
3✏
m

2
2J2,1,1,0,1,2 ,

f8(t) = (m2
1)

�2+3✏
J1,1,0,1,0,1 ,

f9(t) = (m2
1)

�1+3✏
J1,2,0,1,0,1 ,

f10(t) = ✏
4(1� ✏)(1� 2✏)(m2

1)
3✏
J1,1,1,1,1,1 .

(2.10)

We have normalised all master integrals to be dimensionless, i.e., the functions fi only
depend on t.

An efficient way to compute the master integrals is to use differential equations [3, 49–
52]. The master integrals f1 through f7 satisfy a system of differential equations in so-called
canonical form [53]:

@tfa = ✏
(A0)ak

t
fk + ✏

(A1)ak
t� 1

fk , 1  a, k  7 . (2.11)

A0 and A1 are matrices of integer numbers, which we give explicitly in Appendix A. The
canonical form of the differential equation in eq. (2.11) makes it manifest that the functions
(f1, . . . , f7) can be expressed in terms of a well-studied class of special functions called
multiple polylogarithms (MPLs) [1, 54]:

G(a1, · · · , an;x) =

Z x

0

du

u� a1
G(a2, · · · , an;u) , G(;x) = 1, an 6= 0 . (2.12)

– 5 –

f (2)
8 (t)
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by a cubic polynomial (cf. eq. (4.4)), the curve obtained from the Feynman parameter
integral for the sunrise is defined by a quartic polynomial, cf. e.g. refs. [16, 17, 26]. There
is no contradiction: the same elliptic curve may be represented as the zero set of different
polynomial equations. An invariant that uniquely distinguishes different elliptic curves is
its j-invariant. The j-invariant of the family of elliptic curves in eq. (4.4) is

j(t) =
(t� 3)3(t((t� 9)t+ 3)� 3)3

1728(t� 9)(t� 1)3t2
. (6.15)

It is easy to check that eq. (6.15) agrees with the j-invariant for the family of elliptic curves
obtained from the Feynman parametrisation of the equal-mass sunrise graph, with t =
p2

m2 [17]. This shows that indeed the elliptic curves obtained from the Feynman parameter
integrals of the sunrise integrals and the integrals considered here are identical.

Finally, let us make a comment about the analytic structure of our results. We see that
we can cast our results in the form,
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where f
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(2)
9,U (t) and f10,U (t) = f10(t) are defined in eqs. (6.2), (6.9) and (6.14). The
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This form matches precisely the structure of elliptic Feynman integrals conjectured in
ref. [59]. In particular, we see that the functions f

(2)
8,U (t), f

(2)
9,U (t) and f10,U (t) are pure

functions in the sense of ref. [59], and they have uniform transcendental weight two, three
and four respectively.

7 Analytic continuation and numerical evaluation

7.1 Analytic continuation

As mentioned in Section 2, for the calculation of the ⇢ parameter we do not only need
the integrals from Topology A (see fig. 1), but also those from Topology B, obtained
by exchanging m1 and m2. These integrals can equivalently be obtained by analytically
continuing Topology A to the region t > 1. The analytic continuation of the non-elliptic
integrals can be done using standard techniques. In this section we discuss the analytic
continuation of the elliptic integrals f

(2)
8 , f (2)

9 and f10.
The analytic continuation will be done following the steps described in ref. [66]. We

start by discussing the analytic continuation of the homogeneous solutions in eq. (2.17).
Given the singularities in the differential equation in eq. (2.16), there are four kinematic
regions to consider: t < 0, 0 < t < 1, 1 < t < 0, t > 9. The homogeneous solution
in eq. (2.17) is well behaved in the second region, by which we mean that they are local
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Figure 2: Three-loop corrections to the ⇢ parameter, for Nc = 3, CF = 4/3 and nl = 4

massless quarks, as a function of t = m
2
2/m

2
1 which we vary between 0 and 1.

9 Conclusion

In this paper we have presented for the first time fully analytic results in terms of eMPLs
and iterated Eisenstein integrals for the three-loop corrections to the ⇢ parameter in the SM
with two massive quark flavours. This computation was originally considered as an expan-
sion in the ratio of the quark masses in ref. [44]. An important ingredient in our calculation
is the realisation that the homogeneous second-order differential operator appearing in this
computation is identical to the differential operator that appears in the computation of the
well-known sunrise graph. As a consequence, all integrals can be expressed in terms of the
exact same class of functions as the sunrise graph, which are also well-studied functions in
pure mathematics. We can draw upon the knowledge of these functions to analytically con-
tinue them using tools and algorithms developed for the sunrise graph. This distinguishes
our computation from the results of refs. [45, 46], where a novel class of special functions
was introduced for the same class of integrals.

Besides ref. [73], our computation is only the second time that iterated integrals of
modular forms have been used to obtain fully analytic results for a complete physical
observable. We believe that the techniques that we have used in our computation can have
an impact also on the computation of other physical observables, and that they pave the
way for obtaining more results involving this class of special functions.
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We show how all the elliptic Feynman integrals of ref. [44] can be performed in terms of
iterated integrals of modular forms for the same congruence subgroup as for the sunrise
integral. These iterated integrals can be analytically continued to the whole parameter
space in such a way that they admit fast-converging series representations for all values of
the quark masses.

Our paper is organised as follows: In Section 2 we review the results of ref. [44] and
we identify the elliptic Feynman integrals that need to be computed. In Section 3 we in-
troduce the mathematical background on elliptic curves and elliptic polylogarithms needed
throughout the paper. In Section 4 we present our first main result, and we show how to
evaluate the Feynman parameter representation for the simplest elliptic Feynman integral
in terms of elliptic polylogarithms. In Section 5 we review the connection between ellip-
tic polylogarithms and iterated integrals of modular forms, and in Section 6 we use this
relationship to obtain analytic results for all elliptic Feynman integrals that contribute to
the three-loop ⇢ parameter in the region where the ratio of the quark masses is small. In
Section 7 we discuss the analytic continuation of these integrals to the whole parameter
space. In Section 8 we present our final analytic result for the ⇢ parameter at three loops,
and in Section 9 we draw our conclusions. We include several appendices where we collect
formulas omitted throughout the main text.

2 Notations and computational setting

In this section we review the background to the three-loop QCD corrections to the elec-
troweak ⇢ parameter with two massive quark flavours. We closely follow the presentation
of ref. [44]. The ⇢ parameter can be written as:

⇢ = 1 + �⇢, (2.1)

where the higher-order corrections are given by

�⇢ =
⌃Z(0)

M2
Z

�
⌃W (0)

M2
W

. (2.2)

⌃Z(0) and ⌃W (0) are, respectively, the transverse parts of the Z and W boson propagators
at zero momentum. They are defined as

⌃Z/W (0) =
gµ⌫

d
⇧µ⌫

Z/W , (2.3)

where ⇧µ⌫
Z/W are the correlator functions for the Z and W bosons, and d is the space-time

dimension.
We will consider the three-loop QCD corrections to the ⇢ parameter in nf -flavour QCD

with nf � 2 massless quarks and two massive ones, whose masses we denote by m1 and
m2. In the SM, this corresponds to nf = 6, and m1 and m2 denote the masses of the top
and bottom quarks respectively. It is possible to write the higher-order corrections to the
⇢ parameter as an expansion in the strong coupling constant ↵s:

�⇢ =
3GFm

2
t

16⇡2
p
2

 
�
(0) +
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!
, (2.4)
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Conclusion
• We have learned a lot about Feynman integrals that cannot be 

expressed in terms of MPLs.

• For Feynman integrals that evaluate to iterated Eisenstein 
integrals, we have now a solid understanding:
➡ Pure functions & differential equations in canonical form.

➡ Numerical evaluation & analytic continuation.

• Still a lot to do!
➡ More than one variable?
➡ More than one elliptic curve?
➡ Additional singularities (e.g., coming from subtopologies):

Z 1

0

dxp
x(1� x)(1� �x)
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