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Feynman integrals are crucial in 
perturbative quantum field theory (QFT)

• Required to compute observables/predictions beyond 
the leading order in perturbation theory

- Position-space correlation functions (e.g. in 
conformal field theory), scaling dimensions of fields, 
renormalisation group coefficients

- Collider physics experiments: underlying scattering 
processes computed from integrals in momentum space

• Interesting connections to mathematics: periods, 
special functions, differential equations; algebraic 
geometry

Innovative field: many new methods valid in any QFT



Example: one-loop star/triangle integral

(Bloch-Wigner dilogarithm)

Definitions & notation: xi 2 R4
<latexit sha1_base64="6szAbsOespgudqwIT+pk9ZZZdHo=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYqqSUgkGhkosjAXRh9SEyHGd1qrjRLaDqEIGfoWFAYRY+Q02/ganzQAtR7J0dM69usfHjxmVyrK+jdLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPL3O/e0+EpBG/VZOYuCEachpQjJSWPPPgwaPQoRw6IVIj309vsru0kXlm1apZU8BFYhekCgq0PPPLGUQ4CQlXmCEp+7YVKzdFQlHMSFZxEklihMdoSPqachQS6abT/Bk81soABpHQjys4VX9vpCiUchL6ejJPKee9XPzP6ycqOHdTyuNEEY5nh4KEQRXBvAw4oIJgxSaaICyozgrxCAmEla6sokuw57+8SDr1mn1aq183qs2Loo4yOARH4ATY4Aw0wRVogTbA4BE8g1fwZjwZL8a78TEbLRnFzj74A+PzB6E1ldY=</latexit>

x2
ij = (xi � xj)

2 = |xi � xj |2
<latexit sha1_base64="xMaRJcZOst4eo1TH9q54BDuApq4=">AAACEnicbVDLSgMxFM34rPU16tJNsAjtwjIzCrpQKLhxWcE+oJ0OmTRt02YeJBlpmfYb3Pgrblwo4taVO//GdDqIth64cHLOveTe44aMCmkYX9rS8srq2npmI7u5tb2zq+/tV0UQcUwqOGABr7tIEEZ9UpFUMlIPOUGey0jNHVxP/do94YIG/p0chcT2UNenHYqRVJKjF4ZOTPuTlgWvYH7oUHgydPqwkLzH8EcYtyxHzxlFIwFcJGZKciBF2dE/m+0ARx7xJWZIiIZphNKOEZcUMzLJNiNBQoQHqEsaivrII8KOk5Mm8FgpbdgJuCpfwkT9PREjT4iR56pOD8memPem4n9eI5KdCzumfhhJ4uPZR52IQRnAaT6wTTnBko0UQZhTtSvEPcQRlirFrArBnD95kVStonlatG7PcqXLNI4MOARHIA9McA5K4AaUQQVg8ACewAt41R61Z+1Ne5+1LmnpzAH4A+3jG4UsmtQ=</latexit>
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<latexit sha1_base64="a2DDwoZldG8n9p9sJHU2N3xpyA4="></latexit>

x0
<latexit sha1_base64="I4GWbjBHWJSrRRPNz89752w6zjk=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dufEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tz+2Vym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3VCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTtGG4C2+vEya1Yp3XqneXZRr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDCayNnQ==</latexit>

x1
<latexit sha1_base64="6gUXTbDvh4kTyw6sFCB1YC3bYFc=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dufEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tz+uVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3VCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTtGG4C2+vEya1Yp3XqneXZRr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDCzCNng==</latexit>

x2
<latexit sha1_base64="4DCGUKbgW52U3j1ceba5U7u56JQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvM5cs2ds7dvfEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W4+oNI/lgxkn6Ed0IHnIGTVWun/qVXulsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezUyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2naINwVt8eZk0qxXvvFK9uyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzgvzrvzMW9dcfKZI/gD5/MHDLSNnw==</latexit>

x3
<latexit sha1_base64="p5tTfjrPLFDlssCgFr9pfVfU9y8=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4SQQuLgI1lRPMByRH2NnPJkr29Y3dPDCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2i0jyWD2acoB/RgeQhZ9RY6f6pV+0VS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzUrZq5Yrdxel2nUWRx5O4BTOwYNLqMEt1KEBDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AA44jaA=</latexit>
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<latexit sha1_base64="nvFubPjqHuGeSuElqY3nuan18fI="></latexit>

Dual representation: p1
<latexit sha1_base64="pD4xcFeBEVWrY2uypj1C1muTP1U=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6SHpe/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpatap3Ua3dX1bqN3kcRTiBUzgHD66gDnfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwB/vGNlg==</latexit>

p2
<latexit sha1_base64="SDwVRNtQytXgUSEkAz5a5g4318E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6SHp1/rlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDaz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0alXvolq7v6zUb/I4inACp3AOHlxBHe6gAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDAISNlw==</latexit>

p3
<latexit sha1_base64="Rlb8rJ374ns7015tlHAwMa2AJQc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4SQQuLgI1lRBMDyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPljML6Z+Y9PXBsRqwecJNyP6FCJUDCKVrpP+vV+ueJW3TnIKvFyUoEczX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukXat69Wrt7qLSuM7jKMIJnMI5eHAJDbiFJrSAwRCe4RXeHOm8OO/Ox6K14OQzx/AHzucPAgiNmA==</latexit>

p1 + p2 + p3 = 0
<latexit sha1_base64="SKioqxX+l1VGDesoOnD516Ebgf4=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgCGWmFXShUHDjsoJ9QDsMmTTThmYyIckIw1B/xY0LRdz6Ie78G9PpLLT1wL0czrmX3JxAMKq043xbpbX1jc2t8nZlZ3dv/8A+POqqOJGYdHDMYtkPkCKMctLRVDPSF5KgKGCkF0xv537vkUhFY/6gU0G8CI05DSlG2ki+XRW+C8+h8Bt5b8Ib6Ph2zak7OeAqcQtSAwXavv01HMU4iQjXmCGlBq4jtJchqSlmZFYZJooIhKdoTAaGchQR5WX58TN4apQRDGNpimuYq783MhQplUaBmYyQnqhlby7+5w0SHV55GeUi0YTjxUNhwqCO4TwJOKKSYM1SQxCW1NwK8QRJhLXJq2JCcJe/vEq6jbrbrDfuL2qt6yKOMjgGJ+AMuOAStMAdaIMOwCAFz+AVvFlP1ov1bn0sRktWsVMFf2B9/gBI7ZHt</latexit>

f(p21, p
2
2, p

2
3) =

Z
d4k

⇡2

1

k2(k � p1)2(k + p2)2
<latexit sha1_base64="s//fJDGo8JmsgDKXHQpRDLH4hfk="></latexit>

k
<latexit sha1_base64="N3xnlgcM4QKLmaSlSNXo6n66gwI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1xv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP9IFjO0=</latexit>

p1 = x2 � x1
<latexit sha1_base64="AtVfwg16y3SEJrI5oVJvL6ePkrc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5akCrpQKLhxWcE+oA1hMp20QyeTMDMRa+iXuHGhiFs/xZ1/47TNQlsP3MvhnHuZOydIOFPacb6twsrq2vpGcbO0tb2zW7b39lsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkY3U7/9QKVisbjX44R6ER4IFjKCtZF8u5z4LrpGj34NnZru+nbFqTozoGXi5qQCORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNRLFU0wGeEB7RoqcESVl80On6Bjo/RRGEtTQqOZ+nsjw5FS4ygwkxHWQ7XoTcX/vG6qw0svYyJJNRVk/lCYcqRjNE0B9ZmkRPOxIZhIZm5FZIglJtpkVTIhuItfXiatWtU9q9buziv1qzyOIhzCEZyACxdQh1toQBMIpPAMr/BmPVkv1rv1MR8tWPnOAfyB9fkD0kmROg==</latexit>

p2 = x3 � x2
<latexit sha1_base64="3U1NxkekAIEr0gKwDuBzZjhlaRw=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpK0gi4UCm5cVrAPaEOYTCft0MkkzEzEGvolblwo4tZPceffOG2z0NYD93I4517mzgkSzpR2nG9rZXVtfWOzsFXc3tndK9n7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6Obqd9+oFKxWNzrcUK9CA8ECxnB2ki+XUr8KrpGj34NnZle9e2yU3FmQMvEzUkZcjR8+6vXj0kaUaEJx0p1XSfRXoalZoTTSbGXKppgMsID2jVU4IgqL5sdPkEnRumjMJamhEYz9fdGhiOlxlFgJiOsh2rRm4r/ed1Uh5dexkSSairI/KEw5UjHaJoC6jNJieZjQzCRzNyKyBBLTLTJqmhCcBe/vExa1Ypbq1Tvzsv1qzyOAhzBMZyCCxdQh1toQBMIpPAMr/BmPVkv1rv1MR9dsfKdQ/gD6/MH1ueRPQ==</latexit>

p3 = x1 � x3
<latexit sha1_base64="Hb24wtgrAN2zueX06kGMzfBbzKY=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpK0gi4UCm5cVrAPaEOYTCft0MkkzEzEGvolblwo4tZPceffOG2z0NYD93I4517mzgkSzpR2nG9rZXVtfWOzsFXc3tndK9n7By0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6Obqd9+oFKxWNzrcUK9CA8ECxnB2ki+XUr8GrpGj76Lzkyv+XbZqTgzoGXi5qQMORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNhLFU0wGeEB7RoqcESVl80On6ATo/RRGEtTQqOZ+nsjw5FS4ygwkxHWQ7XoTcX/vG6qw0svYyJJNRVk/lCYcqRjNE0B9ZmkRPOxIZhIZm5FZIglJtpkVTQhuItfXiatasWtVap35+X6VR5HAY7gGE7BhQuowy00oAkEUniGV3iznqwX6936mI+uWPnOIfyB9fkD1ueRPQ==</latexit>

k = x2 � x0
<latexit sha1_base64="pPivwu3Gbi1PYmLHcCnTE6aHRME=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgxjJTBV0oFNy4rGAf0A4lk2ba0CQzJpliGfodblwo4taPceffmLaz0NYD93I4515yc4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB26jdHVGkWyQczjqkvcF+ykBFsrOQP0Q166lbQme1ut1hyy+4MaJl4GSlBhlq3+NXpRSQRVBrCsdZtz42Nn2JlGOF0UugkmsaYDHGfti2VWFDtp7OjJ+jEKj0URsqWNGim/t5IsdB6LAI7KbAZ6EVvKv7ntRMTXvkpk3FiqCTzh8KEIxOhaQKoxxQlho8twUQxeysiA6wwMTangg3BW/zyMmlUyt55uXJ/UapeZ3Hk4QiO4RQ8uIQq3EEN6kDgEZ7hFd6ckfPivDsf89Gck+0cwh84nz8k+JBf</latexit>



Questions about Feynman integrals

• What special functions do Feynman integrals evaluate to? 

• What singularities do they have? 

• How can we determine the functions efficiently?

We are interested in multi-loop integrals defined 
from Feynman graphs f(pi · pj) =

Z
d4k1d

4k2 . . . d
4kL I(pi; kj)

<latexit sha1_base64="fjSzdOxPIZgtP03kuzGKFSyPMeI="></latexit>

Either Euclidean or Minkowski space

Sometimes necessary (and interesting!) to consider 
generalisation to non-integer dimensions d4k �! d4�2✏k

<latexit sha1_base64="A8ApRwqNqfzXA1zLYQuUlbENouw=">AAACEHicbVC7TsMwFHXKq5RXgZHFokKwUCWlEgwMlVgYi0QfUhMqx3VTK44d2Q6oivIJLPwKCwMIsTKy8Te4bQZoOdKVjs65V/fe48eMKm3b31ZhaXllda24XtrY3NreKe/utZVIJCYtLJiQXR8pwignLU01I91YEhT5jHT88Grid+6JVFTwWz2OiRehgNMhxUgbqV8+Htyl9SyELhM8kDQYaSSleIAT+bTmklhR42Rhv1yxq/YUcJE4OamAHM1++csdCJxEhGvMkFI9x461lyKpKWYkK7mJIjHCIQpIz1COIqK8dPpQBo+MMoBDIU1xDafq74kURUqNI990RkiP1Lw3Ef/zeokeXngp5XGiCcezRcOEQS3gJB04oJJgzcaGICypuRXiEZIIa5NhyYTgzL+8SNq1qnNWrd3UK43LPI4iOACH4AQ44Bw0wDVoghbA4BE8g1fwZj1ZL9a79TFrLVj5zD74A+vzB/venSs=</latexit>

Typical questions:



Special functions appearing in Feynman integrals

5

One loop: logarithms and dilogarithm sufficient

log z =

Z z

1

dt

t
Li2(z) = �

Z z

0

dt

t
log(1� t)

<latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit><latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit><latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit><latexit sha1_base64="MwqJU6gW4xyt97aLWmsOImvSgrM="></latexit>

Natural generalization: ‘Hyperlogarithms’ cover large 
classes of multi-loop Feynman integrals

Starting from two loops, also new functions related 
to elliptic integrals

K(z) =

Z 1

0

dtp
(1� t2)(1� zt2)

<latexit sha1_base64="4DDy0oYP3OWIAEdrRajtTxo+Xnc=">AAACG3icbZDLSgMxFIYz3q23qks3wSK0C8tMEXQjFN0IbhSsLXSmQybN1GAmMyZnhDrMe7jxVdy4UMSV4MK3Mb0stPVAyMf/n0Ny/iARXINtf1szs3PzC4tLy4WV1bX1jeLm1rWOU0VZg8YiVq2AaCa4ZA3gIFgrUYxEgWDN4PZ04DfvmdI8llfQT5gXkZ7kIacEjOQXa+flhwo+xi6X4NsdB7uhIjTrQp65+k5BVnb2oVOrmOsBDyDP/WLJrtrDwtPgjKGExnXhFz/dbkzTiEmggmjdduwEvIwo4FSwvOCmmiWE3pIeaxuUJGLay4a75XjPKF0cxsocCXio/p7ISKR1PwpMZ0TgRk96A/E/r51CeORlXCYpMElHD4WpwBDjQVC4yxWjIPoGCFXc/BXTG2LCARNnwYTgTK48Dde1qmNXncuDUv1kHMcS2kG7qIwcdIjq6AxdoAai6BE9o1f0Zj1ZL9a79TFqnbHGM9voT1lfPxYfnvU=</latexit><latexit sha1_base64="4DDy0oYP3OWIAEdrRajtTxo+Xnc=">AAACG3icbZDLSgMxFIYz3q23qks3wSK0C8tMEXQjFN0IbhSsLXSmQybN1GAmMyZnhDrMe7jxVdy4UMSV4MK3Mb0stPVAyMf/n0Ny/iARXINtf1szs3PzC4tLy4WV1bX1jeLm1rWOU0VZg8YiVq2AaCa4ZA3gIFgrUYxEgWDN4PZ04DfvmdI8llfQT5gXkZ7kIacEjOQXa+flhwo+xi6X4NsdB7uhIjTrQp65+k5BVnb2oVOrmOsBDyDP/WLJrtrDwtPgjKGExnXhFz/dbkzTiEmggmjdduwEvIwo4FSwvOCmmiWE3pIeaxuUJGLay4a75XjPKF0cxsocCXio/p7ISKR1PwpMZ0TgRk96A/E/r51CeORlXCYpMElHD4WpwBDjQVC4yxWjIPoGCFXc/BXTG2LCARNnwYTgTK48Dde1qmNXncuDUv1kHMcS2kG7qIwcdIjq6AxdoAai6BE9o1f0Zj1ZL9a79TFqnbHGM9voT1lfPxYfnvU=</latexit><latexit sha1_base64="4DDy0oYP3OWIAEdrRajtTxo+Xnc=">AAACG3icbZDLSgMxFIYz3q23qks3wSK0C8tMEXQjFN0IbhSsLXSmQybN1GAmMyZnhDrMe7jxVdy4UMSV4MK3Mb0stPVAyMf/n0Ny/iARXINtf1szs3PzC4tLy4WV1bX1jeLm1rWOU0VZg8YiVq2AaCa4ZA3gIFgrUYxEgWDN4PZ04DfvmdI8llfQT5gXkZ7kIacEjOQXa+flhwo+xi6X4NsdB7uhIjTrQp65+k5BVnb2oVOrmOsBDyDP/WLJrtrDwtPgjKGExnXhFz/dbkzTiEmggmjdduwEvIwo4FSwvOCmmiWE3pIeaxuUJGLay4a75XjPKF0cxsocCXio/p7ISKR1PwpMZ0TgRk96A/E/r51CeORlXCYpMElHD4WpwBDjQVC4yxWjIPoGCFXc/BXTG2LCARNnwYTgTK48Dde1qmNXncuDUv1kHMcS2kG7qIwcdIjq6AxdoAai6BE9o1f0Zj1ZL9a79TFqnbHGM9voT1lfPxYfnvU=</latexit><latexit sha1_base64="4DDy0oYP3OWIAEdrRajtTxo+Xnc=">AAACG3icbZDLSgMxFIYz3q23qks3wSK0C8tMEXQjFN0IbhSsLXSmQybN1GAmMyZnhDrMe7jxVdy4UMSV4MK3Mb0stPVAyMf/n0Ny/iARXINtf1szs3PzC4tLy4WV1bX1jeLm1rWOU0VZg8YiVq2AaCa4ZA3gIFgrUYxEgWDN4PZ04DfvmdI8llfQT5gXkZ7kIacEjOQXa+flhwo+xi6X4NsdB7uhIjTrQp65+k5BVnb2oVOrmOsBDyDP/WLJrtrDwtPgjKGExnXhFz/dbkzTiEmggmjdduwEvIwo4FSwvOCmmiWE3pIeaxuUJGLay4a75XjPKF0cxsocCXio/p7ISKR1PwpMZ0TgRk96A/E/r51CeORlXCYpMElHD4WpwBDjQVC4yxWjIPoGCFXc/BXTG2LCARNnwYTgTK48Dde1qmNXncuDUv1kHMcS2kG7qIwcdIjq6AxdoAai6BE9o1f0Zj1ZL9a79TFqnbHGM9voT1lfPxYfnvU=</latexit>

Ga1,...an(z) =

Z z

0

dt

t� a1
Ga2,...,an(t)

Multiple elliptic polylogarithms

Weight: number of indices = integrations



Canonical differential equation method

6

Feynman integrals satisfy n-th order partial 
differential equations (DE)

Special functions defined 
from ‘canonical’ DE

Equivalently, system of 1st order DE

Idea: (rational) loop integrand contains key information 
on special functions appearing after integration

Typically 
complicated

Very simple



Canonical differential equations (for Feynman 
integrals evaluating to multiple polylogarithms)

7

d

dx
f(x, ✏) = ✏

"
X

k

mk
1

x� xk

#
f(x, ✏)

<latexit sha1_base64="bz5txTCBIynWzbz9/2Mbo4Dg+S8="></latexit>

Basis of uniform weight 
Feynman integrals Constant 

matrices Singular points

Iterative solution in terms of multiple polylogarithms

Uniform transcendental weight (UT)



We use dlog forms and leading singularities 
to choose the uniform weight basis

[Lipstein, Mason, 2013]

[Arkani-Hamed, Bourjaily, Cachzo,
Goncharov, Postnikov, Trnka, 2012]

[Caron-Huot, talk at Trento, 2012]

This is more than mere amusement. It immediately tells us that with an appro-

priate choice of variables representing the BCFW-shifts, the one-loop amplitude can

be represented in a remarkably simple form:

A`=1
4 / A`=0

4 ⇥
Z
d↵1

↵1

d↵2

↵2

d↵3

↵3

d↵4

↵4
. (2.33)

Of course, this does not look anything like the more familiar expression, [81],

A`=1
4 / A`=0

4 ⇥ = A`=0
4 ⇥

Z
d4` (p1 + p2)2(p1 + p3)2

`2(`+ p1)2(`+ p1 + p2)2(`� p4)2
. (2.34)

In this form, it is not at all obvious that there is any change of variables that reduces

the integrand to the “dlog”-form of (2.33). However, following the rule for identifying

o↵-shell loop momenta in terms of on-shell data, (2.27), we may easily identify the

map which takes us from the ` of (2.34) to the ↵i of (2.33):

d4` (p1 + p2)2(p1 + p3)2

`2(`+ p1)2(`+ p1 + p2)2(`� p4)2
(2.35)

=dlog

✓
`2

(`� `⇤)2

◆
dlog

✓
(`+ p1)2

(`� `⇤)2

◆
dlog

✓
(`+ p1 + p2)2

(`� `⇤)2

◆
dlog

✓
(`� p4)2

(`� `⇤)2

◆
,

where `⇤ is either of the two points null separated from all four external momenta.

This expression will be derived in detail in section 16.3.

As we will see, the existence of this “dlog” representation for loop integrands is a

completely general feature of all amplitudes at all loop-orders. But the possibility of

such a form even existing was never anticipated from the more traditional formula-

tions of field theory. Indeed, even for the simple example of the four-particle one-loop

amplitude, the existence of a change of variables converting d4` to four dlog’s went

unnoticed for decades. We will see that these “dlog”-forms follow directly from the

on-shell diagram description of scattering amplitudes generated by the BCFW recur-

sion relations, (2.26). Beyond their elegance, these dlog-forms suggest a completely

new way of carrying out loop integrations, and more directly expose an underlying,

“motivic” structure of the final results which will be a theme pursued in a later, more

extensive work.

The equivalence of on-shell diagrams related by mergers and square-moves clearly

represents a major simplification in the structure on-shell diagrams; but these alone

cannot reduce the seemingly infinite complexities of graphs with arbitrary numbers

of ‘loops’ (faces) as neither of these operations a↵ect the number of faces of a graph.

However, using mergers and square-moves, it may be possible to represent an on-shell

diagram in a way that exposes a “bubble” on an internal line. As one might expect,

there is a sense in which such diagrams can be reduced by eliminating bubbles:
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• Conjecturally, integrate to uniform weight functions

[JMH, 2013]Guides basis choice for differential equations

Explored and checked in many cases

Direct link to differential equations: [Herrmann, Parra-Martinez, 2019]

Closely related to constant leading singularities

Example d-log integrand:

• Other method based on Moser algorithm and 
improvements: [JMH, ’14; Lee ’14; Prausa ’17; Meyer ’17; Gituliar, Magerya ’17]



Our research question:

Some integral (family) is given. The differential 
equations in a random basis are complicated.

We have some idea about the canonical 
form of the differential equations

The leading singularity and Moser methods 
help find UT functions, but are not always 
easily applicable. Can we find the canonical 
DE with less information?



The collaboration at the                
Max Planck Institute for Physics

Kai Yan 
(Postdoc)

Christoph Dlapa 
(PhD student)

Based on work to appear soon on arXiv:…



From the Picard-Fuchs equation of a 
uniform weight (UT) integral to a canonical 

system of differential equations (DE)

or

One integral to rule them all…



We develop further an idea by Höschele et al. 

• Idea: first-order DE are only canonical if all integrals are UT, 
but Picard-Fuchs eq. single integral is unique, and contains 
valuable information.

[Höschele, Hoff, Ueda ’14]

• They applied this knowledge to find the remaining UT 
integrals, for cases with 2 or 3 master integrals, and 
outlined a general procedure.

We formulate the method in matrix form, and show how 
to solve the equations systematically

Here: 

We use `dlog` integrands to find first UT integral

We apply the method to cutting edge examples (eg. 
sectors with 17 master integrals), and full systems of 
differential equations



From the Picard-Fuchs equation of a UT 
integral to a canonical system of DE

The solutions to the canonical equations (??) can be constructed iteratively order by order
in ‘.

Searching for canonical basis of master integrals is an import topic in higher-loop
calculation of feynman diagrams. It becomes more challenging for large coupled systems
where one needs to find all the linearly-independent UT integrals to bring the first-order
di�erential equations into canonical form. On the other hand, one can derive the Pichard-
Fuchs equation for any given master integral. The coe�cients of Pichard-Fuchs equation
have some special characteristics, which allows us to test if a integral is UT without referring
to the other master integrals in the basis. More importantly, by establishing the relation
between the Pichard-Fuchs equation and the first-order di�erential equations, one can map
between two basis that share one common integral. In this way we can construct a canonical
basis g̨ starting from an arbitrary basis f̨ that contains one UT integral.

Let us illustrate how the algorithm works.
Without loss of generality, let us assume that the first member of a given basis f̨ is

UT. Given the system of di�erential equations,

d

dx
f̨ = A(x, ‘)f̨ . (2.2)

we can project the higher-order derivatives of f1 on the basis f̨ , thus define a matrix �,

(f Õ
1, f ÕÕ

1 , · · · f (n)
1 )T = �(x, ‘) f̨ (2.3)

More explicitly, the matrix � is obtained by taking derivatives of (2.2), yielding
Q

cccca

f Õ
1 · · · f (n)

1
f Õ

2 · · · f (n)
2

· · ·
f Õ

n · · · f (n)
n

R

ddddb
=

1
Af̨ · · · A[n]f̨

2
(2.4)

Here A[1] © A, A[n] © d
dxA[n≠1] + A[n≠1]A. Dotting (2.4) on vector v̨0 © (1, 0, · · · , 0), then

transposing it, we have

(f Õ
1 · · ·f (n)

1 )T =

Q

ca
v̨0A

· · ·
v̨0A[n]

R

db f̨ © � f̨ (2.5)

Assuming that f Õ
1, · · · , f (n)

1 are linearly-independent, we can then invert the matrix �, and
write down an n≠th order di�erential (Pichard-Fuchs) equation for f1,

f1 +
nÿ

m=1
bm f (m)

1 = 0 . (2.6)

where (b1, · · · , bn) © ≠(1, 0, · · · , 0) �≠1 . (2.7)

The coe�ecients b1, · · · bn are functions of x, ‘. Normally they can be written as ratios
beteween polynomials. By factoring out the denominators, (2.6) takes a form where all
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f1
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Assumption: know one UT integral

• Complete (in any way) to basis 

Automated steps (computer algebra):

• Computer differential equations:

• Independent derivatives of        :f1
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The solutions to the canonical equations (??) can be constructed iteratively order by order
in ‘.

Searching for canonical basis of master integrals is an import topic in higher-loop
calculation of feynman diagrams. It becomes more challenging for large coupled systems
where one needs to find all the linearly-independent UT integrals to bring the first-order
di�erential equations into canonical form. On the other hand, one can derive the Pichard-
Fuchs equation for any given master integral. The coe�cients of Pichard-Fuchs equation
have some special characteristics, which allows us to test if a integral is UT without referring
to the other master integrals in the basis. More importantly, by establishing the relation
between the Pichard-Fuchs equation and the first-order di�erential equations, one can map
between two basis that share one common integral. In this way we can construct a canonical
basis g̨ starting from an arbitrary basis f̨ that contains one UT integral.

Let us illustrate how the algorithm works.
Without loss of generality, let us assume that the first member of a given basis f̨ is

UT. Given the system of di�erential equations,

d

dx
f̨ = A(x, ‘)f̨ . (2.2)

we can project the higher-order derivatives of f1 on the basis f̨ , thus define a matrix �,

(f Õ
1, f ÕÕ

1 , · · · f (n)
1 )T = �(x, ‘) f̨ (2.3)

More explicitly, the matrix � is obtained by taking derivatives of (2.2), yielding
Q

cccca

f Õ
1 · · · f (n)

1
f Õ

2 · · · f (n)
2

· · ·
f Õ

n · · · f (n)
n

R

ddddb
=

1
Af̨ · · · A[n]f̨

2
(2.4)

Here A[1] © A, A[n] © d
dxA[n≠1] + A[n≠1]A. Dotting (2.4) on vector v̨0 © (1, 0, · · · , 0), then

transposing it, we have

(f Õ
1 · · ·f (n)

1 )T =

Q

ca
v̨0A

· · ·
v̨0A[n]

R

db f̨ © � f̨ (2.5)

Assuming that f Õ
1, · · · , f (n)

1 are linearly-independent, we can then invert the matrix �, and
write down an n≠th order di�erential (Pichard-Fuchs) equation for f1,

f1 +
nÿ

m=1
bm f (m)

1 = 0 . (2.6)

where (b1, · · · , bn) © ≠(1, 0, · · · , 0) �≠1 . (2.7)

The coe�ecients b1, · · · bn are functions of x, ‘. Normally they can be written as ratios
beteween polynomials. By factoring out the denominators, (2.6) takes a form where all
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      determines the Picard-Fuchs equation of f1
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Goal: Switch to new basis       with                  ,
with all integrals UT.

~g
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g1 = f1
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From the Picard-Fuchs equation of a UT 
integral to a canonical system of DE

f1
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Assumption: know one UT integral

• Complete (in any way) to basis 

Automated steps (computer algebra):

The solutions to the canonical equations (??) can be constructed iteratively order by order
in ‘.

Searching for canonical basis of master integrals is an import topic in higher-loop
calculation of feynman diagrams. It becomes more challenging for large coupled systems
where one needs to find all the linearly-independent UT integrals to bring the first-order
di�erential equations into canonical form. On the other hand, one can derive the Pichard-
Fuchs equation for any given master integral. The coe�cients of Pichard-Fuchs equation
have some special characteristics, which allows us to test if a integral is UT without referring
to the other master integrals in the basis. More importantly, by establishing the relation
between the Pichard-Fuchs equation and the first-order di�erential equations, one can map
between two basis that share one common integral. In this way we can construct a canonical
basis g̨ starting from an arbitrary basis f̨ that contains one UT integral.

Let us illustrate how the algorithm works.
Without loss of generality, let us assume that the first member of a given basis f̨ is

UT. Given the system of di�erential equations,

d

dx
f̨ = A(x, ‘)f̨ . (2.2)

we can project the higher-order derivatives of f1 on the basis f̨ , thus define a matrix �,

(f Õ
1, f ÕÕ

1 , · · · f (n)
1 )T = �(x, ‘) f̨ (2.3)

More explicitly, the matrix � is obtained by taking derivatives of (2.2), yielding
Q

cccca

f Õ
1 · · · f (n)

1
f Õ

2 · · · f (n)
2

· · ·
f Õ

n · · · f (n)
n

R

ddddb
=

1
Af̨ · · · A[n]f̨

2
(2.4)

Here A[1] © A, A[n] © d
dxA[n≠1] + A[n≠1]A. Dotting (2.4) on vector v̨0 © (1, 0, · · · , 0), then

transposing it, we have

(f Õ
1 · · ·f (n)

1 )T =

Q

ca
v̨0A

· · ·
v̨0A[n]

R

db f̨ © � f̨ (2.5)

Assuming that f Õ
1, · · · , f (n)

1 are linearly-independent, we can then invert the matrix �, and
write down an n≠th order di�erential (Pichard-Fuchs) equation for f1,

f1 +
nÿ

m=1
bm f (m)

1 = 0 . (2.6)

where (b1, · · · , bn) © ≠(1, 0, · · · , 0) �≠1 . (2.7)

The coe�ecients b1, · · · bn are functions of x, ‘. Normally they can be written as ratios
beteween polynomials. By factoring out the denominators, (2.6) takes a form where all
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• Compute differential equations:

f1
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• Independent derivatives of      :f1
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The solutions to the canonical equations (??) can be constructed iteratively order by order
in ‘.

Searching for canonical basis of master integrals is an import topic in higher-loop
calculation of feynman diagrams. It becomes more challenging for large coupled systems
where one needs to find all the linearly-independent UT integrals to bring the first-order
di�erential equations into canonical form. On the other hand, one can derive the Pichard-
Fuchs equation for any given master integral. The coe�cients of Pichard-Fuchs equation
have some special characteristics, which allows us to test if a integral is UT without referring
to the other master integrals in the basis. More importantly, by establishing the relation
between the Pichard-Fuchs equation and the first-order di�erential equations, one can map
between two basis that share one common integral. In this way we can construct a canonical
basis g̨ starting from an arbitrary basis f̨ that contains one UT integral.

Let us illustrate how the algorithm works.
Without loss of generality, let us assume that the first member of a given basis f̨ is

UT. Given the system of di�erential equations,
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· · ·
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n
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2
(2.4)

Here A[1] © A, A[n] © d
dxA[n≠1] + A[n≠1]A. Dotting (2.4) on vector v̨0 © (1, 0, · · · , 0), then

transposing it, we have
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Q
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      determines the Picard-Fuchs equation of f1
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A[1], A[2], . . . , A[n]
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•      given by derivatives: 
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Idea: use the infinite amount of information provided by     being UT. f1
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From the Picard-Fuchs equation of a UT 
integral to a canonical system of DE

coe�cients are polynomials

b̃0 f1 +
nÿ

m=1
b̃mf (m)

1 = 0 . (2.8)

For that purpose let us assume that there exist a canonical basis g̨, where g1 = f1 and
all the other members of g̨ are unknown. Starting from the first-order di�erential equations
in (2.1), formally we can write down a matrix �, which transforms g̨ into the higher-order
derivatives of g1(f1),

(gÕ
1, gÕÕ

1 , · · · g(n)
1 )T = �(x, ‘) g̨. (2.9)

� is defined though the unknown matrix Ã in the same way as how � is defined in (2.5).
Now (2.8) leads to a system of linear algebraic equations for each colomn of matrix � :

(b̃0, 0, · · · , 0) + (b̃1, · · · , b̃n) � = 0 . (2.10)

Note that (2.3) and (2.7) define the transformation matrix T between the two basis f̨ and
g̨,

f̨ = T g̨ . where T © �≠1� . (2.11)

Knowing that f1 = g1, the first line of T or T ≠1 must equal v̨0 = (1, 0, · · · , 0), which is
an equivalent statement to (2.10), taking into account (2.7). The goal is to construct the
matrix � explicitly, such that (2.8) is satisfied.

2.2 Ansatz and solutions

The canonical di�erential equation is in fuchsian form, and

Ã(x) =
ÿ

i

d ln ai(x)
dx

mi (2.12)

where mi’s are constant matrices. For a given system of master integrals, we can propose
an ansatz for the letters, which is indicated by the singularities of di�ential equation.

We also discuss the scope of our method and how we deal with algebraic roots.

2.3 Generalization to multi-variable case

3 Examples and applications

In this section we present some examples where we apply our method to find master
integrals in canonical form.

• HQET cut sectors 69, 16, 35, 89, 1...
• Three-loop four-point integrals (full di�erential equations for the integral family) .
• Four-loop four-point integrals (DE on cut/full DE ?)
• Two-variable example: two-loop one-mass box integrals
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1 Introduction

Key points:

• We further develop an algothrim to search for canonical master integrals via Pichard-
Fuchs equation. The algorithm takes an input of one canonial feynman integral and
contruct the full canonical basis.

• The method was first proposed by Hoschele et al. which was applied to small coupled
systems.

• We propose an e�cient way to construct the full canonical basis. Our method can
be applied to large coupled systems of master integrals.

2 Decription of the method
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Feynman integrals are related to each other by integration-by-parts relations. They can
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In [], it was proposed that a canonical basis of master integrals exists, which consists of
integrals of uniform transcendental weight (UT). They satisfy a linear system of di�erential
equations in a simple, canonical form.

d

dx
g̨ = ‘ Ã(x) g̨ . (2.1)
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<latexit sha1_base64="S940j+PXnpyPoS6EHFdj/RxnHVw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBOH5Ak</latexit>yields system of equations at each order in ~v0 

�1� = ~v0
<latexit sha1_base64="kqRO88j86gEjAZdrxQqZTtf/JU8=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARurEkVdCNUHTjsoK9QBPDZDpph04mYWZSKCGv4MZXceNCEbfu3Pk2TtostPXAwMf/n8OZ8/sxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/fFN7ncnREga8Xs1jYkboiGnAcVIackza86E4HSSeamVQacl6UN6auc0ovAK/jI9s2rVrVnBZbALqIKiWp755QwinISEK8yQlH3bipWbIqEoZiSrOIkkMcJjNCR9jRyFRLrp7KIMnmhlAINI6McVnKm/J1IUSjkNfd0ZIjWSi14u/uf1ExVcuinlcaIIx/NFQcKgimAeDxxQQbBiUw0IC6r/CvEICYSVDrGiQ7AXT16GTqNun9Ubd+fV5nURRxkcgWNQAza4AE1wC1qgDTB4BM/gFbwZT8aL8W58zFtLRjFzCP6U8fkDimic0w==</latexit>

Goal: Switch to new basis     with             , with all integrals UT.~g
<latexit sha1_base64="C48xO1UcnlRIoXmlKpUzc6y7c3w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZcNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCZXI+9</latexit>

g1 = f1
<latexit sha1_base64="Lk3AfBXPuf5btPPOMAKwtX288Tk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBb0IRS8eK9gPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHN/O/M4TVZrF8sFMEuoLPJQsYgQbKz0OAw9doyjwgnLFrbpzoFXi5aQCOZpB+as/iEkqqDSEY617npsYP8PKMMLptNRPNU0wGeMh7VkqsaDaz+YHT9GZVQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66UmuvIzJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lbRrVe+iWruvVxo3eRxFOIFTOAcPLqEBd9CEFhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwAMCI9C</latexit>



Systematic solution of the equations

Solve at each order in     .

~v0 
�1� = ~v0

<latexit sha1_base64="kqRO88j86gEjAZdrxQqZTtf/JU8=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARurEkVdCNUHTjsoK9QBPDZDpph04mYWZSKCGv4MZXceNCEbfu3Pk2TtostPXAwMf/n8OZ8/sxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/fFN7ncnREga8Xs1jYkboiGnAcVIackza86E4HSSeamVQacl6UN6auc0ovAK/jI9s2rVrVnBZbALqIKiWp755QwinISEK8yQlH3bipWbIqEoZiSrOIkkMcJjNCR9jRyFRLrp7KIMnmhlAINI6McVnKm/J1IUSjkNfd0ZIjWSi14u/uf1ExVcuinlcaIIx/NFQcKgimAeDxxQQbBiUw0IC6r/CvEICYSVDrGiQ7AXT16GTqNun9Ubd+fV5nURRxkcgWNQAza4AE1wC1qgDTB4BM/gFbwZT8aL8W58zFtLRjFzCP6U8fkDimic0w==</latexit> Unit vector

Known matrix
x, ✏

<latexit sha1_base64="I7+6mU3mvw+KqNmEAjoKBT3MmNM=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DXjxGMA9IljA76SRDZmeWmVkxhHyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXlAhurO9/eyura+sbm7mt/PbO7t5+4eCwblSqGdaYEko3I2pQcIk1y63AZqKRxpHARjS8nfqNR9SGK/lgRwmGMe1L3uOMWie1ns5JGxPDhZKdQtEv+TOQZRJkpAgZqp3CV7urWBqjtExQY1qBn9hwTLXlTOAk304NJpQNaR9bjkoaownHs5Mn5NQpXdJT2pW0ZKb+nhjT2JhRHLnOmNqBWfSm4n9eK7W963DMZZJalGy+qJcKYhWZ/k+6XCOzYuQIZZq7WwkbUE2ZdSnlXQjB4svLpF4uBRel8v1lsXKTxZGDYziBMwjgCipwB1WoAQMFz/AKb571Xrx372PeuuJlM0fwB97nD+1WkQY=</latexit>

Parametrized by set of unknown constant matrices
Known polynomial       dependence 

mi
<latexit sha1_base64="8xkk/RNLgwdnDtiRqmk4/Fv91UE=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQQ8eCl48VrQf0C4lm2bb0CS7JFmhLP0JXjwo4tVf5M1/Y9ruQVsfDDzem2FmXpgIbqznfaPC2vrG5lZxu7Szu7d/UD48apk41ZQ1aSxi3QmJYYIr1rTcCtZJNCMyFKwdjm9nfvuJacNj9WgnCQskGSoecUqskx5kn/fLFa/qzYFXiZ+TCuRo9MtfvUFMU8mUpYIY0/W9xAYZ0ZZTwaalXmpYQuiYDFnXUUUkM0E2P3WKz5wywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdF1kHGVpJYpulgUpQLbGM/+xgOuGbVi4gihmrtbMR0RTah16ZRcCP7yy6ukVav6F9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChSE8wyu8IYFe0Dv6WLQWUD5zDH+APn8AT06Nyw==</latexit>

✏
<latexit sha1_base64="KLSDsO4Jal++JwrUhnQdRnZjgag=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYygvmA5Ah7m7lkyd7eubsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdPDRHMRy3654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7qNbuLyv1mzyOIpzAKZyDB1dQhztoQBMYCHiGV3hzHp0X5935WLQWnHzmGP7A+fwBTFGQHg==</latexit>

✏
<latexit sha1_base64="KLSDsO4Jal++JwrUhnQdRnZjgag=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYygvmA5Ah7m7lkyd7eubsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdPDRHMRy3654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7qNbuLyv1mzyOIpzAKZyDB1dQhztoQBMYCHiGV3hzHp0X5935WLQWnHzmGP7A+fwBTFGQHg==</latexit>

Equations valid for any    : can use finite field methods.x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

Eg., at first step, linear equations for ~v1,i := ~v0mi
<latexit sha1_base64="FVbskizLvUJVKb+1bPWI3560HRM=">AAACC3icbVDLSsNAFJ3UV62vqEs3g0VwISWpgiIKBTcuK9gHtCFMppN26MwkzEwKJWTvxl9x40IRt/6AO//GaRtEWw9cOJxzL/feE8SMKu04X1ZhaXllda24XtrY3NresXf3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw5uJ3xoRqWgk7vU4Jh5HfUFDipE2km8fdkcEp6PMT90TmsHLa/gjOBnkfkoz3y47FWcKuEjcnJRBjrpvf3Z7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dPpLBo+M0oNhJE0JDafq74kUcaXGPDCdHOmBmvcm4n9eJ9HhhZdSESeaCDxbFCYM6ghOgoE9KgnWbGwIwpKaWyEeIImwNvGVTAju/MuLpFmtuKeV6t1ZuXaVx1EEB+AQHAMXnIMauAV10AAYPIAn8AJerUfr2Xqz3metBSuf2Qd/YH18A4gNmrU=</latexit>

~v2,i,j := ~v1,imj
<latexit sha1_base64="AL7MQH6+WB/QNrj+k1jOw+fxlv8=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxUUpSBUUUCm5cVrAPaEOYTCfttDNJmJkUSsgfuPFX3LhQxK1bd/6N0zaIth64cDjnXu69x4sYlcqyvozc0vLK6lp+vbCxubW9Y+7uNWQYC0zqOGShaHlIEkYDUldUMdKKBEHcY6TpDW8mfnNEhKRhcK/GEXE46gXUpxgpLbnmcWdEcDJK3aRSoqVBCi+v4Y9kl2gKuZsMUtcsWmVrCrhI7IwUQYaaa352uiGOOQkUZkjKtm1FykmQUBQzkhY6sSQRwkPUI21NA8SJdJLpPyk80koX+qHQFSg4VX9PJIhLOeae7uRI9eW8NxH/89qx8i+chAZRrEiAZ4v8mEEVwkk4sEsFwYqNNUFYUH0rxH0kEFY6woIOwZ5/eZE0KmX7tFy5OytWr7I48uAAHIITYINzUAW3oAbqAIMH8ARewKvxaDwbb8b7rDVnZDP74A+Mj28W35wL</latexit>

     at next step, linear equations for and so on.
(Freedom corresponds to similarity transformations. Fix such that T invertible.)

Higher orders in      provide consistency check.✏
<latexit sha1_base64="KLSDsO4Jal++JwrUhnQdRnZjgag=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYygvmA5Ah7m7lkyd7eubsnhCN/wsZCEVv/jp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdPDRHMRy3654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n83ik5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrz2My6T1KBki0VhKoiJyex5MuAKmRETSyhT3N5K2IgqyoyNqGRD8JZfXiWtWtW7qNbuLyv1mzyOIpzAKZyDB1dQhztoQBMYCHiGV3hzHp0X5935WLQWnHzmGP7A+fwBTFGQHg==</latexit>



Corollary of our method: test of UT 
property of a given integral

• Leading singularities / dog integrands provide a useful 
tool to find uniform weight integrals a priori (before 
calculation).

• However, there are some limitations to this: 

- Sometimes, a more careful D-dimensional 
analysis may be needed.

- the UT conjecture is not (yet) proven

- Practical issues in residue calculations 

Our method provides a test for the UT property, and can 
suggest modifications if an integral is ‘almost’ UT

[Chicherin, Gehrmann, JMH, 
Wasser Zhang, Zoia’18]



State-of-the art applications



Application 1: Planar three-loop on-shell integrals

• Obtained full system of differential equations 
Matrix size 26x26 for case (a), 41x41 for case (b)

[Henn, Smirnov^2, ’14]

• UT integral in top sector easily found using d-log 
integrand analysis

2 Four-point integrals

2.1 Full Differential Equation for Planar Three-Loop Integrals
There are two topologies where the algorithm has been applied to the full DE. These
are the planar three-loop four point topologies shown in figure 2 (a) and 2 (b). The first

(a) (b)

Figure 2: Planar three-loop four-point integrals. The number of MI is 26 for (a) and 41
for (b).

system has 26 and the second has 41 MI. For both topologies, the UT integral serving as
the algorithm’s a starting point was taken from the literature but can also easily be found
by using Pascal’s dlogbasis package.

2.2 Non-Planar Three-Loop Integrals on the Maximal Cut
The three-loop sectors shown in figure 3 (a) and 3 (b) have been brought into canonical
form on the maximal cut. For both sectors, the number of MI is eight. In both cases, the

(a) (b)

Figure 3: Non-planar three-loop four-point integrals. The number of MI on the maximal
cut is eight in both cases.

same method as described in section 1 was used to find the first UT integral.

2

Kinematics: s = (p1 + p2)
2 , t = (p2 + p3)

2 , x = t/s .
<latexit sha1_base64="kNri6Us/T1YyhrJ10M1IiUbb5qM=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIFUudmYq6sFBw47KCvUCnDpk0bUMzF5MzYil9Eze+ihsXioi7vo3pZaGtPwR+vnMOJ+f3IsEVmObISCwtr6yuJddTG5tb2zvp3b2qCmNJWYWGIpR1jygmeMAqwEGweiQZ8T3Bal7velyvPTKpeBjcQT9iTZ90At7mlIBGbvpcFbORa51Ern18bzu5nPMQkxaGMbU1LWiKNcZT/lSEU+Xk8m46Y+bNifCisWYmg2Yqu+lvpxXS2GcBUEGUalhmBM0BkcCpYMOUEysWEdojHdbQNiA+U83B5L4hPtKkhduh1C8APKG/JwbEV6rve7rTJ9BV87Ux/K/WiKF92RzwIIqBBXS6qB0LDCEeh4VbXDIKoq8NoZLrv2LaJZJQ0JGmdAjW/MmLpmrnrULevj3LlK5mcSTRATpEWWShC1RCN6iMKoiiZ/SK3tGH8WK8GZ/G17Q1Ycxm9tEfGaMfMXWeuQ==</latexit>

4X

i=1

pi = 0 , p2i = 0 .
<latexit sha1_base64="MeC6p7CALRiutA7g6JqikWkHcQc=">AAACFXicbZDLSsNAFIYnXmu9RV26GSyCixKSWtCFhYIblxXsBZo0TCaTdujk4sxEKKEv4cZXceNCEbeCO9/GSZuFtv4w8POdczhzfi9hVEjT/NZWVtfWNzZLW+Xtnd29ff3gsCPilGPSxjGLec9DgjAakbakkpFewgkKPUa63vg6r3cfCBc0ju7kJCFOiIYRDShGUiFXr9oiDd2MNqzpIKtPYeJS2IAmtKtV+z5Ffg4GNdjIieHqFdMwZ4LLxipMBRRqufqX7cc4DUkkMUNC9C0zkU6GuKSYkWnZTgVJEB6jIekrG6GQCCebXTWFp4r4MIi5epGEM/p7IkOhEJPQU50hkiOxWMvhf7V+KoNLJ6NRkkoS4fmiIGVQxjCPCPqUEyzZRBmEOVV/hXiEOMJSBVlWIViLJy+bTs2wzo3abb3SvCriKIFjcALOgAUuQBPcgBZoAwwewTN4BW/ak/aivWsf89YVrZg5An+kff4AuaWb9Q==</latexit>

Ã(x) = m0
d

dx
lnx+m1

d

dx
ln(1 + x)

<latexit sha1_base64="2W/LzZuqz0WiYV6BJQNId+gxHkI=">AAACLHicbVDLSsNAFJ34rPVVdelmsAgthZJUQRcKlW5cVrAPaEKYTCbt0MkkzEykJeSD3PgrgriwiFu/w+ljoa0HLhzOuZd77/FiRqUyzYmxtr6xubWd28nv7u0fHBaOjtsySgQmLRyxSHQ9JAmjnLQUVYx0Y0FQ6DHS8YaNqd95IkLSiD+qcUycEPU5DShGSktuoWErynyS3mWlURnewtA1oR0IhFM/S/1RBm3G4QjCinasVadkVUZlt1A0q+YMcJVYC1IECzTdwpvtRzgJCVeYISl7lhkrJ0VCUcxIlrcTSWKEh6hPeppyFBLppLNnM3iuFR8GkdDFFZypvydSFEo5Dj3dGSI1kMveVPzP6yUquHZSyuNEEY7ni4KEQRXBaXLQp4JgxcaaICyovhXiAdKBKJ1vXodgLb+8Stq1qnVRrT1cFus3izhy4BScgRKwwBWog3vQBC2AwTN4BR9gYrwY78an8TVvXTMWMyfgD4zvH2SCpdE=</latexit>

[Arkani-Hamed et al ’11, JMH ’13, Wasser, ’16]

Matrix block structure: at most 3 master integrals per sector.

Four-particle scattering 

p2
<latexit sha1_base64="SDwVRNtQytXgUSEkAz5a5g4318E=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6SHp1/rlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzU6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDaz7hMUoOSLRaFqSAmJrO/yYArZEZMLKFMcXsrYSOqKDM2nZINwVt+eZW0alXvolq7v6zUb/I4inACp3AOHlxBHe6gAU1gMIRneIU3RzgvzrvzsWgtOPnMMfyB8/kDAISNlw==</latexit>

p3
<latexit sha1_base64="Rlb8rJ374ns7015tlHAwMa2AJQc=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4SQQuLgI1lRBMDyRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPljML6Z+Y9PXBsRqwecJNyP6FCJUDCKVrpP+vV+ueJW3TnIKvFyUoEczX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukXat69Wrt7qLSuM7jKMIJnMI5eHAJDbiFJrSAwRCe4RXeHOm8OO/Ox6K14OQzx/AHzucPAgiNmA==</latexit>

p4
<latexit sha1_base64="+GUCU3bPS7TFBjwoQGTjuLd1Vxw=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0MaGERsLGMaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LRzNJ0I/oUPKQM2qs9JD0a/1S2a24c5BV4uWkDDka/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5qVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjtZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTtGG4C2/vEpa1Yp3Wane18r1mzyOApzCGVyAB1dQhztoQBMYDOEZXuHNEc6L8+58LFrXnHzmBP7A+fwBA4yNmQ==</latexit>
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Application 2: Four-loop integrals for four-particle 
scattering

• Solved the system on the cut (8 MI)

2.3 Planar Four-Loop Integrals on the Maximal Cut

(a) (b)

Figure 4: Non-planar three-loop four-point integrals. The number of MI on the maximal
cut is eight in both cases.

3

• Found further UT integrals (off the 
cut) by testing a large list of candidates

• Full canonical system (19 MI) of DE obtained

p2
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Application 3: many coupled master integrals

• Form of singularities:

• State of the art: 3 loops [JMH, Korchemsky Marquard ’15]

• Four-loop non-planar heavy quark effective theory 
(HQET) integrals

Kinematics

Correspond to Wilson line 
integrals in position space.

• 17 coupled master integrals

Solved easily (~10 min) using our algorithm.

nth-Order Differential Equation for Reaching a

Canonical Form: Documentation of Examples

December 16, 2019

In this note, we briefly summarize what examples our algorithm has been tested on.

1 Four-loop cusp

Several of the sectors of the four-loop cusp anomalous dimension have been brought into
canonical form using our algorithm. The biggest system had 17 master integrals (MI) and
is shown in figure 1 (b). Figure 1 (a) shows the integral topology this sector belongs to.
Of course, the algorithm needs one UT integral to start with. For this sector we used the

(a) (b)

Figure 1: Corner integrals of (a) the topology with the largest number of MI, (b) the
sector with the largest number of MI (17).

following procedure to find this integral:

1. Using heuristic rules to find likely UT candidates (putting a maximum of one dot
on triangles etc.).

2. Testing each integral individually through our algorithm. If the algorithm does not
find a solution, the integral cannot be a UT integral.

1
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p1 · p2p
p21p

2
2

= x+
1

x
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Discussion
We developed further a method of Höschele et al. 

to find a system of canonical differential equations, 
given just one uniform weight integral.

Being in matrix form, our equations are solved easily.

Our method is efficient. We presented state-of-the art 
applications where other methods fail or require more 
assumptions. 

Our work provides an automated tool for the calculation 
of canonical differential equations. It removes an important 
bottleneck in the calculation of Feynman integrals.

‘One in
teg

ral 
to ru

le t
hem

 all’

As a byproduct, one obtains a test of the UT property 
of a given integral.



Outlook: more complicated integrals

• Unlike other methods, the inclusion of multiple scales 
does not pose a significant problem. Hence we expect 
applications to a wide class of Feynman integrals

• The idea of canonical form of differential 
equations has also been explicitly applied for 
elliptic polylogarithms. We find it conceivable that 
our new ideas can be applied here as well.

Beyond logarithmic kernels;[Duhr et al.; 
Adams and Weinzierl ’18]

[Henn ’14; Mizera, Pokraka ’19]

d f(x, ✏) = ✏ dA(x)f(x, ✏)
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Outlook: finite integrals (e.g. D=4)
• In the case of finite integrals, the matrices become 

nilpotent. This leads to further simplifications, as 
shown in [Caron-Huot, JMH `14]. It would be interesting 
to apply our ideas to this case.
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Figure 3. Hierarchy of one-loop functions. The integrals are classified according to their (tran-

scendental) weight, shown in the leftmost column. Each arrow corresponds to one non-zero element

of the derivative matrix A, cf. eq. (3.8). The fact that arrows only link integrals in adjacent rows

is the statement that the matrix is block triangular. Solid and dashed lines denote massive and

massless propagators, respectively.

Let us now discuss the general solution in D = 4 � 2✏ dimensions, and then come back
to the simplifications as ✏ ! 0. With the differential equations in the form (3.6) we can
immediately write down the analytic answer in terms of Chen iterated integrals [8]. We
have

~f(s, t, m2; ✏) = Pe
✏
R
� d Ã~h(✏) . (3.12)

Here the integration contour � is a path in the space of kinematical variables, which begins
at a base point, in our case m ! 1, where we have the simple boundary condition (3.9).

Let us be more specific about the notation, following closely the recent lecture notes
[28, 29] on iterated integrals. We denote by M the space of kinematical variables, here
(u, v) 2 R2, and let !i be some differential one-forms (corresponding to entries of d Ã or

– 10 –
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Outlook: recurrence relations

• Differential equations are closely related to 
recurrence relations, for example in the dimension. 
We find it likely that the UT information provides 
important input for that method

[Tarasov et al.; Lee et al; 
Schneider et al.]
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