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1 Introductory explanation (Divergent inte-
gral and twisted cycle )

The function x;\L on R for e\ > —1 is an ordinary function but for
A€ C—7Z,)\ < —1is a generalized function defined as follows :

Suppose f(x) is an arbitrary holomorphic function near the origin. Fix a
point a > 0 near the origin. Consider the integral

@) = [P fada
= lim / o f(x)da. (1)

el

Case (i)  Suppose first —n — 1 < Red < —n(n =1,2,3,...). Then (1)
is divergent. f(z) has a Taylor expansion at the origin

Fay = S0 g

m!
=0



where g(x) is holomorphic on [0,a]. The finite part of (1) in the sense of
J.Hadamard is given as follows :

J(A) =fp. /Oa 2 f(x)dx

() @

= + /Oa e " g(x)d. (2)

m! Ad+m+1

This is the generalized function 27 which has been defined by I.M.Gelfand
and G.E.Shilov in the mid 20th century (see [5]), i.e.,

o = f.p. am’\ z)dx
@) = to [ @)

In a neighborhood of the origin we take a path oq starting from and
ending in a going around the origin counter-clockwise (“loop based on the
point a going around the origin ” )

1 1

oo = [e,a] + d: (e>0)

e2mix _ 1 e2miA _ 1 €

where 0. is a scalar multiple of a loop with base point ¢ in a neighborhood
of 0.
Then the integral

1 A
_— d
sy [

equals (2). This is called “detoured cycle at the origin” ). (This idea already
can be found in the work of J.Leray in the middle of 20th century).

Case (ii) When A = —n (n =1,2,3,...) the finite part is defined as

n—2 f(m) (0) q " tm+l f(nfl) (0)
+
= ' —n+m+1 n!

f.p./ " f(x)dx = loga+/ g(x)dz. (3)
0 m=0 m: 0



The generalized function 27" is then defined by the finite part

(3, f) = f.p./O " f(x)dx.

J(A) has Laurent expansion at A = —n

(A+n)+

A
T = )\—i—
Then the finite part coincides with ¢y , i.e.,
‘o d
f.p./ 7" f(z)dr = co = lim —(A+n)J(N)
. Aot dX
1
=— [ x7"(logx — mi) f(x)dx.
o0

271

Example 1
(0)f.p. /Oo(x —a)’z =0 (forall\ € R).
fp./bmdx— /f dx —/f da:+f(0)log_ia(a<0<b).

(p.v. denotes the principal value)

(i) £, /OOO ¢y = /Ooo(e_z T e =T(1) = -C,

x T er —1

C denotes Euler Constant.

Example 2 Beta function
For o, ¢ Z

J(a, ) = f.p./0 (1 — z)’dx (4)

which is equal to Beta function B(«, 3). Take og, o7 the loops with the base
point z = % going around 0, 1 in a positive direction respectively. Then
Heu) = gy [ a0 de - g [ w0
a,f)=——— [ 21 —2)’de — —— [ x%(1 — x)"dx.
’ e2mia _ ] 0 e2mif _ o1
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The monodromy M associated with the function ®(z) = 2%(1 — x)?

oo — M(op) = e*m e C* oy — M(oy) = ™8 e C*

defines the local system £ and its dual £* on the space X = C—{0,1}. The
boundary operator 0 acts on the linear space of chains ¢ = cqog+c101 (¢o, €1 €
C) with values in L£* as follows :

d(cooo + c101) = (00(62”0‘ —1) + ¢ (¥ — 1)){%}

It is closed (twisted cycle) if and only if

CO(eQWia . 1) + 01(627rioc . 1) — 0

Hence the one dimensional homology H; (X, £*) is just one dimenisional with
the basis ¢ =
We have

1 1
2ria_100 — 2mip_101-

J(e, B) = {c, dx). (5)
On the other hand if « = —n —1(n =10,1,2,3,...) then

J(—n—1,8) = f.p./0 N1 = x)Pde (B> 1)

= % 00(1 —2)" 1 = 2)%(logx — mi)dx — ﬁ/ ™" N1 — z)Pd.
(6)

o1

The vector function of two components *((1 — z)?, (1 — z)?logz) (T
denotes the transposition) defines the monodromy and the associated local
system L of rank two and its dual £*. The fundamental 2 x 2 matrix function
® is defined by the lower triangular matrix

O(z) = < (1 Ellx_)ﬁx%jgx (1—xz)8 )
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M—>M(ao):( ! 1>,M(01):<€2wm €2m‘ﬁ)

211

The space of chains with coefficients in £* is the linear space consisting of
two components

¢ = (c11, ¢12) 09 + (€21, C22)01 (c5i € C).

The pairing of integral between the chain ¢ and two component vector func-
tion T(p1 (), @o(x)) is given by

(¢ (o1, 02)) = / (c11, c12)8(x) (o1, o) dr + / (a1, e2)®(x) (01, 02) .

00 o1

The boundary operator is given by

A(c) = {(c11, c12) (M (00) — I) + (car, c22) (M (01) — I>}{%}

¢ is closed if and only if

2mic1o + (62mﬂ — 1)621 =0, (e%iﬁ - 1)022 =0,
ie.,

211

Cop = 0,1 = —————C12.
22 y C21 c2mif _ 1 12

Hence we have two linearly independent twisted cycles

1

1
¢ = (1,0)00, ¢ =(0,5—)o0 + (_627ri/3 1

21 0)on.

The integral (5) is nothing else than the pairing (¢2,” (z7" " 'dx, —miz™" 'dx))
, namely

J(—n —1,8) = (¢, (x7" do, —miz~" " 'dx)). (7)



Let L;; be the same local system on X which is locally finite at the
singularity 0, 1,00 and Lj; be its dual. There is a canonical morphism “reg”
often called “regularization” or “renormalization”

reg : H\(X, L) — Hi(X, L")

!
Hy(X, Liy)

such that reg[0, 1] = ¢ in (5) and reg[0, 1] = ¢ in (6).

To evaluate this morphism in an explicitly way the intersection the-
ory between twisted cycles play an important role (refer to [11] and also
K.Mimachi’s talk .)

2 asymptotics for large exponents
Let us begin from a simplest example.

Example 3 For different a; € C(1 < j < m)and A = 377, \je; € R™
({ej}1<j<m means the standard basis of R™) we take

o(w) = [J(w—ap"

and the integral over a twisted cycle 3 in the space X = C — |J}Z,{a;}

Ii(p) = / B (w)p(w)duw.

3

where p(w)dw is a rational differential one-form which is holomorphic on
X. Denote by Hy(X,) the one dimensional twisted de cohomology with
respect to the covariant derivation

Vi — Vi =dy+ Y Ndlog(w—aj) A (8)

j=1

for ¢ € QY (scalar valued)(see [1]).



Denote the logarithmic one forms ¢;(w)dw = dlog(w — a;) (1 < j < m).
One can take ¢;(w)dw (1 < j < m — 1) as the representative of the basis of
HY (X, ) (Orlik-Solomon basis)|[6].

The shift operator T, associated with the shift : A — X + ¢; acts on
HL (X, Q) :

m—1

1., (¢r dw) ~ Z wrdwag,,(A), (homologically).
1=1

The (m — 1) x (m — 1)matrices A;(\) = (a;(A\)) are rational functions
of A which have the asymptotic expansions

A;(\) =AY+ O(%) (A= Nv+)\)

where A§0) commute with each other under the genericity condition C :

(€) s a; # ar (j # k).

Put A = Nv + XN with v = 37" vje; € Z™ — {0}, where X' =37 | Nee;
is fixed.

We are interested in the asymptotic behavior of Jy(¢) when N € Z
tends to the infinity in the direction v.

Take

7=1

F = Zy] log(w — a;)

For the real valued level function Pe(F') the associated critical points (; €
C (1 <j <m—1) satisfy the equality

dF n Vj
— = = 0. 9
dw ;w—@j (9)

Generally there are m — 1 different critical points ;. To each point (; there
exists the one dimensional stable cycle 3; which is Lagrangian. This is locally

described at ¢; by



JmF(w) = Im(;).

There also exists the one dimensional unstable cycle 3; at (;. Each of the
systems 3; (1 < j < m —1) and 3; (1 < j < m — 1) makes a basis of
H, (X, L*). They give the asymtotics of integral in the direction v and and
—v respectively.

Now for simplicity we consider the case m = 3 where v = &1 + &5 + &3
ie, vy =vy=v3=1.

A(\) = ( 14:\)1\00 (as — a1) 1300 (a3 — ay) >

i (s —a2) (a3 —a2) + (a2 — )

B az—aq az—ai
Ag )= < a3§a2 ¢13+2¢132—3a1 )
3 3
where )\oo = )\1 + )\2 + )\3.
The multiplication by the variable w : T,, = A; + a;[ corresponds to the
matrix

AD = A0 g1

w

asz+2ay az—ai
— 3 3
- az—az asz+2az
3 3

This has the eigenvalues (1, (5.

One can easily show that (i, (; both lie in the inside of the triangle with
vertices a1, as, as.

The discriminant of (7) is given by the determinant of Hankel matrix H;
of A§3 ).

o [ Tr() Tr(AY)
Ay Tr{aD))

and

detH; = (G — ¢)?

2, 2, 2
= aj + a3 + a3z — ajaz — ajaz — azas,

8



Under the condition (C) one can obtain the product formula

EF | (G —¢)?
[W}wzgl ) [w}w:@ ) (a1 — az)?(a; — a3)2(as — a3)2' (10)

d2F]
dw? w:CJ
vanishes. This occurs if and only if a1, as,az are the vertices of a regular

triangle and (; = (s is the center of gravity.

The two critical points meet each other if and only if HJQ':1 [

3 Method and Main results

For large exponents the behavior of critical points of a level function
gives an influence for asymptotics of corresponding hypergeometric integral.
In this talk I want to show in an explicit way how the product of Hessians
of the level function at all critical points is involved in the behavior of its
critical points.

Let f; = fj(x) (1 < j < m) be real polynomials in z = (z1,...,,) in
the affine space C™. Let X be the affine manifold which is the complement
of the union of the hypersurfaces S; : f; =0

The hypergeometric integral with respect to the multiplicative function

o) =[14"
j=1

with exponents A = 377", A\je; € R™(¢g; denotes the standard basis of R™)
is defined by

J(p) = /@(m)gp(m)dml A Ndx, (pef).

HZ (X, ) denotes the n dimensional twisted cohomology on X with respect
to the covariant differentiation :



Ve=dp+ Y Ndlog f; A

=1

Its dual is isomorphic to the n dimensional twisted homology H, (X, L*)
where £* denotes the dual local system associated with the function ®. The
perfect pairing between them can be described by the above integral.

Let N € R™ and v =} 7" vje; € Z™ — {0} be fixed. Put A = Nv + X
for a positive integer N. Denote |v/| = 37 |v;|. We consider the asymptotic
behavior of the integral J(p) for a large N. One can define the real valued

level function ReF from the logarithm

m

F(I) = ZVJ' IOg fj'

j=1

The singularity of the gradient flow of v = gradfieF in X coincides with its
critical points ¢ of F' satisfying the equation :

0=dF = Zl/jdlog fj- (11)

j=1

A system of linearly independent representatives of H,, (X, L*) is obtained
by stable cycles 31 (1 < k < k) which are Lagrangian.

Suppose the critical point ¢, is non-degenerate. Then there exists a sys-
tem of local coordinates & = (&, . ..,&,) such that the origin corresponds to
cr and & is real on the stable cycle 3 (see [1] Theorem 4.6).

The Hessian of F' at cj is defined by

det(a?;—aF@c)lgj,kSn}

[Hess(F)e, = =
= det? (52 ) 1<) ken

o (12)

If ¢ does not depend on A we have by saddle point method

~ ®(cp)o(c (2m)?
| o= oteaten N Hess ()L,

10



Under a suitable "non-resonance ” condition, x equals the dimension of
the twisted cohomology HZ(X, ).

Denote by ¢;dzy A -+ Adz, (1 < j < k) the representative of a basis
of HZ(X, ). The Wronskian W is defined by the determinant detY” of the
fundamental k x k matrix Y = ((¢;, 3x)j.x)-

We have the asymptotic expansion for large N

W [[ewvr el ]] 1, ()i}
NTE@m)F (o + T+ )

where

H " H essF)
We can now pose several questions as follows.
Quest 1 Evaluate [;_, f;(ck)-
Quest 2 Evaluate [[;_,(Hess(F))c,

. vanishes ?

Quest 3 When [[,_,(Hess(F)).

Quest 4 Under which condition all the critical points are real ?

There is an interesting analogy between f; and the quantity (Hess(F))e,
on the one hand and the notion of “norm”, “unit” and “differente” in alge-
braic number theory on the other. In the moduli space for the polynomials
{fe}i<k<m, fj_1 is also regular in X because f;(cj) never vanishes. In this
sense f; is regarded as “unit”. However Hess(F') may vanish sometimes at
Ci.

In the sequel for a rational function ¢ on X the product [], ;. [¢]c, will
be called “norm” of ¢ and be denoted by N (p). ¢ is called a unit if and
only if N'(¢) never vanishes anywhere.

One may conjecture the following :

Ansatz :

11



[1;_,(Hess(F))e, = N (HessF) is expressed as
N (HessF) = (unit) - Discr.

It vanishes if and only if a pair of the critical points cj coincides with
each other.

[1;_,(Hess(F)), may play the similar role of “discriminants” as in alge-
braic number theory.

We shall give a few examples of hyperplane arrangement and circle ar-
rangement illustrating the above facts.

4 hyperplane arrangements

Let f; (1 <7 <n+2) be the following linear functions with real coefficients

fi=x; (1<j<n),
frno1:=1— Zxk, frao i =1— Zukxk
k=1 k=1

for the parameter u = (uy,...,u,) € R" under the condition (C;) :

(Cl) S Uy 7& Uk {] 7& k}> U §§ {07 1}

This gives the moduli space of the arrangement of n 4 2 real hyperplanes in
general position.

Under (Cy) it is known that for generic A such that all A\; > 0 one has k =
n+ 1, and that one can choose as the representative of a basis of H,,(X, L*)
the regularization of the compact chambers of the associated real hyperplane
arrangements corresponding to the components of the complement of U;"Zl S
(refer to [1],[9]) :

ReX =R"NX.

12



Suppose now that all v; (1 < j <n+2) and vy = ZZI? vy are different
from O :

n+2

Voo H v # 0.
j=1
(11) is equivalent to the system of equations

V; Vn+1 Vp42Uy .
0=G, =L - _ I (1<j<n). (13)
’ T frt1 frt2

This system generally gives n 4 1 solutions, namely n + 1 critical points
(real or complex) of ReF which we denote by ¢; (1 < j <n+1). It follows
from (13)

fn+1fn+2 ‘
J Jyn+1fn+2 + VnHujan jJn+1Jn42G; ( ) ( )
. fn+1fn+2 "
+1 ; Unt1fn+2 + Vngolj frnst ; +1Jn+2J; (15)
1 — fogo = i Vi Ug frt1fnto B i b G
k=1 Unt1fnt2 + VntoUi frott —

(16)

For two rational functions ¢1, p2 on X we call “congruent” and denote
by @1 = 9 if they have equal values at all c;.
Hence

fn+1fn+2 .
Ti = UV; 1 <75 <n), 17
! ! Vn+1fn+2 + Vn+2ujfn+1 ( J ) ( )
- fn+1fn+2

1-— = v , 18
fana ; kVn+1fn+2 + Vpotj frg1 (18)

. Jnt1Sn2
1— fri0= X ) 19
Juie ; g kVn+1fn+2 + VpoU frg1 (19)

Introduce the new parameter ¢t = }c"—ﬁ as basic parameter and put

13



vit
() = J 1 <3 <n).
wilt) = s s <)

Then

z; = wj(t),

e, w(t) = (wi(t),...,w,(t)) represents a rational curve in X interpolating
the set of critical points {c; (1 <j <n+1)}.

Lemma 1 ¢ satisfies the algebraic equation of (n + 1)th degree :

w(t) ;:1_1_Zn: vll=w) (20)

t 1 Vn+1t + Un42U;j

In particular if V'/jl (1 —wu;) are all positive then all the roots are real and

different. Hence c; are all real and different.

Proof. In fact from (8), (9) we have

1 —1 1 ~ Vjt
Jnt1 = Vnnrt + Vot
n
L =1+ Z — %
Jnt2 3 Vnil t+ Vol

These two equations imply Lemma 1.

Denote by 1(t) the monic polynomial of (n+ 1)th degree which ¢ has the
same roots as (20)

(Wngat + vngou;) (E) = vy (8= C) - (= Gaga)-

Z4 E(ﬂ =1
=1

J

n

where (; denote the zeros of 1(t). (t) is the characteristic polynomial
attached to t such that (; = t(c;).

14



One has the obvious identity

—

0(G) = T+ 22 ' ()],

Vn—f—l

J=1

Definition 2 For a rational function ¢ on X we define the “norm” associ-
ated with the system of critical points ¢; (1 < j <n+ 1) as follows :

We say that ¢ is “unit” if N'(¢) # 0.

Theorem 3 The following formulae hold :

N Wit + vagoug) = =vpov uy(L—uy) [ [(ur —wy) (1< <),

k#j
N(t) _ (_1)11”777,1-%2 HZ:l Uk
Vnt1 ’
N(VnJrlt + Vn+2) = VongJrz H(1 - uk)a
k=1
n (1—
N(f;) = L1~ ) (1<j<n),

Vi [T (w; — w)

n n 1 —
N(fni1) = (‘UnVLLZI H ukuk,

0 k=1

n

M) = 22 ] - ).

o k=1

In particular f;(1 < j <n+2) are all unit in the above sense.

Put further

15



Gl = —fot1 (Z JeGr (1 —uy)),
k=1

G; - fn+1fn+2 ka Gk7
k=1

G} =~ farrfar2 [;G; (3<j<n)

which are all polynomials. Then under the condition (C;) the system of
equations (13) is equivalent to the following :

G;:O (1<j<n) (21)
Lemma 4 We have the Jacobian identities
(i)

oGy, ..., Gy)

S = 1 = ) [T ) e G

8(;1:1, R ,Q3n> '
(i1)
a(tanavG:) _UI_UQ

O(z1,x9,...,2y) 2

(iii)
O Gy G G G
w(t)a 0w,y mp)

(x1,22,...,T,)
Definition 5 Define the discriminant associated with the system of critical
points c¢; by

Discr := H(CJ — &) = (—1)%

j<k

On the other hand the Hessian F' is defined by the Jacobian

N@ ().

(G, ..., Gy)

Hess(F) = m

We have the equality

16



Theorem 6
Discr = {H NN Far) AN (fri2)} 7N (Hess(F)).

Hence a pair of critical points meet each other if and only if N'(Hess(F))
vanishes.

5 hypersphere arrangements

Let n + 1 quadratic polynomials of real coefficients in = = (xy,...,x,) be
given :

fi(z) = Q(x) +2Z&j,k$k +aj (1<j<n+1),

j=1

where Q(x) denotes the quadratic form » ", 7. They define the arrange-
ment of hyperspheres A consisting of the hyperspheres S; : f; = 0. The
center O; and the radius r; (r; > 0) of S; are equal to

Oj : —(aﬂ, ce ,Oéjn>
n
2 __ E 2
k=1

We denote the distance between O;, Oy (j # k) by pjr (pjr > 0) such that

P3 = 2o (g — am)?.
For the multiplicative function

consider the integral J(¢) in §3. For generic exponents A one can prove that
the dimension of H&(X, ) is equal to 2" — 1. As the representative of a
basis one can choose the following nth degree forms

17



1
@dey A Nday, oy =

HjeJ fj
where J ranges over the family of arbitrary (unordered) subsets of indices in
{1,2,...,n+1}.

Cayley-Menger determinants are defined in the following way and play
an important role in the sequel. Denote by p.; = p;. the radius r; for
je{1,2,...,n+ 1} or 0 for j = *.

Definition 7 The determinant
o 1 ... 1
B 0 J L 1 pj2'11€1 oo Piiky
0K )" 1 i
1 p?pkl p?pkp

is called “Cayley-Menger determinant” associated with A, where J = {j1,...,Jjp}, K =
{k1,...,k,} denote two subsets of the indices in {*,1,...,n 4+ 1}. In case

when J = K we simply denote B(0.J) instead of B( 8 [J( )

Notice that

B(0j k) = 2p5, > 0, B(0*j) = 2r? > 0.

For simplicity we restrict ourselves to the case n = 2, so that A is the
arrangement of three circles S;, Ss, S3 in R?. We further assume that rj are
the same simply denoted by r and that v; =1 for all j. One sees that

B(0x jk) = p?k(ﬂ?k - 47"2)7
B(0123) = pyy + pis + P33 — 2010015 — 2012053 — 2013053
B(0x123) = —4r*B(0123) — 2p7,073p55-

We assume the following condition of non-degeneracy of A:
(Co) B(0x123) #0, B(0* jk) #0

18



i.e., the triangle AO10503 is non-degenerate. Any two circles have no con-
tact point and three circles Sy, S, S3 have no common point.
By taking a suitable choice of coordinates we may assume that

(31 = Qizg = g = 0, a1 > 0, 12 > 0.

so that we have

2 2 2 2
Y= =g = —Qo + Qg = —Qo + Qg+ Qg
2 9 2 2 9 2 2 9
Qo) = Pz, A1 + Qfy = pPi3, (@11 — Qo1)” + a7y = piy
2 2 _
4oz a1, = —B(0123).

Hence ajj, are completely determined by p3, 2.
Under the condition (Cy) the system of equations (11) are equivalent to

T +a11 T +O./21 I

G = + +— =0,
! fi fo fs
Ty + Qup X9 T2
Gy:="2— 242422, 292
? fi 2 fs (22)

Generally there exist 7 (real or complex) points in X satisfying (22) de-

noted by {c; (1 <j <7)}. Let D, (1 <j <3)) be the open disc surrounded
by the circumference JResS;.
If

(C3): B(0x123) >0, B(Oxjk) <0(1<j<k<3)

then the intersection Dy N Dy N D3 is not empty. The critical points are all
real and contained one by one in each compact chamber i.e., D; N Dy N Dy,
DlﬁDg—Dg,DlﬂDg—DQ,DQﬂDg—Dl,Dl—ngDg,Dgﬂ—DlﬂDg,Dg—
D, N Ds.

We want to find a rational curve ty = w(t;) € X containing all critical
points cjand a monic polynomial 1 (t,) of degree 7 such that (t1,w(t)) coin-
cides with all t-coordinates t(c;) for any root of Y(t1) . In the sequel we shall

call t; “basic parameter” and 1 (t1) “characteristic polynomial”.

19



To find out the characteristic polynomials we use Sylvester’s elimination
method.
Introduce the new polynomials in x

g1 = f3(Liz — Las) — Las (f1 — f3),
g2 = f3(L1g — L13) — L1z (f2 — f3),
g3 = —(Lia — L13) Los(f1 — f3) + (L12 — Los) Ls(fo — f3)

where Lj;, denote linear functions of

Lis : Lia(x) = agory + (—aq1 + @o1) 2 + s,
Lys 2 Li3(z) = —ooxy + g1,
L23 . ng(ﬂf) = —(921X2.

Lji(x) = 0 defines the straight line going through O;, O) and the triangle
A[Ol, 02, 03] is defined by ij 2 0.

Lemma 8 Under the condition (Cy) the system of equations (22) are equiv-
alent to the system

g1 =92 = g3 = 0. (23)

Suppose moreover that p1a # p13 then (23) is equivalent to the following
system

g2 = g3 = 0. (24>

Introduce the new parameters t; = 3] ty = L and denote too = 1+t +1o.

L. 1774 7 fe
We call t1,t5 “admissible”.
(23) gives the following congruences

oqt t t
o = — 11t1 + Qo 2’$25_@12 1 (25)
too too
and conversely
L23 L13 Qo112
th=—, lg=—, too = . 26
YT Ly T Ly L1 (26)

20



Then (23) can be rewritten using the parameters ¢y, t, as

g1=02=3g3=0 (27)

respectively where

J1, 92, g3 are polynimials of third degree in ¢y, ¢, as follows
g1 = agls + arty + as,
o 1= bots + bits + oty + bs,
3 = cots + cits + ca,
where a;, by, ¢; are given by polynomials in #; :
ao = (r* — ply)t + P%3 -
a1 = 2{7"275% + (P%:s - /)%2)751 - 7”2}7
az = (ti — D{r’t; + (pfs + 2r°)ts + 17},
bo =12, by = 2r’t; + p§3 + 72,
by = (7’2 - /)?2)75% + 2(/)%3 - P%2)t1 - (7"2 + Pgs)a
bs = (pi3 — r°)t5 — 2r’t; — r?,
Co = Piatt — P3,
€1 = —P%Qt% + /)337
¢ = pisti(ti — 1)
Notice that

G1(t1,1) = ap + a1 + as

=1t} + (pTy + 3r°)t] + 2(p35 — 2pTy)t1 + pog — 41, (28)
Go(t1,1) = bo+ by + bo + b3 = (P%s - P%Q)tl(tl +2), (29)
Ga(t1, 1) = co+ 1+ e = (ply — pla)ta(ts — 1). (30)
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so that

G2(0,1) = g3(0,1) = 0. (31)
Lemma 9 Put

U: U(tl) = bo(C% — Cng) — blCocl + bQC[z),
V. V(tl) = —b()ClCQ + 610062 — b3C(2).

Then the following identity holds :

ggg = Cg gg — (b()CQtz + blco — bocl) §3 = Utz — V fO?“ arbz'tmry tl, tg, (32)

where

_ 093

U—a—tQ.

If go = g3 = 0 then go3 = 0 which implies

v
to =w(t) wlty) = iR
The resultant R of g2(t1,t2) and gs(t1,te) relative to ty is a polynomial in

t1 of degree 8 written by Sylvester determinant

bo bi by b3
bo b1 by b3
R:R(t)=|co 1 ¢
Ch C1 Co
Ch C1 Co

It is related to U,V and can be described as follows :

. V
CSR = U2 glg(tl, ﬁ)

= Cov2 + 01VU + CQUQ,
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where U, V' are polynomials of degree 4 which can be written as
U= ZU]"[I;L_], V= Zvjt;l_].
j=0 Jj=0

_ 2 2\ 4 2.4
Ug = _(P12 —Ar )P127 Ug = T Po3

vo = pio{r*(ply + 3pl) — papls}, va =17 pog.
Moreover U — V' can be evaluated explicitly

U-V= (P%zz - P%z)W*;
W* = tl ('LUUt:l‘) + wltf + w2t]_ + IU3>

such that

Wo = P%Q(P% - 37"2)a
wy = —P%2(3P33 - 2/0%2)) + <2P§3 + P%z)r27
wy = Pa3(2p53 — 3pTa) + (2075 + pos)r?,
wy = pa3(p33 — 3r?).

R is a polynomial in #; of degree 8 and in p%, r?,

Lemma 10 (i) If p2, = p?; then R vanishes.
(ii) R(0) vanishes.

Proof. About (i). When pf, = p?; U coincides with V' so that
C(Q)R = (Co + +62)U2 =0
This implies R = 0.
About (ii). The identity U(0) = V'(0) holds true. Hence
—p33R(0) = (co(0) + c1(0) + ¢2(0)) U(0) =0

because of (31).
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Because of Lemma 10 R has the factor (p3, — p2;)t;.
As a result

Lemma 11 R is a polynomial in t; of degree 8 and in p?k, r? with the factor
(ply — p3s)t1 such that

R = /041127"2(/)%2 - 472)(&2 - 0%3)751@(751)7
R~ —P§3T2<P%2 - P%B,)(/)g:a - 47”2>t1 (t140),

where (t,) = H;zl(tl — () is a monic polynomial with with 7 roots (; (1 <

Jj <T7) such that

7
P§3(P%3 - 47”2) . 0333(0 * 23)

—(0) = — = .
¥(0) HCJ ph (02, — 4r2) — pALB(0%12)

J=1

Y (ty) is the characteristic polynomial relative to the basic parameter ty of
the critical points c; such that t;(c;) = (;.

Furthermore since
U(l) = (P%:& - 032)2(033 - 472)» V(l) = (/7%3 - 1033)2(47"2 + 20?3 - 39?2)

we have the formula

R(1) = 3(/3%2 - /)§3>3<P%3 - P%z)(/ﬁ:s - 4T2)

hence

) =[l0-¢) = _ o (Ply — 033)*(ps — 4°)

Piler (P%2 — 4r?)

j=1
Seeing that 205 =1 — ¢, 285 — 1 — ¢, we can conclude
i L 2

Proposition 12 (i)

é) _ P2, B(0 % 23)
fi o plaB(0x12)
é> _ p13B(0 % 13)
i) B 12)

N(t1) = N(

N (ts) = N
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N(1—t) :_/\/(f1 —fay _ 3(P%2 — p33)°B(0* 13)

Aol T phrtr?B(0x12)
N1 —ty) = N<f2 —fsy _ _4(pls = pi3)°B(0%23)
fo Plap3sr?B(0 4 12)

Instead of (t1,t3) we now take the new coordinates (oo, ?1), to being the
basic parameter. By the substitution ¢y = too —t; — 1, §2,2g3 — g2 can be
rewritten as

Galtoor 1) 1= Gty toe — t1 — 1) = W)t3 + Vit2 + bty + b,
Gi(tootr) = 20s(t1, toe — 1 — 1) = Ga(t1, oo — b — 1) = ¢t} + i1 + ¢,

b, b, bh, Uy ¢y, €y, ¢, denote polynomials in ¢, as follows :

b{) = p%27
| = —Piateo + Pz — Pl + 3T,
b/2 = _7"2t§o + 2(_032 + 9%3 - P%a)too + (2P%2 - P%zz + 3P§3):

5= (tes — 2){r?t2, + p33(tes — 1)},

and
r /
o = Cooloo T Co1;
I 42 / /
€1 = Ciotee T Ciloo + Cha,
/o 43 /42 / /
Cy = Coglog T Conlog T Coaloo + Co3
where

060 = :0%27 061 = 3(Pg3 - /)%3 + 0%2)7
o = —(2r* + pi,), ¢y = 4pis — 203, — 6pds, Chy = 3(p3y — pis + 3p33),
0/20 = 272, 0/21 = 3Pg3 - 47“27 C/22 = _9,0%3, 0/23 = 6P§3~

Then like Lemma 9 the following Lemma holds.
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Lemma 13 Put

U*: Ub(too) = b (" = cheh)cyeh + bich,
VEVE(ts) = by, + Viches — bych?
Then

0=U% — V"

Zig”g gives the interpolating curve. We have

4
Ut = Z u;tigj,
=0

5
Vi = Z vitd?
=0

i.e., the rational curve t; =

with
ug = vy = 17 ply (41 — ply),
uy — vy = 2r°ply (41 — pty),
so that
f v — 1
— &ty ! L1 0(— too
7~ et A 0 (T )

ts being fixed, the resultant R* = R*(t,.) of gﬁ,gg relative to t; is given
by
12pt oyt L 2ty o LU
cog R = c)VP + UV + U
As a result
1
CGQRu ~ up{ug(chy + ¢y + ) + (V] = uh)(2ch0 + o) HE (1 + O(t_))

(too T 00)
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Seeing that

/ / r_ 2 2 2
Cop + €1y + ¢y = =417 + pis + pis,

2cg0 + Cho = pry — 2r?
we have from Lemma 13
1
Rt = /011127“4(932 - 47“2)(P%2 - 033)7520(1 + O<t_))

On the other hand (31) shows the equality

35(2,1) = gi(2,1) =0

i.e., the two polynomials §5(2,¢1), G4(2, 1) have a common zero which means
R¥(2) = 0. Hence R* can be described as

7
Ri(tso) = piar*(phy — 41%)(phy — p13)*(too — 2) [ [ (te — &).

j=1
where ¢} denotes the value t..(c;).

Lemma 14 The following identity holds :

RF(0) = 54p15p55(pts — pla) B(0123).
We can evaluate the norm of ¢, as follows :

Proposition 15

T PP B(0123)
Ntw) =11 G = —27 rB(0x12)

P(ts) = H;zl(too — () is the characteristic polynomial in t..
The identity (26) derives the formula for N'(Lj3). In the same way by

symmetry of isometry the followings hold :
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Corollary 16

1 r*B(0x12) 5
N(Li2) = —B(0123)}>2.
N A

1 B0 13) .

Li3) = —B(0123)}2

N( 13) 2733 ,0%2[)%3 { (0 3)}27

1 rB(0*23)

Los) = —B(0123)}z2.
N( 23) 2733 p%zp%S { ( )}

Njo

Put ¥(t1) = g3(t1,w(t1)) such that R = Urylt),

2
i)

Finally we want to discuss a formula related to the norm of “Hessian” of
the level function ReF'.
Concerning the derivatives relative to ¢, of ¢ (1), R(t;) we have

V() = SR (). (33)
A direct computation gives the following

Lemma 17

9(92,93) _  ,B(0* 12):0%2(&2 - P%zz) —
8(2&1,152) = r U tllp (il)

Proof. By partial derivation of (32) with respect to ¢,

_ 093

U= .
Oty

On the other hand

Gas(ti,w(t1)) =0
By derivation relative to t;

0G23(t1,w(t1)) n 0gas(t1,w(t1))
8t1 atl

W'(t1) = 0.
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In the same way by derivation of ¥ (¢;) relative to t;

G(ty) = ag}s(tgtiu(tl)) N 0@3(%,7;)(751))60,@1)‘

Hence

W(h) _ 8(937923) 0ga3 - C% 3(@2793)

Ot ty) | Oty U 3t ta) (34)
In view of Lemma 11 this implies
0(Ga, g3
R'(t;) = —U(tl)%
which completes Lemma 17 in view of (33).
Lemma 18 The identity holds
4
dGy A dGy = — 1t1_t?tg 7 (a[;im)sd% A dis. (35)
Proof. Put
Gz = 12G1 — (71 + an1)Go,
Gz = (12 + 12)G1 — (21 + a11)Go,
then

dGlg A dG23 = ngdGl N dG2

Further it holds

g2 = — f2f3Gas,
1—1¢ 1—1¢
g3 = Ly f2{— 2Ghs + LGy}
t1 ta
so that
1—125 4
dgg A dgg = — P f5 ngdGlg N ngg.
102
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From (26)

3
dgs Ndgs = %%2)0@2 N dgs
where 402,02, = —B(0123). Summing up these equalities of Jacobian implies
Lemma 18.
By definition
0(G1,Gy) 0 —B(0123
Hess(F') = (G, 2), (21, 22) ( )
3(1’1,1‘2) 8(t1,t2) 27520

By using these equalities one can prove the following :

Proposition 19 At each critical point c;

B tity  R(ty)
[HessF}cj = —[<1 iU f ]cj>

such that ¢; = [tl]cj and ty = %

As an immediate consequence of Proposition 18 , Lemma 11 and Lemma
19 we have

Theorem 20 Suppose that

NU-V)£0,
then the following equality holds.

N (t3t) Discr

N (HessF) = (—1)707_/\[(([] — Vtso) N(f3)

where Discr, C' denote the discriminant of E(tl) relative to the basic param-
eter ty :
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Discr := H (G — )P =— H W,<t1)]cj'

1<5<k<7 j=1
and the constant
C = piyr’B(0* 12)(piy — pis).
Remark N(f3) seems to be equal to

1 B(0x13)B(0*23)B(0*123)
2.3 P12

The similar formula seems true for N'(f1), N (/f2).

6 case of isosceles triangle

The case when A[0;0,03] is an isosceles triangle is an exceptional one. Tt
is explained in more detail.
Generally we may put

R = (P%Q - P%:&)R*y
U-V= (P%zz - P%z)W*;
where R*, W* denote polynomials such that

boR* = (by + by + bo)VE+ V{(t] — t1)V + (by + 2by) W*}.

Suppose now that the equality p3y = pis holds.
Then by + by + by = 0 and R, U — V' both vanish identically because they
are divisible by p2, — p?5 :

G2 = (t2 = 1)g3, g3 = (t2 — 1)
C(z)fl; — (bocota + bico — boc1)g

93
1=U.

where
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Gy = bjts + bity + b,

with b = r?, bt = 2r%ty + p3; + 212, b5 = —(p2y — 1282 + 2r%ty + 12,

~k *
g3 = Cyla + 1%,

with ¢ = piots — p3s, ¢f = —phti(t — 1).
The polynomial U(t;) = V (t;) of degree 4 can be written with a monic
polynomial 1,
U(tl) = Uotzll -+ UQti) + U3t% + Ugtl —+ Uy
= —pia(piy — 47 )ihy(11)

where

uy = —piy(pty — 41%),

ur = prapas(3pty — 417),

Uy = phs{—pia(205s + pla) + (—4pTy + pog)r°},

uz = pog(piy + 21°),

s = pazr.
o (t1) has 4 roots denoted by (4, G, G, &7 @ ¥y (t1) = H]7.24(t1 — ).
On the other hand W’ (t;) has the expression

W* =ty (wot} + wit? + waty + ws),

where

Wy = P%z(ﬂ%z - 37"2)7
wr = —Pf2(3P§3 - 2P32> + (2,033 + P%2)7"27
Wy = /)33(2933 - 3/)%2) + (2/)%2 + /)33)7”27

ws = p3s(p33 — 3r?)).
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Suppose first that ty # 1.
The equation gj(t1,t2) = 0 can be uniquely solved :

tzv*
2=

where
U* = ¢y =co = piat1 — pas, V' = —¢ = plyta(ti — 1).
Then the equation g3(t1, 1=) = 0 relative to ¢; is equivalent to
U=V =0b(V)+ VU +b3(U")? =0
which have the roots (4, (s, (s, (7. The critical points ¢; (4 < j < 7) corre-

spond to the t-coordinates ((j;, w)

U*(¢5)
Suppose next to = 1.
Then g, = gs = 0 automatically. According to (28) we may put the
polynomial 1, (¢;) as

)y (t) == gqi1(t1, 1)
= TQt? + (P%2 + 37’2>t% + 2(0%3 - 20?2)“ + 1033 — 4r?

and denote the roots of the equation

El(tl) =0

by (i1, (2, (3. The points ¢; corresponds to the t-coordinates (¢, 1).

The critical points are divided into two parts. Three of them corre-
sponding to t; = {(1,(2,(3}, is contained in the mid-line of the triangle
A[O1, Oq, 03] defined by : ty = 1, while the remaining ones corresponds to
t1 = C4, C5, €67 g7 lie outside the mid-line.

Lemma 21 We have the identification
such that

R* = 119, (t1) s (1)
1, (t1) has three roots denoted by (1, (2, G -
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The characteristic polynomial 1) (¢;) is equal to the product of two factors of

EDEQ:

7
Gtr) = D (t)ds(t) = [ [ (1 = ¢).
J—1

We can show that

Theorem 22
7
N(f) =T,
j=1
r? B(0%12) B(0 % 13) B(0 x 123)
2.3 P33 7
7
B r? ( 23) B(0x 12) B(0 % 123)
2.3 P%s ’
7
=[5
j=1
B r? B(0%23) B(0%13) B(0* 123)
2.3 Pl '
Theorem 23

7T N (t3t;) Discr®

N (HessF) = (—1) NW+to) N(f3)

where W* is related with the equality

(b1 + 2bo)W* = t1 {631, (t1) + pia(ply — 4%) (1 — 1)y (t1) }-

and with the constant

C* = pl,r*B(0 % 12).
Discr* means the discriminant of the polynomial 1(t,) = (1), (t1).
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